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The LEFT: Four-Fermion Operators

Up to dimension-six terms, the Lagrangian of the LEFT(n,) reads
n 3) (3 5) (5 6) (6
0y = 58 s + 000 + 1000 + 3 r0f)
k k k

with fermion content:
C LEFT(S) u,¢,d, 8, b, €, My Ty Ve (heaviest: my ~ 4.2 GeV)
® LEFT(4): u,c,d,s,e, 1,7, Ve r (heaviest: m, ~ 1.8 GeV).

> LEFT(3) u7d>37€7,u7 Ve u,r (heaviest: my ~ 0.1 GeV)

We focus on the large sector of dimension-six four-fermion operators:

DBEC0® = 0c + 0z + ) L0 L
k
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The LEFT: Four-Fermion Operators

The general form of a four-fermion operator is:

Oy ~ (P1T%2) (P3T¢a)

Flavor conservation in QCD+QED = disconnected flavor sectors:

Sector Flavors Sector Flavors
AF =2 | fapetitpy | AF =15 | datpa ity
AF =1 | Qradstn | AF =17 | oy Ff
|AL| =2 | 7§04p3aby AF =0 i
|AL| =4 | T{v; Uiy |AB| =1 | ¢fq,q5¢
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Renormalization Group Evolution

The dependence of the Wilson coefficients (L;) on the renormalization
scale () is described by the beta functions,

=i Li = =
dlogn ~ ViLi= g fi= 152

dL; 1 1 .
= = LZ ) J

where ;; are the components of the ADM, to be expanded as:

(1L0) | 50D

Vij = Qs Vi & +asa7(

2,0) . ~2 (02
D 4 52430 4 62402

N

with &5 = ag/4m and & = o/47.
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Renormalization Group Evolution

The dependence of the Wilson coefficients (L;) on the renormalization
scale () is described by the beta functions,

dL; 1 1.
= L; = i = L; ,
dlogn ~ ViLi= g fi= 152 J

where ;; are the components of the ADM, to be expanded as:

(1,0)

Yij = Oug "}’U + o ’}’( 2 + aga ’7(

2,0 ~ 0,2
D 4 a2, 4 a20

Ao
with &5 = ag/4m and & = o/47.

The coefficients 7§}L’m) can be calculated using the renormalization
matrices of the Wilson coefficients,

b dZz-1
J
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Renormalization Group Evolution

The 'yz(" il can then be rewritten in terms of matrix elements*,

<Q2> - Z ﬂ2e(n+m) 5[? ™ <Qz>(n,m) :

Q;

*The matrix elements (7€) include dimension-four counterterms but not higher-dimension.
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Renormalization Group Evolution

The 'yz(" il can then be rewritten in terms of matrix elements*,

(@)=Y B rrmaram @)™,

n,m=0
LT (nmk) (i)
Q™™ =Y o550 @O + a5 E)O)]

For instance, at O(a) and O(a?) one has

(1,0) _ A(101) (101)
’Y'L] - ZQ 2Z 5Q1Q] )
20). _ (2,0;1) A(l 0;1) A (1 0;0) (1,0;1) 5 ( ,0;0) (2,0;1)
Vi = —4ag,q," T4ag,q, 4g.q, + 2005, drq, — 44, i,
where Zgi’m;l) contains the wave-function renormalization factors.

*The matrix elements (7€) include dimension-four counterterms but not higher-dimension.
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Overview

Our main result is the complete set of two-loop beta functions
describing the mixing among four-fermion operators in the
NDR scheme, for the LEFT(n,) with ng = 5,4, 3.

