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Analytic structure of Euler-Mellin integrals in regulators

[Berkesch–Forsg̊ard–Nilsson–Passare ’14] [Speer ’69 for IG ]

I(s, z) =
∫
RN

+

x s1
1 · · · x

sN
N

f1(x , z)sN+1 · · · fM(x , z)sN+M

dx1 · · · dxN
x1 · · · xN

1 meromorphic function of s ∈ CN+M

2 interior of Newton polytopes domain of convergence
3 facets of Newton polytopes location of (simple) poles
4 restriction of fi residue as N − 1 fold Euler-Mellin integral



Example
k2 = ℓ+ p

k1 = ℓ

p −p I(s1, s2,D, p2) =
∫
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Poles(I) =
{

s1 ∈ D
2 + Z≥0

}
∪
{

s2 ∈ D
2 + Z≥0

}
∪
{

s1 + s2 ∈ D
2 − Z≥0

}



Example
k2 = ℓ+ p

k1 = ℓ

p −p I(s1, s2,D, p2) =
∫
R2

+

x s1
1 x s2

2
G(x , p2)D/2

dx1
x1

dx2
x2

s1

s2

D

2

D

2
+ 1

D

2
+ 2

D

2

D

2
+1

D

2
+2

G(x , p2) = x1 + x2 + p2x1x2

New (G) = conv
{( 0

1
)
,
( 1

1
)
,
( 1

0
)}

= {s1 ≤ 1} ∩ {s2 ≤ 1}
∩ {s1 + s2 ≥ 1}

Poles(I) =
{

s1 ∈ D
2 + Z≥0

}
∪
{

s2 ∈ D
2 + Z≥0

}
∪
{

s1 + s2 ∈ D
2 − Z≥0

}



Example
k2 = ℓ+ p

k1 = ℓ

p −p I(s1, s2,D, p2) =
Γ(D

2 − s1)Γ(D
2 − s2)Γ(s1 + s2 − D

2 )

(p2)s1+s2−
D
2 Γ(D

2 )

s1

s2

D

2

D

2
+ 1

D

2
+ 2

D

2

D

2
+1

D

2
+2

G(x , p2) = x1 + x2 + p2x1x2

New (G) = conv
{( 0

1
)
,
( 1

1
)
,
( 1

0
)}

= {s1 ≤ 1} ∩ {s2 ≤ 1}
∩ {s1 + s2 ≥ 1}

Poles(I) =
{

s1 ∈ D
2 + Z≥0

}
∪
{

s2 ∈ D
2 + Z≥0

}
∪
{

s1 + s2 ∈ D
2 − Z≥0

}



Analytic continuation: (assume F (x) smooth at x = 0)∫ ∞
0

x s dx
x F (x)︸ ︷︷ ︸

converges for Re(s) > 0

= 1
s(s + 1) · · · (s + k)

∫ ∞
0

x s+k+1 dx
x

(
− ∂

∂x

)k+1
F (x)︸ ︷︷ ︸

converges for Re(s) > −k − 1

Residues

Res
s=−k

(∫ ∞
0

x s dx
x F (x)

)
= 1

k!

(
∂

∂x

)k

x=0
F (x)

Resm(N-fold Euler-Mellin I) = N −m fold Euler-Mellin integral

Question:
How to exploit this recursive structure?
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Diagonal Mellin transform

I(s) =
∫
RN

+

x s
1 · · · x s

N
F (x)s

dx1 · · · dxN
x1 · · · xN

holomorphic on s ∈ C \Q≤0 (assume (1, . . . , 1) ∈ New (F )◦)

Tropical limit

Itr := lim
s→0

(
sNI(s)

)
=
∫
RN

+

dx1 · · · dxN
F tr(x)

Diagonal coefficients (deg F = N)

lim
s→0

(
sNI(s − k)

)
= Itr ·

[
xk

1 · · · xk
N

] (
F k
)

F =
∑

k ckxk 7→ F tr = max
ck 6=0

xk

lim
δ→0

(
δNI(s1δ, s2δ, . . .)

