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QCD Fock space

[J At low-energies QCD = hadronic degrees of freedom 7 ~ ud, K ~ su, p ~ uud

[ Overlaps of multi-hadron asymptotic states — S matrix

|77, in)

.g. |

dependson § = Egm
and angular variables

diagonal in angular momentum

L%
S(s) = <7T7T»0“t|%o
Ve

[J An enormous space of information nrnm,in)  |KK,in)

My(s) ox €2¥¢0s) — 1

_



Bethe Salpeter equation

[J All orders diagrammatic expansion

M:><><><:O: >@'<>£>< é
<O D X< KB o< o

[ Construct O and —e— such that this is true
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Bethe Salpeter equation

[J All orders diagrammatic expansion
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[ Construct O and —e— such that this is true
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Bethe Salpeter equation

[J All orders diagrammatic expansion
N
RN }L N & S
M= > [XOx] § Xo< X< XX
N

[ Construct O and —e— such that this is true

0= =




8
=

Bethe Salpeter equation

[J All orders diagrammatic expansion
e B

[ Construct O and —e— such that this is true

0 == [




Bethe Salpeter equation

[J All orders diagrammatic expansion

M:

‘@eZe)elelo

[ Construct O and —e— such that this is true

o:xﬁeé

o Q




Bethe Salpeter equation

[J All orders diagrammatic expansion

M= > X< § >@<>& >é<
SO P X< B >0 6K

[ Construct O and —e— such that this is true

Bethe Salpeter kernel
O == Q X é( (2P in the s-channel)

Fully dressed propagator







Analyticity of / (from B.S. kernel)
C> <:C
For two-particle energies ( (2m)* < s < (3m)? what is the analytic structure? @ L

) =0+ QO+ )‘l‘( —— propagatng on

non-analytic:
on-shell particles = singularities

DﬁECI +
) \/s— (2m)?

cutting rule

defines the K matrix

:lm+---l+lm+---1ilm+---l+---

p(s)

1 ranch-cut singulari
= K(s) + K(s)ip(s)K(s) +--- = branch-cut singularity

K(s)=1 — Z'p(g) Vs = (2m)?

_
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[J The finite volume...

O Discretizes the spectrum
O Eliminates the branch cuts and extra sheets
O Hides the resonance poles
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O Discretizes the spectrum
O Eliminates the branch cuts and extra sheets
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Finite-volume analytic structure Infinite-volume analytic structure
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[J The finite volume...

O Discretizes the spectrum
O Eliminates the branch cuts and extra sheets
O Hides the resonance poles

Finite-volume analytic structure Infinite-volume analytic structure
1 Sheet |
) L e aaaaaaas
A
v
< o p e 0—00 >
T Sheet Il
v
] ‘
[ LQCD — Energies and matrix elements O

(0;(1)0}(0)) = Y (010;(T)| Ex){Ea|O](0)[0) = Y e~ BT Z, ;77

n n

[J Our task is relate E,,(L) and (E,,/|J(0)|Ey,) to experimental observables




The finite-volume as a tool

[J Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':—.—.—1:.........' ; A EQ(L) 27_‘_

: ; v —> — — 3

PR Ei(L) p=—mn, nes

e :'," . — M, L

A :/L Eo(L) 1 Lis large enough to neglect €
L =

[ T and lattice also negligible




The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SR Ey(L) p=—mn, nel

v . . — M, L

T i/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Ey, = 2M Ny
Infinite-volume thrzshold Finite-volume ground state

4
My—o(2M,) = =327 M ,a Eo(L) = 2M, + MWZS | 0(1/L4)

 Huang, Yang (1958) -
e A




The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SR Ey(L) p=—mn, nel

v . . — M, L

T :/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Eo = 2M;

Infinite-volume threshold

./\/lgzo (QMW) = —327

 Huang, Yang (1958) -

e S




Derivation M(s) M (P)
[J Consider the finite-volume correlator: . , poles give f.v.
probability amplitude
spectrum

For two-particle energies (2m)? < s < (4m)?, what is the L dependence?
P 8 P




Derivation M(s) M (P)
[J Consider the finite-volume correlator: . , poles give f.v.
probability amplitude
spectrum