We express all results in the JMS basis of the LEFT.
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Overview

Here is an example for LEFT(5):

. 64 1612 16
S1,RR _ S1,RR S8,RR S1,RR S8,RR
L,ugl = g2 lgLuddu 0 WLuddu —16L° 0 + o Ly ]
)

ik ik ijhl ®

Ik 2 A siurr | 16 ssrr 46 s1RR
e e T )
62 9472  s1,rr | 16576 ;ss.rr 2120 51,rr | 928 55,
E8 TR e Py oy GRE 8l
ilky ilkj ijkl ijkl
oo | 1888 rsi,rr | 3808 ss,rr 136 51,rR | 224, 58.RR
) 81 ity 243 iy 27 4 81

[Zas il 2187 v o3

D on 392 oo apt G301 sLRR]
ijkl
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Overview

Our main result is the complete set of two-loop beta functions
describing the mixing among four-fermion operators in the
NDR scheme, for the LEFT(n,) with ng = 5,4, 3.

We express all results in the JMS basis of the LEFT.

We have obtained them using three main methods:
© Change of Basis from the Literature
@ Symmetrization of Flavor Indices

© Direct Reconstruction from the Tables of Diagram Poles
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Method 1

Change of Basis from the Literature
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Change of Basis: General Formalism

When changing operator basis,
G -R(G+WE) .

the two-loop ADM transforms in a complicated way in order to preserve
the renormalization scheme,

3/(20) — 5/(20) =1 +4z§3§l,0;1)A7§(1,0) _ [Af(l’o),&(l’o)} :
7102) ZR40D =1 4 4 7OLDAROD _ [Af(o,l)ﬁ(o,l)} :

/(L) _ py(L) p—1 _ [Af(l,o)ﬂ(o,l)} _ [Af(0,1)7,?(1,0)] :

with A7(1:0) and A7) being one-loop matrices characterizing the shift.
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Change of Basis: Results

We have collected and transformed into the JMS basis several ADMs
calculated in the literature:
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Change of Basis: Results

We have collected and transformed into the JMS basis several ADMs
calculated in the literature:

o In [1-3] they provide 4(>%) in the BMU basis for:

o The AF = 2 four-quark sectors (d;d;d;d; and w;ujui;u;).
o The AF =1 four-quark sectors (i;u;dxd;).
o The d-type AF = 177 sectors (did; fi fx)-
[1] A. J. Buras, P. H. Weisz, 1990.
[2] A. J. Buras, M. Jamin, M. E. Lautenbacher and P. H. Weisz, 1992 (hep-ph/9211304 [hep-ph]).

[3] A. J. Buras, M. Misiak and J. Urban, 2000 (hep-ph/0005183 [hep-ph]).
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Change of Basis: Results

We have collected and transformed into the JMS basis several ADMs
calculated in the literature:

o In [1-3] they provide 4(>%) in the BMU basis for:

o The AF = 2 four-quark sectors (d;d;d;d; and w;ujui;u;).
o The AF =1 four-quark sectors (i;u;dxd;).
o The d-type AF = 177 sectors (did; fi fx)-
[1] A. J. Buras, P. H. Weisz, 1990.
[2] A. J. Buras, M. Jamin, M. E. Lautenbacher and P. H. Weisz, 1992 (hep-ph/9211304 [hep-ph]).

[3] A. J. Buras, M. Misiak and J. Urban, 2000 (hep-ph/0005183 [hep-ph]).

o Many authors provide 429 and 4(1:)) for the “SM sector” of the
d-type AF = 1/7 sector in both the BMU and the CMM bases.

They are helpful, but do not allow for a direct change of basis!
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Method 2

Symmetrization of Flavor Indices
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Flavor Symmetrization: General Formalism

This method is an extension of the one used in [3] to obtain 4(20) for the
four-quark AF = 2 sector starting from a different sector (AF = 1).

[3] A. J. Buras, M. Misiak and J. Urban, 2000 (hep-ph/0005183 [hep-ph])

The key point is that we start with operators having no symmetries in
their flavor indices, and then symmetrize them via a change of basis.
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Flavor Symmetrization: General Formalism

This method is an extension of the one used in [3] to obtain 4(20) for the
four-quark AF = 2 sector starting from a different sector (AF = 1).

[3] A. J. Buras, M. Misiak and J. Urban, 2000 (hep-ph/0005183 [hep-ph])

The key point is that we start with operators having no symmetries in
their flavor indices, and then symmetrize them via a change of basis.

