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supported by:

Gradient Flow: 
perturbative perspective



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

Perturbative approach

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)ℒ = ℒQCD + ℒB ⇒ ∂tBμ = 𝒟νGνμ



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

Perturbative approach

δabδμν θ(t − s) e−(t−s)p2

“gluon flow line”

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

∼ ⟨0 |T Ba
μ(t, x) Bb

ν (s,0) |0⟩ ∼ ⟨0 |T La
μ(t, x) Bb

ν (s,0) |0⟩

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)ℒ = ℒQCD + ℒB ⇒ ∂tBμ = 𝒟νGνμ



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

Perturbative approach

δabδμν θ(t − s) e−(t−s)p2

“gluon flow line”

δab

p2 (δμν − ξ
pμpν

p2 ) e−(t+s)p2

∼ ⟨0 |T Ba
μ(t, x) Bb

ν (s,0) |0⟩ ∼ ⟨0 |T La
μ(t, x) Bb

ν (s,0) |0⟩

+ 4-gluon vertex

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)ℒ = ℒQCD + ℒB ⇒ ∂tBμ = 𝒟νGνμ
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etc.

Perturbative approach

ℒχ ∼ ∫
∞

0
dt λ̄ (∂t − 𝒟2) χ + h . c .
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Let’s calculate

E(t) ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩ Gμν(t) = ∂μBν(t) − ∂νBμ(t) + [Bμ(t), Bν(t)]
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Let’s calculate

E(t) ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

≠ 0∫ dDp e−2tp2 ∼ t−2+ϵLO: 

t

Gμν(t) = ∂μBν(t) − ∂νBμ(t) + [Bμ(t), Bν(t)]
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Let’s calculate

E(t) ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

≠ 0∫ dDp e−2tp2 ∼ t−2+ϵ

→ measure αs on the lattice?explicitly: O(↵2
s)+E(t) =

3αs

4πt2

LO: 

t

Gμν(t) = ∂μBν(t) − ∂νBμ(t) + [Bμ(t), Bν(t)]



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

Let’s calculate

E(t) ≡
1
4

⟨Ga
μν(t)Ga,μν(t)⟩

≠ 0∫ dDp e−2tp2 ∼ t−2+ϵ

→ measure αs on the lattice?explicitly: O(↵2
s)+E(t) =

3αs

4πt2

LO: 

t

αs = αs(μ)

Gμν(t) = ∂μBν(t) − ∂νBμ(t) + [Bμ(t), Bν(t)]
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t
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Higher orders

∼ ∫p ∫k

e−2 t p2

p4 k2 (p − k)2

t

s

t

∫
t

0
ds ∫p ∫k

e−(2t−s)p2

p2 k2 (p − k)2

• generalized loop integrals
• integration over flow-time parameters
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Lüscher 2010

resulting perturbative  
accuracy on αs:  O(1%)

t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

PDG:  ± 1%

RH, Neumann 2016
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t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]
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t2E(t) =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)] ≡

3
4π

α̂s(t) =
3
4

̂as(t)
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Application to effective field theories

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation 
theory

lattice
match 
renormalization 
schemes?



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

Application to effective field theories

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation 
theory

lattice
match 
renormalization 
schemes?

R = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩Instead: gradient flow 
renormalization



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

Application to effective field theories

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation 
theory

lattice
match 
renormalization 
schemes?

R = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩Instead: gradient flow 
renormalization

⟨𝒪̃n(t)⟩ is UV finite exists!⇒ lim
a→0

⟨𝒪̃n(t)⟩



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

Application to effective field theories

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation 
theory

lattice
match 
renormalization 
schemes?

R = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩Instead: gradient flow 
renormalization

⟨𝒪̃n(t)⟩ is UV finite exists!⇒ lim
a→0

⟨𝒪̃n(t)⟩

→ need C̃(t)
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Small flow-time expansion

R = ∑
n

Cn⟨𝒪n⟩Observable: = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩
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Small flow-time expansion

R = ∑
n

Cn⟨𝒪n⟩Observable: = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩

small flow-time expansion: 𝒪̃n(t)
t→0→ ∑

m

ζnm(t) 𝒪m

C̃n(t)
t→0→ ∑

m

Cm ζ−1
mn(t)

⇒ need      for small     ⇒    perturbation theoryζnm(t) t

Lüscher, Weisz ’11 
Suzuki ’13 
Lüscher ‘13
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Example: Meson mixing
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Cn 𝒪n ≡ ∑
n

C̃(t)n 𝒪̃(t)n

𝒪1 = (b̄γL
μ q)(b̄γL
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= ζ−1(t)⟨B | 𝒪̃1(t) |B⟩

B1 ∼ ⟨B |𝒪1 |B⟩ bag parameter

perturbative
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Example: Meson mixing

B B̄

Heff ∼ ∑
n

Cn 𝒪n ≡ ∑
n

C̃(t)n 𝒪̃(t)n

𝒪1 = (b̄γL
μ q)(b̄γL

μ q)