* +

Cut projects loop to on=-shell energles
F = matrix of known geometric functions
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Derivation M(s) M (P)
[J Consider the finite-volume correlator: . , poles give f.v.
probability amplitude
spectrum

‘ +

Cut projects loop to on=-shell energles
F = matrix of known geometric functions

Defines the K matrix

foofo ][0 ofer [ foofor ] -

F

_ 1 < 0-0—0-0—

K(s)='+ F(P,L)

e Lischer (1986) ¢ Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)

3
2
e



Result

F ( P7 L) Matrix of known

geometric functions

A Ey(L) finite volume . ) unitarity | o
B e Sy® > O
o ) L L

Holds only for two-particle energies s < (4m)* Neglects e~ ML

Generalized to non-degenerate masses, multiple channels, spinning particles

Encodes angular momentum mixing

Huang, Yang (1958) +« Liischer (1986, 1991) ¢ Rummukainen, Gottlieb (1995)
Kim, Sachrajda, Sharpe (2005) Christ, Kim, Yamazaki (2005) e+  He, Feng, Liu (2005)
Leskovec, Prelovsek (2012) e«  Bernard et. al. (2012) «  MTH, Sharpe (2012) +  Briceno, Davoudi (2012)
L1, Liu (2013) « Bricefio (2014)




Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 254 Oz A
oo Hﬂi
_ i HOHCEH
0.16 ] ] n 150 #:,é_{
0.4 b %
1I6 2Io 2I4 120
Sa'a P =10,0,0]
90 L o Ljas, =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 0
oy T — T
0 |—n—||_'_$p_|
0.14 0.15 0.16 0.17 0.18 019 o, F..,

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -

R 17
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Using the result
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Using the result

0.20 +

0.18 +

0.16 |

0.14

0.20

0.18

0.16

0.14

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

P = [000)| 77
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@ o O *‘ﬂ@ 5
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Bethe-Salpeter kernel

o:xﬁeé




=
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Bethe-Salpeter kernel

.:xg@-()é( = B(s)

[ Exponentially suppressed volume effects et for (2m)* < s < (3m)*

time-ordered (old fashioned) perturbation theory

<X Z

1 1 1 1
62w DD

— Wy, — WP—p. — — Wp. — WP—p. —
P1,P2 P2 P17 P> D1,Po P> P—p,—p,

[J Recall... |
/ 'smooth| gtbkn — O(e_mL)
k




Finite-volume cutting rule




Finite-volume cutting rule

BRF®B = —zé [% z}; —p.V. /(;Zﬂl;] / %B(s,p, k)D(k)D(P — k)B(s,k,p")

:_%[%Z—P-V- /(d%] 1 B(s,p,k)B(s, k,p)
k

2m)3 | 2w (P — k) +m? — X(P — k) +O(e™™)

kozwk




Finite-volume cutting rule

BEF®B=—i [% Ek: v /(gﬂ’;] / N B(s,p, k)D(k)D(P — k) B(s, k, p')

2T

11 3k 1 B(s,p,k) B(s,k,p’) I
R v » 1 y TV O m
2[L3§k: pV/(zn)slmk (P—k)?4+m?—%X(P —k) kozwk+ (e )
111 dk 1  Bos(s,D ’%) Bos(s k f?/) —mL
N N ' 1 ) TV, O m
2 [LB zk: b /(277)3 (2w,)? E — 2wy, +OET)

=) Bls) |5 | 75 2 [ | oo oy | Beels) - 7 (6) + O™




Comparison of cuts

p(s) F
V1 —4m?/s 1 / Ek] 1 Yk (k)
pls) =I-—0" P&, 2[L3Z R (2wi)2 E — 2w
No volume dependence Volume dependent

Both can be understood as matrices in £m, ¢'m’
proportional to the identity on- and off-diagonal elements

Exact difference between Approximate difference
i€ and PV between sum and PV




Result

F ( P7 L) Matrix of known

geometric functions

A By (L) finite volume * o unitarity ’ [ )
B e S ® > O
o ) L L

Holds only for two-particle energies s < (4m)* Neglects e~ ML

Generalized to non-degenerate masses, multiple channels, spinning particles

Encodes angular momentum mixing

Huang, Yang (1958) +« Liischer (1986, 1991) ¢ Rummukainen, Gottlieb (1995)
Kim, Sachrajda, Sharpe (2005) Christ, Kim, Yamazaki (2005) e+  He, Feng, Liu (2005)
Leskovec, Prelovsek (2012) e«  Bernard et. al. (2012) «  MTH, Sharpe (2012) +  Briceno, Davoudi (2012)
L1, Liu (2013) « Bricefio (2014)
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Spin-half particles

