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Precision physics at LHC
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• Precision tests of the 
Standard Model
• Measurements of masses 

and couplings
• Searches for deviations

• Interplay of calculations 
and measurements
• require precise theory
• refine predictions through 

measurements (e.g. PDFs)
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Precision Predictions: State-of-the-art
• NNLO QCD predic=ons for 2 → 2 processes (NNLO revolu=on, 2015 →)
• accomplished during past 10 years on case-by-case basis
• as parton-level event generators (full final state informaNon)
• computaNonally expensive
• current fronNer at NNLO: 2 → 3 

• Typical size of correc=ons and uncertainty
• NLO correcNons: 10..100%, uncertainty: 10..30%
• NNLO correcNons: 2..15%, uncertainty: 3..8%
• expect N3LO to yield uncertainty at level of 1%.
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Ingredients to fixed order calculations
• Matrix elements with extra real (R) or virtual (V) partons

• Infrared singularities in all R-type and V-type subprocesses
• sum of all subprocesses finite
• require subtraction procedure to arrange IR cancellations between subprocesses

• Incoming hadrons: parton distributions
• mass factorization of initial-state radiation and parton evolution
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Matrix elements Parton evolution

LO Born 1-loop

NLO R, V 2-loop

NNLO RR, RV, VV 3-loop

N3LO RRR, RRV, RVV, VVV 4-loop



Two-loop matrix elements
• Analytical results for all massless 2 → 2 processes known

• Di-jet production, V+jet, H+jet, vector boson pairs 

• Recent progress on 2 → 3 amplitudes
• all-massless partons (jets, photons) (S. Abreu, F. Febres Cordero, H. Ita, B. Page, V. Sotnikov; H. Chawdhry, 

M. Czakon, M. Lim, A. Mitov, R. Poncelet; B. Agarwal, F. Buccioni, F. Devoto, G. Gambuti, A. von Manteuffel, L. Tancredi)

• V+2 jet and H+2 jet production                                                                                               
(S. Abreu, F. Febres Cordero, H. Ita, M. Klinkert, B. Page, V. Sotnikov; S. Badger, H. Bayu Hartanto, J. Krys, S. Zoia)

• Top quark pair production
• Numerical representation (P. Bärnreuther, L. Chen, M. Czakon, P. Fiedler)

• Analytical results (M. Mandal, P. Mastrolia, J. Ronca, W. Bobadilla Torres) 

• Numerical results for amplitudes with internal masses
• Top quark loops in HH and H+jet production (S. Jones, M. Kerner et al.; J. Baglio et al., R. Bonciani et al.)

• Mixed QCD-electroweak corrections (T. Armadillo et al., P. Bargiela, F. Caola, H. Chawdhry, X. Liu)
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The Qu,d are respectively the charges of the up-/down-type quarks, Qu = 2/3 and Qd = →1/3.
The lepton pair that couples to the photon with charge →1 in units of e is visible in the expression
→Qu/d. In v

h
u,d the upper sign corresponds to the up-type coupling v

h
u and the lower one to the

down-type coupling v
h
d . MW,Z and !W,Z are the masses and the widths of the vector bosons, and

the Weinberg angle is calculated either through the on-shell prescription cos2 ωw = MW /MZ , or in
the complex-mass scheme [47].

The partonic channels with identical quarks are obtained as anti-symmetric sums over the
corresponding distinct-flavor channels. For example,
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where it is understood that on the right-hand side the amplitudes vanish if they do not match the
helicity pattern on the left-hand side of eq. (2.11b).

Finally, notice that for each of the amplitudes A on the right-hand side of eq. (2.12) we can
exchange the momenta 5 ↑ 6 such that the lepton pair is always {ε̄

+

5
, ε

→
6

}. We therefore established
that all SM processes in eqs. (2.1) and (2.2) can be calculated through eqs. (2.11) to (2.13) from
permutations of the two sets of V -boson amplitudes
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In the following the helicity and/or momentum labels will sometimes be suppressed for clarity.
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In the LCA, the V -boson amplitudes Ag and Aq receive contributions only from planar dia-
grams, and their color decomposition is independent of the loop order:

Ag(1, 2, 3, 4) =
∑

ω↑S2(2,3)

(T aω(3)T
aω(2)) ī1

i4
Ag (1, ϖ(2), ϖ(3), 4) , (2.18a)

Aq(1, 2, 3, 4) = ϱ
ī1
i2

ϱ
ī3
i4

Aq (1, 2, 3, 4) , (2.18b)
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NNLO cross section

• Real and virtual contribuNons:
• Singular double real radiaNon:
• Singular one-loop single real radiaNon:
• Mass factorizaNon terms:

