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Why complete mass dependence for jets? 

Aims: •  Full quark mass dependence of jet observables. 
•  Theory description for all kinematic regions                 

( “decoupling limit”  ⇔  “massless limit” ) 
•  Understanding factorization with quark masses 
•  Account for initial state and final state jets 

•  Quark mass effects in precision QCD analyses                     
e.g. 

 
 
•  Understanding of Monte-Carlo top mass parameter 
•  Role of massive quark vacuum polarization effects 
•  Intrinsic charm ? 

•  Event shapes in e+e-  (bottom effects for low Q data) 
•  Top quark mass measurements in reconstruction 

Possible applications: 

This talk:  I will mostly talk about final state jets. 
Show that SCET (+ extensions) is a good framework to address 
the problem of quark masses. 
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Outline 

•  Motivation and Aims 

•  Factorization for massless quarks 

•  Effective theories including massive quark effects 

•  Flavor number dependent renormalization 

•  Rapidity logs 

•  Running short-distance mass scheme  

•  Conclusions & Outlook 

 
 
 

* In collaboration with: P. Pietrulewicz, V. Mateu, I. Jemos, S. Gritschacher 

arXiv:1302.4743  (PRD 88, 034021 (2013)) 
arXiv:1309.6251  (PRD 89, 014035 (2013)) 
arXiv:1405.4860  (PRD ..) 
More to come … 

B. Dehnadi, M. Butenschön 
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Thrust 

→ consider: dijet in e+e- annihilation 
 
 e.g. Thrust: 

ALEPH, DELPHI, L3, OPAL, SLD 

peak 
2 jets + soft radiation 

tail 
2 jets, 3 jets 

� = 0

� = 0.5

→ Mass mode treatment of this talk applicable to any SCET-1-type observable  
 
 
→ We use thrust to be definite and as a first important application.  
 
 

Q 
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Massless Quark Thrust in FO 
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Strongly dominate in kinematic 
regions where jets are produced  
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Singular vs. Non-singular 
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Massless Quark SCET 

→ consider: dijet in e+e- annihilation, all quarks are light (mq < Λ)  
 
 

Bauer, Fleming, Luke 
 
 
Bauer, Fleming, Pirjol, 

Stewart 
 
 

p2 = p�p+ + p2
?

pµ = p�
nµ

2
+ p+ n̄µ

2
+ p?

n̄µ = (1, 0, 0,�1)nµ = (1, 0, 0, 1)

Korchemsky, Sterman 
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Factorization for Massless Quarks  

→ evolution with nl light quark flavors 
→ consistency conditions w.r. to   
 
 
 
 
 

different evolution choices  
 
 
 
 
 

→ top-down evolution considered  
 
 
 
 
 

in the following 
 
 
 
 
 

observable-dependent 
profile functions 

 
 
 
 
 

Schwartz 
 
 
Fleming, AH, Mantry, Stewart 
 
 
Bauer, Fleming, Lee, Sterman 
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Final State Jets with a Massive Quark 
→ consider: dijet in e+e- annihilation, nl light quarks ⊕ one massive quark 
  
 

“profile functions” 
 
 

m 
 
 

•  Full mass dependence (little room for any 
strong hierarchies): decoupling, massless limit 

•  Smooth connections between different EFTs 
•  Determination of flavor matching for current-, 

jet- and soft-evolution 
•  Reconcile problem of SCET2-type rapidity 

divergences 

nl + 1

nl

→ obvious: (nl+1)-evolution for µ ≳ m  and (nl)-evolution for µ ≲ m  
 
 
 
 

Aims: 

→ obvious: different EFT scenarios w.r. to mass vs. Q – J – S scales 
 

→ Deal with collinear and soft “mass modes” 
 → Additional power counting parameter 
 

Gritschacher, AH, 
Jemos, Pietrulewicz 
 
 

“Variable Flavor Number Scheme” (VFNS) 
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VFNS for Hadron Collisions 

e.g. Deep Inelastic Scattering: 

 
 
 

mlight 
 
 

Q 
 
 

