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BGR18 = Bertone, Gauld & Rojo, JHEP 01 (2019) 217
see also MHR, Ann Rev Nucl Part Sci 2023

QE=quasi-elastic, RES=resonant, DIS=deep inelastic scattering

DIS

See Alfonso’s talk yesterday.



Neutrino cross sections with hypothetical FPF
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Shown here: current measurements, plus potential for future Forward 
Physics Facility (FPF) measurements (statistical uncertainty only). 
FPF neutrinos mostly E>100 GeV, but still many events below 100 GeV.
What is the role of low Q?

Feng et al., J Phys G 3 (2023) 030501 

~105 𝜈! + 𝜈̅!

~106 𝜈" + 𝜈̅"

~103 𝜈# + 𝜈̅#

FPF Interactions:
𝜈!𝜈" 𝜈#



Inelastic cross sections
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𝑄$ = −𝑞$

𝑊$ = 𝑄$
1
𝑥 − 1 +𝑚%

$

𝑥 =
𝑄$

2𝑝 ⋅ 𝑞

MHR, Eur.Phys.J.ST 230 (2021) 24, 4419-4431

shaded: not inelastic
dashed: W= 2 GeV
solid: limit for (𝑥, 𝑄$)

squares: avg values 
@ fixed energies



SIS, DIS, soft DIS
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E = 7 GeV
Look at inclusive meson production, 
Morfin and Athar have: 
§ All  𝑄$, 𝑊 < 2 GeV – SIS
§ 𝑄$> 1 GeV2, 𝑊 > 2 GeV – DIS
§  𝑄$ < 1 GeV2, 𝑊 > 2 GeV – 

“soft” DIS
Where:
§ SIS – resonant and non-resonant 

pion production
§ DIS – (more or less) pert QCD with 

partons
§ soft DIS – not scattering with 

quarksFig: Morfin & Athar, 2006.08603

Interest here: low 𝑄$ structure functions 
for inclusive cross sections



Low 𝑄! structure functions
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𝑄$ = 4	𝐺𝑒𝑉$

shaded: not inelastic
dashed: W= 2 GeV
solid: limit for 𝑥, 𝑄$

interested in Q2< 4 GeV2, away 
from the resonance region 

𝑊$ = 𝑄$
1
𝑥
− 1 + 𝑚%

$



Q2 dependence of CC cross section
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different Wmin
𝜈" 	&	𝜈̅"

Low 𝑄$ important even when 𝑊 >𝑊&'(. 𝜈̅"  more sensitive to low 𝑄$ than	𝜈".

●

●
●

● ●

●



Differential cross section
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Structure function strategies:
§ Must match PDF approach at high 𝑄$.
§ Go directly to neutrino data and make fits (Candido… Garcia Soto et al. NNSF𝜈)
§ Use EM scattering as a guide, correct EM to CC, and for PCAC.

§ Bodek-Yang (BY) more directly tied to PDFs, standard implementation without PCAC.
§ We “patch and match” with parameterized (but theory-guided) structure functions 

from Capella et al. (CKMT). 



Plan
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§ Brief review of Bodek-Yang prescription.
§ Walk through what we have done with CKMT approach to get neutrino structure 

functions.
§ Discussion points.



Bodek-Yang prescription
§ Keep parton picture.

§ Advantage: use parton composition to go from EM to weak structure functions
§ Disadvantage: parton picture not relevant at low Q2

§ GRV98 go to low Q2 – modify with new x and Q2 variables:
<latexit sha1_base64="d9pObYYqkQ3Mp/h3QXHUmXM/uqA="></latexit>

FEM
2 =

X
e2q⇠w(q̃(⇠w, Q

2) + ˜̄q(⇠w, Q
2))
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GRV98 LO PDFs, modified Nachtmann variable (more below), freeze 
below Q2

0 = 0.8 GeV2, then multiplied by Q2 dependent K-factors). See  
Bodek, Park, Yang, Nucl. Phys. B Proc. Suppl. 139, 113 (2005)

(also extra valence factors)



