The calculation of the 4-loop QED contribution to
the electron g-2 and the perspectives for the
5-loop calculation

Stefano Laporta

Dipartimento di Fisica, Universita di Padova, Italy

Stefano.Laporta@pd.infn.it

MathemAmplitudes 2025
Mainz
22-26 Sep 2025




g-2 and slope in QED

In Quantum Electrodynamics the anomalous magnetic moment, expressed in Bohr magnetons

can be written as a power series in the small quantity (2) (a =~ 1/137).
2 3 4
BO)=C(2)+6(2) +0s(2) +au(2) +..
T 7'(' 7'(' T

Another similar quantity, the so-called slope of the Dirac form factor, important for bound states

calculation, can be expanded in power series

i = (%) e 4(2) (2 (@)

T T

the coefficients C; and A; are pure numbers and can be extracted from the Feynman diagrams of
the theory as linear combination of (a large number of) Feynman integrals.

These combinations are to be reduced to a linear combination of (irreducible) master integrals by
solving of large systems of IBP identities, or, hopefully in near future, avoiding this step through

intersection theory.

For a given n, both C),, and A,, are espressible in term of the same master integrals, and as a

consequence have analytical expressions with similar structure.
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Contributions at one loop

(g —2)/2 =Ci(a/n) + Ca2(a/7)? + Cs(a/m)? + Ca(a/m)* + Cs(a/m)® + ...
F{(0) =A;i(a/n) + Az(a/7)? + Az(a/7)% + Ag(a/m)* + As(a/m)5 + ...

1 diagram — 1 master integral

1
Cl:i

Obtained by Julian Schwinger in 1948

(Bethe 1947)

Stefano Laporta. Four-loop -2 in OED and perspectives on five-loop... . MathemAmplitudes 2025. Mainz. 22-26 Sep 2025 Pace 3



Contributions at two loops

(9 — 2)/ 2 =Ci(a/m) + Ca(a/m)? + C3(a/m)” + Ca(a/m)* + c5<a/7r>5
F/ —=A; (o/7) + Ag(a/7)% + Az(a/7)® + Ag(a/7)* + As(a/70)°

AAAAAA/O\

7 diagrams — 3 master integrals

197 1 1 3
C, ——+ —r*— =’ In2 4 7 ((3) = —0.328 478 965. ..

144 12 2
4819 49 1 3

Ay = — — 21 —g2ln2- = — 0.469 941 487. ..
0 ST 4327r+27r n 4§(3) 0.469 941 487

e (5 was computed by Petermann and Sommerfeld in 1957.

e A5 was computed by R. Barbieri, J. A. Mignaco and E. Remiddi in 1972.
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Contributions at three loops

(9 —2)/2 =Ci(a/m) + Ca(a/)? + Cs(a/m)* + Ca(a/m)* + C5(a/m)® +
F/ 0) =A1(a/7) + Az(a/m)? + Az(a/m)® + As(a/m)* + As(a/7)° +

AAAA/&AAAQ

72 diagrams — 17 master integrals

2 24 24 2160 9 810 5184

17 217 1 In? 2 103 3899 2929 41671 454979
Ag =——n%¢(3) + —4(5) - = (Li4 (—) + = ) - m°In* 2 + ™ — ——((3) + mIn2 — ?

100 1 In* 2 2In2 2 239 139 298 17101 28259
Cs ——7r 2¢(3) — —<(5) [(Li4 (—) + = ) G ] A + oS3 — T2 4 2 k181 24

24 9 2 24 1080 25920 288 2160 38880

77513
186624

e (3 was obtained by S.L. and Ettore Remiddi in 1996.

