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Problem Statement: Landau analysis in QFT

The Lee-Pomeransky representation of a regularized Feynman integral:

IΓ(z ; ν) =

∫
Γ
f (x ; z)−ν0xν11 · · · xνnn

dx1 · · · dxn
x1 · · · xn

,

where f is a polynomial in two kinds of variables (x , z) ∈ (C×)n × CN and
ν = (ν0, . . . , νn) ∈ Cn+1 is a generic complex parameter.

G : Feynman graph⇝ fG (x ; z) = UG (x) + FG (x ; z).

Landau variety := {z ∈ CN | IΓ(z ; ν) is singular at z for some Γ}.

A priori knowledge on singularity BEFORE performing an integration.

Conjecture (Fevola-Mizera-Telen)

∇χ(Z ) := (Euler discriminant locus) = (Landau variety).
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A hypergeometric view

Ehyp =
∑

L⊂T∗CN

mLL : Hypergeometric discriminant.
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A hypergeometric view

Ehyp =
∑

Y⊂CN

mYT
∗
YCN : Hypergeometric discriminant.

T ∗
YCN , Ehyp

Y , ∇χ(Z ) = Sing(Mhyp)Y ∨, ∇̂χ(Z ) = Sing(M̂hyp)

projection, integrationdual proj., dual int.

Projective duality, Fourier transform
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Euler discriminants
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Euler discriminants

Z = CN ∋ z 7→ χz = |χ(V(C×)n(f (·; z)))| ∈ Z≥0: constructible function.

∇χ(Z ) := {z ∈ Z | χz < maxχz} : Euler discriminant locus (Esterov ’13).

Theorem

Sing := {z |∃Γ, IΓ(z ; ν) is singular at z} = ∇χ(Z ).

⇒ Sing is independent of generic ν0, . . . , νn.

Theorem

∇χ(Z ) is purely one-codimensional in Z unless ∇χ(Z ) = ∅.

This is a version of Hartogs’ theorem.
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The running example: sunrise/sunset diagram

p −p

m1

m2

m3

⇒ m0 := p2, ∇χ(Z ) = {m0m1m2m3∆(m0,m1,m2,m3) = 0}

Two different descriptions of ∆:

1. Direct formula

∆ =m4
1 − 4m3

1m2 − 4m3
1m3 − 4m3

1m0 + 6m2
1m

2
2 + 4m2

1m2m3 + 4m2
1m2m0 + 6m2

1m
2
3 + 4m2

1m3m0 + 6m2
1m

2
0 − 4m1m

3
2 + 4m1m

2
2m3

+ 4m1m
2
2m0 + 4m1m2m

2
3 − 40m1m2m3m0 + 4m1m2m

2
0 − 4m1m

3
3 + 4m1m

2
3m0 + 4m1m3m

2
0 − 4m1m

3
0 +m4

2 − 4m3
2m3 − 4m3

2m0

+ 6m2
2m

2
3 + 4m2

2m3m0 + 6m2
2m

2
0 − 4m2m

3
3 + 4m2m

2
3m0 + 4m2m3m

2
0 − 4m2m

3
0 +m4

3 − 4m3
3m0 + 6m2

3m
2
0 − 4m3m

3
0 +m4

0,

2. Ingenious formula

∆ =
∏

(η1,η2,η3)∈{±}3/{±}

(m0 − (η1
√
m1 + η2

√
m2 + η3

√
m3)

2),

...and there is a third one.