Bodek-Yang prescription
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F2(x,Q2) for deuteron, fit with solid red line.
Dashed – GRV98LO 

https://arxiv.org/pdf/1011.6592

Q2=0 limit,
extra valence factor



CKMT to 𝜈: start with EM structure functions
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§ BC=Bosted, Christy, Phys. Rev. C 81, 055213 (2010) parametrization of EM data.
§ TMC is parton distribution function (PDF) approach that includes target mass (nucleon target) corrections, see 

e.g., Schienbein et al. J Phys G 35 (2008) 053101. See also Ruiz et al, Prog Part Nucl Phys 136 (2024) 104096 
§ CKMT= Capella et al. Phys. Lett. B 337, 358 (1994) phenomenological fit to averaged EM data.

𝑊$ = 𝑄$
1
𝑥
− 1 + 𝑚%

$

𝑄$ = 1.69	𝐺𝑒𝑉$ 𝑄$ = 0.45	𝐺𝑒𝑉$



NLO, NLO+TMC
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Nachtmann variable:
<latexit sha1_base64="iqGfiY86qHeEb/b9e/boemdJkjI=">AAACD3icbVDLTgIxFO34RHyhLt00Eg2EhMxMDLoxQd24hEQeCSDplA40dDqTtqOQyfyBG3/FjQuNcevWnX9jgVkoeJKbe3LOvWnvcQJGpTLNb2NpeWV1bT21kd7c2t7Zzezt16UfCkxq2Ge+aDpIEkY5qSmqGGkGgiDPYaThDK8nfuOeCEl9fqvGAel4qM+pSzFSWupmTtoj2n2AF7DtCoQje5Sr3tmFq3wc6Z6zCiJfsC9HcTeTNYvmFHCRWAnJggSVbuar3fNx6BGuMENStiwzUJ0ICUUxI3G6HUoSIDxEfdLSlCOPyE40vSeGx1rpQdcXuriCU/X3RoQ8Kceeoyc9pAZy3puI/3mtULnnnYjyIFSE49lDbsig8uEkHNijgmDFxpogLKj+K8QDpINROsK0DsGaP3mR1O2iVSqWqqfZcimJIwUOwRHIAQucgTK4ARVQAxg8gmfwCt6MJ+PFeDc+ZqNLRrJzAP7A+PwB3XqZ/Q==</latexit>

⇠w =
2x(Q2 +B)

Q2(1 + r) + 2Ax

Bodek-Yang:

§ kinematic corrections
§ kT<M corrections 

(collinear) Ellis, Furmanski, 
Petronzio, NPB212 (1983) 24



CKMT EM structure functions
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Capella et al. Phys. Lett. B 337, 358 (1994)
Also Kaidalov & Merino, Eur.Phys. J. C10, 153 (1999)

Currently looking at 
improvements. 

B and f from valence counting rules.



Photon-proton scattering – low Q2
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𝑊$ = 𝑄$
1
𝑥 − 1 +𝑚%

$

<latexit sha1_base64="UXQKanUvMhOvKwP0Jd+rMz09cxo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpUl0W3LhswT6gSctkOmmHTh7MTMQagr/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7jxdzJpVlfRuFtfWNza3idmlnd2//wDw8assoEYS2SMQj0fWwpJyFtKWY4rQbC4oDj9OON7mZ+Z17KiSLwjs1jakb4FHIfEaw0tLAPHF8gUna7Fez9CFzVIQ6/erALFsVaw60SuyclCFHY2B+OcOIJAENFeFYyp5txcpNsVCMcJqVnETSGJMJHtGepiEOqHTT+fUZOtfKEPmR0BUqNFd/T6Q4kHIaeLozwGosl72Z+J/XS5R/7aYsjBNFQ7JY5Ccc6SdnUaAhE5QoPtUEE8H0rYiMsY5D6cBKOgR7+eVV0q5W7Fql1rws12t5HEU4hTO4ABuuoA630IAWEHiEZ3iFN+PJeDHejY9Fa8HIZ47hD4zPHxsmlPk=</latexit>

Q2

x
! W 2

<latexit sha1_base64="Ih/sG2yA8CugTcNKEWlzBtFqj3g="></latexit>

��p = A�0(W
2)�0 +B↵R(W

2)↵R�1

pdg.lbl.gov (2018)

