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Motivation

@ Feynman integrals are complicated functions whose computation
is difficult.

@ We would like to understand and utilize underlying mathematical
structures.

@ D-module approach to Feynman integrals [1-3].

@ Can we find an algorithm to construct differential operators
annihilating Feynman integrals?

@ Can we build an annihilating ideal?

@ Does there exist a generalization of the GKZ [4,5] construction for
Feynman integrals?
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Feynman integrals

Feynman parametrization:

i [

i=1

® o= (aq,...,ap): integration variables,

® s=(sy,...,Sm): external variables,

o n=3"(=1)"a;day A~ Adaj A Adap,

o= {(a1,...,an)]27:1 Qj = 1 , QG 2> 0},

@ U: homogeneous polynomial of degree ¢,

@ F: homogeneous polynomial of / + 1 and also homogeneous in s

of degree 1,
e k=>"T,vi—((+1)d/2andn=> ", v —(d/2,
@ d: space-time dimension.
assumption: v;=1fori=1,....n
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D-modules

@ m-th rational Weyl algebra:

oc(s)
0S; ’

@ Any L € R, can be written in a normally ordered form as
L=> cq4(s)0°,

multi-index notation, 99 = 9" ... 9d", g = {q1.....qm}-
@ Holonomic rank

r(Z) = dimg()C(x)[E]/ (C(X)[¢] - char(Z)) = dimg(x) (R/RI) -



Macaulay matrix

@ Macaulay matrix
M= (d'A)=0, |I|=0,...,1,

where [ is a chosen maximal degree of the derivatives, i.e.
ol =04 - op with iy + . ..im = |].

@ Standard monomials
Std = {8},
@ Holonomic rank

r(Z) = |Std|.
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Differential operators

@ Goal:
Z={Ap|Apr(s) =0},

@ Shape:

@ Ansatz w.r.t. external variables:
N
_ I _ p
Dp= ) ¢/0q=>Dpn(s) _/rF(a,s)PQ’
LI=p

where ¢, are coefficients we want to fix.
@ Action on 7(s):

Ao7(s) = (Dp + Dp_1) /dy /
or
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I
Griffiths-Dwork reduction

@ Projective differential form [6-13]:

Ulo
g sz T (aihj — A )(())

i<j

x day A...dajA...Adaj... Adapg.

@ Total derivative

dy=Mm+k—1)

L MOF o YL Vidig
Fk - Fk—1 ’

with the twisted covariant derivative V;, defined as,

Vi=0i+wiA, with w;=0log(U"),
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Necessary conditions
A) Boundary condition:

Aj

=0,

a;j=0

B) Jacobian ideal membership condition:
n
Np =) NoF,
i=1

implying that N, € (04F,...,0nF)
C) Twisted covariant derivative condition:

n
i=1
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Example: Massless Box

D2 p3

P1 P4

Symanzik polynomials:
4

U= Za;, and F = aja3S+ asayt,
i=1

; d
with exponents « =4 —dandn =4 — 3.



Example: Massless Box - First order operator

N
Di7(s, t) = (C10s + Co04) (S, t) = / Mo,
i

Dow(s,t):ﬂ(s,t):/Q:>No:1,
r

where

d d
N1 = a1a3Cy (2 — 4) + o4 Co (2 — 4) .

@ Conditions A and B — Syzygy equation:

4
> qicidF = q Ny,
i=1
There are four generators of Syzygies g, ..., g4 and we choose
the following combination:

qg=(qg1,...,9) = rngis + r.g> + gz, where r; are parameters.

e 10/24



Example: Massless Box - First order operator
® Ny =X, NOF where \; = Zay, explicitly:

y, = aie(d=8)t+n)  _ axc(d—8)s+r)
! 2st r 2 2st ’
agh

M= ———— A\ =
3 ogt ' 4

@ Condition C gives:

c—>—Lc—>—ir—>LSt r%723t
27 T (d—8)2 " (d—8)2""" "d-8"% "d-8f"

Qg o
2st

@ First order operator:

A :sas+ta,+<4—‘2’> :

where we took into account the prefactor (n + k — 1) in the Griffiths-Dwork formula.
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Example: Massless Box

@ Generators of Z:

Ag = 805 + t0s + (4—(27') ,
A3 = P30 03 + P21 030 + P12 0s0F + Po2 07 .
@ Holonomic rank:
r(Z)=3.
@ singular locus:
sing(Z) = st(s + t).
@ Picard-Fuchs operator:

App = (0s+r1) " (Os + 12) = (Os + 13) .



Example: Massless Box

@ Differential System in the basis ?: (/1’17171 , 33/1 11 1,85/1 1.1 1)TZ

IRERE] IAERE]

0 1 0
63? — 0 0 1 f
d—8 (d—8)?(—t)—(64—6d)s  (d—18)s+2(d—9)t
252(s+t) 452(s+t) 2s(s+t)

(] Change to the basis ﬁ = (/1’1,171 R 14 ,0,1,0 10,170’1 )Z
f=8Bg,

@ Differential system in new basis:

(d—6)t-2s 2(d—3)  6-2d
2s(s+t) s2 s—zt) S2t+-st?