= 0.171 720 018. ..

e As was obtained by Melnikov and Ritbergen in 1999.
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Contributions at four loops

(9 — 2)/2 =Cr(a/x) + Cala/m)* + Cala/m)® + Cala/m)* + Cs(a/m)° +
F{(0) =As(a/m) + As(a/m)? + Az(a/m) + Aa(a/m)* + As(a/m)® +

JAV-VAV V-V VAVAVAV-YAV-VA]
VAV VAVAVOV N SRRV Vo

891 diagrams — 334 master integrals

-1.9122457649264455741526471674398300540608733906587253451713298480060384439806517061427. ..
+0.8865456739464431458368217306103153593904240326600647453680559093208403164656289274548. . .

e (S.L 2017, S.L 2019)
e Numerical values calculated with 1100 digits of precision

e Semi-analytical expressions fitted with the PSLQ algorithm with very high reliability.
Components of analytical expressions known with at least 4800 digits.

e Jump in complexity: analytical fits contain ~120 terms
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Cy =

analytical fit of (4
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2) — 3) — —=¢(2)In2 5
130636800 + 25920 <@ 2721600 <3 - ¢@)n2+ 2160 6480 <) - 64800
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+ ¢(5) ¢(3)¢(2) ¢(4) + ——¢(3) C( ) In 1620 435456 (M) + 193536 ¢(4)¢(3) + a4((3)

7121 162687 142793 195848 195848 116506 4136495 1053568 233012 40777 1
067680 ¢(5)¢(2) - a5¢(2) — a7 + by — dr — ¢(6)In2 — 189 agln2 + 189 beIn2 + ———¢2(3)In2

63 189 384
8937 833683 3995099 233012 1705273 602303 1650461 52177
- 2)In?2 5 2 2)In®2 4+ =——
9@ n2+ 0 C( )l 6048 11340 ) + 15876

¢(3)¢(2)In*2— asIn?2 + ¢4)In 5-¢(3)In"2
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+%Imﬂo 1,-1 ( ) ¢(2)In2+ %Imﬂog,l ( T") ¢(2)In2— @Clz (g)((z)l n?2 + %Cl (g) In* 2] + % (RBH0,0,0,1,0,1 (ei%) +Cly (g)Clz (g))
651 17577 87885

+13{f6281012( )C(2)+_RBH°°°1°1—1 (e 3)"'6513'91{0,00011—1 (ei%)—3—2ReH0010011( e*'s —6—4ReH0001011( '2_”)
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3

3 “rmeo "20:0 ) + 7 (—1 2 £2(0,0,1) + S0 f2(0,2,0) — — 2 = £2(0,1,1) + —o o

Y Py RrroAnT —oonn f2(0,0, 2))
691200 18662400 1944 10935

g ( 826595 5525 5525 5525 526015 467 5 1805965

248832« )f2(0,0,1) — —1n2 f2(0,0,2) + —ln2 f2(0,1,1) — T31n2 f2(0,2,0) + 248832f2(0’0’3) f2(0, ,2) + 248830

3710675 75145 213635 168455 69245 4715 2541575
1,0,2) — 1,1,1 1,2,0 — —((2 0,0,1 2
IO 20,8,0) ~ 1o 11,0,2) ~ 238 11 1,1 4 I 1 4,2,0) 4 e (2,1, ))] @) £1(0,0,1) + ¢( )( e

1458
556445 54515 75145
- 0,1,1 0,2,0
gorz 71 )+ gz A )~ 20736

f2(0) 2, 1)

f1(0,0,2)

327
1 1 —_— —
f1(1,0, )) 60 Cg3q + % C’ssb + C'83c

(polylogarithms) (harmonic polylogarithms) (elliptic) (unknown elliptic)
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analytical fit of Ay

92473962293 6619898477 12334741 97832509 241619904061 4572662443
Ay =- - €2) — =52 ¢8) + o —C(2) In2 - ¢4+
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(polylogarithms) (harmonic polylogarithms) (elliptic) (unknown elliptic)
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A coloured view of the 104 self-mass diagrams

11

Wrirany 1{321 1@1 L™

21

AN AN 2D LN Loy L Laom)
LN L Lrs (ZN N () [N AN

49

@mﬁmf’\

60

(B L2 2 B B [

/@zn@\/@a%

78

/A 8

HPL(e'™/3)  elliptic 7x104>891 (Furry th.)