)
= canonical function ∈ Q(s1, s2, . . .)

with kinematics: z 7→ z1/δ
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D = 4− 2ε
log-divergent: E = 2h1

no subdivergences

Feynman periods

IG(D; {~pi ·~pj ,m2
e}) = P(G)

ε · h1
+O

(
ε0
)

P
( )

= 1 P

( )
= 20ζ(5) P

( )
= 1063

9 ζ(9) + 8ζ(3)3

P
( )

= 6ζ(3) P

( )
= 288

5

(
58ζ(8)− 24ζ(3, 5)− 45ζ(3)ζ(5)

)

β function, critical exponents
> 1000 periods known [Broadhurst ’85, &Kreimer ’95, Schnetz ’08]

multiple polylogarithms at 2nd, 4th, 6th roots of unity
modular K3 surfaces [Brown&Schnetz ’10]

modular Calabi-Yau 3-folds [Logan ’16]

https://arxiv.org/abs/1604.08027
https://arxiv.org/abs/hep-ph/9504352
https://arxiv.org/abs/0801.2856
https://arxiv.org/abs/1006.4064
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Spanning trees (ST)
A spanning tree T ⊂ G is a simply
connected, spanning subgraph. not connected not spanning has a loop

ST
( )

=
{

, , , , , , , ,

, , , , , , ,
}

Symanzik polynomial

UG =
∑

T∈ST(G)

∏
e /∈T

xe

U = x1 + x2

Feynman period

P(G) =
(∏

e>1

∫ ∞
0

dxe

)
1

U2
G
∣∣
x1=1

P
( )

=
∫ ∞

0

dx2
(1 + x2)2 = 1
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Identities
When is P(G1) = P(G2)?

1 Planar duality:

−→ −→

2 Product:

P
( )

= P
( )

· P
( )

P
( )

= (6ζ(3))2

3 Completion: P(G \ v) = P(G \ w)

←−−
−v w

v

−−→
−w

4 Twist:

↔
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Combinatorial Feynman rules

Goal:
Construct simpler graph invariants
G 7→ F (G) with those symmetries.

P(G1) = P(G2) ⇒ F (G1) = F (G2)

1 point count c2(pk) [Schnetz ’09]

2 graph permanent [Crump&DeVos&Yeats ’16]

3 Hepp bound H(G) [Panzer ’19]

4 # {minimal 6-cuts} [Mercer&Panzer ’21]

5 Martin sequence M(G [k]) [Panzer&Yeats ’23]

6 Speyer’s g ′′(−1) [Panzer ’25]

G

H P

c2(pk) Perm(G [p−1])

M(G [k])

https://arxiv.org/abs/0909.0905
https://arxiv.org/abs/1608.01414
https://arxiv.org/abs/1505.06987
http://arxiv.org/abs/1908.09820
https://arxiv.org/abs/2304.05299
https://arxiv.org/abs/2304.05299
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Hepp bound arXiv:1908.09820

H(G) =
(∏

e>1

∫ ∞
0

dxe

)
1

(U tr)2|x1=1

U tr = max
T∈ST

∏
e /∈T

xe

H
( )

=
∫ ∞

0

dx2

(max {1, x2})2

=
∫ 1

0
dx2 +

∫ ∞
1

dx2
x2

2
= 2

G P(G \ v) H(G \ v)

P7,1 527.7 190952
P4,1 · P4,1 430.1 163592
P3,1 · P5,1 400.9 155484
P7,2 380.9 149426
P3,1 · P3,1 · P3,1 375.2 148176
P7,3 336.1 136114
{P7,4,P7,7} 294.0 123260
P7,6 273.5 116860
{P7,5,P7,10} 254.8 110864
P7,9 216.9 98568
P7,11 200.4 92984
P7,8 183.0 87088

all identities

H(G) > P(G) > H(G)
|ST(G)|2

easy to compute

http://arxiv.org/abs/1908.09820
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efficient numerics (tropical Monte Carlo) for large Feynman integrals
[Borinsky]