7



The running example: sunrise/sunset diagram

p −p

m1

m2

m3

⇒ m0 := p2, ∇χ(Z ) = {m0m1m2m3∆(m0,m1,m2,m3) = 0}

Two different descriptions of ∆:

1. Direct formula

∆ =m4
1 − 4m3

1m2 − 4m3
1m3 − 4m3

1m0 + 6m2
1m

2
2 + 4m2

1m2m3 + 4m2
1m2m0 + 6m2

1m
2
3 + 4m2

1m3m0 + 6m2
1m

2
0 − 4m1m

3
2 + 4m1m

2
2m3

+ 4m1m
2
2m0 + 4m1m2m

2
3 − 40m1m2m3m0 + 4m1m2m

2
0 − 4m1m

3
3 + 4m1m

2
3m0 + 4m1m3m

2
0 − 4m1m

3
0 +m4

2 − 4m3
2m3 − 4m3

2m0

+ 6m2
2m

2
3 + 4m2

2m3m0 + 6m2
2m

2
0 − 4m2m

3
3 + 4m2m

2
3m0 + 4m2m3m

2
0 − 4m2m

3
0 +m4

3 − 4m3
3m0 + 6m2

3m
2
0 − 4m3m

3
0 +m4

0,

2. Ingenious formula

∆ =
∏

(η1,η2,η3)∈{±}3/{±}

(m0 − (η1
√
m1 + η2

√
m2 + η3

√
m3)

2),

...and there is a third one.

7



The running example: sunrise/sunset diagram

p −p

m1

m2

m3

⇒ m0 := p2, ∇χ(Z ) = {m0m1m2m3∆(m0,m1,m2,m3) = 0}

Two different descriptions of ∆:

1. Direct formula

∆ =m4
1 − 4m3

1m2 − 4m3
1m3 − 4m3

1m0 + 6m2
1m

2
2 + 4m2

1m2m3 + 4m2
1m2m0 + 6m2

1m
2
3 + 4m2

1m3m0 + 6m2
1m

2
0 − 4m1m

3
2 + 4m1m

2
2m3

+ 4m1m
2
2m0 + 4m1m2m

2
3 − 40m1m2m3m0 + 4m1m2m

2
0 − 4m1m

3
3 + 4m1m

2
3m0 + 4m1m3m

2
0 − 4m1m

3
0 +m4

2 − 4m3
2m3 − 4m3

2m0

+ 6m2
2m

2
3 + 4m2

2m3m0 + 6m2
2m

2
0 − 4m2m

3
3 + 4m2m

2
3m0 + 4m2m3m

2
0 − 4m2m

3
0 +m4

3 − 4m3
3m0 + 6m2

3m
2
0 − 4m3m

3
0 +m4

0,

2. Ingenious formula

∆ =
∏

(η1,η2,η3)∈{±}3/{±}

(m0 − (η1
√
m1 + η2

√
m2 + η3

√
m3)

2),

...and there is a third one.

7



The running example: sunrise/sunset diagram

p −p

m1

m2

m3

⇒ m0 := p2, ∇χ(Z ) = {m0m1m2m3∆(m0,m1,m2,m3) = 0}

Two different descriptions of ∆:

1. Direct formula

∆ =m4
1 − 4m3

1m2 − 4m3
1m3 − 4m3

1m0 + 6m2
1m

2
2 + 4m2

1m2m3 + 4m2
1m2m0 + 6m2

1m
2
3 + 4m2

1m3m0 + 6m2
1m

2
0 − 4m1m

3
2 + 4m1m

2
2m3

+ 4m1m
2
2m0 + 4m1m2m

2
3 − 40m1m2m3m0 + 4m1m2m

2
0 − 4m1m

3
3 + 4m1m

2
3m0 + 4m1m3m

2
0 − 4m1m

3
0 +m4

2 − 4m3
2m3 − 4m3

2m0

+ 6m2
2m

2
3 + 4m2

2m3m0 + 6m2
2m

2
0 − 4m2m

3
3 + 4m2m

2
3m0 + 4m2m3m

2
0 − 4m2m

3
0 +m4

3 − 4m3
3m0 + 6m2

3m
2
0 − 4m3m

3
0 +m4

0,

2. Ingenious formula

∆ =
∏

(η1,η2,η3)∈{±}3/{±}

(m0 − (η1
√
m1 + η2

√
m2 + η3

√
m3)

2),

...and there is a third one.