= ζ−1(t)⟨B | 𝒪̃1(t) |B⟩

B1 ∼ ⟨B |𝒪1 |B⟩ bag parameter

perturbative lattice
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Bag parameter

ζ−1
NLO(t)

⟨B | 𝒪̃(t) |B⟩

ζ−1(t)⟨B | 𝒪̃1(t) |B⟩
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Bag parameter

ζ−1
NLO(t)

⟨B | 𝒪̃(t) |B⟩

ζ−1(t)⟨𝒪̃(t)⟩

ζ−1(t)⟨B | 𝒪̃1(t) |B⟩



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

Bag parameter

ζ−1
NLO(t) ζ−1

NNLO(t)

⟨B | 𝒪̃(t) |B⟩ Black, RH, Lange, Rago, 
Shindler, Witzel (2023)

ζ−1(t)⟨𝒪̃(t)⟩

ζ−1(t)⟨B | 𝒪̃1(t) |B⟩
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Application to effective field theories

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation 
theory

lattice
match 
renormalization 
schemes?

R = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩Instead: gradient flow 
renormalization

⟨𝒪̃n(t)⟩ is UV finite exists!⇒ lim
a→0

⟨𝒪̃n(t)⟩

⇒ Lorentz invariance preserved!

application: energy-momentum tensor
parton density functions Shindler ‘24

Suzuki ‘13
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Parton densities (pions)

2025
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The gradient flow scheme

⟨𝒪̃(t)⟩
ΔΓ ∼ ∑

n

CR
n (μ) ⟨𝒪R

n ⟩(μ)
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The gradient flow scheme

ζ−1(t, μ) ⟨𝒪̃(t)⟩

ζ−1(t, μ)⟨𝒪̃(t)⟩

ΔΓ ∼ ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

The gradient flow scheme

ζ−1(t, μ) ⟨𝒪̃(t)⟩

ζ−1(t, μ)⟨𝒪̃(t)⟩

ΔΓ ∼ ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

C̃n(t)⟨𝒪̃n⟩(t)
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The GF scheme

ℒeff = ∑
n

Cn⟨𝒪n⟩ GF MS
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The GF scheme
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(C Z−1)n⟨Z 𝒪⟩n= ∑
n

(C ζ−1(t))n ⟨ζ(t) 𝒪⟩n

GF MS
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The GF scheme

ℒeff = ∑
n

Cn⟨𝒪n⟩

= ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

(C Z−1)n⟨Z 𝒪⟩n

μ
d

dμ
CR(μ) = CR(μ) γ

= ∑
n

C̃n(t) ⟨𝒪̃n(t)⟩

= ∑
n

(C ζ−1(t))n ⟨ζ(t) 𝒪⟩n

t
d
dt

C̃(t) = C̃(t) γ̃

GF MS
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The GF scheme
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n
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The GF scheme

ℒeff = ∑
n

Cn⟨𝒪n⟩

= ∑
n

CR
n (μ) ⟨𝒪R

n ⟩(μ)

= ∑
n

(C Z−1)n⟨Z 𝒪⟩n

μ
d

dμ
CR(μ) = CR(μ) γ

γnm = − μ
d

dμ
ln Z

= ∑
n

C̃n(t) ⟨𝒪̃n(t)⟩

= ∑
n

(C ζ−1(t))n ⟨ζ(t) 𝒪⟩n

t
d
dt

C̃(t) = C̃(t) γ̃

γ̃ = − t
d
dt

ln ζ(t)

GF MS

RH, Lange, Neumann ‘20
Borgulat, Felten, RH, Kohnen ‘25



Perturbative Gradient Flow, MITP Workshop, Mainz 2025

The GF scheme

GF MS

μ
d

dμ
CR(μ) = CR(μ) γ

γnm = − μ
d

dμ
ln Z

t
d
dt

C̃(t) = C̃(t) γ̃

γ̃ = − t
d
dt

ln ζ(t)
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The GF scheme

GF MS

C̃(t) = C̃(t0) exp [∫
α̃s(t)

α̃s(t0)

dx
x

γ̃(x)
β̃(x) ] CR(μ) = CR(μ0) exp [∫

αs(μ)

αs(μ0)

dμ
μ

γ(x)
β(x) ]

μ
d

dμ
CR(μ) = CR(μ) γ

γnm = − μ
d

dμ
ln Z

t
d
dt

C̃(t) = C̃(t) γ̃

γ̃ = − t
d
dt

ln ζ(t)
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The GF scheme

GF MS

C̃(t) = C̃(t0) exp [∫
α̃s(t)

α̃s(t0)

dx
x

γ̃(x)
β̃(x) ] CR(μ) = CR(μ0) exp [∫

αs(μ)

αs(μ0)

dμ
μ

γ(x)
β(x) ]

t
d
dt

α̃s(t) = β̃ α̃s(t) μ
d

dμ
αs(μ) = β αs(μ)

μ
d

dμ
CR(μ) = CR(μ) γ

γnm = − μ
d

dμ
ln Z

t
d
dt

C̃(t) = C̃(t) γ̃

γ̃ = − t
d
dt

ln ζ(t)