<latexit sha1_base64="K70Wj4kmIfBqzPAtMR+XCkYV+dQ="></latexit>

��⇤p(W
2, Q2) = �T + �L ' 4⇡2↵

Q2
F2(x,Q

2)

<latexit sha1_base64="+lyvOLbXVHJrmy2vsjHfoZm33T4=">AAACEnicbVA9SwNBEN2L3+dX1NJmMRi0CXeiiY0gaGGpYj4gF465zVyyZO/D3T0hBH+DjX/FxkIRWys7/42bmEITHww83pthZl6QCq6043xZuZnZufmFxSV7eWV1bT2/sVlTSSYZVlkiEtkIQKHgMVY11wIbqUSIAoH1oHc29Ot3KBVP4hvdT7EVQSfmIWegjeTn971zFBp8p+gpHuEtdUpOpeIxaXsg0i7417R44pQO3SM/XzDeCHSauGNSIGNc+vlPr52wLMJYMwFKNV0n1a0BSM2ZwHvbyxSmwHrQwaahMUSoWoPRS/d01yhtGibSVKzpSP09MYBIqX4UmM4IdFdNekPxP6+Z6fC4NeBxmmmM2c+iMBNUJ3SYD21ziUyLviHAJDe3UtYFCUybFG0Tgjv58jSpHZTccql8dVg4LY/jWCTbZIfsEZdUyCm5IJekShh5IE/khbxaj9az9Wa9/7TmrPHMFvkD6+MbOneanw==</latexit>

�0 ' 0.077

↵R = 0.415

CKMT:

F2 scales as Q2 as Q2 to 0.



Large x
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𝑛 0 = *
$
 (dual parton model power)
𝑛 4	𝐺𝑒𝑉$ = 2.3
𝑛 10	𝐺𝑒𝑉$ = 2.6

one extra power of (1-x) for
down quark 

naïve counting rules for partons:
n= 3 for valence
n = 7 for sea



Conversion to neutrino CC scattering
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§ Valence and sea normalization factors:
§ Conserved vector current dictates the low Q behavior of structure function for EM. Adapt 

A, B and f for neutrino scattering. B & f from valence counting at 2 GeV2, A from sea 
relations.

§ Ad hoc implementation of PCAC correction, so far.

Capella et al. Phys. Lett. B 337, 358 (1994)

Kulagin & Petti, Phys. Rev. D 76, 094023 (2007)

Similar behavior to CKMT 𝑝𝛾 
𝜖 ≃ Δ&, 𝜂' ≃ 𝛼( − 1



Conversion to neutrino CC scattering
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<latexit sha1_base64="hfK6J1sUgHH88rakeAp5MYmD6ug=">AAACGHicbVDLTsJAFJ36RHxVXbqZSDSuaksQ3JiAbFxiIo8EKpkOU5gw0zYzUxPS8Blu/BU3LjTGLTv/xgG6EPAkNzk5597ce48XMSqVbf8Ya+sbm1vbmZ3s7t7+waF5dNyQYSwwqeOQhaLlIUkYDUhdUcVIKxIEcY+RpjesTv3mMxGShsGjGkXE5agfUJ9ipLTUNa8qT0lHcFirVqpjeHELbcsplDpYZO8WDDh18tfFrpmzLXsGuEqclORAilrXnHR6IY45CRRmSMq2Y0fKTZBQFDMyznZiSSKEh6hP2poGiBPpJrPHxvBcKz3oh0JXoOBM/TuRIC7liHu6kyM1kMveVPzPa8fKv3ETGkSxIgGeL/JjBlUIpynBHhUEKzbSBGFB9a0QD5BAWOksszoEZ/nlVdLIW07RKj4UcuViGkcGnIIzcAkcUAJlcA9qoA4weAFv4AN8Gq/Gu/FlfM9b14x05gQswJj8Ar5Gmyk=</latexit>

APCAC = 0.147

BPCAC = 0.256

From pion scattering, functional form,
match at Q2 = 0:

𝐵+  and 𝑓+, from valence counting rules.
For 𝐴+, pick to match NLO+TMC at Q2=10 GeV2.
F3: valence plus small (strange) sea component, 
normalized to match NLO+TMC, GLS sum rule.
Crude longitudinal structure function.