Example:

Starting with the basis of a four-quark AF' = 1 sector, we perform a
change of basis into a “+" basis:

(ﬁiruj)(Jdel)
(agTuf) (dTdg)

3 (@lu;)(dildy) + 5 (@;Tey) (dTuy)
%(ail“uj)(c?kl“dl) = %(a,l“dl)(cikfuj)

The operators on the RHS are (anti)symmetric under u; <> d;!
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Flavor Symmetrization: General Formalism

The “+" operators in a “+" basis mimic the flavor symmetries that are
inherent to the target flavor sectors. In this case, AF = 1.5 (d;d;dd;).

The ~;; describing the mixing among the “+" operators are then
numerically identical to the full ADM in those flavor sectors!

Example:

Starting with the basis of a four-quark AF' = 1 sector, we perform a
change of basis into a “+" basis:

(@Luj) (dipldy)
(agTuf) (dTdg)

3 (@lu;)(dildy) + 5 (@;Tey) (dTuy)
%(ail“uj)(c?kl“dl) = %(a,l“dl)(cikfuj)

The operators on the RHS are (anti)symmetric under u; <> d;!
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Flavor Symmetrization: Results

Starting with the four-quark AF =1 sector (@;u;dxd;) we just obtained
from [3]:
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Flavor Symmetrization: Results

Starting with the four-quark AF =1 sector (@;u;dxd;) we just obtained
from [3]:

o Symmetrizing under both @; <> dj, and uj < d; yields the ADM for
AF =2 (e.g. didjdidj).

This was done by A. J. Buras, M. Misiak and J. Urban, 2000 (hep-ph/0005183 [hep-ph]).
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Flavor Symmetrization: Results

Starting with the four-quark AF =1 sector (@;u;dxd;) we just obtained
from [3]:

o Symmetrizing under both @; <> dj, and uj < d; yields the ADM for
AF =2 (e.g. didjdidj).

This was done by A. J. Buras, M. Misiak and J. Urban, 2000 (hep-ph/0005183 [hep-ph]).

° Symmetrizing under either u; <> dy, or uj < d; yields the ADM for
AF = 1.5 (d;d;did;).

We do this to extend the results of the literature onto the four-quark AF = 1.5 sector! %
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Flavor Symmetrization: Results

Starting with the four-quark AF =1 sector (@;u;dxd;) we just obtained
from [3]:

o Symmetrizing under both @; <> dj, and uj < d; yields the ADM for
AF =2 (e.g. didjdidj).

This was done by A. J. Buras, M. Misiak and J. Urban, 2000 (hep-ph/0005183 [hep-ph]).

° Symmetrizing under either u; <> dy, or uj < d; yields the ADM for
AF = 1.5 (d;d;did;).

We do this to extend the results of the literature onto the four-quark AF = 1.5 sector! %

This works in general, starting with any of the AF = 1 sectors.
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Method 3

Direct Reconstruction from the Tables of Pole Coefficients
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Tables of Diagram Poles: General Formalism

Some information is available in the literature regarding the separate
contributions to the ADM from each diagram. These are the tables of
pole coefficients.

We are interested in the coefficients associated to the 1/e poles.

They are built such that

(m7n) _ (m7n71) (m n) m ,n; 1)
v =420 " S0, —4 Y Cpoa, T, -
D € diags.

For each class of n + m-loop diagram D:

@ The overall color and charge factors are factorized in the Cl(jm&)Qj.