HPL(™/2) f HPL(e'™/3) HPL(*™/2) + HPL('™/3)Lelliptic
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The slope at 4 loops: analytical fit part 1

Ay=T4+V3V, +Vo+ W +V3E, + E, + U

92473962293 6619898477 12334741 97832509 241619904061
T =- - (@) - o 3) 4 22 P e (9) In2 — ¢(4)
19752284160 21772800 132300 90720 391910400
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a a n n _ n _
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n— n—
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The slope at 4 loops: analytical fit part 2

Ay=T+V3V, +Vo+ W+ V3E, + E, + U
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Cl,(0) = Im Lin(ew) H;, iy,...(x) harmonic polylogarithms
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The slope at 4 loops: analytical fit part 3-4

Ay=T+V3V,+V,+ W +V3E, + E, + U
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The slope at 4 loops: analytical fit part 5

Ay=T+V3V,+Vo+ W+ V3, + E,+ U
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K (x) complete elliptic integral of the first kind
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The slope at 4 loops: analytical fit part 6

Ay =T+ V3V, +Vy+ W+ V3E, + E, +

174623 29479 43 10871 157 95

= 2 Car — —2C 200 Oy — —2 L _2c
583000 81 T 7500 “BLb T g U8le T 14200 U83e T Tga0 U830 T o 83

Uy known only numerically; they contain two elliptic kernels at weight six.
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Elliptic constants

The basic elliptic constants come from the sunrise diagram S, = with one line

differentiated and/or cutted. We can define 4 constants with a relatively simple integral
representation: As, Bs, C3, Ds.

[ K(o)K.(1-2)
Ag— dx \/m

%jﬂifl

5 45 4255 106147 w3 92320981
Si(D=4-2¢) =— — — — 297B3 — 1477C3) —
A ) 3t 15 144 1728e T 240 ¢ 3 3) ~ 0736

S4 (D:2) :\/§7TB3

O(e)

Ag disappears in the final results. D3 appears only cutting a line.
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Elliptic constants

This constants have a hypergeometric expression (S.L. 2017, Y.Zhou 2018)
- ]

= —V3
54\/_ I
- -

= —V3
27f I
- )

= —V3
27\/_ I
—T

180

3 2
: A Z
3[4 + 75 3+97r¢§

The hypergeometric regularized 1F5 is

4]53(@1 as ag as | ):F(a1)F(a2)F(a3)F(a4)4F3(al . )

b1 by b3 y &L b1 b2 b3 y L

L'(b1)L(b2)I'(b3)
Az and D3 do not appear in 4-loop QED ¢-2 and slope integrals.
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Bessel moments

(Bailey, Borwein, Broadhurst, Glasser 2008)

0

M(a,b,c) = /Ig“(:c)Kg(:E)a:c dx

Iy(z), Ko(z): modified Bessel functions.

4-loop sunrise in D = 2 dimensions

oo

Sy(1) =2*M(1,5,1) = 24/10(x)K§(x) da

(Broadhurst, Mellit 2016) (Zhou 2018)
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Quadratic relation

1225
74F3(21313g6§1> 4F3(

6 6 3

introducing the regularized 1 F5

1141 ~ 1111
2 3 3 6 . . 2 3 3
(_;§§71> 4F3<§§2
6 6 3 6 6 3

Conjecture: fractions appearing in the indices are actually % + k0 or 1 4+ k6 with small integer k

and 0 = %, that is, a deformation of the “simplest” hypergeometric

111 1 4
4F3 (515151531) — FM<07470) (1)

N~ N~ N -
+  +

N % (o9
%)

|

I
+
(o)
o
R

|
—_

|
[\
(o9

1
3
2
3
5)
6
4
3

N W

Experimenting a bit we found
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Quadratic relation

corresponds to the § = 1/6 case of the general conjecture

~ 1 1 1 1 ~
(% 46 145 1420 2
2 2 2 2 .
443 ( 146 146 1426 ’1)4 3

(2 e o e —5420. )
-8 1-6 2—290 ’

AT(1/2 — 26)T(1/2 — 6)T(—(1/2) + 6)T(—(3/2) + 20))
B I'1—0)I'(—=1+56)

o—1 sin(m §)?
(40 — 1)(26 — 3)(20 — 1) sin(4m §)?

