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Extreme need for precise theoretical predictions for signal templates for Matched filtering analyses
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The gravitational waveform
Scattering Waveform emitted by a system of two scattering black holes 

hμν
|x|→∞

= ημν +
κ2M

8π |x | [ κ2M

−b2
ĥ(1)

μν + ( κ2M

−b2 )2 ĥ(2)
μν + …]

Jakobsen, Mogull, Plefka,Steinhoff  
Mougiakakos, Riva, Vernizzi 

De Angelis, Gonzo, Novichkov 
Brandhuber, Brown, Chen, Gowdy, Travaglini
Aoude, Haddad, Heissenberg, Helset

Spin: 
momentum space: 

Di Vecchia, Heisenberg, Russo, Veneziano 

Brandhuber, Brown, Chen, De Angelis, Gowdy, Travaglini

Georgoudis, Heissenberg, Varquez-Holm 
Herderschee, Roiban, Teng

G.B., De Angelis

Bohnenblust, Ita, Kraus, SchlenkBrandhuber, Brown, Chen, Travaglini, Matasan
Elkhidir, O’Connell,Sergola, Vazquez-Holm

Jakobsen, Mogull, Plefka,Steinhoff   result:
𝒪[G] Kovacs, Thorne 
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Classical Physics from Scattering Amplitudes

bm2
Impact parameter

m1
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Classical Physics from Scattering Amplitudes

Classical Physics is governed by long-range contributions: Local interactions are quantum


bm2
Impact parameter

m1

1
m

≪ G m ≪ |b | ≪ r

Compton  
wavelength

Schwarzschild  
radius

Impact  
parameter Post-Minkowskian  

expansion parameter

Distance

Gm
b

The scales of the problem


Effective Field Theory approach: Black-holes as point particles
 Goldberger, Rothstein
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Physical Observables from Scattering Amplitudes

|ψ⟩out = S |ψ⟩in S = 1 + i T

Asymptotic states for two compact objects:  wavefunctions peaked around their classical values


|ψ⟩in = ∫ dϕ(p1)dϕ(p2) ϕ1(p1)ϕ2(p2) ei(b1⋅p1+b2⋅p2) |p1, p2⟩in
wavefunction Two particle 


momentum eigenstates
On-shell phase

 space integral

Kosower, Maybee, O’Connell

5



Physical Observables from Scattering Amplitudes

|ψ⟩out = S |ψ⟩in S = 1 + i T

Asymptotic states for two compact objects:  wavefunctions peaked around their classical values


|ψ⟩in = ∫ dϕ(p1)dϕ(p2) ϕ1(p1)ϕ2(p2) ei(b1⋅p1+b2⋅p2) |p1, p2⟩in
wavefunction Two particle 


momentum eigenstates
On-shell phase

 space integral

Δ⟨𝒪⟩ = out⟨ψ |𝒪 |ψ⟩out − in⟨ψ |𝒪 |ψ⟩in = in⟨ψ |S†[𝒪, S] |ψ⟩in

Expectation value of a physical observable


Kosower, Maybee, O’Connell

5



Physical Observables from Scattering Amplitudes

|ψ⟩out = S |ψ⟩in S = 1 + i T

Asymptotic states for two compact objects:  wavefunctions peaked around their classical values


|ψ⟩in = ∫ dϕ(p1)dϕ(p2) ϕ1(p1)ϕ2(p2) ei(b1⋅p1+b2⋅p2) |p1, p2⟩in
wavefunction Two particle 


momentum eigenstates
On-shell phase

 space integral

Δ⟨𝒪⟩ = out⟨ψ |𝒪 |ψ⟩out − in⟨ψ |𝒪 |ψ⟩in = in⟨ψ |S†[𝒪, S] |ψ⟩in

Expectation value of a physical observable


The gravitational waveform


𝒪 = 𝒪𝒲 = κ ϵμν
λ hμν gμν = ημν + κ hμν

Kosower, Maybee, O’Connell
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Scattering Waveforms from Amplitudes 

𝒲̃ h(u, n) =
1

4πr ∫
∞

0

̂dω∫ dμ{ ̂δD(q1 + q2 − k)e−i ωu[ ] + c . c.}− i ∫ d(LIPS)

Five-points amplitude Iteration terms

ℳ(p1p2 → p′￼1p′￼2kh) ℳ * (p̃′￼1p̃′￼2 → X̃) ⊗ ℳ(p1p2 → Xk−h)