@ The rest is included in the Téméné) given in the tables.
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Tables of Diagram Poles: General Formalism

An example of one such table, from A. J. Buras and P. H. Weisz, 1990 [1]:

D M 1/¢ (1/€)npr /Oy (1/€)pren D’
4 2 -1 3 B 2 23
5 2 -16 16 16 16 10
6 2 -1 H H 2 24
7 2 -4 -4 -4 16
8 2 - —4 -4 -4 14
9 2 -4 -4 -4 15
10 4 -2 3 -1 2 6
1 4 8 14 14 8 9
12 4 -2 3 -1 2 5
13 4 2 -3 1 -2 12
14 4 -8 -2 -2 8 13
15 4 2 -3 1 -2 11
16 4 8 ~14 2 - 3
17 4 8 14 -2 - 7
18 4 -2 3 3 4 2
19 4 -2 3 3 4 1
20 4 8 14 -2 8
21 4 8 ~14 2 - 4
2 1 1 - - -1 17
23 1 ~16 - - 19
24 1 -1 - -4 18
25 4 6 -1 1 -4 21
2% 4 -4 2 2 20 20
27 4 6 -1 1 4 2
28 4 - - - 28
29 2 - SN -ng ~3iN+ing - 25
30 2 SN-2ng  —4N+ing  —YN+ing — 4N+ ing 27
3 2 SN —np ~EiN+ing - 2
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Tables of Diagram Poles: General Formalism

(mvn) — (’ITL,TL,].) (m n) m N 1)
vy =425 " g0, -4 Y. Cho 0, TDom, - J
D € diags.

n;l)

The 1/e pole coefficients Tl() 0, Were originally calculated in [1-3] for

429) in the four-quark AF = 1 sector (current-current diagrams), and in
the SM subsector of AF = 1// (penguin diagrams).

However, the color/charge factors can be easily recomputed, and the

Téané) are essentially universal!

We find that this reduced number of coefficients is enough to reconstruct
all two-loop contributions to the ADM, and for all four-fermion
sectors!
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Tables of Diagram Poles: General Formalism

For that, we separate the contributions to the two-loop ADM in
current-current and penguin, depending on the diagrams involved:

,y(m m) A(m n) _|_,Y(m n)

where %2”’") includes contributions from current-current diagrams alone*,
&(m,n;f), while ’Sfl(,m’n) contains the rest.

* Including also the wave-function renormalization factors.
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Tables of Diagram Poles: Current-Current Contributions

The tables of current-current operators, combined with the appropriate
color/charge factors, directly provide the current-current ADM for a set of
operators like:

= (Y17" Ppy2) (P37, Prys) = (Y1y* PLT o v)(zf;;“,»,/P/,T‘"z,w‘) :

= (17" Prtp2) (¥37yu Priba) = (¢ ,“P, 2) (Y37, PRT 9a) ,

= (Y1 Pry2)($3Pripa) (21) = (1 PLT*42) (Y3 PRT¢s) ,

= (Y1 Prip2)(¥3Pre)s) , Qs = (V1 PrRT ¢2) (Y3 PrT*44) ,

= (10" Prip2) (30, Prtbs) ,  Qio = (Y10 PRT ™ p2) (30, PRT*t4)

for any four fermions 1,9, 13,14. This includes all two-loop
contributions to the current-current ADM: O(a?), O(asa) and O(a?).

This provides the ADM for all AF =1 sectors, directly in the JMS basis
(except in the four-fermion case, which requires an additional change of
basis). This is also true in the case of all |AL| = 2 sectors.
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Tables of Diagram Poles: Current-Current Contributions

These results can then be extended to other sectors using changes of basis
and flavor symmetrization!

With this, we complete the derivation all NLO current-current
contributions to the ADM for the complete set of four-fermion
operators in the LEFT.
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Tables of Diagram Poles: Current-Current Contributions

These results can then be extended to other sectors using changes of basis
and flavor symmetrization!

With this, we complete the derivation all NLO current-current
contributions to the ADM for the complete set of four-fermion
operators in the LEFT.

Given that 4. does not mix operators with different fermion content,
these results are readily usable for either LEFT(n,).