ω(γ`) = |γ| − 2`

Theorem

H(G) =
∑

γ1⊂γ2⊂···⊂γ`=G
each γi is 1PI

|γ1| · |γ2 \ γ1| · · · |G \ γ`−1|
ω(γ1) · · ·ω(γ`−1)

γ1 ⊂ γ2 summand #
∑

⊂ 3·2·1
1·1 = 6 12 72

⊂ 4·1·1
2·1 = 2 6 12



⇒ H
( )

= 84



Martin invariant [Bouchet&Ghier ’96]
1 ⊂ G ⇒ M(G) = 0
2 |V | = 3⇒ M(G) = 1
3 M( ) = M( ) + M( ) + M( )

M
( )

= 3 ·M
( )

= 3 ·M
( )

+ 6 ·M
( )

= 6

easy to compute
M(G) = O(−2) symmetry factor

Graph G P(G \ v) M(G)

P7,1 527.7 178
P7,2 380.9 202
P7,3 336.1 210

{P7,4,P7,7} 294.0 220
P7,6 273.5 226

{P7,5,P7,10} 254.8 228
P7,9 216.9 240

P7,11 200.4 246
P7,8 183.0 256
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G [n] : 7→ · · · n1

Martin sequence

An(G) := 1
(n!)2V−6 M

(
G [n]

)

integral: An ∈ Z for all n

P-recursive: ∃pi ∈ Z[n] s.t.

r∑
i=0

An+ipi (n) = 0

Theorem (Panzer&Yeats)

M(G) = #
{

partition edges of G \ v

into k spanning trees

}

= ∪ = ∪

= ∪ = ∪

= ∪ = ∪

A1 = M
( )

= 6

Corollary (diagonal coefficient)
Ar (G) ·

(2r
r
)

=
[
x r

1 · · · x r
N
]
U2r

G\v

RHS independent ov v
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#ST
( )

= 135 6= 128 = #ST
( )

M


w

v

 = 36



Further identities of Feynman integrals?

H(P8,30) = 1724488
3 = H(P8,36)

P(P8,30) ≈ 505.5 ≈ P(P8,36) [Borinsky]
Ar (P8,30) = Ar (P8,36) for r = 1, . . . , 8

Conjecture: P(P8,30) = P(P8,36) and P(P8,31) = P(P8,35)

↔ ↔

P8,30 P8,36 P8,31 P8,35



Apéry limits∑
k

An+k · pk(n) = 0 7→ lim
n→∞

Bn
An



Recurrence AESZ#28
n4 · un = (65n4 − 130n3 + 105n2 − 40n + 6)un−1 − 4(n − 1)2(4n − 3)(4n − 5)un−2

Particular solutions:

1 (An)n≥0 = (1, 6, 126, 3948, 149310, . . .)

An =
n∑

i ,j=0

(
n
i

)2(n
j

)2(i + j
n

)2

2 (Bn)n≥0 = (0, 1, 173
8 , 73219

108 , 4922855
192 , . . .)

Miracle 1

An ∈ Z for all n

Miracle 2

lim
n→∞

Bn
An

= 1
7ζ(3)

Applications:
rational approximation
mirror symmetry
connects combinatorics with periods

“A positive integer sequence counts something.”
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Martin sequence

An := 1
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= 6ζ(3) = lim
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42Bn
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r∑
i=0

An+ipi (n) = 0

graph G deg pi r #limits Feynman period P(G)

4 2 1 6ζ(3)

9 3 2 20ζ(5)

44 6 3 441
8 ζ(7)

15 3 2 168ζ(9)