=128

numerically checked
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Generalized quadratic relation

- Lid lydLitad,
2 2
4t ( Crd1d1t2d 51

~ 1 1
—1 lidglyd-3424d,
2 2 2
) F3( Zd1—d 2—2d 1)

_Ar(1/2 = 2d)I(1/2 = AT(=(1/2) + AT (=(3/2) + 2d))
(=

I'(l—d)I'(-1+4d)
d—1 sin( d)?

=128 (4d — 1)(2d — 3)(2d — 1) sin(4x d)?

This conjecture can be further generalized introducing at least another free parameter. It can be
rigorously proved likely by using intersections theory along the same lines of similar identities for

the simpler hypergeometric functions o F; and gF5.
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Elliott identity for 5 F}

—L v, 1-X +V 14X v

)2F1< A v ): FTA+A+p0)T(14+v+p)

evts P H+A+p+v)T (3 +0)

for A =y =v =0 — Legendre’s identity (easily obtainable with intersections)
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4-loop: key points of the calculation

Key points:
e i.b.p. identities for reduction to M.I.

e i.b.p. identities for determining the systems of difference/differential equations satisfied by
the M.I.

e high-precision solution of the systems of difference/differential equations

e high-precision analytical fit with PSLQ
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4 loops: i.b.p.

used the program SYS
systems of i.b.p. identities generated for reduction to master integrals

exact arithmetic with polynomials in 1 variable

systems of ~ 10° i.b.p. at 4 loop
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4 loops: systems of difference/differential equations

system of i.b.p. identities solved for finding system of difference/differential equations
satisfied by the M.I.

exact arithmetic with polynomials in 2 variables
slower arithmetic, it requires more cpu

“anti”-canonical choice of master integrals for difference/differential equations: it maximizes

the cancellation of spurious poles in € for the sake of internal checks. In the worst case
—37

were generated. Drawback: (much) slower numerical solution. At 5

spurious poles up €
loop it could be not necessary.

for topologies with several M.I., a single higher-order equation for the “scalar” M.I. is

generated and solved.

it needs fast cpu
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A simple example of 4-loop PSLQ analytical fit

Gr = —2342.207514106023075423522540590792709885328732056559470807
359481483571384691680645591697318599261483194890419734356986
640536482839180927737599376306979737829110608311707671767935
983139125960766918329923883871930584868496516072868729243183
317800519694759939914751761141283435810030791136838793708071
157346099787020302357526852412095436287332846448926242430503
236449547474407307581291123637921078586418676517549877972867

1671597 4381 22193 3617 71
= — 7T2—T<(3)—144 7'('2 ln2—— 4—?C(5)

512 96

240 "
393 869 803
— w2 (3) - ——= %2471 In® 2457672 a4+ 2477 In? 2—74(3)2

2 162
1735 799 661
— ——T
180

+504m2¢(3) 1n2—T§(7)+ ST ¢(5) ¢(3)

black: ansatz (the input)
brown: coefficients found by PSLQ (the output)

This particular fit can be found using input data with a minimum precision of 415 digits.
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4-loop PSLQ analytical fit

with ~ 120 analytical terms and ~ 10 digits in the numerical coefficients, minimum number
of numerical precision is ~ 10 * 120; some analytical constants appear only in particular
combinations. Using the combinations where possible, 1200 digits did suffice.

Used a modified parallel version of PSLQ (Bailey,Broadhurst); tested up to ~ 10000 digits.
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5 loops: the 954 self-masses