• Each line finite and free of poles → numerical implementaJon
• ImplementaJon: parton-level event generator at NNLO                                

MATRIX: M.Grazzini, S.Kallweit, M.Wiesemann; MCFM: J.Campbell, T.Neumann, R.K.Ellis, S.Seth; NNLOCAL: V.Del Duca et al.; 
NNLOJET: A.Huss et al., MiNNLOPS: P.Monni, P.Nason, E.Re, M.Wiesemann, G.Zanderighi; GENEVA: S.Alioli et al. 
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Figure 10: Comparison of the values of Us (&) determined from fits to the TEEC functions with the QCD prediction
using the world average as input (hatched band) and the value obtained from the global fit (solid band). Results from
previous analyses, both from ATLAS and from other experiments, are also included, showing an excellent agreement
with the current measurements and with the world average. The value of & for the TEEC 13 TeV points is chosen as
half of the average of �̂T in each �T2 bin.
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Three-jet production
• 3-jet production and related event 

shapes at hadron colliders at NNLO                 
(M. Czakon, A. Mitov, R. Poncelet)

• using residue subtraction (M. Czakon)

• enabled ATLAS αs determination based on 
energy-energy correlation functions
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NNLOJET code

• NNLO parton level event generator 
• Based on antenna subtraction

• Provides infrastructure
• Process management
• Phase space, histogram routines
• Validation and testing 
• Parallel computing (MPI) support for warm-up and production
• ApplGrid/fastNLO interfaces

• Processes implemented at NNLO
• Z+(0,1)jet, γ+1 jet, H+(0,1)jet, W+(0,1)jet
• DIS-2j, LHC-2j
• Typical runtimes: 60’000-250’000 core-hours 
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NNLOJET project:
A.Huss, L.Bonino, O.Braun-White, S.Caletti, X.Chen, 
J.Cruz-Martinez, J.Currie, W.Feng, G.Fontana, 
E.Fox, R.Gauld, A.Gehrmann-De Ridder,  
E.W.N.Glover, M.Höfer, P.Jakubcik, M.Jaquier, 
M.Löchner, F.Lorkowski, I.Majer,  M.Marcoli, 
P.Meinzinger, J.Mo, T. Morgan, J.Niehues,  J.Pires, 
C.Preuss, A.Rodriguez-Gracia, K.Schönwald, 
R.Schürmann, V.Sotnikov, G.Stagnitto, D.Walker,  
J.Whitehead, T.Z.Yang, H.Zhang, TG

NNLO
JET

J



NNLOJET code

• Open-source code release: NNLOJET v1.0.2
• download from nnlojet.hepforge.org

• Runcard opJons
• process/sub-process selec^on
• generic histogramming
• mul^-run features: e.g. jet radius
• example runcards for many processes

• Cluster workflow management: DOKAN
• automated resource alloca^on
• works with slurm and htcondor (lxplus)
• combina^on of results, quality control

Thomas Gehrmann MITP P3H Program 9



Two-jet production
• 2-jet production at LHC

• most basic hard QCD process 
• large cross section: high-statistics 

measurement
• combine ATLAS/CMS data sets
• group data according to μ=M2j

• correlation of αs with PDFs
• vary PDF through APPLgrid interface
• combine with DIS 2-jet (HERA)

• reach: 7.4 GeV ... 7.0 TeV

    αs (MZ) = 0.1178±0.0014exp,pdf±0.0017th

Thomas Gehrmann MITP P3H Program 10

5

pared to the expectation from the QCD RGE in Fig. 2,
where in the lower panel the results of the 20 fit param-
eters for ↵s(mZ) are displayed, while the upper panel
shows the respective values for ↵s(µR). The ↵s(mZ) val-
ues are evolved to the central value of each µR interval,
illustrating the running of the strong coupling. Overall,
excellent agreement with the expectation from the RGE
running (when using the world average value for ↵s(mZ))
is observed over the entire range from about 7GeV up to
7TeV. At scales of about a few hundred GeV, the size of
the experimental and theoretical uncertainties are of sim-
ilar size (about ±0.0015), while in the TeV regime the ex-
perimental uncertainties dominate. In Fig. 3 our results
are further compared to ↵s extractions from inclusive jet
and dijet data by the H1 and ZEUS collaborations at
HERA [23, 42], event shape observables at the PETRA
or LEP e+e� colliders [45–48], a result from a global
electroweak fit [6] and measurements of energy–energy
correlations in pp collisions by ATLAS at the LHC [27].
Our results exhibit significantly smaller uncertainties and
cover a significantly larger range in scale than any previ-
ous determination of ↵s(µR).