[J Essentially the same Bethe-Salpeter expansion

[J Now the two-particle loops have spin... and are still projected on-shell

L —p+m 1) us(P)us(p)
— — — = ;
i P2 +m? — ie i p?+m? — e




Spin-half particles

[J Essentially the same Bethe-Salpeter expansion

[J Now the two-particle loops have spin... and are still projected on-shell
1 —prm N 1 > Us(P)us(p)
i P2 +m? — ie i p?+m? — e

0

Spinors project B and thus .Z to definite spin components

O

Final result is the same quantisation condition with a new F

det[lC_l(s) + F(P,L)] =0

1 dgk 1 Virm: (f{)ygm (IA{)
Fé’m’s’lsé,fmslsg (Ea L) — 2 L3 Z —Pp.V. / (ka)2 E_ ka 58/18158/282




Coupled channels

-------------

[J The cubic volume mixes different partial waves...

eg. Km— Kr \, Kt 0 Feo  Fgp
Fro > (5 )+ (5 5

p

...as well as different flavor channels...

—1 - =
eg. G=1TT } Kosa Kasb F, 0 B ©
e =G k) 0 e) e 2

Kooa Koo

22



Coupled channels

-------------

[J The cubic volume mixes different partial waves...

eg. Km— Kr | Kt 0 Feo  Fgp
Fro > (5 )+ (5 5

D
...as well as different flavor channels...

—1
eg a=77n 3 ,Ca—m, Ka—)b Fa,
b=KK > det { (Kb—m /Cb—>b> " (

0 Workflow...

Vary L and P to recover a

Reliably extract dense set of energies
finite-volume energies

Correlators with a large
operator basis

[000,A1 ©0O0 o© o O
(Qn (T)2],(0)) ~ e Fm{BIT WA 00 © o o

011,A;, O O O O o

' » F,, (L)

(0a(1)0}(0))

22



_
R

Coupled channels

[J The cubic volume mixes different partial waves...

eg. Km— Kr | Kt 0 Feo  Fgp
Fro > (5 )+ (5 5

p

...as well as different flavor channels...

_1 = N
eg. Q=TT . Kaosa Kasp F, 0 > w B ® |
b= KK >det{< ) +<O F} =0 g><10

Kooa Koo

0 Workflow...

Vary L and P to recover a

Reliably extract dense set of energies
finite-volume energies

Correlators with a large
operator basis

[000,Ay, ©0O O o O

(Qn (T)2],(0)) ~ e Fm{BIT WA 00 © o o

011],A;, ©O O ©O O o
had/spec

' » F,, (L)
|dentify a broad list of K-matrix parametrizations

polynomials EFT based dispersion — Perform gIObaI fits to the
finite-volume spectrum

(0a(1)0}(0))

and poles theory based
22
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LO HVP (hadronic vacuum polarization)

[ T x L3 periodic, Euclidean signature

---------------
-

e e .- -

-------------

. : —
[0 Continuous kernel function: KC(zg) ‘o a2




LO HVP (hadronic vacuum polarization)

[ T x L3 periodic, Euclidean signature

-------------
-
-

e e .- -

. : —
[0 Continuous kernel function: KC(zg) ‘o a2

[J For asymptotically large T, L ...

aEO,HVP(LT)_aLO,HVP = O(e ML)y 1 O(e —V2M, Ly 1 Ofe —V/3Mx "Ly L O(e1OMLy 4 ..

0

—~M,T —3M,T \
+ O(e )+ Of(e )+ 3T V3~ 1.92

+ O(e M-VT?HL2) |

+ O(e Mrhy 4.




