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Motivation

Mirror Symmetry

Type llA strings with branes < = Type lIB strings with branes

Y; (fixed Kahler) X (fixed complex structure)

A-branes (half-dim cycles) HyX,Q), H,(X,Q), Hy(X, Q)

/

Periods (Feynman like integrals) V= H*(X,() (Kahler cone)



Hosono conjecture
2 Choose a basis {Qj} of H*(X, Q)
» Then, it exists a cohomology valued hypergeometric function w (i, f/2m‘) such that if you set

w(3.J1201) = Y wG)Q,
J

then mir : K(X) — Hy(Y,,Q)
such that . ( Holomorphic n-formr
wi(y) = J Q(Y3) (cr,)
mir(B)) -

Brane configuration with
charge O,




The local CY manifold

The toric orbifold

C3/23 ={x,3,2) € Cl(x,7,2) ~ (0x, 0y, 02), & =1}.

It is a non compact toric variety> with fan A generated by the three vectors

e




The local CY manifold

The crepant resolution

v2 It is the total space of the canonical
vo

K
P2 pundie of P2
Add the vector vV = ( )

—_o O

X = (C*-C x(0,0,0))/C*

U3

(A, (22, 2%, 22, 2°)) — (A 7320, Azt A2?, Ax)



Some structure

Four invariant divisors
Dj, 7=0,1,2,3

D1 ~ Dy ~ Dsg Three relations
Dy +Dy+ Ds+Dg~0 Calabi Yau condition!

Six invariant curves
OjEOOj O% i,j:1,2,3

Five relations O‘?;j ~ 012, Cj ~ —3012

05012



Chow Ring

Dy | D1 | Do

D3

CcC|-3| 1|1

1

A*(X) = Z|X,T,C|/R

Compact

ALX) = Z|Dg, CF, p°]/ RS

Take T=D, as a generator of
the Kahler cone

X |T|C
X | X |T|C
T | T |C |0
c|C |00

Dg | Cf | p°
Dg | Dg | Cs | p°
Cy | Cf | p° | O
p¢ | p¢ | 0 | O




Intersection pairing
Dg | CF | p°

A*(X) ® AS(X) — AS(X)

Dg | CF | p°
C

Ci|p
pc | 0

QN3] ¥

And K theory
ch : K(X)—= A*(X)®Q~ H*(X,Q)
ch® = K°(X) = A,(X)®Q ~ H,(X,Q)
Chern classes

c(F):=co(F)+c1(F)+ -+ cn(F)



Some formulas

c(Ox(D))=X+D




Some more formulas

If i:V < X is the embedding of V in X, we can define the local Chern
character of S by

ch®(S) = ch(i,Sy).

Grothendieck—Riemann—Roch theorem:
i (ch(Sy)td(V)) = ch(i, Sy )td(X)
ch®(S) = td(X) ! i (ch(Sy)td(V))
ch®(Ope) = p°,  ch®(Oce(n)) = C° + (n + 1)p°,
ch®(Ope(C)) = i, (DC n (c + 1o (DC))
+3 (02 +c1(D) C + g(cr(D°)? + CQ(DC))))

—Leo(X) DC.



Duality, branes, charges

Duality is determined by the intersection product
(): K(X)x K X)) —Z, (¢,B)— / ch(¢)ch®(B)td(X)
X

Basis of branes

Bo = Opc, Bl = OCf(_T) = ch & Ox(—Dl), Bz = ODS(_2T) = O]pz &® OX(—2D1)
Dual generators defined by (¢:|Bj) = dij

Brane charges Qi = Q(B;) = ch(¢:).
td(X) = X — %o

ch®(By) =p° Qo =

ch?(Br) =Cf Q=T+ 1

1 1
ChC(Bg) :Dg — §Cf + ipc Q2 =C



Mirror symmetry

From the toric data of X define the superpotential.

W(x1,x2;u,v;a) =uv+ag+aixy +axx + ag,xl_lxz_1
variables (x1, x2; u, v) € (C*)? x C? and parameters (ao, .. ., a3) € (C*)*
ai1a2a3
yzaf, €€Z4, EjZC-Dj y=a—3
0

The mirror family Y, in (C*)? x C?

. . _ -1_-1
Wi, x25u,v5y) =uv+1+x1+x2+yx; x, =0.

Homological mirror symmetry is an equivalence of triangulated categories

Mir : D° (Coh(Xt)) —> DFuk®(Yy, o)
The bounded derived category of coherent sheaves D? (C oh(X t)) depends on the choice

of a complex structure on X, mirror to a (complexified) symplectic structure @ on Y
used to define the derived Fukaya category D Fuk®(Yy, w). The functor Mir induces a

linear transformation ) c
mir : K*(Xy)— H3(Yy, Q),

which is symplectic with respect to the symplectic form on K(X¢) given by the Euler
characteristic x and the one on H3(Yy, Q) given by the intersection form.



Double fibration

x1x%+x%x2+y+zx1x2 =0 wuv+z=0

1 uv 1
Xi —> y3X; I=——F— -7 Xo: X1:X2)=(0:x1:x2)

y:i y3
XiXo+ X5X1 —z2X1 X2 X0+ X3 =0

" ((XoXm AdXy — X1dXo AdX + X2dXo AdX1) Adu Adv A dz)
f(Xo, X1, X2)g(u, v)

f(Xo, X1, X2) = X1 X5+ X7Xs — z2X0X1 X2 + X5,

1
gu,v) =y3z+uv+1.