VI. Summary We have determined the strong cou-
pling ↵s(mZ) from dijet data for the first time based on
complete NNLO pQCD predictions. Using LHC data col-
lected by the ATLAS and CMS collaborations at center-
of-mass energies of 7, 8, and 13 TeV the strong coupling
is determined to be

↵s(mZ) = 0.1178 (22)(tot) ,

where experimental, PDF, and scale uncertainties are all
of similar size. This value is consistent with the world
average.

Including dijet cross sections measured in electron–
proton collisions at the HERA collider, makes this one
of the most comprehensive and precise tests of the QCD
renormalization group running of ↵s(µ) to date. The
running is probed by a fit to individual mjj ranges, and
excellent agreement is found with the running predicted
by QCD. Through the inclusion of both HERA and LHC
data, the behavior of the strong coupling as a function of
energy is tested over an unprecedented range, from about
7GeV to 7TeV. The presented results significantly im-
prove our knowledge of the strong coupling in the TeV
regime compared to previous determinations.

Note added Recently, the CMS Collaboration has re-
leased a determination of ↵s and its running in the range
103GeV < µR < 1600GeV using inclusive jet data at the
LHC at various

p
s [49] in addition to HERA DIS data.

Their determination make use of NNLO pQCD predic-
tions in the leading-color approximation. Their results
are in agreement with ours.

Acknowledgments This research was supported in
part by the German Federal Ministry of Education and
Research (BMBF) under grant number 05H21VKCCA,

0.10

0.15

0.20

) R
µ(

s 
α

 [PDG24]World average 
 [NNLO, this work]LHC and HERA dijets 

[NNLO, this work]LHC dijet data 
[NNLO]HERA jets 

[NNLO+res] jets/shapes -e+e
[PDG24]EW fit 

[NNLO]ATLAS TEEC 13TeV 
 

JETNNLO and APPLfast

10 100 1000 10000
 [GeV]Rµ

0.10
0.11
0.12
0.13)  

 
Z

(m
s 

α

FIG. 3. Left: Running of the strong coupling as a function
of the chosen renormalization scale. The inner error bars
indicate the (fit,PDF) uncertainty, and the outer error bars
the total uncertainty. The upper panel displays the values
↵s(µR) and the lower panel displays the ratio of the respective
↵s(mZ) value to the world average value [6]. The hatched
area indicates the value of ↵s(mZ) from LHC dijet data and
its running as a function of µR. Right: same figure as left,
but showing also other data for comparison.

by the UK Science and Technology Facilities Coun-
cil, by the Swiss National Science Foundation (SNF)
under contracts 200021-197130 and 200020-204200, by
the National Science Foundation of China (grant
No.12475085 and No.12321005), by the Research Exec-
utive Agency (REA) of the European Union through
the ERC Advanced Grant MC@NNLO (340983) and
ERC Advanced Grant TOPUP (101019620) and by the
Fundação para a Ciência e Tecnologia (FCT-Portugal),
through the programatic funding of R&D units refer-
ence UIDP/50007/2020 and under project CERN/FIS-
PAR/0032/2021. CG and MS were supported by the
IPPP Associateship program for this project. This work
was performed in parts on the HoreKa supercomputer
funded by the Ministry of Science, Research and the Arts
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Resummation
• generic resummation: parton shower
• current parton shower accuracy: NLL
• NNLL parton shower so far only for global 

observables in e+e- (PanScales: G.Salam et al.)

• analytic process-specific resummation
• various approaches: direct space, SCET
• transverse momentum (N3LL), threshold (N4LL), 

0-Jettiness (N3LL), 1-jettiness (N3LL)

Thomas Gehrmann MITP P3H Program 11

(1-jettiness: S.Alioli, G.Bell,G.Billis, A.Broggio, B.Dhenadi,
M.Lim, G.Marinelli, R.Nagar, D.Napoletano, R.Rahn) 
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FIG. 9: Functional form of the two-dimensional soft
profile scale.
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FIG. 10: Resummed results for one-jettiness distribution
with T0 > 50 GeV at increasing accuracy, for the 2D

profile with s
(3,10)(T1/T0).

ferent definition of T1 (which incorporates a longitudinal
boost to the frame where the vector boson has zero ra-
pidity) receives smaller power corrections. This makes it
suitable for slicing calculations at NNLO and for use in
Monte Carlo event generators which match fixed order
predictions to parton shower programs.