Λ 
 
 

d�(e�p ! e

� + X)
dQ dx

→ quark number operators with an anomalous dimension  
 
 

between proton states  →  DGLAP equations 
 
 → Hadronic tensor: 

 
 

Q2 = �q2

Wµ⌫(Q, x) ⇠
X

partons a

fa(µ)⌦ wµ⌫(Q, x, µ)

→ µ-dependence with DGLAP equations for (light) parton distribution functions 
 
 

d↵s(Q)
d lnQ2

= ��0
↵2

s(Q)
(4⇡)

+ . . . �0 = 11� 2
3
nlight

→ consider all quarks as as light (mq < Λ)  
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VFNS for Hadron Collisions 

 
 
 

mlight 
 
 

Q 
 
 

m 
 
 

Λ 
 
 

e.g. Deep Inelastic Scattering: d�(e�p ! e

� + X)
dQ dx

→ realistic case: massive quarks with Q > m > Λ   
 
 

(charm, bottom [top])  
 
 

→ Hadronic tensor: 
 
 

ACOT scheme: 

•  DGLAP evolution for nl flavors for µ ≲ m (only light quarks)  
•  DGLAP evolution for nl+1 flavors for µ ≳ m (light quarks + massive quark) 
•  Flavor matching for αs and the pdfs at µm ~ m 

f (nl+1)
q,g,Q (µm) =

X

a=q,g

Fq,g,Q|a(m, µm)⌦ f (nl)
a (µm)

→ hard coefficient wµν(m,Q,x) approaches massless wµν(Q,x) for m→0 
→ calculations of wµν(m,Q,x) involves subtraction of pdf IR mass singularities 
→ full dependence on m/Q without any large logarithms 
 
 
 
 
 

Wµ⌫(m, Q, x) ⇠
X

a=q,g,Q

f

(nl+1)
a (µ)⌦ wµ⌫(m, Q, x, µ)
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Fully Massive Thrust 
p p
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→ fully massless 

→ secondary massive 
 

→ primary massive 
 

→ primary massive 
 secondary massive 

 

•  Full N3LL’ (u.t. 4-loop cusp)+ 3-loop non-singular 
•  Gap scheme for soft function 

Becher, Schwartz,  
 
 

Fleming, AH, Mantry, Stewart 
 
 

Bauer, Fleming, Lee, Sterman 
 
 

Only SCET authors:  
 
 

•  Full N2LL’/N3LL  

•  bHQET: full N2LL’/N3LL 

•  NLL’/N2LL for other cases  

→ valid for: Δmjet << m 

  Δm 

→ Only briefly in this talk.  
 
 

New: complete and 
systematic description 

→ New: In detail in this talk. 
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VFN Scheme: Secondary Massive Quarks 
Simplest non-trivial case to study: 
→ massless primary quark dijet production in e+e- annihilation:  
 nl light quarks ⊕ one massive quark arise only through secondary production 

  
 

→ does not lead to bHQET-type theory when 
 the jet scale approaches the quark mass 

 → only SCET-type theories  
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VFN Scheme: Secondary Massive Quarks 
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VFN Scheme: Secondary Massive Quarks 
Simplest non-trivial case to study: 
→ massless primary quark dijet production in e+e- annihilation:  
 nl light quarks ⊕ one massive quark arise only through secondary production 

  
 → field theory: close relation to the problem  

 of massive gauge boson radiation 
 

→ dispersion relation: massive quark results  
 can be obtained directly from massive gluon  

 calculations when quark pair treated inclusively  
 (e.g. hard coefficient, jet function) 
 

→ separation of conceptual issues to be resolved 
and calculations issues related to gluon splitting. 
 

