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Pole prescription freedom
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1+ 7 > 2
Instead of this...
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1+ 7 > 2
Instead of this...
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Transition amplitudes
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Same idea, many contexts

Kaon deca — @ ——>/
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Implementation by RBC/UKQCD collaboration
Lellouch, Liischer (2001) < Kim, Sachrajda, Sharpe (2005) ¢ Christ, Kim, Yamazaki (2005)

Time-like form factors (7, Out|j,u|0> = ’VVV\,<:6
Relevant for muon HVP contribution to muon g-2 L
Meyer (2011)
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Particles with spin

Agadjanov et al. (2014) « Briceio, MTH, Walker-Loud (2015) < Bricefio, MTH (2016)
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24+ F > 2

[J Fully developed formalism for multi-hadron form factors

P
(w7, out| T, |, in) = 5/’ ‘*
T o \‘@

[ Continuation to the pole = resonance form factors

[J Must carefully treat triangle singularities
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In a nutshell

[J By analysing an all orders skeleton expansion...

AL RoXotc Xo ot

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)
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In a nutshell

[J By analysing an all orders skeleton expansion...

AL RoXotc Xo ot

[ ... we derived a framework to calculate the 2 + _# — 2 amplitude

finite-volume
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------------
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formalism
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corrections
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Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)
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Visualizing G
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Formal & numerical progress: Long-distance matrix elements

[J Formal method understood... assuming only two-hadron intermediate states

EJFHNW%]W* KOHWTHFO
Hyy Hwyy Hwy

Christ, Feng, Martinelli, Sachrajda (2015) < Christ et al. (2016)
 Bricefio, Davoudi, MTH, Schindler, Baroni (2019) ¢ Erben, Giilpers, MTH, Hodgson, Portelli (2022)




Formal & numerical progress: Long-distance matrix elements

[J Formal method understood... assuming only two-hadron intermediate states

EJFHNW%]W* KOHWTHFO
HW HW HW

O lIssue of growing exponentials (Christ et al.)
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Formal & numerical progress: Long-distance matrix elements

[J Formal method understood... assuming only two-hadron intermediate states

X7 — N7 — py” K —7mr— K
HW HW HW

O lIssue of growing exponentials (Christ et al.)

1 _ 6_(En_MK)T

(K[ Hw (0)Hw (—|T)EK)r =) ca(L)e” B8 — Cn

0
o dT

My — Ey,

O Issue of power-like finite-volume effects (after discarding exponential)

FL:ZMKCiEn
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Christ, Feng, Martinelli, Sachrajda (2015) < Christ et al. (2016)
 Bricefio, Davoudi, MTH, Schindler, Baroni (2019) ¢ Erben, Giilpers, MTH, Hodgson, Portelli (2022)
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Formal & numerical progress: Long-distance matrix elements

e

Christ, Feng, Martinelli, Sachrajda (2015) « Christ et al. (2016)
 Bricefio, Davoudi, MTH, Schindler, Baroni (201/9) ¢ Erben, Giilpers, MTH, Hodgson, Portelli (2022)
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3-particle amplitudes [
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many interesting resonances have significant 3-body decays




3-particle amplitudes )

o
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Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

&?6 6\‘

2-to-2 only samples J¥ 0t 1= 2t ...

many interesting resonances have significant 3-body decays
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3-particle amplitudes

2-to-2 only samples J¥ 0t 1= 2t ...

=

Sarda % BESTT

Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

A?C 6\‘

many interesting resonances have significant 3-body decays
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Applications...
exotic resonance pole positions, couplings, quantum numbers

w(782), a1(1420) — 7w X(3872) — J/¢rm X (3915)[Y(3940)] — J/¢rm

form factors and transitions

and much more!... (3-body forces, weak transitions, gluons content)
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The big idea

[J Intermediate K ; removes singularities

_ fully connected diagrams \:‘:/\.: 3 f .
K dt,3 =/ py pole prescription " "

same degrees of freedom as M3 smooth real function relation to M3 = known




The big idea

[J Intermediate Ky ; removes singularities

__ fully connected diagrams 3 f .
K dt,3 =/ py pole prescription \,_/\/\‘: " "

same degrees of freedom as M3 smooth real function relation to M3 = known

1 K5 has a systematic low-energy expansion

2
1s0,0 1so,1 S — (3m)
de,3(p37p27p1; k37 k27 kl) — de,S T de,S A T A= (3m)2
smooth real function
analogous to effective range expansion gives handle on many degrees of freedom

pcotd = —% + % rp® + O(ph) (DOFs enter order by order)




Status...