The N -jettiness variable is particularly useful in the
context of constructing higher-order event generators,
since it is able to act as a resolution variable which
divides the phase space into exclusive jet bins. In this
context, the NNLL0 resummed zero-jettiness spectrum
has enabled the construction of NNLO+PS generators
for colour-singlet production using the Geneva method.
The availability of an equally accurate prediction for T1

in hadronic collisions will now enable these generators
to be extended to cover the case of colour singlet
production in association with a jet. The predictions
presented in this work will be made public in a future
release of Geneva.
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Matching fixed-order and resummaHon
• Obtain predictions over full kinematical range
• Parton shower matching
• NLO+PS well-established 
• NNLO+PS for colour singlet processes (MiNNLOPS)                                             

(Hbb: C.Biello, J.Mazzitelli, A.Sankar, M.Wiesemann, G.Zanderighi)

• Matching to analytic resummation
• re-expand resummation formula
• obtain full fixed-order logs for LO+NLL, NLO+NNLL, 

NNLO+N3LL, ....

Thomas Gehrmann MITP P3H Program 12

dσ/dpT,H [fb/GeV] bbH̅@LHC 13 TeV

NNLO+NNLL (5FS)
MiNNLOPS (5FS)
MiNNLOPS (4FS)

-5

0

5

10

15

20

25

dσ/dσNNLO+NNLL (5FS)

0.6

0.8

1

1.2

1.4

0 10 20 30 40 50
pT,H

Figure 9: Comparison of the two MiNNLOPS generators in the 5FS and 4FS with analytic
results in the 5FS. The Higgs pT spectrum (left) is compared to the NNLO+NNLL predic-
tions of ref. [28] using NNLO NNPDF 4.0 sets, while the Higgs rapidity spectrum (right) is
compared with the NNLO fixed-order result of ref. [32] based on NNLO CT14 sets. For the
right plot, we used NNLO CT14 sets in our MiNNLOPS generators, both in the 5FS and
4FS.

is three times larger. This is easy to understand, as the LO process contains two bottom
quarks, while the light quarks are generated only through radiation at higher orders.

Looking at the column with the ratio to the NLO+PS predictions in table 2, one notices
that NNLO corrections in either scheme are significant in all fiducial categories, ranging
from 13% to 60%. Comparing the predictions in the two flavour schemes, we find that for
the 0-b-jet and �1-b-jet cases, the cross sections at NLO+PS are not compatible with each
other, whereas the MiNNLOPS predictions improve the comparison substantially. The 0-b-
jet rates agree within 8% and the �1-b-jet rates agree within 13%, fully compatible within
the respective scale uncertainties at NNLO+PS.

Interestingly, we notice that for the �2-b-jet and �1-`-jet the NLO+PS results in 4FS
and 5FS are very close, even closer than for the MiNNLOPS predictions. These observables
become successively less accurate in the 5FS, which at Born level does not feature bottom
quarks in the hard matrix elements. Therefore, we conclude that the agreement at NLO+PS
for these observables that are less accurate in the 5FS is completely accidental. Indeed, we
will see when considering differential distributions in the next subsection that the shapes
in 4FS and 5FS are vastly different at NLO+PS, which confirms the accidental agreement
at the integrated cross section level.

– 32 –



N3LO for Drell-Yan observables
Slicing parameter: transverse momentum (qT slicing) [S.Catani, M.Grazzini] 

• below-cut contribution from expansion of N3LL                                                                     
qT resummation to O(αs

3) [W.Bizon, P.Monni, E.Re, P.Torrielli;                                                                             
S.Camrada, L.Cieri, G.Ferrera;T.Becher, T.Neumann; W.L.Ju, M.Schönherr]

• ingredients: three-loop soft and beam functions                                                                         
[Y.Li, H.X.Zhu; M.Ebert, B.Mistlberger, G.Vita; M.X.Luo, T.Z.Yang, Y.J.Zhu] 

• check: independence on qT,cut slicing parameter
• check: reproduce inclusive coefficient functions                                                                  

(no ingredients or methodology in common!)                                                                                          
[X.Chen, E.W.N.Glover, A.Huss, T.Z.Yang, H.X.Zhu, TG]
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N3LO for Drell-Yan observables
Results: fiducial distributions
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single lepton distribution in NC Drell-Yan,
matched to N3LL resummation (RadISH)
 [X.Chen, E.W.N.Glover, A.Huss, P.F.Monni,
 E.Re, L.Rottoli, P.Torrielli, TG]

transverse mass distribuHon in 
W boson producHon (CDF II cuts)
[X.Chen, E.W.N.Glover, A.Huss, 
T.Z.Yang, H.X.Zhu, TG]

3.4 Impact of PDFs 4 CONCLUSIONS & OUTLOOK
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Figure 9: W+ lepton transverse momentum distribu-
tion using the PDF set MSHT20nnlo_as118
throughout.

Within numerical bin-to-bin fluctuations the ↵3
s correc-

tions are flat with smaller uncertainties. This statement
also holds while using the aN3LO PDFs and other sets,
at least below the peak region.