136 10 5 1063
9 ζ(9) + 8ζ(3)3

29 4 3 288
5 (58ζ(8)− 24ζ(3, 5)− 45ζ(3)ζ(5))



(r = 3, deg = 9)

0 = −An · n6(220n3 − 1089n2 + 1804n − 1000)

+An−1 ·
(

109120n9 − 867504n8 + 2944040n7 − 5614916n6 + 6680560n5

− 5192600n4 + 2658484n3 − 869726n2 + 165672n − 14040
)

+An−2 ·
(
− 436480n9 + 4779456n8 − 22975392n7 + 63561032n6

− 111388080n5 + 128093460n4 − 96583656n3 + 46031076n2

− 12588784n + 1506960
)

+An−3 · 4(4n − 7)(4n − 9)(220n3 − 429n2 + 286n − 65)(n − 2)4

Apéry limits
Q · ζ(3) +Q · ζ(5)

similar to [Zudilin]



(r = 3, deg = 15)

0 = −4An · ((4n + 3)(4n + 5)(n + 1)8(25308n5 + 298775n4 + 1412460n3 + 3342450n2 + 3959240n + 1878054))

+4An+1 ·

 2542239216n15 +68146134540n14 +849559488776n13 +6534425534877n12

+34679822409004n11 +134532598771509n10 +394103528221152n9 +887818139797959n8

+1550815354095216n7 +2100644109315855n6 +2188654694832820n5 +1722670844465451n4

+991612492036488n3 +394125208734390n2 +96726402422744n +11050937494611


−2An+2 ·

 373242384n15 +11871181380n14 +175529005034n13 +1600239292249n12

+10057451334808n11 +46149899390390n10 +159686953534620n9 +424196553668790n8

+872048772460200n7 +1387115829582870n6 +1692983204143564n5 +1556787478598090n4

+1043920355787024n3 +481865853026354n2 +136900787609638n +18045933253725


+An+3 · ((n + 3)10(25308n5 + 172235n4 + 470440n3 + 644640n2 + 443160n + 122271))

Apéry limits
Q · ζ(5) +Q · ζ(9)



backups



Diagonals and Mellin transforms

Ar ∝
( N∏

e=2

1
2iπ

∮ dxe
xe

)(
U2

G\v
x1 · · · xN

)r



Mellin transform

IG(s) =
( N∏

e=2

∫ ∞
0

x s−1
e dxe

)
1

U2s
G |x1=1

meromorphic function of s ∈ C
uniquely determined by the sequence of Mellin moments

IG(1) = P(G) =
∫ ∞

0

dx
U2

G
, IG(2) =

∫ ∞
0

x1 · · · xN
U2

G

dx
U2

G
, IG(3), . . .

∫
σ

dx2 · · · dxN
x1 · · · xN − tU2

G\v

(2iπ)N−1∑
r≥0

Ar

(
2r
r

)
tr −

∞∑
s=1

IG\v (s)t−s

σ =
[0,∞

) N−1

|t| →
∞σ

=
(S

1 )N
−1

|t|
→

0
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∫
σ

dx2 · · · dxN
x1 · · · xN − tU2

G\v

(2iπ)N−1∑
r≥0

Ar

(
2r
r

)
tr −

∞∑
s=1

IG\v (s)t−s

σ =
[0,∞

) N−1

|t| →
∞σ

=
(S

1 )N
−1

|t|
→

0

Claim (Brown & Panzer)
r∑

i=0
pi (n)An+i = 0 ⇒

r∑
i=0

pr−i (−n)IG(n + i) = 0



λijkl = δijδkl + δikδjl + δilδjk

Circuit partition polynomial

J(G ,N) =
N∑

i1,...,iE =1

∏
v
λi(1)

v i(2)
v i(3)

v i(4)
v

=
∑
P

N#circuits(P)