7



The running example: sunrise/sunset diagram

p −p

m1

m2

m3

⇒ m0 := p2, ∇χ(Z ) = {m0m1m2m3∆(m0,m1,m2,m3) = 0}

Two different descriptions of ∆:

1. Direct formula

∆ =m4
1 − 4m3

1m2 − 4m3
1m3 − 4m3

1m0 + 6m2
1m

2
2 + 4m2

1m2m3 + 4m2
1m2m0 + 6m2

1m
2
3 + 4m2

1m3m0 + 6m2
1m

2
0 − 4m1m

3
2 + 4m1m

2
2m3

+ 4m1m
2
2m0 + 4m1m2m

2
3 − 40m1m2m3m0 + 4m1m2m

2
0 − 4m1m

3
3 + 4m1m

2
3m0 + 4m1m3m

2
0 − 4m1m

3
0 +m4

2 − 4m3
2m3 − 4m3

2m0

+ 6m2
2m

2
3 + 4m2

2m3m0 + 6m2
2m

2
0 − 4m2m

3
3 + 4m2m

2
3m0 + 4m2m3m

2
0 − 4m2m

3
0 +m4

3 − 4m3
3m0 + 6m2

3m
2
0 − 4m3m

3
0 +m4

0,

2. Ingenious formula

∆ =
∏

(η1,η2,η3)∈{±}3/{±}

(m0 − (η1
√
m1 + η2

√
m2 + η3

√
m3)

2),

...and there is a third one.

7



Hypergeometric discriminants
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Hypergeometric discriminants

Theorem (Macpherson)

(constructible functions on CN) = (conic Lagrangian cycles on T ∗CN)

Definition

The hypergeometric discriminant is the Lagrangian cycle Ehyp

corresponding to the constructible function CN ∋ z 7→ χz ∈ Z.

Recovery of χ from Ehyp (Kashiwara’s index formula):

Ehyp =
∑

Y⊂CN

mYT
∗
YCN ⇝ χz =

∑
Y⊂CN

(−1)codimYmYEuY (z).

EuY : Z → Z is the Euler obstruction of Y .

Recovery of ∇χ(Z ) from Ehyp:∇χ(Z ) =
⋃

Y⊊CN ,mY ̸=0

Y .

Ehyp is equivalent to the Euler stratification by Telen-Wiesmann.
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THE family of likelihood equations

Likelihood equation (Catanese-Hosten-Khetan-Sturmfels ’06, Huh ’13):
for generic ν0, . . . , νn ∈ C,

#

{
(x0, . . . , xn) ∈ Cn+1 | 1− x0f (x ; z) = νi − ν0x0xi

∂f

∂xi
(x ; z) = 0

}
= χz .

For a fixed z , it is dx log(x
ν0
0 . . . xνnn ) = 0 on {1 = x0f (x ; z)}.

THE FAMILY:

−
N∑
i=1

ξidzi+d(x ,z,ξ) log(x
ν0
0 . . . xνnn ) = 0 on {1 = x0f (x ; z)} ⊂ (C×)n+1×T ∗CN .

Theorem

The hypergeometric discriminant Ehyp is a flat degeneration of the
elimination of x-variables of the family of likelihood equations.
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Sunrise/Sunset again

Ehyp
sunrise = 7[T ∗

C4C4]+ [T ∗
V (∆)C

4]+3
3∑

i=0

[T ∗
V (mi )

C4]+
∑

0≤i<j≤3

[T ∗
V (mi ,mj )

C4].

z = (m0 = 0,m1,m2,m3): generic

χz = 7EuC4(z)− 3EuV (m0)(z) = 7− 3 = 4

z = (m0 = 0,m1 = 0,m2,m3): generic

χz = 7− 3EuV (m0)(z)− 3EuV (m1)(z) +EuV (m0,m1)(z) = 7− 3− 3+ 1 = 2.

Hypergeometric discriminant gives rise to the dual picture:
ϖ : T ∗C4 = C4 × (C4)∗ → (C4)∗

ϖ(Ehyp
sunrise) =

{
1

µ0
+

1

µ1
+

1

µ2
+

1

µ3
= 0

}
.