3.4. Impact of PDFs

As already indicated by the fiducial cross-sections in
section 3.1, PDFs are among the biggest limitation in
precise predictions. Most insight will be gained by
studying differential distributions.

In fig. 10 we show the impact of four modern PDF
sets for the W+ transverse momentum, charged lepton
transverse momentum, and transverse mass distribu-
tions. These relative PDF uncertainties are computed
using ↵2

s matrix elements. The differences to ↵3
s are at

the per-mille level and insignificant for this discussion.
Even using ↵s matrix elements leads to qualitatively
the same conclusions [52]. Further, the results for W�

production are virtually the same, but are included for
completeness in the appendix in fig. 15.

Effects from different PDF sets can be significant, de-

pending on the distribution and region up to 10%. The
MSHT and CTEQ NNLO PDF sets are broadly similar,
which are the sets considered in the ATLAS study in
ref. [16], in addition to NNPDF3.1.

The most interesting comparison is between MSHT NNLO
and MSHT aN3LO as a higher-order effect, and then con-
sidering NNPDF4.0 NNLO. We find significant shape
changes for several distributions when utilizing these
PDF sets.

The effects of using MSHT aN3LO are even more impor-
tant differentially than inclusively, inducing a significant
cross-section increase below the peaks for the transverse
mass and lepton qT distributions, while dropping off
beyond. In the W -boson transverse-momentum distri-
bution the most significant change is a positive shift of
about 7% in the first bin containing the Sudakov peak.
PDF uncertainties even range up to 10%. Clearly such a
range can be constrained within QCD uncertainties in fu-
ture fits, and even precise Drell-Yan measurements and
predictions [50] will constrain this significantly.

Predictions using NNPDF4.0 NNLO for mW
t and qlT are

much flatter with respect to MSHT20 NNLO, except for
qWT , which predicts a similar enhancement of about
5% in the first bin, but drops off slower than MSHT20
aN3LO.

4. Conclusions & Outlook

In recent years the experimental precision of Z and
W -boson production has reached new levels at the LHC.
In particular this has been achieved through better mea-
surements of the luminosity uncertainty which is now
down to 1%. Precise measurements of W -boson kine-
matics enter many Standard Model inputs like the weak
mixing angle, parton distribution functions, and W -
boson mass. At the same time, theoretical calculations
have become more advanced, reaching new levels of
precision in fixed-order and resummed predictions, and
allowing for more refined PDF determinations. However
these calculations have presented new challenges for
performing precision measurements. N3LO QCD correc-
tions are surprisingly large, at the level of minus 2-3%
[30] (disregarding the effect of N3LO PDFs), and more
statistically precise PDF fits begin to reveal systematic
discrepancies that are challenging to reconcile.

10

charged lepton distribution 
in W boson production 
(ATLAS 5.02 TeV) 
[J.Campbell, T.Neumann]



Towards N3LO predictions
Three-loop amplitudes for 2 → 2 processes (VVV)
• algebraic complexity of integral reduction, computation of master integrals
• first results

• four-parton amplitudes                                                                                                               
(F.Caola, A.Chakraborty, G.Gambuti, A.von Manteuffel, L.Tancredi)

• parton-photon amplitudes                                                                                                      
(P.Bargiela, F.Caola, A.Chakraborty, G.Gambuti, A.von Manteuffel, L.Tancredi)

• V+3-parton amplitudes (planar)                                                                                           
(P.Jakubcik, C.Mella, N.Syrrakos, L.Tancredi, TG)

• H+3-parton amplitudes (leading colour)                                                                                       
(X.Chen, X.Guan, B.Mistlberger)
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Figure 1: Sample three loop diagrams contributing to the process qq̄ ! gg.

These identities will serve as an important check of our calculations.

We expand the helicity amplitudes in ↵̄s,b ⌘ ↵s,b/(4⇡),

H[i]
� =

3X

`=0

H[i],(`)
� (↵̄s,bS✏)

` +O
�
↵̄
4
s,b

�
(24)

for � = 1, . . . , 4, where S✏ = (4⇡)✏e�✏�E . The normalization factor S✏ absorbs constants in

the bare amplitude and matches the usual MS conventions in the renormalization of the

strong coupling performed below. In the expansion of the amplitude, H[i],(3)
� is the three

loop contribution, which we compute here for the first time. We have also recomputed the

tree-level, one-loop and two-loop contributions using the form factor decomposition defined

in eq. (11).

We employ Qgraf [47] to produce Feynman diagrams and find 3 diagrams at tree level,

30 diagrams at one loop, 595 diagrams at two loops and 14971 at three loops. We give a few

representative samples of the three-loop diagrams contributing to the process in figure 1.