Fourier Transform

dμ =
2

∏
i=1

̂dDqiδ(2pi ⋅ qi + q2
i )eibi⋅qi

The Fourier transform of  scattering amplitudes.
2 → 3

Cristofoli, Gonzo, Kosower, O’Connell
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Scattering Waveforms from Amplitudes 

Caron-Huot, Giroux, Hannesdottir, Mizera
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How to compute waveforms?
Loop and Fourier integration are intertwined together: loop-by-loop approach is very cumbersome


𝒲h(ω, n) = ∫ d ̂μ eib⋅q{ +c . c.}in − in
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How to compute waveforms?
Loop and Fourier integration are intertwined together: loop-by-loop approach is very cumbersome


A combined Fourier-Loop approach: Scattering Amplitudes techniques in impact parameter space

GB, De Angelis, Kosower

Integrand 
Generation

Integral 
Reduction

Integral  
Evaluation

GB, De Angelis

𝒲h(ω, n) = ∫ d ̂μ eib⋅q{ +c . c.}in − in

GB, Crisanti, Giroux, Mastrolia, SmithGravitational Waveforms as Twisted Period Integrals 
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Where are classical contributions?
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Where are classical contributions?

m1u1 +
q1
2 m1u1 → q1

2

m2u2 +
q2
2 m2u2 → q2

2

k = q1 + q2

y = u1 ⋅ u2 > 1

wi = ui ⋅ k > 0

q2
i < 0

Five-points amplitudes in momentum space
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p1

p2

p6p3 p5 p4

|zb

The singularities of five-points scattering amplitudes
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Where are classical contributions?

. . .

Intermediate gravitons going on-shell

q2
i = 0

Massive (classical) particles going on-shell

(miui ± qi

2
− k)2 − m2

i = 0

p1

p2

p6p3 p5 p4

|zb

The singularities of five-points scattering amplitudes
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Where are classical contributions?

. . .

Intermediate gravitons going on-shell

q2
i = 0

Massive (classical) particles going on-shell

(miui ± qi

2
− k)2 − m2

i = 0

Classical limit captured by on-shell gravitons, corresponding to long-range interactions


p1

p2

p6p3 p5 p4

|zb

The singularities of five-points scattering amplitudes
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Integrand generation: diagrammatics
. . .

Intermediate gravitons going on-shell

q2
i = 0
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Heavy-mass diagrammatics

⇒
m ≫ 1

H +…
𝒪(m2)

GR ⇒
m ≫ 1

H H + HH

𝒪(m3) 𝒪(m2)

+…GR

⇒
m ≫ 1

H H H

𝒪(m4)

H H+
𝒪(m3)

+
𝒪(m2)

+…GR H

Brandhuber, Brown, Chen, De Angelis, Gowdy, Travaglini

Brandhuber, Chen, Travaglini, Wen

Brandhuber, Brown, Chen, Gowdy, Travaglini, Wen
Brandhuber, Chen, Johansson, Travaglini, Wen
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The leading-order waveform

T(0) = ∪ q2
1 = 0q2

2 = 0

Integrand 
Generation

 Integrand generation from Generalised Unitarity
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The leading-order waveform

T(0) = ∪ q2
1 = 0q2

2 = 0
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Polarisation sum

∑
h

ϵμ1ν1
−k ϵμ2ν2
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T(0) =
m2

1m2
2κ3

q2
1q2

2w2
1 [(q1 ⋅ Fk ⋅ u1)2(y2 −

1
Ds − 2 ) +

q1 ⋅ Fk ⋅ u1u1 ⋅ Fk ⋅ u2

w2 (−y(q2
2 + 2w1w2) +

1
Ds − 2

q2
2)

+
(u1 ⋅ Fk ⋅ u2)2

4w2
2 ((q2

2 y + 2w1w2)2 −
1

Ds − 2
q4

2)] ,



The leading-order waveformIntegral 
Reduction

𝒲(0)
h =

eiω n⋅b2

4πr ∫ ̂q
ei b⋅q ̂δ(u1 ⋅ q) ̂δ(u2 ⋅ (q − k)) T(0)

Fourier transform Integrand 

Tensor structures appearing 

q ⋅ Fk ⋅ u1
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Decomposition in scalar Form Factors


Pμν =
4

∑
i=1

̂vμ
i vν

i vμ
i ∈ {uμ

1 , uμ
2 , bμ, kμ}

Projector External vectors 

vμ
i ̂vjμ = δij

Dual vectors 

̂vμ
i = G−1

ij vμ
j .

