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Problem Statement: Landau analysis in QFT
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The Lee-Pomeransky representation of a regularized Feynman integral:
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where f is a polynomial in two kinds of variables (x, z) € (C*)" x CN and
v=(1g,...,vn) € C™1is a generic complex parameter.

G : Feynman graph ~ fg(x;z) = Ug(x) + Fg(x; z).

Landau variety := {z € CV | Ir(z; v) is singular at z for some T'}.

A priori knowledge on singularity BEFORE performing an integration.

Conjecture (Fevola-Mizera-Telen)

V(Z) := (Euler discriminant locus) = (Landau variety).
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A hypergeometric view

Ebyp — Z my T+ CN : Hypergeometric discriminant.
YcCN

TyCN, Ehwp
dual proj., dual int. projection, integration
YV, V\(Z) = Sing(M?) ¢ Y, Vy(Z) = Sing(M"?)

Projective duality, Fourier transform
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Euler discriminants

Z=CNszwy,= IX(Vicx)n(f(+;2)))| € Z>0: constructible function.

Vi(Z2):={z € Z | x, <maxy,} : Euler discriminant locus (Esterov '13).

Sing := {z|3, Ir(z; v) is singular at z} = V,(Z).

= Sing is independent of generic vy, ..., Vp.

V(2) is purely one-codimensional in Z unless V,(Z) = @.

This is a version of Hartogs' theorem.
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The running example: sunrise/sunset diagram

m

p @ —p = my:=p? Vy(Z) = {momimymsA(mo, my, my, m3) = 0}
m3

Two different descriptions of A:

1. Direct formula

A =m} —amdmy — 4m3ms — 4m3mo + 6m2Zm3 + 4mZmyms + 4m2mymo + 6m2Zm? + 4m2m3mo + 6mZm2 — 4mym3 + 4mym3ms
+ 4m1m§m0 + 4rn1m2rn§ — 40mymamzmqg + 4m1m2m(2) — 4m1m§ + 4m1m§m0 + 4m1m3m(2) - 4m1mg + mg - 4m%m3 - 4mgmg

+6m3m? + 4m3mzmo + 6m3m3 — 4mom3 + 4mym3mg + 4mymzmg — dmymg + m§ — 4m3mo + 6m3mZ — 4mzmg + m§,

2. Ingenious formula

A= 11 (mo — (m/m1 + may/mz + n3y/m3)?),

(771’7727773)6{:|:}3/{:t}

...and there is a third one.



Hypergeometric discriminants



Hypergeometric discriminants

Theorem (Macpherson)

(constructible functions on CN) = (conic Lagrangian cycles on T*CN)




Hypergeometric discriminants

Theorem (Macpherson)

(constructible functions on CN) = (conic Lagrangian cycles on T*CN)

Definition

The hypergeometric discriminant is the Lagrangian cycle EMP
corresponding to the constructible function CVN 5 z — x, € Z.




Hypergeometric discriminants

Theorem (Macpherson)

(constructible functions on CN) = (conic Lagrangian cycles on T*CN)

Definition

The hypergeometric discriminant is the Lagrangian cycle EMP
corresponding to the constructible function CVN 5 z — x, € Z.

Recovery of x from E™P (Kashiwara's index formula):
Ehvp — Z my TyCN sy, = Z (—1)°dmY my Fuy (2).
YccN YCCN
Euy : Z — Z is the Euler obstruction of Y.



Hypergeometric discriminants

Theorem (Macpherson)

(constructible functions on CN) = (conic Lagrangian cycles on T*CN)

Definition

The hypergeometric discriminant is the Lagrangian cycle EMP
corresponding to the constructible function CVN 5 z — x, € Z.

Recovery of x from E™P (Kashiwara's index formula):
Ehvp — Z my TyCN sy, = Z (—1)°dmY my Fuy (2).
YccN YCCN
Euy : Z — Z is the Euler obstruction of Y.

Recovery of V,(Z) from EWP.V (Z) = U Y.
YCCN,my#0



Hypergeometric discriminants

Theorem (Macpherson)

(constructible functions on CN) = (conic Lagrangian cycles on T*CN)

Definition

The hypergeometric discriminant is the Lagrangian cycle EMP
corresponding to the constructible function CVN 5 z — x, € Z.

Recovery of x from E™P (Kashiwara's index formula):
Ehvp — Z my TyCN sy, = Z (—1)°dmY my Fuy (2).
YccN YCCN
Euy : Z — Z is the Euler obstruction of Y.

Recovery of V,(Z) from EWP.V (Z) = U Y.
YCCN,my#0

EM™P s equivalent to the Euler stratification by Telen-Wiesmann.
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Likelihood equation (Catanese-Hosten-Khetan-Sturmfels '06, Huh "13):
for generic vg,...,v, € C,

# {(xo, ceyXn) € crtl |1 —xof(x;2) =v; — yoxox,-g;(x; z) = O} = Xz-

For a fixed z, itis dylog(xg®...x;") =0 on {1=xf(x;2z)}.

n

THE FAMILY:

N
- Zf;dz,-—{—d(xzf) log(x°...x4") =0 on {1=xf(x;2)} C (C*)""txT*CV
i=1

The hypergeometric discriminant E™P s a flat degeneration of the
elimination of x-variables of the family of likelihood equations.