We use Form [48] to apply the Lorentz projectors of eq. (11) to the diagrams and to

perform the Dirac and color algebra. In this way, we obtain the form factors as linear

combinations of a large number (⇠ 107) of scalar Feynman integrals with rational coefficients.

We parametrize the corresponding `-loop Feynman integrals according to

Itop
n1,n2,...,nN

= µ
2`✏
0 e

`✏�E

Z Ỳ

j=1

✓
dd
kj

i⇡
d
2

◆
1

D
n1
1 D

n2
2 . . . D

nN
N

, (25)

where �E ⇡ 0.5772 is Euler’s constant, µ0 is the scale of dimensional regularization, and

the denominators Dj are inverse propagators for the respective integral family “top”. More

details on the integral families can be found in ref. [32]. Using Reduze 2 [49, 50] and

Finred, an in-house implementation of the Laporta algorithm [51] based on finite field

8



Computational complexity frontier
• mul=-scale loop amplitudes are becoming complexity boTleneck
• genuine (IR-subtracted)                                                                                              

mulN-loop contribuNon to                                                                                             
cross secNon oaen small
• approximate finite remainder
• ... and quanNfy uncertainty
• methods: leading colour,                                                                                                     

soa expansion,                                                                                                              
high-energy limit,...
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Figure 3: On the left we show the results for �
H

(2)
SA

, �
H

(2)
MA

and our best prediction �
H

(2)
best

, normalised to the

NNLO cross section. The prescription adopted to define �
H

(2)
best

, and the corresponding systematic error is

explained in the main text. On the right, we display the LO, NLO, and NNLO cross sections and their
(symmetrised) perturbative uncertainties. The inner NNLO dashed band denotes the systematic uncertainty
from the approximation of the double-virtual contribution �

H
(2)
best

, based on �
H

(2)
SA

and �
H

(2)
MA

.

high-energy result in the large pT,H region.

In Fig. 3 (right) we show our results for the pT,H spectrum at LO, NLO and NNLO with their perturbative
uncertainties. The latter are evaluated as follows. We start from the customary procedure of independently
varying the renormalisation (µR) and factorisation (µF) scales by a factor of 2 around their central value with
the constraint 0.5  µR/µF  2. Since the uncertainties estimated this way are typically rather asymmetric,
to estimate the residual perturbative uncertainties, we follow Ref. [57] and consider their symmetrised version.
More precisely, we take the maximum among the upward and downward variations and assign it symmetrically
to construct our final uncertainty, leaving the central prediction unchanged. The lower panel shows the results
normalised to the central NLO prediction. The dark-blue band represents the uncertainty from the missing
knowledge of the exact two-loop virtual contribution, estimated as discussed above. We observe that the final
impact of this uncertainty is significantly smaller than the residual perturbative uncertainties.

4 Results

Having discussed our approach to approximate the two-loop virtual contribution and the associated uncer-
tainties, we present numerical predictions for the LHC at

p
s = 13.6 TeV. The NNLO results in this section

correspond to the prediction denoted as best in Sec. 3.

In addition to pure QCD predictions, which we label as NiLOQCD with i = 0, 1, 2, we additively combine
our newly computed NNLO QCD results with the full tower of EW corrections up to NLO.13 The latter, which
represents our most accurate prediction, is dubbed NNLOQCD + NLOEW.

13The calculation of the EW corrections has been validated against a recent implementation in Whizard [127].
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(ttH: S.Devoto, M.Grazzini, S.Kallweit, J.Mazzitelli, C.Savoini)

4

� [pb]
p
s = 13TeV

p
s = 100TeV

�LO 0.3910+31.3%
�22.2% 25.38+21.1%

�16.0%

�NLO 0.4875+5.6%
�9.1% 36.43+9.4%

�8.7%

�NNLO 0.5070 (31)+0.9%
�3.0% 37.20(25)+0.1%

�2.2%

TABLE II: LO, NLO and NNLO cross sections at
p
s = 13TeV andp

s = 100TeV. The errors stated in brackets at NNLO combine
numerical errors with the uncertainty due to the soft Higgs boson

approximation.

expected to be smaller than these values. We multiply
this uncertainty by a tolerance factor that is chosen to
be 3 for both the gg and the qq̄ channels, taking into
account the overall quality of the approximation and the
e↵ect of the µIR variations discussed above. To obtain
the final uncertainty on the full NNLO cross section, we
linearly combine the ensuing uncertainties from the gg

and qq̄ channels. As we will see, the overall uncertainty
on the NNLO cross section estimated in this way is still
significantly smaller than the residual perturbative un-
certainties.