0 0 0



More applications

b2

D1

Hypergeometric »F; and 3F»

m
p3
b
P4
and more
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Generators of the D-ideal

Conjecture

Under genericity conditions on U, F, x, n and when p is sufficiently
large, the holonomic rank r of the left ideal of the rational Weyl algebra
Rm generated by D; + D, _+,i < pisr=|x(V)| where x(V) is the
Euler characteristic of the zero set V of U(a)F(«, 8) in the a-space

{aq -+ ap # 0} with generic s-parameters values.
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How can we improve?

@ What is the minimal linear combination of syzygy generators to
get a non-trivial solution?

@ Ansatz based approach
Ni=a; ) Bl = aip(a),

where of = ol ... alj.
o deg()j) = deg(Np-1) + 1 = deg(p(a)) = deg(Np-1).
@ Are the monomials of N,_4 sufficient? = No

@ What is the minimal set of monomial needed in this approach?
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Massless Box one more time

@ There are four integration variables o, i =1,...,4.

@ For an order three operator we have: deg(N.) = 4 = 35
monomials for p(«)

@ Nj contains only the following four monomials:
{a1a3, a$a2a3a4, a1a§a3a§, agai}

@ Divide these four monomials by all monomials of degree two = 19
monomials = sulfficient to find non-trivial solutions.

@ Can we do better?

@ Only five monomials are needed:

2 2 2 2 2 2
{a1a37a1a2a3a4,0420(47&10430447&2043044}

2 2 2 2 2 2
{041()43,Oz1042()43044,()42044,&1042043,012013044}

2 2 2.2 2 2
{O¢10¢3,a10<20430z4,0¢2a4,a1a30¢4,a1a2a4}

2 2 2.2 2 2
{0410437a1a2a3a4,a2a47a1a2a3,a1a2a4}



Banana integrals

m

5

Mmp
Symanzik polynomials:

= (fi) (5:2)

n

F= Ha,'So — UZO&,’S/,
i=1 i=1

where k =n—Sld, n=n—Landn=1¢+1.
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Banana integrals

Theorem

The following differential operators annihilate the ¢-loop banana
integral

n
/
1) AE:ZS,@/—I- (n—2d> ,

i=0

d d .
2) A;:—508§+s;6,2—§80+ (2—)6,-, i=1,....n,

3) As:<ﬁ8,-><za>z do...0i...0n.
i=0 =0 !

i=0




Where do these operators come from?

@ |s there an associated symmetry?
@ Commutation relations

Lemma
Operators Ag, A; and Ag satisfy the following commutation relations

[Ag, Al = —A;, [Ag, As] = —nAs,
[Aia Aj] - 07 [Aia -AS] - (80 - aI')~’4$ .

@ How should we interpret the last commutation relation?
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|
Banana integrals

Theorem

The singular locus of the ideal g generated by the operators Ag, As
and A;, i =1,...n, is contained in

2

n n

sing(Zp) C H H Sy — (Z O+ \/37) , where 61 = +1,
=0 {6+} J=1

and the second product runs over all projectively nonequivalent ways
to assign 6+ in the sum.

Holonomic Rank:

14 112|345 6 7 8
r(Zg) | 3|7 |15 |31 |63 | 127 | 255 | 511

Number of master integrals [14]: 2¢+1 — 1
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Banana integrals

Conjecture

The holonomic D-ideal of rank 21 — 1 for the ¢-loop banana integral
is generated by the following ¢ + 3 operators

AE_ZX,(?, <n—w> ,

A:—x060+x, 0+<2 2> i=1,...,n,

As = (ga,) <Za> = j d...0j...0n.

i=0
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Summary

We provided an algorithm based on the Griffiths-Dwork reduction
together with an additional boundary condition to construct differential
operators annihilating Feynman integrals.

@ Constructed operators are of the form: A, = Dy 4 Dp_1.

@ We applied the algorithm to Feynman integrals, hypergeometric

functions and Witten diagrams.

For the examined examples the operators form a generating D-ideal
whose holonomic rank agrees with the number of master integrals.

We found a set of simple differential operators that annihilate banana
integrals.

Singular locus of the banana operators is contained in the set of Landau
singularities of the first and second type.

We checked the holonomic rank up to ¢ = 8 and it agrees with the
formula for the number of master integrals for banana graphs.
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Massless box - Full expressions

Az = 3003 + Py O20¢ + P12 002 + Po.2 O,

where

p3,0 = _4325

P21 = s((d — 8)%s +2(26 — 3d)t),
pi2 = —t(2(28 — 3d)s + (d — 8)°t),
Po2 = 2(d — 12)t



Massless box - Full expressions

Apr = (0s+r1) * (s + r2) = (Os + 13)

where
o d—10_1
177 T os u’
r2:1_17
s u
" :_1<d—4+d—6>
3 2 u s ’

andu=—-s—t.
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Massless box - Full expressions

1 0 0
B_ dt—25—6t 22(d—3) _ 2(d=3)
B (dzf14d+482§t(23j8t)(d76)st+832 St ey
(d—3)((d—12)s+2(d—7)t)  (d—3)(6s—(d—8)t)
452(s+t)? s3(s+1)? s2t(s+t)2
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Idea of the proof

1) Ag annihilates the integrand
2) We use the twisted Giriffiths-Dwork reduction with the following

coefficients:
1 n—1 n—1 1
)\j:E(n— > d)(n— > d+1)anaj<u_an;(|;[1ak> /:17“‘7”_17
A n—1 n—1 2 11
=t (0= (-1 d+1)an((n_1>u+angak).

3) As annihilates the integrand
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