12672 Feynman diagrams generated by external photon insertions in 954 self-mass diagrams

R ms;m _asxzzm_ A:{AZ&_ A:EQL .m@_ _a:@ _43(83_ 4{@_
TN AP PO ATRED ATERN AT TR TN AT
10 1 12 13 14 15 16 17 18
TN TR LD AR AT LR T LTRSS LT
19 20 21 22 23 24 25 26 a7
IS LT LT L A A LR AR AT
28 29 30 31 32 33 34 35 36
LTI AT AT LTI LT LT L0 £ £2n
37 38 39 A0 41 42 43 44 45
Ly o LON Len Lpdh LB LT L@ Lr™
46 47 48 49 50 51 52 53 54
AN L LoD LD Az AT LEN LGN LFD
61 65 66 67 68 69 70 71 T2
e v, T P N o N SN SN PN
3 4 k) 6 kid ki 79 g 81
AR TR a0 TN ) ) AN AN £
82 83 84 85 86 87 88 89 90
AN AT AR AT AN A AT fadm ATR
g1 92 93 94 95 96 a7 98 99
BB AT A AD AT AN AN AT A
100 101 102 103 104 105 106 107 108
Aorh Ao SN AEN AT A A AT AN
109 110 11 112 13 114 115 116 117
AN AN SN o) g Ao Ao Ao AN
118 119 120 121 122 123 124 125 126
A\ A\ A AN AN AN Mo D omen
127 128 129 130 131 132 133 131 135

B ) B G B B B ) B
NN (W V(DAY W
ENPES (N PR P WV N |
4 Bl &l Bl B 4 A4 4 Al
N AR ADIMNMSID
Gl Bl I Bl b 40 &) 4 £

L SIS N N W
LD AR N Y [ B ED age FD
I @ D p (D R D (R B
o @D B D B L B B B

649 650 651 652 653 654 655 650 657
658 650 660 661 662 663 664 665 666
667 668 669 610 671 62 673 67 i

PR AN SO P O 3 N Vo N VA PN
136 137 138 139 140 141 142 143 144
N W N N SN N W SNy
145 146 147 148 149 150 151 152 153
AT R aBEN aRN Am AGR ARE AR A
154 155 156 157 158 159 160 161 162
LD AR AR AR AN AR AR AN AR
A@ LD AR OEN LB L LN aER AT
A A AFN SN AR AN RN R FERD
N D A AR AR AN AR AR AR
208 209 210 211 212 213 214 215 216
AR AR AN AN RN AN AN AR AR
27 218 219 220 221 222 223 224 225
LT AN MBS AN afEh aBEN A5 A5 45N
6 227 228 229 230 231 232 233 234
AN A AN LTSN LT LR AN A A
244 245 246 A7 248 249 250 251 252
LR BN B FN FGN R AEN AR AR
53 254 255 256 257 258 250 260 261
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956 9T 958 959 960 961 962 963

567 968

We show also the 14 non-contributing diagrams containing 2 electron loops with 3 or 5 vertices (Furry’s theorem)
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5-loop: MonteCarlo numerical values

Initial 50 discrepancy on the set “V” (diagrams without electron loops)

Cs(Set V) Volkov2024 = 6.828(60)
Cs(Set V) AHKN2019 = 7.604(140)  + old

C5(Set V) AHKN2024 = 6.800(128) < new, higher statistics
Discrepancy solved.
adding the contribution of diagrams with fermion loops, the total 5-loop contribution becomes

C'5(all) Volkov2024 = 5.891(61)
COs(all) AHKN2024 = 5.870(128)
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5 loops: numbers of M.I.

# vertex  # self-mass estimate ## M.I.  actual # M.L
1 1 1 1
7 3 3 3
72 15 18 17
891 104 358
12672 954 19670

The estimate of the number of M.I. has been done solving (limited) systems of i.b.p. identities on the maximal cut.
It may slightly overestimates the real number. Number of master integrals at 5 loops is greater than expected; it is

due to the high number of i.s.p. Worst example: the maximal cut of this diagram seems to have 36 M.I.
5—Iooplmaster integlral multipliclity

Sl

I

4-loop master integral multiplicity
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5 loops: Non-mirror diagrams

New at 5 loops:

oW AW P WA W

413 418 414 417 5 929

@?\@

929 028

The above pairs of self-mass diagrams have all the same master integrals, but the photon

insertions generate different vertices which are not mirror images.

The pair 221-226 is a bit special (—}%i

221; closing on the other side gives the self-mass 226. The main master integral is the same for

closing on the left-hand side (red), one gets

both diagrams. There are some differences in the master integrals of the subdiagrams.
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5-loop: perspectives

systems of i.b.p. identities for reduction to master integrals

systems of ~ 10 i.b.p. at 5 loops

already solved ~ 30 small 5-loop systems of 5 x 10% identities

larger systems will need several TB memory and tens of TB of fast disk space
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5 loops: perspectives

numerical solution of systems of difference/differential equations

“anti”-canonical choice of master integrals: (much) slower numerical solution. Not strictly

necessary, at 5 loops it could be avoided.