Weak structure functions
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For	𝑄	$ > 𝑄-$ use PDFs, NLO QCD and target mass corrections (TMC):

For 𝑄	$< 𝑄-	$  use phenomenological parameterization:

! FNLO+TMC

2,CC
(x,Q2)

<latexit sha1_base64="vgYDic8I1fCCbw0ErJ3hmc4fFpE="></latexit>

times normalization at Q0
2



Weak structure functions
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Patch and match at 𝑄-$ = 4	𝐺𝑒𝑉$, for 𝑄	$< 𝑄-$:

                                                                                             “CKMT+PCAC-NT”
                                                                                                  no PCAC: “CKMT-NT”

 

• Compare with Bodek-Yang prescription 
• Compare with NNSFv structure function inputs, where NNPDF fitting methodology for 

low Q structure functions is used. See Candido et al., JHEP 05 (2023) 149 and Alfonso Garcia Soto (here!).

• We have started with isoscalar nucleons.



Normalization factors
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Before matching, at Q2 = 2 GeV2. Relative normalization at Q2 = 2 GeV2.



Weak structure functions 
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isoscalar nucleon targets

Jeong & Reno, Phys Rev D 108 (2023) 113010

comparisons of approaches with and without PCAC correction

Q0
2 = 2 GeV2

NNSFnu so different? Evidence of PCAC in the data? No.

Q0
2 = 4 GeV2



Weak structure functions 
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isoscalar nucleon targets

Jeong & Reno, Phys Rev D 108 (2023) 113010

with and without PCAC correction

NNSFnu so different? Evidence of PCAC in the data? No.

Q0
2 = 4 GeV2

(17)
(13)

CKMT+PCAC-NT

CKMT-NT



DIS CC  for 𝜈", 𝜈#, 𝜈̅", 𝜈̅# for isoscalar targets
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§ CKMT+PCAC-NT extrapolation of EM fit plus PCAC corrections Jeong & Reno, Phys Rev D 108 
(2023) 113010

§ NNSFv using NNPDF fitting methodology for low Q structure functions with green error 
band Candido … Garcia … et al  JHEP 05 (2023) 149

§ Bodek-Yang prescription Bodek, Park, Yang, Nucl. Phys. B Proc. Suppl. 139, 113 (2005) 

 



DIS CC , 𝜈", 𝜈̅" for D, Fe
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note: many nuclear targets for experiments better agreement between approaches with Fe

Jeong & Reno, Phys Rev D 108 (2023) 113010

Wmin = 2 GeV
<latexit sha1_base64="HFGUVJvYZ+W5Vpu2WMsloWbrOHc=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2WmiroRCi50WcE+oDMMmTTThiaZIckIZRjc+CtuXCji1q9w59+YtrPQ1gMXTs65l9x7woRRpR3n2yotLa+srpXXKxubW9s79u5eW8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdD3xOw9EKhqLez1OiM/RQNCIYqSNFNgHnSDzJIecivyqDj04fd2Qdh7YVafmTAEXiVuQKijQDOwvrx/jlBOhMUNK9Vwn0X6GpKaYkbzipYokCI/QgPQMFYgT5WfTE3J4bJQ+jGJpSmg4VX9PZIgrNeah6eRID9W8NxH/83qpji79jIok1UTg2UdRyqCO4SQP2KeSYM3GhiAsqdkV4iGSCGuTWsWE4M6fvEja9Zp7WqvfnVUb50UcZXAIjsAJcMEFaIBb0AQtgMEjeAav4M16sl6sd+tj1lqyipl98AfW5w+v+5ZK</latexit>