Results. We are now ready to present our results for
the inclusive tt̄H cross section. In Table II we report
LO, NLO and NNLO cross sections. The scale uncer-
tainties are obtained through the customary procedure of
independently varying the renormalisation (µR) and fac-
torisation (µF) scales by a factor of 2 around their cen-
tral value with the constraint 0.5  µR/µF  2. Since,
as can be seen from Table II, such scale uncertainties
are highly asymmetric, especially at NNLO, in the fol-
lowing we will conservatively consider their symmetrised
version as our estimate of perturbative uncertainty. More
precisely, we take the maximum among the upward and
downward variations, assign it symmetrically and leave
the nominal prediction unchanged.

The errors stated in brackets at NNLO are obtained
by combining the uncertainty from the soft Higgs bo-
son approximation, estimated as discussed above, with
the (much smaller) systematic uncertainty from the sub-
traction procedure. Comparing NLO and LO results
we see that NLO corrections increase the LO result by
25% at

p
s = 13TeV and by 44% at

p
s = 100TeV. The

impact of NNLO corrections is much smaller: they in-
crease the NLO result by 4% at

p
s = 13TeV and by

2% at
p
s = 100TeV. The NNLO contribution of the

o↵-diagonal channels [43] is below the permille level atp
s = 13TeV, while it amounts to about half of the com-

puted correction at
p
s = 100TeV. Perturbative uncer-

tainties are reduced down to the few-percent level. The
uncertainty from the soft Higgs boson approximation
amounts to about ±0.6% at both values of

p
s. We point

out that this uncertainty, although not negligible, is still
significantly smaller than the remaining perturbative un-
certainties.
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FIG. 1: LO, NLO and NNLO cross sections with their perturbative
uncertainties as functions of the centre-of-mass energy. The

experimental results from ATLAS [3] and CMS [4] at
p
s = 13TeV are

also shown. The lower panel illustrates the impact of NNLO
corrections with respect to the NLO result. The inner NNLO band
denotes the uncertainty from the soft approximation combined with

the systematic uncertainty from the subtraction procedure.

In Fig. 1 we show the LO, NLO and NNLO cross sec-
tions and their perturbative uncertainties as functions
of the centre-of-mass energy

p
s. The lower panel illus-

trates the relative impact of the NNLO corrections with
respect to the NLO result. The inner NNLO band de-
notes the combination of the uncertainty from the soft
approximation with the systematic uncertainty from the
subtraction procedure. We see that NNLO corrections
range from about +4% at low

p
s to about +2% atp

s = 100TeV. The perturbative uncertainty is reduced
from ±9% at NLO in the entire range of

p
s to ±3%

(±2%) at
p
s = 8TeV (

p
s = 100TeV). We observe that

the NNLO band is fully contained within the NLO band.
The experimental results by ATLAS (Fig. 04a in the aux-
iliary material of Ref. [3]) and CMS [4] at

p
s = 13TeV

are also shown for reference in Fig. 1. We point out
that for a sensible comparison with experimental data
NLO EW corrections should be considered as well. Atp
s = 13TeV, NLO EW corrections increase the cross

section by 1.7% with respect to the NLO result [28].

Summary. The associated production of a Higgs bo-
son with a top–antitop quark pair is a crucial process
at hadron colliders since it allows for a direct measure-
ment of the top-quark Yukawa coupling. In this Letter
we have presented first NNLO QCD results for the tt̄H

cross section in proton collisions. The calculation is com-
plete except for the finite part of the two-loop virtual
amplitude that is computed by using a soft Higgs bo-



Computational complexity frontier
• Threshold expansion
• expand (inclusive or differential) cross section around production threshold
• performed on individual subprocesses at fixed order
• yielded initial N3LO results for Higgs and vector boson production                    

(C.Anastasiou, C.Duhr, F.Dulat, F.Herzog, B.Mistlberger)

• slow convergence 

• Collinear expansion (B.Mistlberger, G.Vita) 

• expand differential cross section around                                                             
collinear limit
• improve by inclusive matching
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Figure 9. Channel decomposition of the NNLO corrections to the Drell-Yan rapidity distribution
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Figure 10. Channel by channel comparison Drell-Yan

the same approach and the relation to the inclusive partonic cross section of 3.2, we extend

this procedure to the case of the collinear approximation. We present the results for this

approximation in our figures, using the label matched. Looking at figure 10, we see that

the collinear approximation provides a great approximation for every partonic channel.