11



Sunrise/Sunset again

Ehyp
sunrise = 7[T ∗

C4C4]+ [T ∗
V (∆)C

4]+3
3∑

i=0

[T ∗
V (mi )

C4]+
∑

0≤i<j≤3

[T ∗
V (mi ,mj )

C4].

z = (m0 = 0,m1,m2,m3): generic

χz = 7EuC4(z)− 3EuV (m0)(z) = 7− 3 = 4

z = (m0 = 0,m1 = 0,m2,m3): generic

χz = 7− 3EuV (m0)(z)− 3EuV (m1)(z) +EuV (m0,m1)(z) = 7− 3− 3+ 1 = 2.

Hypergeometric discriminant gives rise to the dual picture:
ϖ : T ∗C4 = C4 × (C4)∗ → (C4)∗

ϖ(Ehyp
sunrise) =

{
1

µ0
+

1

µ1
+

1

µ2
+

1

µ3
= 0

}
.

11



Sunrise/Sunset again

Ehyp
sunrise = 7[T ∗

C4C4]+ [T ∗
V (∆)C

4]+3
3∑

i=0

[T ∗
V (mi )

C4]+
∑

0≤i<j≤3

[T ∗
V (mi ,mj )

C4].

z = (m0 = 0,m1,m2,m3): generic

χz = 7EuC4(z)− 3EuV (m0)(z) = 7− 3 = 4

z = (m0 = 0,m1 = 0,m2,m3): generic

χz = 7− 3EuV (m0)(z)− 3EuV (m1)(z) +EuV (m0,m1)(z) = 7− 3− 3+ 1 = 2.

Hypergeometric discriminant gives rise to the dual picture:
ϖ : T ∗C4 = C4 × (C4)∗ → (C4)∗

ϖ(Ehyp
sunrise) =

{
1

µ0
+

1

µ1
+

1

µ2
+

1

µ3
= 0

}
.

11



Sunrise/Sunset again

Ehyp
sunrise = 7[T ∗

C4C4]+ [T ∗
V (∆)C

4]+3
3∑

i=0

[T ∗
V (mi )

C4]+
∑

0≤i<j≤3

[T ∗
V (mi ,mj )

C4].

z = (m0 = 0,m1,m2,m3): generic

χz = 7EuC4(z)− 3EuV (m0)(z) = 7− 3 = 4

z = (m0 = 0,m1 = 0,m2,m3): generic

χz = 7− 3EuV (m0)(z)− 3EuV (m1)(z) +EuV (m0,m1)(z) = 7− 3− 3+ 1 = 2.

Hypergeometric discriminant gives rise to the dual picture:
ϖ : T ∗C4 = C4 × (C4)∗ → (C4)∗

ϖ(Ehyp
sunrise) =

{
1

µ0
+

1

µ1
+

1

µ2
+

1

µ3
= 0

}
.

11



Sunrise/Sunset again

Ehyp
sunrise = 7[T ∗

C4C4]+ [T ∗
V (∆)C

4]+3
3∑

i=0

[T ∗
V (mi )

C4]+
∑

0≤i<j≤3

[T ∗
V (mi ,mj )

C4].

z = (m0 = 0,m1,m2,m3): generic

χz = 7EuC4(z)− 3EuV (m0)(z) = 7− 3 = 4

z = (m0 = 0,m1 = 0,m2,m3): generic

χz = 7− 3EuV (m0)(z)− 3EuV (m1)(z) +EuV (m0,m1)(z) = 7− 3− 3+ 1 = 2.

Hypergeometric discriminant gives rise to the dual picture:
ϖ : T ∗C4 = C4 × (C4)∗ → (C4)∗

ϖ(Ehyp
sunrise) =

{
1

µ0
+

1

µ1
+

1

µ2
+

1

µ3
= 0

}
.