Wmin = 1.4 GeV
<latexit sha1_base64="HwrOIk3MpMwHsYYEIq4HwFHWYwI=">AAACBHicbVDLSgMxFM34rPU16rKbYBFcDTO1qBuh4EKXFewDOqVk0kwbmmSGJCOUYRZu/BU3LhRx60e4829Mp7PQ1gMXTs65l9x7gphRpV3321pZXVvf2Cxtlbd3dvf27YPDtooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB5Hrmdx6IVDQS93oakz5HI0FDipE20sCudAapLznkVGRXnlOHPszfN6SdDeyq67g54DLxClIFBZoD+8sfRjjhRGjMkFI9z411P0VSU8xIVvYTRWKEJ2hEeoYKxInqp/kRGTwxyhCGkTQlNMzV3xMp4kpNeWA6OdJjtejNxP+8XqLDy35KRZxoIvD8ozBhUEdwlggcUkmwZlNDEJbU7ArxGEmEtcmtbELwFk9eJu2a4505tbt6tXFexFECFXAMToEHLkAD3IImaAEMHsEzeAVv1pP1Yr1bH/PWFauYOQJ/YH3+AJumlr8=</latexit>

Wmin = M +m⇡
<latexit sha1_base64="4ZpjB+gs9/3EarElWsrwFNgBgGY=">AAAB/XicdVDLSgMxFM34rPVVHzs3wSIIwjCd1rYuhIIbN0IF+4B2GDJp2oYmmSHJCHUo/oobF4q49T/c+Tdm2goqeuDC4Zx7ufeeIGJUacf5sBYWl5ZXVjNr2fWNza3t3M5uU4WxxKSBQxbKdoAUYVSQhqaakXYkCeIBI61gdJH6rVsiFQ3FjR5HxONoIGifYqSN5Of2W37SlRxyKibnVyfc70Y06+fyjn1WLbunLnRsx6m4xXJK3ErJLcKCUVLkwRx1P/fe7YU45kRozJBSnYITaS9BUlPMyCTbjRWJEB6hAekYKhAnykum10/gkVF6sB9KU0LDqfp9IkFcqTEPTCdHeqh+e6n4l9eJdb/qJVREsSYCzxb1YwZ1CNMoYI9KgjUbG4KwpOZWiIdIIqxNYGkIX5/C/0nTtQtF270u5WvuPI4MOACH4BgUQAXUwCWogwbA4A48gCfwbN1bj9aL9TprXbDmM3vgB6y3T715lLg=</latexit>



DIS CC , 𝜈", 𝜈̅" for D
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note: many nuclear targets for experiments 

Jeong & Reno, Phys Rev D 108 (2023) 113010

Wmin = 1.4 GeV
<latexit sha1_base64="HwrOIk3MpMwHsYYEIq4HwFHWYwI=">AAACBHicbVDLSgMxFM34rPU16rKbYBFcDTO1qBuh4EKXFewDOqVk0kwbmmSGJCOUYRZu/BU3LhRx60e4829Mp7PQ1gMXTs65l9x7gphRpV3321pZXVvf2Cxtlbd3dvf27YPDtooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB5Hrmdx6IVDQS93oakz5HI0FDipE20sCudAapLznkVGRXnlOHPszfN6SdDeyq67g54DLxClIFBZoD+8sfRjjhRGjMkFI9z411P0VSU8xIVvYTRWKEJ2hEeoYKxInqp/kRGTwxyhCGkTQlNMzV3xMp4kpNeWA6OdJjtejNxP+8XqLDy35KRZxoIvD8ozBhUEdwlggcUkmwZlNDEJbU7ArxGEmEtcmtbELwFk9eJu2a4505tbt6tXFexFECFXAMToEHLkAD3IImaAEMHsEzeAVv1pP1Yr1bH/PWFauYOQJ/YH3+AJumlr8=</latexit>