10
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Projective duality

(IP)N—I)* % ]P;N—l
U
P( Cone(Y) N) = {(H7€) € (PN_I)* X Ysm ’ TZY C H}

—

(PN-1)* 5 yV iy cpn

Fligure:1 Deh?monlegized Figure: Dehomogenized
E‘FI‘FE‘FE:O \/(A)

Projective duality does not preserve degree or dimension.
13



Fourier transform

Assume linearity: f(x;z) = SN, zifi(x).

14



Fourier transform

Assume linearity: f(x;z) = Z,Nzl z;fi(x).

Ir(z; v) /dgexp{zz,g}/ﬂa i — xofi(x))x - - )C(’X

X0

14



Fourier transform

Assume linearity: f(x;z) = Z,Nzl z;fi(x).

N N dxn---d n
/r(Z; l/) — /df eXP{Z z,-f,-} /r H5(f; — Xofi(X))x(')/O .. 'XIZ"%'
i=1 i=1

N N
He) = [[TTote —sof()s -
i=1

dxg -+ -
Xo..

0...Xn

dxp,

-Xn

14



Fourier transform

Assume linearity: f(x;z) = Z,Nzl z;fi(x).

N N dxn---d n
/r(Z; l/) — /df eXP{Z z,-f,-} /r H5(f; — Xofi(X))x(')/O .. 'XIZ"%'
i=1 i=1

0...Xn
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X0 Xn ’
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Fourier transform

Assume linearity: f(x;z) = Z,Nzl z;fi(x).

N N
y . dxo -+ - dxp
Ir(z;v) :/dfeXP{ZZiﬁi}/rl_‘[Cs('fi—Xofi(X))XoO"'Xn"qu_x-
i=1 i=1 "
dxp - - - dXp
X0 Xn ’

R N
e = /r TT5(6 - of () - xe
=1

Ir(&;v) is supported on a SINGLE IRREDUCIBLE VARIETY

Vy(Z) :=Im ((C*)"*1 3 (x0, x) — (x0fi(x), ..., x0fn(x)) € CN).

We expect a correspondence

(Irreducible decomposition of V,(Z)) <+ (A stratification of V/X(?))

14



(n — 1)-loop banana

Theorem (in progress)

The hypergeometric discriminant of B, is given by a formal sum

n—1
EYP = no[ T3 2]+ [TyanZl + D> me [TV (m o) )

p=1 0<ih < <ip<n

where Z = C"*! and n, = 2""P — 1. The variety Vpn(A,) is the

projective dual of the reciprocal hyperplane ﬁo + % qFocoaF #ln =0.
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(n — 1)-loop banana

Theorem (in progress)

The hypergeometric discriminant of B, is given by a formal sum

n—1

EYP = no[ T3 2]+ [TyanZl + D> me [TV (m o) )

p=1 0<ih < <ip<n

where Z = C"*! and n, = 2""P — 1. The variety Vpn(A,) is the

projective dual of the reciprocal hyperplane ulo + % qFocoaF #ln =0.

This result repackages Euler characteristic computation of B,
([Bitoun-Bogner-Klausen-Panzer '18]).
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Thank you for your attention!
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Example: debox and a rational cubic threefold

P1 X5 Pa f;lebox(X; Z) =

Mix1x0x5 + Moxyxoxz + Msxyx3xa + Maxoxzxa
X1 X2 X4

+Maxixax5 + Maxoxaxs + sx1x3x5 + SXaX3X5 + tX1X2Xa

P2 X3 p3  TXVR T XX E X xaxs + xexs + xexs + xexs

Set My = 0. The Euler discriminant locus is
MiMaM3s(Ms — s)(My — t)(Mi M3 — st)Aa(s, My, M) Aao(t, Ma, M3)A(s, t, M1, M2, M3) = 0.

Aj is quadratic and A(s, t, My, My, M3) is a cubic polynomial given by

M%Mg, — My My M3 + My Mas + M1M§ — MiM3s — MyMst — Myst + MayMst — Most — Msst + 52t+ st2.

Smooth cubic threefolds are irrational (Clemens-Griffith's theorem).
17



Example:parachute

P2
X4
X2 P3
X3
P1

4

f(x;z) =(1— Z mixi)((x1 + x2)(x3 + xa) + x1x2)
i=1

+ x1x0(M1x3 + Maxy) + Maxsxa(x1 + x2)

Simplification: my = m3 = M, =0
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List of (Y, my)

codimY (Y, my)
0 (107, 8)
1 ({m4M1 — m1M3} s 1)7 ({m1 —mg — My + M3} s 1), ({m1 — m4} s 1),
({ml - Ml} ) 1)7 ({ml} 34)7 ({m4 + M — M3} ) 1)7 ({m4 - M3} ’ 2)!
({ma},2), (M — M3},2), {Mi}.2),({M5},2)
2 ({m4 + My — M3, m1} s 1), ({ITI4 — M3, m; — Ml} s ].)7 ({M4 — M3, m1} s 1),
({ml, m4} s 2), ({Ml — M3, my — m4} 5 1)7 ({Ml — /\/’37 m1} s ].),
({Ml — Ms, m4} ) 1)7 ({mla Ml} 32)7 ({Mh mg — M3} ) 1)7 ({mh M3} ) 1)v
({m47 M3} ’ 2)7 ({M17 M3} ) 2)
3 ({Ml - /\437 mgy, m1} 5 1)7 ({Ml, mg — /\/137 m1} s 1), ({ml, mgy, M3} 5 1),
({ml, Ml, M3} s 1)7 ({m4, Ml, M3} 5 1)
4 ({ml,m4,M1,M3},1)
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