The high number of M.I. (> 10)for some topologies makes difficult to generate a single
high-order equation for the “scalar” M.I, due to blow-up of the expression; numerical solution

of the system of coupled first-order difference/differential equation is needed.

5-loop renormalization requires (re)calculations of some/all 4-loop M.I. with longer

expansions in e: currently work in progress, 70% done, enough terms for 5,6,7 loop, with a

slightly higher precision of 1600 digits)
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5 loops: perspectives

PSLQ analytical fit

at 5 loops, my guess is ~ 5 x 102 terms and ~ 20 digits coefficient, so a numerical precision of

~ 10° digits could be necessary.

Unfortunately, runtime goes as the power ~ 3 — 4 of the number of digits so 10° digits seem

to be unreachable.

A moderate precision of a few hundreds of digits seem to be more realistic (but no analytical
fit!)
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Conclusions

e Extension to 5-loop of the 4-loop approach seems to be possible, with the likely exclusion of
the PSLQ analytical fit.

e Huge amounts of runtime/memory/cpu seem to be necessary.
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The End

The End
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Backup: The slope at 4 loops: analytical fit part 1

Ay=T4+V3V, +Vo+ W +V3E, + E, + U

92473962293 6619898477 12334741 97832509 241619904061
T =- - (@) - o 3) 4 22 P e (9) In2 — ¢(4)
19752284160 21772800 132300 90720 391910400

4572662443 5. 1449791143 1, 90355973 1173056009 8548241
¢(2)In"2 — 4 In®2 ) + —————=—((5) + C(3)¢(2) = -
12247200 3061800 134400 9072000 30240

244603373713 8082848863 26062 18215
- ¢(6) — (3) + ag — be
52254720 24192000 27 27

402152509 (@ + 18215 18215 (5)In2 4 159693503 (3)C(2) In2 328317209
a a n n _ n _
4 > 72000 302400

et e 4)1n2 2
189000 27 7 ¢ (@)1n
18215 188648503 21671 7224951103 1267114025 427145
(B)In? 2+ ———o=((2) 2 — oI 2 — (T) = gy S(EE) -

i ¢(2)In% 2
162 1512000 1741824 504

as¢(3)

9749470791 1420289 116987 116987 256321 971827 607282
_ 5)C(2) 4 =227 (2 _ b d 6) In 2 In 2
ssror2 SO + g asC(2) + ——ar 63 7T Tope V1T T ¢(O)In2+ —o—asln

956321 1794247 104041 1888991 75222353

— beln2 — ——— (¢2(3)1n?2 NIn2 — ——2¢(5)In? 2+ """ ¢(3)¢(2) In2 2
378 o si56 © (B)In2+ —r—aa((2)In satgz ST 24 — e —C(3)¢(2) In
¢(3)In*2 +

24

¢(4)In2

135

68168 1 1
—(¢(2)In®2 - —In®2
<a5+ TR 120 )

256321 o 9699379 3 2574883 37144753 5 2184651 7o
_—— _— n

n22 — 2227907 -y ip3 9 2N 1n®2 —
37 o gorz_CW1n 36288 226800 (2 1n 127008

O
¢(n) =) i an =Lin(1/2) bs = Ho,0,0,0,1,1(1/2) bz = Ho,0,0,0,0,1,1(1/2) d7 = Ho,0,0,0,1,—1,-1(1)
=1
x Yn—2 Yn—1

. . dy1 dyn—1
H;, i,,...(x) harmonic polylogarithms Ha, ay,...ay (T) = / o / — ia ) /
n— n—
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Backup: The slope at 4 loops: analytical fit part 2

Ay=T+V3V, +Vo+ W+ V3E, + E, + U

916598
76545

27
73

916598
76545

7

C2)Clz (%) +

14186171 I (7‘(’) 103023803
" Cly e
3

194400 3 583200
916598 ax\ 458299 om 10540877 o
TmH, _ ( @?r) TmH, ( @?r) SR, ( 1??)