→ explicit two-loop calculation needed when quarks  
 are treated exclusively 

(e.g. soft function  → hemisphere prescription) 
 Gritschacher, AH, Jemos, Pietrulewicz  2013 
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VFN Scheme: Secondary Massive Quarks 

Scenario 1: λm > 1 > λ > λ2   ( m > Q > J > S )  

•  EFT only contains light quarks 
•  Massive quark only in current matching coeff. 
•  Decoupling for m/Q → ∞ 
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VFN Scheme: Secondary Massive Quarks 

U (0)
i stands for:

(a) massive gluon integrated out   
(b) (nl)-evolution   
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VFN Scheme: Secondary Massive Quarks 

Scenario 2: 1> λm > λ > λ2   ( Q > m > J > S )  

•  Massive modes only virtual 
•  Jet and soft function as in massless case  
•  Hard coefficient must have massless limit 
•  Known Sudakov problem for massive gauge 

boson 

Chiu, Golf, Kelley, Manohar 
 
 
Chiu, Führer, Hoang, Kelley 
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VFN Scheme: Secondary Massive Quarks 

U (0)
i stands for:

(a) massive gluon integrated out   
(b) (nl)-evolution   
 

U (1)
i stands for: (a) massive gluon dynamical   

(b) (nl+1)-evolution   
 

Contains all mass-singularities 
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VFN Scheme: Secondary Massive Quarks 
Scenario 2: mass mode SCET calculation 

+ soft-bin subtractions 
(collinear for k2=M2)  
 
 
 
 
 rapidity logarithms 
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VFN Scheme: Secondary Massive Quarks 

Scenario 3: 1 > λ > λm > λ2   ( Q > J > m > S )  

•  Current evolution unchanged w.r. to Scen. 2 
•  Hard coefficient must have massless limit 
•  Jet function has massless limit 
•  Massive and massless collinear in same sector  
•  Collinear mass modes integrated out at m 
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VFN Scheme: Secondary Massive Quarks 

•  Soft-bin subtraction 
•  Rapidity singularities cancel  
•  UV divergences agree with massless case 

•  finite 
•  sum of virtual and real: rapidity logs cancel 
•  sum of virtual and real: approaches massless jet 

function for m → 0 
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VFN Scheme: Secondary Massive Quarks 
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VFN Scheme: Secondary Massive Quarks 

Scenario 4: 1 > λ > λ2 > λm ( Q > J > S > m )  

•  Current evolution unchanged w.r. to Scen. 2 
•  Jet function and evolution as in Scen. 2 
•  Massive and massless coll. modes same sector 
•  Massive and massless soft modes same sector 
•  Hard coefficient, jet and soft function must have 

massless limit 
•  All RG-evolution for (nl+1) flavors  
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VFN Scheme: Secondary Massive Quarks 

•  Rapidity singularities cancel between contributions from 
both hemispheres (+,-)  

•  UV divergences agree with massless case 

•  finite 
•  sum of virtual and real: rapidity logs cancel 
•  sum of virtual and real: approaches massless soft 

function for m → 0 
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Consistency Conditions: Threshold Corrections 
Important role of consistency relation:  soft – jet – hard for scenario III  



EFT ERC Workshop Mainz, November 10-13, 2014 

VFN Scheme: Threshold Corrections 
The calculation of the mass mode matching corrections for current, jet and soft function 
can be carried out by matching the factorization theorem to a full QCD calculation.   

•  Evolution with VFN and matching can be related to the use of different renormalization 
conditions within a single effective theory. 

•  Use scenario 4 effective theory where the massive quark is contained in hard, collinear 
and soft sectors.  

But there is a more efficient method based on the fact that current, jet and soft functions 
are gauge-invariant quantities that can be renormalized separately. 

Example: Jet function 

On-shell condition: decoupling for m→∞ : ( nl-flavor scheme ) 
 

MS condition: massless limit for m→0 : ( (nl+1)-flavor scheme ) 
 
 

•  Renormalization approach automatically implies (perturbative) continuity of the evolution through 
the MM threshold  → no scale hierarchies are involved/needed anywhere! 
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Rapidity Logarithms 

•  Secondary mass effects start at O(αs
2) 

•  Counting for rapidity logs: αs Log ~ 1 
•  At O(αs

2): •  No resummation to all orders needed 
•  Need terms at O(αs

3 Log) and O(αs
4 Log2)  

M(3)
H +

3X

n=0

an Ln
m

�

O(αs) 