However, we still need to obtain the penguin contributions, relevant for
the AF = 1// and AF = 0 sectors...
Given that they mix operators with different fermion content,
changing n, must be handled more carefully in the case of 4.
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Tables of Diagram Poles: Penguin Contributions

Two types of penguin diagrams contribute to the AF = 17/ ADM:
bif Fis bi;ff

\D/

The tables provide the Tl()mQ:Léj in the LEFT(5) for the open-penguin

diagrams (@Z_)iff@bj), with ¥ ; = d; j, e; ; or v;j (no u; ;), for operators:

O; ~ @ffwj mixing onto some  P; ~ Z@iwjff
if

However, the closed-penguins (1;1; f f) cannot be calculated in NDR.
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Tables of Diagram Poles: Penguin Contributions

The P; operators receive all penguin contributions, and thus the ADM for
these operators looks roughly like:

0 0
yp(n’m) 5]

0 npCl™ 4200 | 7

However, a change of basis like O; — O; ~ Zf @i@bjff is possible, and
leads to:

0 ¢imm
yp(n,m) 9

0 npCT™ 4200 |

which allows for the determination of the C’J(D”’m).
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Tables of Diagram Poles: Penguin Contributions

We can now complete the set of operators into a full basis of the
AF = 154 sector in each case (d; ;, e;; and v; ), such that the ADM is

built out of the OAg’m) and C’;n’m).

The method thus far is a generalization of the one carried out in [3].

However, the completion of the basis must be done more carefully than

they did, as we found recently [4] through a test based on flavor symmetry.
[3] A. J. Buras, M. Misiak and J. Urban, 2000 (hep-ph/0005183 [hep-ph])

[4] P. Morell, J. Virto, 2024 (2402.00249 [hep-ph])
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Tables of Diagram Poles: Penguin Contributions

We can now complete the set of operators into a full basis of the
AF = 154 sector in each case (d; ;, e;; and v; ), such that the ADM is

built out of the OAg’m) and C’;n’m).

The method thus far is a generalization of the one carried out in [3].

However, the completion of the basis must be done more carefully than

they did, as we found recently [4] through a test based on flavor symmetry.
[3] A. J. Buras, M. Misiak and J. Urban, 2000 (hep-ph/0005183 [hep-ph])

[4] P. Morell, J. Virto, 2024 (2402.00249 [hep-ph])

After completing the basis, we can perform a change of basis into JMS.
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Tables of Diagram Poles: Penguin Contributions

The penguin ADMs obtained thus far are still missing the case v; ; = u; j,
and they are strictly valid only for the LEFT(5).

We would then need to recompute all the tables once again, but we opt
for an alternative procedure.

We identify the following crucial property for an operator basis:
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Tables of Diagram Poles: Penguin Contributions

The penguin ADMs obtained thus far are still missing the case v; ; = u; j,
and they are strictly valid only for the LEFT(5).

We would then need to recompute all the tables once again, but we opt
for an alternative procedure.

We identify the following crucial property for an operator basis:

A flavor-decoupled basis is ready for any flavor f # 1); ; to be decoupled
from the EFT:

@ The operators that remain after removing f define a basis in the
decoupled EFT.

@ The ADM in that basis is identical to the original one, barring the
removal of rows/columns.

And analogously, for any extra flavor to be introduced in the theory!
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Tables of Diagram Poles: Penguin Contributions

The two-loop ADMs for the u-type (@;u;ff) AF z_lff_sector can then
be retrieved from the one for the from the d-type (d;d; f f) sectors.
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Tables of Diagram Poles: Penguin Contributions

The two-loop ADMs for the u-type (@;u;ff) AF z_lff_sector can then
be retrieved from the one for the from the d-type (d;d; f f) sectors.

We then change into a flavor-decoupled basis, and perform a series of
manipulations in the fermion content until it is functionally equivalent to
the JMS u-type basis.

The changes in the ‘yl()m’") are trivially tracked thanks to the unique

properties of the basis!
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Tables of Diagram Poles: Penguin Contributions

The two-loop ADMs for the u-type (@;u;ff) AF z_lff_sector can then
be retrieved from the one for the from the d-type (d;d; f f) sectors.

We then change into a flavor-decoupled basis, and perform a series of
manipulations in the fermion content until it is functionally equivalent to
the JMS u-type basis.