T 7652 100011, -1 (€ 36855 O0LOLILE 142260 | 00.01L11L€
178619489 N 1833196 N 12563350487 533401067 -
ITSOL0MSY (| | IS ) oy SHOLOGT (10, (T

P ¢(5)m +
3980340 3 45927 2579260320 459270
844343 27 844343

L 458299
TmHo 11 ( i % ) 2 TmHo 11 ( @§) 2
+-18900 mHop 1,1,-1 (€ ¢(2) + sg350 [ Ho.11,-1 (€ ¢(2) +

21870
458299 263673944 (ﬂ' 30924629 844343
14580 205245 =

CCﬂhnE%Jﬂ_1< i
T\ (2) — 22222027 -3y f(9)r 4~ -y
:3)4( )~ as9050 < BS@IT + 1<)
844343 19130869
11340 367416

844343 2
¢(2)Cl2 (g) In22 — ImHo 1,1 (eZQ )

i
ImHp,0,0,1,—1,—1 (613) -+ ImHp,0,0,1,—1,1 (6

3

- TC

- 270

¢(3)ImHo,1,1 (¢ F)

ImHo,l,_l (61%) C(Q) In2 +

+458299 Cl, (E) Ind 2

7560

275562 3

Cl,(0) = Im Lin(ew) H;, iy,...(x) harmonic polylogarithms

Stefano Laporta. Four-loop -2 in OED and perspectives on five-loop... . MathemAmplitudes 2025. Mainz. 22-26 Sep 2025 Pace 37



Backup: The slope at 4 loops: analytical fit part 3-4

Ay=T+V3V,+V,+ W +V3E, + E, + U

212671 : s s 1031987 ™ 507 o

13689 ( 12_77) 68445 ( 12_7r>
e 3

s
—507ReH0,0,0,0,1,1,—1 (613 +3—2R6H0,0,1,0,0,1,1 e"’s -I-TRGHO,O,O,l,O,l,l

13689 2 507 T 1521 27
+TR6H0,0,0,0 1,1,1 <6z%> — TCM (g)ImHo,l,_l <€z§) Cly (g)ImHO,l,l (6127>

syt N 8
0 295 o 295 x
—)71‘ — = ReHo,1,0,1,-1 (61 3 ) ¢(2) — —-ReHo0,1,1,1 (61 s ) ¢(2)

3
2655 o 2655 o 295 L
—1—63€H0,1,0,1,1 (6’%) ¢(2) — TReHo,o,1,1,1 (61%) ¢(2) — TImHo,l,—l (elg) Clz (g)C(Q)

—%Imﬂg,l@ <€i277r) Clo (g)C(Q)

W :_%4(2)012 (g) n %g(z)mg (g) ~ 118 (4ReHO,1,O,1,1 (e%) ¢(2) + 4ImHo 1 1 (e%) Cly (2)6(2)

—2Cly (g)g@)w +C12 (g)g(z) In 2 ) :
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Backup: The slope at 4 loops: analytical fit part 5

Ay=T+V3V,+Vo+ W+ V3, + E,+ U

)

a

362830000 * 1399680000 3265920 2 24494400

119022487 119022487 1735283
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2 K<(¢5—3)(\/§+1)3> Da(s) — 2 K<1_(\/§—3)(\/§+1)3>

D1 (S) =

V(s +3)(Vs — 1)3 (Vs +3)(vs —1)3 Vs +3)(Vs - 1)P (V5 +3)(v/5 — 1)3

K (x) complete elliptic integral of the first kind
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Backup: The slope at 4 loops: analytical fit part 6

Ay =T+ V3V, +Vy+ W+ V3E, + E, +

174623 29479 43 10871 157 95

= 2 Car — —2C 200 Oy — —2 L _2c
583000 81 T 7500 “BLb T g U8le T 14200 U83e T Tga0 U830 T o 83

Uy known only numerically; they contain two elliptic kernels at weight six.
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