LO HVP (hadronic vacuum polarization)

[ T x L3 periodic, Euclidean signature

-------------
-
-

e e .- -

. . T/2
P oy = [ ko) [ Gl @0,
JL 0 . |

. . Xo—>00
O Continuous kernel function: K(zg) o< xf

[J For asymptotically large T, L ...

f
aEO,HVP(L7T) _ aEO,HVP :[O(G—MWL2+ 0(6—\/§M7,L) 4 O(e—ﬁMﬂlj_F O(e™1OMnLy 4 ..
>
+L0(6_MWT)FO(6_%MWT) T \ 21 /3~ 1.92

+ O™ MYTHIR) 4

+ O(e Mrhy 4.

1904.10010 2004.03935 for now

MTH and A. Patella <« strong inspiration from... Liischer 1986
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Diagrammatic expansion

[J All orders diagrammatic expansion

N G T N e T = W
NS R S S = s
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Diagrammatic expansion

[J All orders diagrammatic expansion

N G T N e T = W
NS R S S = s

[J Loop momenta are summed... rewrite using Poisson summation

1 &’k .
ﬁ%: 7 ;/(zw)?)eL )

n — (nx, My s nz) can be interpreted as loop pion wrapping the torus




Diagrammatic expansion

[J All orders diagrammatic expansion

au@):womw.@mw.&wwéw .

[J Loop momenta are summed... rewrite using Poisson summation

1 &’k .
ﬁ; 7 ;/(2w)36L )

n = (nx, My s nz) can be interpreted as loop pion wrapping the torus

[J Some subtleties in assigning Poisson modes
/ ny=(0,0,1) _ ny=(0,0,0)
ny = (0,0, 1) n3 = (0,0,1)

understood as a gauge redundancy — gauge fixing to catalogue effects

Liischer (1986)

I 8



Extension (all orders diagrammatic)

[J Leading contributions: only one pion wraps the torus

oo L
Aayu(L) = / dzo K(zo) | Q + % J\I\Al(l_;)l\l\l\l‘ + O(e 19M=Ly
| | L)
one-particle _) / ( dressed leading 2-wrap

irreducible vertices propagators contribution
ez’Ln-p
[ All L dependence inside — =)
— p2—|—M7%—|—Z(p2)




Extension (all orders diagrammatic)

[J Leading contributions: only one pion wraps the torus

oo L
Aay(L) = / dzo K(zo)| Q + JV\I\IOV\IV‘ + O(e 19M=Ly
| | L)
one-particle _) / ( dressed leading 2-wrap

irreducible vertices propagators contribution

| =

)

ean-p

[d All L dependence inside... —L—

Zn: p* + Mz + %(p?)

[0 Exponential decay?

i L ~ o 2MrL
o ~ oML
1_rP_F < T >

pole contributions — on-shell pions — physical Compton amplitude




Result

[J Sum of all single-winding terms gives

dps e~ IMIEVMRAPE oo dks
Aa, (L) = / bs / dxo K(myuzo) | — cos(xokg) ReT(—k3, —ksps3)
N n#
volume dependence kernel Compton amplitude
reference to EFT has disappeared requires only spacelike photons

T2 kp) =i m S [ dtoe™ (5.q/T7,(0)77(0)lp.o

e

g el gt

\L,—FW(QQ)Q/ Treg(kQ,k .p)

10
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Numerical estimates

M, =137 MeV m,, = 106 MeV F.(Q*) =14 Q*/M?]* M = 727 MeV
a —100 x Aa,(L)/(700 x 10~1°) R
ML | In|= V2 V3 2 V5 V6 21/2 3 S
4 1.26 1.16 0.317 0.104 0.193 0.0944 0.0128 0.0174 3.1
5) 0.852 0.428 0.0813 0.0199 0.0287 0.0112 0.00102 0.00117 1.42
§ 0.461 0.141 0.0189 0.00349 0.00394 0.00124 0.0000764 0.0000735 0.630
7 0.226 | 0.0433 | 0.00417 0.000582 0.000515 0.000130 | 5.46 x107% | 4.41 x107% || 0.274
\ 8 0.104 | 0.0128 | 0.000883 | 0.0000936 | 0.0000652 | 0.0000132 | 3.79 x10=7 | 2.57 x10~7 || 0.118 j
a M_L

[ Slow convergence of e¢~% "+~ series
[0 Last column estimates %-finite volume effect

[J 1% precision goal for theoretical relevance

11
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