Compared to the threshold approximation, our collinear approximation not only correctly

accounts for all higher order partonic channels, but also captures more terms overall in

each channel. We also notice that our collinear approximation accounts very well for the

contribution of the double o↵-diagonal channel gg, which is completely missed by both the

threshold and generalized threshold approximations, even though it contributes to a non
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Beyond LHC: EIC
• Electron-Ion Collider at BNL

• High-luminosity: 1033...1034 cm-2s-1

• Centre-of-mass energy range: 40..140 GeV
• Full identification of hadronic final state
• precision QCD: hadron structure, fragmentation,....
• Polarized collisions

• Theory challenges
• NNLO precision for                                          

benchmark processes
• identified hadrons, fully                                      

exclusive final states
• novel types of observables:                                                                                                  

TMD, GPD, ....
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Beyond LHC: FCC-ee
• FCC-ee project at CERN
• ultrahigh-luminosity e+e- collider
• under consideraNon
• start of operaNon ~2045

• Will require new level of precision predic=ons
• electroweak NNLO correcNons (mulN-scale loop amplitudes)
• precision QCD: jets, hadrons, energy correlators
• novel types of observables
• transiNon perturbaNve ↔ non-perturbaNve
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PARTICLES

Physics Area

Area coordinator: Riccardo Rattazzi (EPFL)

The FCC-ee is designed to operate through multiple energy stages, each targeting specific physics objectives and span-

ning about 15 years of operation. The program begins with a Z-pole run at approximately 91.2 GeV center of mass energy

enabling electroweak (EW), quantum chromodynamics (QCD), and flavor-physics studies. This is followed by a W-pair

threshold run around 160 GeV to refine the W boson’s properties and investigate W -pair production.

Next, the Higgs factory run at roughly 240 GeV focuses on precise measurements of the Higgs boson’s couplings,

mass, and rare decay channels. The final stage, the top quark threshold run at 340—365 GeV, aims to accurately deter-

mine the top quark’s mass, width, and EW couplings, completing the study of the heaviest known fundamental particle.

Throughout its operation, FCC-ee will produce over 1013 Z bosons, 108 W -pair events, 106 Higgs bosons, and a similar

number of top quarks, achieving statistical precision between 10−3 and 10−5. This precision enables the exploration of

particle dynamics at unprecedented resolution, allows deeper investigations into the open questions of the Standard Model

(SM), enhances sensitivity to indirect Beyond the Standard Model (BSM) effects up to tens of TeV, and paves the way for

potential discoveries at the FCC-hh.

FCC-ee physics runs ordered by energy
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Figure 4: The tentative physics program (green) is ordered by increasing center-of-mass energy. Also indicated are the
approximate numbers of Z, WW , ZH , and tt events with 15 years of running and the physics opportunities with additional
center-of-mass energies (orange). Adapted from [11].

The Physics Area program maximizes the FCC-ee’s potential to test the SM with unprecedented precision and search for

new physics, focusing on four domains: Higgs Physics, Electroweak and Quantum Chromodynamics Physics, Flavor

Physics, and Elusive Phenomena. Projects are rigorously selected from Switzerland’s extensive expertise, prioritizing those

with the highest impact. In Phase 1, theoretical efforts build upon CERN LEP-era precision physics expertise, blending it

with modern approaches to strengthen current capabilities. Experimental teams concentrate on essential tasks that guide

detectors’ early design and technology selection to achieve or surpass the physics objectives.

The program involves leading Swiss theorists and experimentalists with established international collaborations, ensur-

ing impactful contributions. Swiss expertise spans top theory groups in precision calculations (ETH, PSI, UniBe, UZH),

BSM physics (EPFL, UniBa, UniGe, UZH), and flavor physics (UniBa, UniBe, UZH). Renowned experimental groups

from LHC experiments—CMS (ETH, PSI, UZH), ATLAS (UniBe, UniGe), LHCb (EPFL, UZH), SND (EPFL, UZH), and

FASER (ETH, UniBe, UniGe)—cover a broad range of collider phenomena and contribute to beyond collider program at

NA62 (EPFL), SHiP (EPFL, UZH), and NA64 (ETH).

The projects in the Physics Area will establish Switzerland as a research leader and key contributor to the FCC-

ee’s transformative impact on fundamental physics. This effort will be further strengthened by establishing a new

professorship at the Department of Theoretical Physics at the University of Geneva under this NCCR initiative,

focusing on theoretical aspects of precision physics complementary to the existing Swiss expertise.
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Summary
• LHC is on a decade-long program of precision physics 
• Ultimate precision challenge for QCD
• predictions for complex final states at per-cent level accuracy

• Theory ready to face this challenge
• NNLO predictions becoming the new standard
• combine with parton showers and resummation
• N3LO concepts, techniques and tools emerging

• Exciting opportunities for precision physics at FCC-ee and EIC
• learn technical experience from LHC calculations
• develop novel methods
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