The changes in the ‘yl()m’") are trivially tracked thanks to the unique

properties of the basis!

These results are still only valid for the LEFT(5)...
However, in the flavor-decoupled bases, going down to the LEFT(4) and
the LEFT(3) is trivial!
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Tables of Diagram Poles: Penguin Contributions

The AF = 0 sector is also affected by penguin diagrams. The operators

look like Oap—g ~ (¥11'91)(¥2l1h2), so now both fields can become part
of fermion loops.

The beta function Liijj will receive separate penguin contributions
proportional to Ly, and Lyy;; for any k. Separately, each of these two
looks like the penguin contributions to AF = 17/,

Therefore we propose to reconstruct the two-loop ADMs for AF =0
starting from AF = 1/7.
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Tables of Diagram Poles: Penguin Contributions

To reconstruct the two-loop ADMs for AF' = 0 starting from AF = 177
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Tables of Diagram Poles: Penguin Contributions

To reconstruct the two-loop ADMs for AF' = 0 starting from AF = 177
© We start with the flavor-decoupled bases (e-,v-,d- and u-type).
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Tables of Diagram Poles: Penguin Contributions

To reconstruct the two-loop ADMs for AF' = 0 starting from AF = 177
© We start with the flavor-decoupled bases (e-,v-,d- and u-type).

@ We extend each basis with an extra fermion: ey, v4, d4 and uy,
respectively. The effect on the penguin ADM is clear.
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Tables of Diagram Poles: Penguin Contributions

To reconstruct the two-loop ADMs for AF' = 0 starting from AF = 177
© We start with the flavor-decoupled bases (e-,v-,d- and u-type).

@ We extend each basis with an extra fermion: ey, v4, d4 and uy,
respectively. The effect on the penguin ADM is clear.

@ Focusing on fy — f; transitions (for f = e, v,d,u), we apply:
L], - o]
P P
], - [
P

with some minor corrections to avoid double counting.

bl

+ |:Liij4:|

44 Pla—j

b
4—7

+ [Li4jz}

p

4—i p
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Tables of Diagram Poles: Penguin Contributions

To reconstruct the two-loop ADMs for AF' = 0 starting from AF = 177
© We start with the flavor-decoupled bases (e-,v-,d- and u-type).

@ We extend each basis with an extra fermion: ey, v4, d4 and uy,
respectively. The effect on the penguin ADM is clear.

@ Focusing on fy — f; transitions (for f = e, v,d,u), we apply:
L], - o]

P P
], - [

P P

with some minor corrections to avoid double counting.

@ Finally, a change of basis into JMS is due.

+ |:Liij4:|

bl

44 Pla—j

+ [Li4jz}

9
p

4—1 4—7
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Tables of Diagram Poles: Penguin Contributions

To reconstruct the two-loop ADMs for AF' = 0 starting from AF = 177
© We start with the flavor-decoupled bases (e-,v-,d- and u-type).

@ We extend each basis with an extra fermion: ey, v4, d4 and uy,
respectively. The effect on the penguin ADM is clear.

@ Focusing on fy — f; transitions (for f = e, v,d,u), we apply:
[Lz‘ijj] = [L’m}
P P
], - [
P

with some minor corrections to avoid double counting.

@ Finally, a change of basis into JMS is due.

bl

+ |:Liij4:|

44 Pla—j

+ [Li4jz} )

p p

4—1 4—7

Step 3 provides the penguin ADM in a flavor-decoupled basis of AF' = 0,
with which going down to LEFT(4) or LEFT(3) becomes straightforward.
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We provide the results for all four-fermion beta functions as an ancillary
file: a 27-page beta function file Beta-Functions-at-NLO.pdf; and as a

Mathematica file implemented in a secondary branch of DsixTools,
BetaLEFT.m.