11



Sunrise/Sunset again

Ehyp
sunrise = 7[T ∗

C4C4]+ [T ∗
V (∆)C

4]+3
3∑

i=0

[T ∗
V (mi )

C4]+
∑

0≤i<j≤3

[T ∗
V (mi ,mj )

C4].

z = (m0 = 0,m1,m2,m3): generic

χz = 7EuC4(z)− 3EuV (m0)(z) = 7− 3 = 4

z = (m0 = 0,m1 = 0,m2,m3): generic

χz = 7− 3EuV (m0)(z)− 3EuV (m1)(z) +EuV (m0,m1)(z) = 7− 3− 3+ 1 = 2.

Hypergeometric discriminant gives rise to the dual picture:

ϖ : T ∗C4 = C4 × (C4)∗ → (C4)∗

ϖ(Ehyp
sunrise) =

{
1

µ0
+

1

µ1
+

1

µ2
+

1

µ3
= 0

}
.

11



Sunrise/Sunset again

Ehyp
sunrise = 7[T ∗

C4C4]+ [T ∗
V (∆)C

4]+3
3∑

i=0

[T ∗
V (mi )

C4]+
∑

0≤i<j≤3

[T ∗
V (mi ,mj )

C4].

z = (m0 = 0,m1,m2,m3): generic

χz = 7EuC4(z)− 3EuV (m0)(z) = 7− 3 = 4

z = (m0 = 0,m1 = 0,m2,m3): generic

χz = 7− 3EuV (m0)(z)− 3EuV (m1)(z) +EuV (m0,m1)(z) = 7− 3− 3+ 1 = 2.

Hypergeometric discriminant gives rise to the dual picture:
ϖ : T ∗C4 = C4 × (C4)∗ → (C4)∗

ϖ(Ehyp
sunrise) =

{
1

µ0
+

1

µ1
+

1

µ2
+

1

µ3
= 0

}
.

11



Sunrise/Sunset again

Ehyp
sunrise = 7[T ∗

C4C4]+ [T ∗
V (∆)C

4]+3
3∑

i=0

[T ∗
V (mi )

C4]+
∑

0≤i<j≤3

[T ∗
V (mi ,mj )

C4].

z = (m0 = 0,m1,m2,m3): generic

χz = 7EuC4(z)− 3EuV (m0)(z) = 7− 3 = 4

z = (m0 = 0,m1 = 0,m2,m3): generic

χz = 7− 3EuV (m0)(z)− 3EuV (m1)(z) +EuV (m0,m1)(z) = 7− 3− 3+ 1 = 2.

Hypergeometric discriminant gives rise to the dual picture:
ϖ : T ∗C4 = C4 × (C4)∗ → (C4)∗

ϖ(Ehyp
sunrise) =

{
1

µ0
+

1

µ1
+

1

µ2
+

1

µ3
= 0

}
.

11



Projective duality

(in progress)
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Projective duality

(PN−1)∗ × PN−1

⊂

P(T ∗
Cone(Y )C

N) = {(H, ℓ) ∈ (PN−1)∗ × Ysm | TℓY ⊂ H}

Y ⊂ PN−1(PN−1)∗ ⊃ Y ∨

Figure: Dehomonegized
1
µ0

+ 1
µ1

+ 1
µ2

+ 1
µ3

= 0
Figure: Dehomogenized
V (∆)

Projective duality does not preserve degree or dimension.
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Fourier transform

Assume linearity: f (x ; z) =
∑N

i=1 zi fi (x).

IΓ(z ; ν) =

∫
dξ exp{

N∑
i=1

ziξi}
∫
Γ

N∏
i=1

δ(ξi − x0fi (x))x
ν0
0 · · · xνnn

dx0 · · · dxn
x0 · · · xn

.

ÎΓ(ξ; ν) =

∫
Γ

N∏
i=1

δ(ξi − x0fi (x))x
ν0
0 · · · xνnn

dx0 · · · dxn
x0 · · · xn

.

ÎΓ(ξ; ν) is supported on a SINGLE IRREDUCIBLE VARIETY

∇̂χ(Z ) := Im ((C∗)n+1 ∋ (x0, x) 7→ (x0f1(x), . . . , x0fN(x)) ∈ CN).