[J General relation between energies and two-and-three scalar scattering
.:@i LJ
finite volume L L unitarity

B g > s < >
Eo(L) ‘%}‘

o o,

« MTH, Sharpe (2014, 2015) -

No 2-to-3, no sub-channel resonance

Ey(L)




Status...

0

General relation between energies and two-and-three scalar scattering

No 2-to-3, no sub-channel resonance

Ey(L)

.:@i L
finite volume L L unitarity

B g > s < >
Eo(L) ’h}‘

o o

« MTH, Sharpe (2014, 2015) -

S0

S0

2-to-3, no sub-channel resonance

e Bricefio, MTH, Sharpe (2017) -

Including sub-channel resonances + different isospins + non-degenerate

TAT — PT — W — PT — TAT
* Bricefio, MTH, Sharpe (2018) ¢ MTH, Romero-Lopez, Sharpe (2020) ¢ Blanton, Sharpe (2020)




3-particle derivation

(] Study 3-body correlator in an all-orders skeleton expansion

Cr = 0-'0"0-0

@ - X+>@( +§ e kernels have suppressed L dependence
= e 5+3@e+_” lines = fully dressed hadrons

« MTH, Sharpe (2014) -




Two types of cuts




Two types of cuts

ASFKy;FA; + AJFKFPA; + AFKFPA; +-- = ASF KosF Aj

ALFK:GKyFA; +

have not yet considered entire diagram contributions

missing contributions from off-shellness missing smooth terms (short-distance parts)
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Short-distance parts & summation

CrL—Cox =AiF33 A3+ A;F355Kar 3 Fa3 Az + - -

1 1 1
As F.. = —_-F+FK F
Fay + Kars N  E €)) °¢

— Al

no term left behind




General relation
det[K s (s) + F3(P, LIK2)] =0

F3 (P, L|/C2) = Matrix of functions depending on kinematics + two-particle dynamics

Fo= SF 4 FIG ! . - EIE e =

3 1—(F+G)Ks

Holds only for three-particle energies Neglects e~ ML




General relation
det K35 (s) + F5(P, LIK2)] =0

F3 (P, L|/C2) = Matrix of functions depending on kinematics + two-particle dynamics

mL

Holds only for three-particle energies Neglects €

« MTH, Sharpe (2014-2016) < See also Doring, Mai, Hammer, Pang, Rusetsky

Review: Lattice QCD and Three- h
particle Decays of Resonances D)
‘ |\

MTH and Sharpe, 1901.00483







Non-interacting energies
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Non-interacting energies
: L) L)
::@::. ::@i. 4 By(L)

w0 T S

Eo(L) = 3m + O(e™™")

4.0 A5 5.0 5.5 6.0 6.5 7.0 75 3.0
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Non-interacting energies
| . _,
L) L)

SEre-o

vec;
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Two-particle interactions
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Two-particle interactions

o  16mys
Sl - onvsa JBC ' N

- —1/a —ip
; ° | EN(L)
e 0 % g
L L
.07
4.5-
S
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Many toy results

Spectrum with no 3-particle interaction Finite-volume effects on a 3-particle bound state
T e A
5.0 a=—10 — 3.00] ==mmmmmmmmm e
- L5 509 = infinite-volume energy
4.0 =

finite-volume energy

= large-L prediction

Z»<L)
J /

1

Ep(L

8 20 25 30 35 A0
mL mL

Model of a 3-particle resonance

- — c = ().0
360 — (), (1
\ ——— () O
3.99 1 — ] 4
\ . — 3 ()
3-50 7 : = = j . .
- N
3.40 - - - - -
4.5 5.0 5.9 0.0 0.5 7.0
mL

e Briceno, MTH, Sharpe (2018) -
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Importance of the finite volume