Wmin = M +m⇡
<latexit sha1_base64="4ZpjB+gs9/3EarElWsrwFNgBgGY=">AAAB/XicdVDLSgMxFM34rPVVHzs3wSIIwjCd1rYuhIIbN0IF+4B2GDJp2oYmmSHJCHUo/oobF4q49T/c+Tdm2goqeuDC4Zx7ufeeIGJUacf5sBYWl5ZXVjNr2fWNza3t3M5uU4WxxKSBQxbKdoAUYVSQhqaakXYkCeIBI61gdJH6rVsiFQ3FjR5HxONoIGifYqSN5Of2W37SlRxyKibnVyfc70Y06+fyjn1WLbunLnRsx6m4xXJK3ErJLcKCUVLkwRx1P/fe7YU45kRozJBSnYITaS9BUlPMyCTbjRWJEB6hAekYKhAnykum10/gkVF6sB9KU0LDqfp9IkFcqTEPTCdHeqh+e6n4l9eJdb/qJVREsSYCzxb1YwZ1CNMoYI9KgjUbG4KwpOZWiIdIIqxNYGkIX5/C/0nTtQtF270u5WvuPI4MOACH4BgUQAXUwCWogwbA4A48gCfwbN1bj9aL9TprXbDmM3vgB6y3T715lLg=</latexit>

Difference between blue-dashed 
and red is averaged “SIS” 
contribution.
Dotted blue – no PCAC but 
otherwise equivalent to the red 
curve.



DIS CC , 𝜈", 𝜈̅" for Fe
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better agreement between approaches with Fe

Jeong & Reno, Phys Rev D 108 (2023) 113010

Wmin = 2 GeV
<latexit sha1_base64="HFGUVJvYZ+W5Vpu2WMsloWbrOHc=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2WmiroRCi50WcE+oDMMmTTThiaZIckIZRjc+CtuXCji1q9w59+YtrPQ1gMXTs65l9x7woRRpR3n2yotLa+srpXXKxubW9s79u5eW8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdD3xOw9EKhqLez1OiM/RQNCIYqSNFNgHnSDzJIecivyqDj04fd2Qdh7YVafmTAEXiVuQKijQDOwvrx/jlBOhMUNK9Vwn0X6GpKaYkbzipYokCI/QgPQMFYgT5WfTE3J4bJQ+jGJpSmg4VX9PZIgrNeah6eRID9W8NxH/83qpji79jIok1UTg2UdRyqCO4SQP2KeSYM3GhiAsqdkV4iGSCGuTWsWE4M6fvEja9Zp7WqvfnVUb50UcZXAIjsAJcMEFaIBb0AQtgMEjeAav4M16sl6sd+tj1lqyipl98AfW5w+v+5ZK</latexit>

§ Blue solid and dashed – nCTEQ15 PDFs for D, Fe
§ Very little change with Fe.

§ Upper green – D, lower green – Fe 
§ Much bigger difference.
§ Neutrino data – not with light nuclei.  



Neutrino data
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Nuclear targets:
Ne – BEBC
Fe - CDHS, CCFR, NuTeV
CuCO3 – CHARM (A~20)



Remarks
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§ Based on our CKMT+PCAC (patched and matched) extrapolation, the fraction 
contribution of low Q, W< 2 GeV for E>100 GeV in CC cross section is small, but is 
larger for low E, depends on W.
§ E = 50 GeV, Wmin=1.4 GeV, Q2<2 GeV2 accounts for ~15% of the 𝜈"  CC cross section, 

~30% of the 𝜈̅"  CC cross section.
§ Thus, even above W=1.4, 2 GeV, modeling low Q structure functions for E<100 GeV is 

useful for FPF experiments, can have implications for DUNE. There will be 10’s of 
thousands of 𝜈" + 𝜈̅"  CC events at a potential future FPF in the energy range of 50-100 
GeV in the high luminosity era. 



More remarks
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§ The NNSFv structure function extrapolations to deuterium don’t agree with 
our inputs. 
§ Are nuclear corrections different for weak and EM scattering?
§ Small-x behavior is very different!

§ CKMT+PCAC as implemented can be improved, or is there a better way?
§ Extensive fits to HERA data (ALLM), but hard to see how to convert to 

weak structure functions.
§ What is the right way to implement PCAC? We did a crude job.



ALLM
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HHT-ALLM
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see https://arxiv.org/pdf/1704.03187

ALLM: H. Abramowicz et al., Phys. 
Lett. B 269, 465 (1991);
H. Abramowicz and A. Levy (1997), 
[hep-ph/9712415].

HHT-ALLM: New fit to combined 
HERA data.
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