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1 Euclidean vs. Minkowski two-point function

1.1 Minkowski

Begin with the definition

G̃M(pM) =

∫
d4xM e−ipM ·xM 〈0|T{φ(xM)φ(0)}|0〉, (1)

where pM · xM = −p0x0 + p · x and

〈0|T{φ(xM)φ(0)}|0〉 = 〈0|φ(0,x)e−iĤx
0−εx0φ(0)|0〉, for x0 > 0, (2)

〈0|T{φ(xM)φ(0)}|0〉 = 〈0|φ(0)e+iĤx
0+εx0φ(0,x)|0〉, for x0 < 0. (3)

Insert the identity, defined as

I =
∑
N

1

N !

N∏
i=1

∫
d3pi

(2π)32ωpi

|p1, · · · ,pN〉〈p1, · · · ,pN | (4)

=

∫
dα

∫
d3P

(2π)32ωP,α

|α,P〉〈α,P|, (5)

where α is a collective index and

Ĥ|α,P〉 = |α,P〉
√
M2

α + P2 = |α,P〉ωα,P, (6)

P̂|α,P〉 = |α,P〉P. (7)

Thereby demonstrate

G̃M(pM) =
1

i

∫
dα

|Z(α,p)|2

p2M +M2
α − iε

, (8)

and give the expression for Z(α,p) and Mα.
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1.2 Euclidean

Now take

G̃E(pE) =

∫
d4xE e

−ipE ·xE〈0|T{φ(xE)φ(0)}|0〉, (9)

where pE · xE = p4x4 + p · x and

〈0|T{φ(xE)φ(0)}|0〉 = 〈0|φ(0,x)e−Ĥx4φ(0)|0〉, for x4 > 0, (10)

〈0|T{φ(xE)φ(0)}|0〉 = 〈0|φ(0)e+Ĥx4φ(0,x)|0〉, for x4 < 0. (11)

and derive the analogous result to that given in the previous subsection.

2 Twisted, asymmetric boundary conditions

Suppose we take the boundary conditions

π(τ,x)eiθi = π(τ,x + Liei), (12)

where ei is a unit vector in the ith direction, i ∈ {x, y, z}. Derive the discrete set of momenta,
p, such that the Fourier transform respects the boundary conditions.

3 Volume dependence of the mass in gφ3

Begin with the Lagrangian density

L =
1

2
∂µφ0 ∂

µφ0 −
1

2
m2

0φ
2 − g0

3!
φ3
0 , (13)

where we are using bare fields and bare couplings.

• Give an expression for the O(g2) correction in the relation between the physical finite-
volume mass squared m(L)2 and the bare mass squared m2

0.

• Work out and simplify the expression for the mass shift

∆m(L)2 = m(L)2 −m2

where m is the infinite-volume physical mass.

• Show that the finite-volume correction decays exponentially with L as

∆m(L)2 ∼ e−
√

3/4mL.
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4 Single-particle matrix element in gφ3

4.1 Finite-volume decay constant

Define j(x) = Zjφ(x) and define

fφ(L)2 = |〈0|j(0)|φ,p = 0〉L|2, (14)

fφ(∞)2 = |〈0|j(0)|φ,p = 0〉∞|2. (15)

Determine how to extract fφ(L)2 from

G̃f
L(p0) = Z2

j

∫
d3x

∫
dx0 eip

0x0〈0|T{φ(x0,x)φ(0)}|0〉L, (16)

and give the analogous expression for fφ(∞).

4.2 Self energy summation

Show that the sum of all diagrams, to all orders can be written as

G̃f
L(p0) =

1

i

Z2
j

−(p0)2 +m2
0 + ΣL(−(p0)2)

, (17)

and define ΣL.

4.3 Volume effects

Show that
fφ(L)2

fφ(∞)2
= 1−

[
Σ′L(−m2)− Σ′∞(−m2)

]
+O(g3), (18)

and evaluate the g2 result.

5 Two-particle phase space

Define the two-particle phase space as

ρ(s) =
1

2
Im

1

i

∫
d4k

(2π)4

[
1

k2 +m2 − iε
1

(P − k)2 +m2 − iε

]
, (19)

where s = −P 2 = (P 0)2−P2. Evaluate this to identify the square-root function that depends
on s.
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