U Xz U Xz
Xo =X, Xi1=Y+—+ —, Xo=—-Y+ —+—,
2 2 2 2

2 1
P =X+ () X+ X+
2 2" "



Hosono mirror map

The rational cohomology ring of X is

H*(X,Q) = Q[J1/J°,
where J is the Poincaré dual of the class of a line H in the base P2

Introduce the cohomology valued hgf

o0 n+p

. -— y
w(y; J) = ]Z(:) F'l+n+p)3r1 —3n+p))

—J
P=72ri

Expand as w(y; J) = wo(y) Qo + w1 (¥) Q1 + wa(y) 02
Then, mir maps the brane generators in Lagrangian cycles

B; — mir(B;) = L; suchthat w;(y) = f Q3(Yy) and
mir(B;)

the monodromy of the hypergeometric series is integral and symplectic
with respect to the symplectic form defined in K°¢(X)

x(Bi, B,) = [X ch(B;)eh(B;)td(X)



The Lagrangian cycles

2 1
YZ:X3+(5) X2+ ix 4+
2 2774

In particular the critical values of the elliptic fibration are
20=3, =30, =3,
1 .43

where @ := —5 — i %5~, whereas the singular point for the C* fibration is zx+ = —

<
|

c0(z)




The Lagrangian cycles

The cycles are Lagrangian 3-spheres

C; ~ {(z, w) eC?|z = Rte'?, w = RV1—12?, ¢ € [0, 27], ¥ € [0, 27], ¢ € [O, 1]}

— {(z, w) € C2[|z? + |w|? = R2} ~ §3.

the periods are

/ dX
~ 8n2 o VX = X)X — XX — X2)
dX
Jr =
a X = X)X = X)) (X — Xp)
B Xk dX Xj dX

—2
VX = X)X = X;)(X — Xy) X (X = Xi)(X — X;)(X —Xg)

2 I 1 Xy — X; 2 11 X — X;
— 2 I ; 1; ———2F ; 1; :
X; — X, 2’2 X;i—X; Xi—X; 2’2’ Xi—X;




Asymptotic periods

1 <k 1 <k
Iy = —— Jydz = —— Jid
¢ 872 ke gn2 J, “F*
_1
1 [ 1 11 . Xp—X;
+ > F) 1, ) dz
4 0 Xj—XI 2 2 Xj—Xi
_1
L F111X’°_X dz =: Ay + Bi(y)
iz /o \/—2 1 X; — X, Z =! Ag kLY
Expansion for large y
3 V3

I(y) = —( D+t X r1/3)°y 75 + 0 22 r2/3)%y 3 4oy
87 1673

Compare with w(y) (defined for small y). We need analytic continuation.



Theory of cohomological hgf

Let X be a finite-dimensional toric variety with the Chow ring C(X) (possibly with a compact support). Let
f: D — C be a complex function, holomorphic in the domain D C C?, where d = dim(C?(X)). Let p = {p;} € C(X)
be any set of generators of C?(X).

Definition 1. We define the I cohomologisation of f polarized by p as the function
fg : D — O(X): fp(zl,- X azd) = f(zl + P15, 24 +Pd)

suppose p ha nilpotence N. Then, we have

N

1 myy 1 o
fo(z) = Z af( '(2)p", Res(f,,z0) := ZO aRes(f( ), z0)p

n=0

Proposition 1. In the same hypotheses as above, we have

Res(fp, 20) = Res(f, z0).

Proposition 2. Let f: D — C be holomorphic in the domain D, w € D and p € C*(X). Then,

folw) = Res(f(z) 'w).

?
zZ—w—p



Theory of cohomological hgf

Proposition 3. ', is a holomorphic function on C\N, with simple poles in z = —n, n=0,1,2,..., with residues
(=1)"
Res(T',, —n) = Y n=0,1,2,....

Moreover, it satisfies the identities

(z+p)Ts(2) =L'p(z +1),

T
Lo(2)T—p(1—2) :sin(w(z +p))’
n—1 .
(QW)nT_anp(nz) ="t H Lo (z + %)
Apply to T
n+p
B Yy
fly,p) = ; I'(14n+p)3T(1 —3n—3p)’
> y °T'(—3s) 3w
=1 R -
f(yvp) + P; 68( F(l — 8)3 sm(ﬂ'(s + P)) n)
B P %"‘ioo —°T'(—3s) 3
=1+ 2 J1 _ico F(l — )3 sin(w(s + p)) o
—+z'oo
. »3sin’(ms) cos(ms)
=t o 1 ico y T3l (1 e sin(m)) s



Final result

Fy,p)=1=p—5 22?1 §_"'Ll“('rwrg) (1+%)+p4 2Zy §‘”F(nJr )3( —%).
1 0
0

Comparison with the asymptotic 0
expansion gives (Io, I, 1I2) = (wo, w1, w2) | =1 1
-2 -1 1
wo(y) =1,
1 3 (Gm — 1)!
— ] )™
wi(y) = 5~ InQ) + o Z_jl g "
3m — 1)!
wa(y) = (ln( ) + o —ln( y) Z S ,)3) =" Smally
3n —1)!
Z( ,)3)[w<3n) ¥(n+ DI(—y)".
s [ S s D 1
W) = o |:_47r2 EF(’”W) Gn+ 1)l yn
Large y 2 oo
y , (=17 1
4—ZF( n+2/3) G +2)1y_n]

V3 ; (=D 1
4—[ (1+zf)—2f( +1/3) Gri iy

Y < 3 (D" 1
=) ’Z(:)F(n+2/3) (3n+2)!y”]

1
wa(y) = g

THE END
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