Closed form 

Anastasiou, Karlen, Vicini 
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Decomposition in scalar Form Factors


Pμν =
4

∑
i=1

̂vμ
i vν

i vμ
i ∈ {uμ

1 , uμ
2 , bμ, kμ}

Projector External vectors 

vμ
i ̂vjμ = δij

Dual vectors 

̂vμ
i = G−1

ij vμ
j .

Closed form 

Anastasiou, Karlen, Vicini 

Tμ1…μN = Tν1…νN

N

∏
i=1

Pμiνi

Four dimensional external kinematics: factorisation of tensors


ημν = Pμν

Peraro, Tancredi 



The leading-order waveformIntegral 
Reduction (II)

Ia1 1 1 a4a5
= ∫ ̂q

ei b⋅q (i b ⋅ q)−a1 ̂δ(u1 ⋅ q) ̂δ(u2 ⋅ (q − k))
(q2)a4((q − k)2)a5

D1 = i b ⋅ q,

Ia1a2a3a4a5
= ∫ ̂q

eD1
1

∏5
i=1 Dai

i

D2 = q2,
D3 = (q − k)2,
D4 = u1 ⋅ q
D5 = u2 ⋅ (k − q)

Integral family

Reverse Unitarity
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∫ ̂q

∂
∂qμ (eD1

vμ

∏5
i=1 Dai

i
) = 0

Integration-by-parts identities for Fourier integrals


IBPa1,…,a5
[1 − D1] + IBPa1−1,…,a5

[1] = 0

LiteRed 
FiniteFlow 
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Decomposition into a basis of 6 Master Integrals


J1+n = J3+n = J5+n = n = 0,1

δ(n)
b = bμ1⋯bμn

∂
∂bμ1

⋯
∂

∂bμn

∫ ̂q

∂
∂qμ (eD1

vμ

∏5
i=1 Dai

i
) = 0

Integration-by-parts identities for Fourier integrals


IBPa1,…,a5
[1 − D1] + IBPa1−1,…,a5

[1] = 0

LiteRed 
FiniteFlow 



Evaluating Fourier IntegralsIntegral 
Evaluation 

qμ = z1u
μ
1 + z2u

μ
2 + zbb̂μ + zvṽ

μ
⊥

Parametrisation 

14

u2
1 = u2

2 = b̂2 = − v2
⊥ = 1

v⊥ ⋅ u1 = v⊥ ⋅ u2 = v⊥ ⋅ b̂ = 1Ji ∼ ∫
+∞

−∞
dzbe−i zb −b2 ∫

∞

−∞
dzv fi(zb, zv)

G.B., S. De Angelis, D. Kosower 
In progress 
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μ
⊥

Parametrisation 

14

u2
1 = u2

2 = b̂2 = − v2
⊥ = 1

v⊥ ⋅ u1 = v⊥ ⋅ u2 = v⊥ ⋅ b̂ = 1Ji ∼ ∫
+∞

−∞
dzbe−i zb −b2 ∫

∞

−∞
dzv fi(zb, zv)

2

∑
j=1

∫ ̂zj

dzv fi(zb, zv) + i∫
∞

ρ
dx Disc

̂zj>0
[ fi(zb, zv)]Fi(zb) =

Contour deformation 


G.B., S. De Angelis, D. Kosower 
In progress 

q21 = 0

q21 = 0

q22 = 0

q22 = 0

|zv



Evaluating Fourier IntegralsIntegral 
Evaluation 

qμ = z1u
μ
1 + z2u

μ
2 + zbb̂μ + zvṽ
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Loop integrals via canonical differential equations 
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D1 = u1 ⋅ ℓ , D2 = u2 ⋅ ℓ , D3 = ℓ2 , D4 = (ℓ + q1)2 , D5 = (ℓ − q2)2 .

1
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Distribution identity 

At  we obtain an expression in terms of logarithms
𝒪[ϵ0]
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Outlooks

Combined approach: Scattering amplitudes techniques in frequency space 

Gravitational Waveforms from scattering amplitudes 

Analytic One-loop gravitational waveform in frequency domain 

Differential equations in frequency domain? [G.B., Chestnov, Crisanti, Giroux, Smith, in progress] 



Thank you!