Here we present a couple of uneducated examples of the running, with

arbitrary matching conditions, just to showcase the potential impact of the
RGE to NLL.
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Thank Youl
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BACKUP SLIDES
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Renormalization Group Evolution: Expanded Formulas

The expressions for the different LO and NLO contributions to the ADM
in terms of the matrix elements (™) read:

QONAL 59 £t 01) (1 0;1)
~ =224, a0,q, — 2270,

ij
120 4a<2zgl>+4ggp ggguzag mg 0 478050
) R R

~(0,1;1) ~(1,050) (1,1;1)
s 2aQ CLE o) 4ZQ¢ 5Qng

The Zg:’m;l) are the WFR factors due to the fields contained in Q;.
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Change of Basis: Expanded Formulas

Two-loop change of basis:
3/(2,0) —R5/(20) =1 4 4Z£(]i,0;1)A7g(1,0) o [Af(l,o)’,?(m)} :
50D ZROD f1 4 4Z7OLD AFOD _ [Af(o,nﬁ(o,n} 7

3101 Ry (LD =1 _ [Af(l,o)’;y(o,l)} = [Af(o,l)ﬁ(l,o)} ’

where
7(1,0:1) _ Lo bl EN 7(0,1:1) _ & Q?nyN. + Q*ngN, + Q?
gs . 3nq 6 c e - 3 unu c dnd @ ene 3
are the one-loop renormalization constants of g, and e, respectively,
das _ 4G2Z0) o da 4627 Oy G
dlog SRR " dlog -
The one-loop matrices A7 contain the shift in the renormalization scheme
(1,0) _ (1,00) p—1 (1,0;0) p—1 (1,0,0)
Ary;™" = — Roiou W 0k,q, Bo,q; = Raion %0.0 Roiqy — %0l0; -
(0,1)- 5 (0,1,0) p—1  _ (0,1;0) p—1 (0,1;0)
Ar " = = RgouWaur agg, Bg,.q) = Rajan 9., Boq, — %) -
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Tables of Diagram Poles: General Formalism

For that, we separate the contributions to the two-loop ADM in
current-current and penguin, depending on the diagrams involved:

;y(m,n) o ,?ggn,n) + ,A}/Z()m,n) ’

where ’yé,';"’n) includes contributions from current-current diagrams alone*,
ammit) while y(m’ ") contains the rest.

The two contributions transform differently under a change of basis:
159 RSO R 4 AZPODAKED — [As0 500
520 —Ry20 R 1 470D AFLO) _ [M](?Low(lm}

In the second eq. we ignore a (vanishing) term: — {Af&'mﬁ;}l’m}

*And also the contribution from the wave-function renormalization factor.
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Tables of Diagram Poles: Penguin Contributions

We start by defining some operator sets closed under renormalization,

describing a AF =1 19 — 1)1 transition:

)~ (9170 (ET4s) O ~ (1Tq:)(GTs) ,
P (i) Sp(@Ter) O ~ (9nTuhe) S (T ws)
O ~ (91T2) (@ Tur) O ~ (91T92) ¥ (@lu)

with ¢ 2 = d; j,€;j or v;j (no u; ;). Their penguin ADM looks like

sy _ (O OF™ Op 0RO
; Osxz X&™ ™ xpm xorgl

with the OA(n’mz being provided by the tables for penguin diagrams.

o (1,m n,m n,m
Each Xj(c ™) is a combination of the O( ) and some C( ) o
e, 32y 0
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Tables of Diagram Poles: Penguin Contributions

Changing basis into (755(,,1@6 = (’):(3@6 and

6%1&) ~ (1 T2 (T'4;) 5&1&) ~ (P1l2)(@lg;) ,

their penguin ADM becomes

2 (mon) O2x2 C‘](;jm) (A,,‘j(f’f"”) (}g:m) O(Pz,m)
i Ogxz XM Rl Rl

which fully determines the C(" m) ,and X"

e, u,d "

These operators sets can then_be completed into a full basis for the
relevant block in the AF = 1/7 sector, such that their ADM can still be
written in terms of the Ol(Dn’m) : and C’(n ™)

er ud

The procedure thus far is a generalization of the work done in [1-3].
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Tables of Diagram Poles: Completion of the Penguin Bases