O(N) vector model
L = 1

2
∑N

i=1(‖∇φi‖2+m2φ2
i )+ g

4!‖φ‖
4

‖φ‖4=(φ2
1+...+φ2

N)2

= 1
3

N∑
i,j,k,l=1

λijklφiφjφkφl

J
(

,N
)

=
N∑

i ,j=1
λiijj = N(N + 2) P ∈

{
, ,

}

Martin polynomial
J(G ,N) = N ·m(G ,N + 2)

[Martin ’77]
[Las Vergnas ’83]

G

m(G , x) x 3x x2 x2 + 6x 3x2 5x2 + 12x 15x2 + 36x

J ′(G , 0) = m(G , 2) = #{Eulerian circuits}

https://tel.archives-ouvertes.fr/tel-00287330
https://doi.org/10.1016/S0304-0208(08)73415-7
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For an arbitrary Euler-Mellin integral I:
shifts si 7→ si ± 1 span vector space D → D ± 2

M :=
∑

δ∈ZN+M

k · I(s + δ, z) k = C(s, z)

M is closed under ∂/∂zi

# {master integrals} = dimkM <∞ [Loeser–Sabbah ’91]
[Smirnov–Petukhov ’11 for IG ]

Reduction problem:
given: basis m = (m1, . . . ,mr ) of M and δ ∈ ZN+M

wanted: λ1, . . . , λr ∈ k such that
I(z , s + δ) = λ1 ·m1 + · · ·+ λr ·mr

Theorem (Loeser–Sabbah, Bitoun–Bogner–Klausen–Panzer)
dimkM = (−1)Nχ

(
(C∗)N \ {f1 · · · fM = 0}

)
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Theorem (Sabbah)
∃ basis m1, . . . ,mr of M such that all Ai ∈ GLr (k) have linear poles in s

τim = Aim

Problem:
How to construct such a basis?



Regulators (D, s):
difference equations (IBP)
meromorphic (single-valued)
simple poles on hyperplanes
(linear)

Kinematics z = ({m2
i }, {pi · pj}):

differential equations
multi-valued
Landau variety
(non-linear)



Properties of I(s, z): [Berkesch–Forsg̊ard–Nilsson–Passare ’14]
1 converges in a non-empty, open cone of s [Speer ’69 for IG ]
2 meromorphic extension to s ∈ CN+M

3 poles are simple and linear 1
s1(s1+s2)(3s1+2s2−1)

Theorem
Let fi (x , z) =

∑
i ,n ci ,n(z)xn completely nonvanishing (e.g. ci ,n ∈ R≥0).

1 Set New (fi ) = conv{n ∈ ZN : ci ,n 6= 0}. Then I(s, z) converges in

(Re s1, . . . ,Re sN) ∈ int
( M∑

i=1
(Re sN+i ) · New (fi )

)

2 Set nσ ∈ ZN+M so
∑

i sN+i · New (fi ) =
⋂
σ {s · nσ ≤ 0}. Then

Poles(I(s)) ⊆
⋃
σ

∞⋃
k=0
{s : s · nσ = k}
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Graph polynomials and their Newton polytopes:
Symanzik polynomials G(x , z) = U(x) + F(x , z):

U =
∑

spanning
tree T

∏
e /∈T

xe F = U ·
∑

e
m2

exe−
∑

2-forests
F=T1tT2

∏
e /∈F

xe
∑

i∈V (T1)
j∈V (T2)

pi ·pj

New (U) is a (graphical) matroid polytope;
facets ↔ subgraphs γ ⊂ E (G) s.t. γ and G/γ biconnected

∂γNew (U) = New (U) ∩ {s · nγ = h1(γ)}, (nγ)e =
{

1 if e ∈ γ,
0 else

(UV-)factorization: ∂γNew (GG) = New (Uγ)× New
(
GG/γ

)
Non-degenerate kinematics (Brown)

facets of New (F) ↔ certain “motic” subgraphs γ

(IR-)factorization: ∂γNew (GG) = New (Gγ)× New
(
UG/γ

)
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