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Chalkboard notes

Two-point correlation functions
▶ spectral decomposition
▶ variance
▶ variational method

Interpolating operators
▶ quantum numbers in rest frame and moving frames
▶ single-hadron interpolators
▶ smearing
▶ two-hadron interpolators

Computing correlation functions
▶ example Wick contraction
▶ distillation
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Dependence on smearing width
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JRG et al., Phys. Rev. D 100, 074510 (2019) [1907.11950]
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Importance of variational method

0 5 10 15 20
t/a

0.8

0.9

1.0

1.1

1.2

1.3

aE
ef

f

variational
single operator

Variational approach essential for
excited states.

Single operators can also fail to obtain
ground state.
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Effect of operator choice
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Phys. Rev. D 92, 094502 (2015) [1507.02599]
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Effect of operator choice
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D. J. Wilson et al. (Hadron Spectrum Collaboration),
Phys. Rev. D 92, 094502 (2015) [1507.02599]

𝜋𝜋 𝑝-wave phase shift
Full set of operators.
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D. J. Wilson et al. (Hadron Spectrum Collaboration),
Phys. Rev. D 92, 094502 (2015) [1507.02599]

𝜋𝜋 𝑝-wave phase shift
Only local operators.
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Nucleon-nucleon scattering from LQCD: past calculations

Decade-long controversy over presence of 𝑁𝑁 bound states at heavy quark masses.
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Disagreement about simplest warm-up problem for nuclear physics on the lattice.

Experiment: 𝐵𝑑 ≈ 2.2MeV known for 90 years. J. Chadwick and M. Goldhaber, Nature 134, 237–238 (1934)
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No calculation performed using more than one lattice spacing.

All calculations that obtain bound states use ⟨O
𝐵𝐵

(𝑡)O†
𝐻
(0)⟩ asymmetric correlation functions.
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What can go wrong?

T. Iritani et al. (HAL QCD), Mirage in temporal correlation functions for baryon-baryon interactions in lattice QCD,
JHEP 2016, 101 (2016) [1607.06371] (CC BY 4.0)
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Mock data: effective mass for correlator 𝐶 (𝑡) = 𝑏1 + 𝑏2𝑒−𝛿𝐸el𝑡 + 𝑐1𝑒−𝛿𝐸inel𝑡 .
“elastic” excitation 𝛿𝐸el = 50 MeV
“inelastic” excitation 𝛿𝐸inel = 500MeV
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Point sources versus variational method with bilocal interpolators

Old and new methods used on same ensemble.
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W. Detmold et al. (NPLQCD), PRD 111, 114501 (2025) [2404.12039]
M. L. Wagman et al. (NPLQCD), PRD 96, 114510 (2017)
[1706.06550]

𝑚𝜋 ≈ 800 MeV.
Old calculation:

1𝑆0 bound state with 𝐵𝑛𝑛 ≈ 21MeV.
New calculation consistent with unbound 𝑁𝑁 .

Several variational baryon-baryon
calculations done:
A. Francis, JRG et al., PRD 99, 074505 (2019) [1805.03966]
B. Hörz et al. (sLapHnn), PRC 103, 014003 (2021) [2009.11825]
JRG et al., PRL 127, 242003 (2021) [2103.01054]
S. Amarasinghe et al. (NPLQCD), PRD 107, 094508 (2023)
[2108.10835]
W. Detmold et al. (NPLQCD), 2404.12039
Z.-Y. Wang @ Lattice 2024 Y. Geng (CLQCD) @ Lattice 2024

Largely consistent picture:
no 𝑁𝑁 bound state at heavy𝑚𝜋 .
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Finite-volume quantization (spin zero 𝒔-wave)
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Phase shift and bound state (𝒔-wave)
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Tricky defining 𝜒2 to
measure fit quality: both 𝑝2

and 𝛿0(𝑝2) have errors and
they are strongly correlated.

bound state:

𝑝 cot𝛿0(𝑝) = −
√︁
−𝑝2
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Spectrum method
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Robust approach: find
solutions to quantization
condition.

𝑝 cot𝛿0(𝑝2) = 𝑓 (𝑝2, {𝑐𝑖})
−→ 𝐸𝑛 ({𝑐𝑖})

Then fit the lattice energies.

Also works for multiple
partial waves and coupled
channels.
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Spectrum: 𝑯 dibaryon quantum numbers
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Summary

How to study two-hadron system:

1. Choose the desired infinite-volume quantum numbers.

2. Work out the relevant irreps in rest frame and moving frames.

3. Construct local interpolators in those irreps.

4. Construct towers of bilocal interpolators in those irreps.

5. Compute the correlator matrix 𝐶𝑖 𝑗 (𝑡) ≡ ⟨O𝑖 (𝑡)O†
𝑗
(0)⟩ using distillation or some other

method.

6. Use the GEVP to find the lowest few energy levels in each irrep.

7. Build parameterized models for the relevant scattering amplitudes.

8. Solve quantization conditions to find the finite-volume spectra corresponding to the
models.

9. Tune the model parameters to fit the lattice energies.
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