We expect a correspondence

(Irreducible decomposition of ∇χ(Z )) ↔ (A stratification of ∇̂χ(Z )).
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ÎΓ(ξ; ν) is supported on a SINGLE IRREDUCIBLE VARIETY

∇̂χ(Z ) := Im ((C∗)n+1 ∋ (x0, x) 7→ (x0f1(x), . . . , x0fN(x)) ∈ CN).

We expect a correspondence

(Irreducible decomposition of ∇χ(Z )) ↔ (A stratification of ∇̂χ(Z )).

14



(n − 1)-loop banana

p −p

m1

m2...
mn

Bn =

Theorem (in progress)

The hypergeometric discriminant of Bn is given by a formal sum

Ehyp
Bn

= n0[T
∗
ZZ ] + [T ∗

V (∆n)
Z ] +

n−1∑
p=1

np
∑

0≤i1<···<ip≤n

[T ∗
V (mi1

,...,mip )
Z ],

where Z = Cn+1 and np = 2n−p − 1. The variety VPn(∆n) is the
projective dual of the reciprocal hyperplane 1

µ0
+ 1

µ1
+ · · ·+ 1

µn
= 0.

This result repackages Euler characteristic computation of Bn
([Bitoun-Bogner-Klausen-Panzer ’18]).
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Thank you for your attention!

16



Example: debox and a rational cubic threefold

p1 p4

p3p2

x1 x4

x3

x5

x2

fdebox(x ; z) =

M1x1x2x5 +M2x1x2x3 +M3x1x3x4 +M3x2x3x4

+M4x1x4x5 +M4x2x4x5 + sx1x3x5 + sx2x3x5 + tx1x2x4

+x1x2 + x1x3 + x1x4 + x1x5 + x2x3 + x2x4 + x2x5

Set M4 = 0. The Euler discriminant locus is

M1M2M3s(M3 − s)(M1 − t)(M1M3 − st)∆2(s,M1,M2)∆2(t,M2,M3)λ(s, t,M1,M2,M3) = 0.

∆2 is quadratic and λ(s, t,M1,M2,M3) is a cubic polynomial given by

M2
1M3 −M1M2M3 +M1M2s +M1M

2
3 −M1M3s −M1M3t −M1st +M2M3t −M2st −M3st + s2t + st2.

Smooth cubic threefolds are irrational (Clemens-Griffith’s theorem).
17



Example:parachute

p1

p2

p3x2 x1

x4

x3

f (x ; z) =(1−
4∑

i=1

mixi )((x1 + x2)(x3 + x4) + x1x2)

+ x1x2(M1x3 +M2x4) +M3x3x4(x1 + x2)

Simplification: m2 = m3 = M2 = 0
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List of (Y ,mY )

codimY (Y ,mY )

0 ({0} , 8)
1 ({m4M1 −m1M3} , 1), ({m1 −m4 −M1 +M3} , 1), ({m1 −m4} , 1),

({m1 −M1} , 1), ({m1} , 4), ({m4 +M1 −M3} , 1), ({m4 −M3} , 2),
({m4} , 2), ({M1 −M3} , 2), ({M1} , 2), ({M3} , 2)

2 ({m4 +M1 −M3,m1} , 1), ({m4 −M3,m1 −M1} , 1), ({m4 −M3,m1} , 1),
({m1,m4} , 2), ({M1 −M3,m1 −m4} , 1), ({M1 −M3,m1} , 1),

({M1 −M3,m4} , 1), ({m1,M1} , 2), ({M1,m4 −M3} , 1), ({m1,M3} , 1),
({m4,M3} , 2), ({M1,M3} , 2)

3 ({M1 −M3,m4,m1} , 1), ({M1,m4 −M3,m1} , 1), ({m1,m4,M3} , 1),
({m1,M1,M3} , 1), ({m4,M1,M3} , 1)

4 ({m1,m4,M1,M3} , 1)
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