The completion of the penguin bases can be carried out quite

straightforwardly if one simply adds a copy of @Yﬁ) and (5@ for each
possible ¢; and g;.
Their contributions to (™) are perfectly described by the C’I(Dn’m).
However, one must be careful with the cases 11 2 = ¢; and 112 = g;,
A(n,m)

which also get contributions from the Op

Furthermore, the case 11 2 = ¢; needs extra care [4]...
The operators added in this case must contain all color possibilities!
[4] P. Morell and J. Virto, 2024 (2402.00249 [hep-ph])
The operators should be something like:
T m ay (78 ) J00, 1 By (75 Q
5 (diy Prd; )(dj 'YuPLdj) + (di'y PLdj )(dj YuPrd; )
(@7 Pods) (] yuPLdf) + (&7 P (@ Prd?)] -
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Surface-Level Flavor Symmetry

o A basis {Q;, E;} is said to be flavor-symmetric in flavors f, f if
{QzﬁEi}‘ﬂ_)f, ={Qi, E;} (up to reordering).

Note that this can only be true if f, f’ are inner flavors. Then:

“Yi(l?’m) = “Yj(‘Z’m) VO if { Qi ~ (P1Ta)(FTf) with f # 412
A = Afnm) T Q) ~ (i) (FTF)  with f/ # b

@ A basis is said to be flavor-decoupled if, when decoupling any inner
flavor f from the EFT, the set of operators obtained by removing
from this basis any terms containing the flavor f defines a basis for
the sector of the new EFT, whose penguin ADM is given by the old
one with the appropriate rows and columns removed.
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Surface-Level Flavor Symmetry

For an operator basis to be flavor decoupled it is sufficient that two
conditions are simultaneously satisfied:

© Each operator contains no more than one inner flavor. This
guarantees that all operators that are not removed completely in the
procedure are left unaltered.

@ When decomposing the penguin ADM into a matrices, each entry
(4p)ij depends only on flavors common to @Q); and @}, whereas any
contribution involving other flavors vanishes. This ensures that the
ADM entries for all operators not eliminated by the decoupling (i.e.
not featuring the decoupled field) retain exactly the same expression.
At NLO this second condition reads:

~(2,0;1) ~(1,051) 5(1,0;0) ~(1,051) +(1,0;0) i
[_4inQj +4P0.0, Pare; T 2Pqim, Piq; ]featuring fields ¢ Qi.@; o

where we used p = a, for notational simplicity.
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Tables of Diagram Poles: Penguin Contributions

The two-loop ADMs for the u-type (u;u;ff) AF zilffisector can then
be retrieved from the one for the from the d-type (d;d; f f) sectors:

@ We start with the penguin ADM for the d-type sector.
@ We change into a flavor-decoupled basis.

© We remove the third d, flavor and extend the basis with an extra us,
with the corresponding effects on the ADM being trivial.

@ This modified basis is functionally equivalent to a u-type symmetric
basis up a relabeling of field names, u < d.

© Swapping @, <> Q4 in the ADM already provides the u-type ADM in
the JMS basis.

This algorithm provides the correct penguin ADM for the u-type sectors in
all three cases: O(a?), O(asa) and O(a?).
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Tables of Diagram Poles: Penguin Contributions

Tables of Pole

This flowchart represents el [T
the complete method op" "
we have followed to
obtain all two-loop o Eg™
penguin contributions \ '
to the ADM in the Lepion Basis o sasts
JMS basis of the LEFT.

; nf=5,4,3
The dashed arrows represent Lep..,.._..ypH Up-type _' Vol nown-_:yp
the steps that exp||C|t|y Symmetlﬂc Basis fvmmetrlc BaSIS/S/”'__Symmetnc Basis
require the basis to be v g \\ <>
flavor-symmetric and =)

flavor-decoupled. 'I ‘ 4F =17 Penguin ADMs in IS ‘

‘ AF =0 Penguin ADMs in JMS ‘
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