‘X>7|:0>7|K*>7‘f0> Z QCD Fock

77, out), |Kmout), ---€  QCD Fockspace

(continuum of states)

Relation is (highly) non-trivial

: A Es(L)

/\/\/ 1" Ei(L) c Discrete set of finite-
T volume states

r __________ :/L Eo(L)




Not discussed in these lectures

[ Three-hadron transitions (K — znzn, y* — nan)

finite-volume methods exist

[0 Left-hand branch cuts

finite-volume methods break on left-hand cuts (e.g. T.'.)

[ Spectral densities from regulated inverse Laplace transform
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Finite-volume setup

cubic, spatial volume (extent L) Pt AR

periodic boundary conditions™

------------------

q(7,x) =q(7,x + Le;) ’ w(1,x) = w(7,x + Le;)

time direction infinite™ L
< >

continuum theory

*will also briefly consider finite T effects,
alternative boundary conditions

> e Plei — 1 — 9. [ =2,

— / d’x e "P* 1(1,x + Le;) k)
L
J

Quantization of momentum

dBx e~ P (= Led) () b— 2_7Tn, he 75

L
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Result

F ( P7 L) Matrix of known

geometric functions

A Ey(L) finite volume . ) unitarity | o
B e Sy® > O
o ) L L

Holds only for two-particle energies s < (4m)* Neglects e~ ML

Generalized to non-degenerate masses, multiple channels, spinning particles

Encodes angular momentum mixing

Huang, Yang (1958) +« Liischer (1986, 1991) ¢ Rummukainen, Gottlieb (1995)
Kim, Sachrajda, Sharpe (2005) Christ, Kim, Yamazaki (2005) e+  He, Feng, Liu (2005)
Leskovec, Prelovsek (2012) e«  Bernard et. al. (2012) «  MTH, Sharpe (2012) +  Briceno, Davoudi (2012)
L1, Liu (2013) « Bricefio (2014)




P — T
19(JPC)y =17(1"7)

" Guo et al. (2016)

150+ N=2, mr=226 MeV

61[°]

am,=0.1390(5) -
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8pmn=599(11) |
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I 1 L 1 I

Ecm/ My
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180
135 A
Leskovec et al. (2017)
g 90 - N=2+I, mr=316 MeV
45+ am,, = 0.4609(16)(14)
Jporm — 569(13)(16)
0.42 048 0.4  0.60

170}
2130}

90|

Andersen et al., (2019)
N=2+1, mp=220 MeV
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 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -
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kK, K* - K
IJ7) = 1/2(1)

m =Rey/so/MeV 391 Mev K~

880 900 920 . 940 060
327 MeV .. VS0 .: 934(2) MeV
10 284 MeV VS0 = (914(2) — £6(1)) MeV
eV .49
20 V50 = (909(4) — 513(2)) MeV
239 MeV & V50 = (902(2) — £23(2)) MeV K*(892)

>
D)
=
~~—
g
E 30 -
N
|
T

40 |

140 MeV ; &Pt + UFD [50]
? V50 = 893(1) — 556(2)

 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -
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Conclusions

[ LQCD is in the era of ‘rigorous resonance spectroscopy’

[ The finite-volume = a useful tool

[ Challenges and progress

formal analysis was technical — ground work is now set

many calculations at unphysical quark masses — physical-mass scattering now appearing

— varying masses probes resonance structure

] Next steps...

complete 3-particle formalism — extend to N-particle formalism
extend studies involving an external current

push more channels into the precision regime
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Big Picture

180F---=-=-"=-"=-"=-"-"=-"-"-"-"-"-"-"-"-"-"-"-——- === - — - —— = =T~
B o] v
170 o1/
150+
130+
S 120F
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50 6ol
10-_ =0 30_
) 2.0 2.5 3.0 3.5 4.0
fo— } | | |
00 % %~ 900 = 1100
g, \\Vg% \&9}4 \\u'ggj 4 Eem/MeV
% % %, “p.

A thriving field, with much more to come...
Thanks for listening!
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