O(αs
2) 

LM = ln
⇣m2

µ2
m

⌘
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VFN Scheme for Final State Jets 
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VFN Scheme: Primary Massive Quarks 
→ bHQET-type theory when 
 the jet scale approaches the quark mass 

 

→ two SCET-type theories  
 

m

p p

p
′

p
′

m

m

m

m

p p

p
′

p
′

m

no cross 
section 

 
bHQET 

 

scen. 3 
 

scen. 4 
 

Fleming, AH, Mantry, Stewart 
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VFN Scheme: Primary Massive Quarks 

SCET/bHQET: Q >> J ~ m >  Δm > m/Q Δm  

•  Small components of massive quark 
integrated out at µm~m 

•  bHQET current evolution for µ < m 
•  SCET current evolution for µ > m 
•  Soft function identical to primary massless 

case (boosted massive quarks) 
 

SCET (nl+1) 

bHQET (nl) 

SCET/bHQET (nl) 

All two-loop FO input now known! 
N2LL’/N3LL 

Fleming, AH, Mantry, Stewart (2007) 
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VFN Scheme: Primary Massive Quarks 

SCET scen. 3: Q >> J > m > S  

•  Same as scenario 3 for primary massless, 
but with massive jet function 

MS(µm,m) 

nf = n` + 1

J

N2LL’/N3LL up to two-loop massive SCET jet 
function. 
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VFN Scheme: Primary Massive Quarks 

SCET scen. 4: Q >> J  > S > m  •  Same as scenario 4 for primary massless, 
but with massive jet function 

m 

nf = n` + 1

ü  Consistency relations: Evolution factors 
and mass mode threshold corrections 

ü  Perturbative continuity 

N2LL’/N3LL up to two-loop massive SCET jet 
function. 
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Short-Distance Masses 
•  Mass dependence in all FO components of all factorization theorems 
•  Most relevant quark mass dependence contains in the jet functions (SCET & bHQET) 
•  Mass definition must be close with the scale of the respective functions (→profile functions) 

•  Jet mass: from bHQET jet function  
•  MSR mass: derived from MSbar mass coefficients 
•  Many others possible 

m(R) = mpole � �m(R)

m(R1)�m(R0) =
� R1

R0

dR

R
R ⇥R[�s(R)]

µ ≥ m: MSbar mass (nl+1) 

µ < m: R-scale short-distance mass (nl) 

m̄(µ) = m
pole

� m̄(µ)
1X

n=1

nX

k=0

ank

⇣↵s(µ)
4⇡

⌘n
lnk µ

m̄
→ usual MSbar RG-evolution 

Jain, Scimemi, Stewart 08 
Jain, Scimemi, Stewart, AH 08 

µm~ m: matching: → pert. renormalons-free relation through pole mass 
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MC vs. SCET: Primary Bottom Production 

Compare MC with SCET (pQCD, summation, hadronization effects) @ NNLL for Thrust  

Preliminary !! 

•  Take central values for αs and Ω1 from our earlier NNLL thrust analysis for data on 
all-flavor production (=massless quarks)  

•  Compare with Pythia (mb
Pythia=4.8 GeV) for consistency and mass sensitivity 

•  Which mass does mb
Pythia=4.8 GeV correspond to for a field theoretic bottom mass?  

↵s(MZ) = 0.1192± 0.006
⌦1 = 0.276± 0.155

Denahdi, AHH, Mateu    
 

Abbate,Fickinger, AHH, Mateu, Stewart 2010  
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MC vs. SCET: Primary Bottom Production 
Preliminary !!  (no fit yet)     all NNLL+NLO 

mb(mb) = 4.2 GeV ⌦1 = 0.276 GeV↵s(MZ) = 0.1192

Q=16 GeV 
 

Q=24 GeV 
 

Q=48 GeV 
 

Q=91.187 GeV 
 

QCD calc.: 
Pythia: mPythia

b = 4.8 GeV
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MC vs. SCET: Primary Bottom Production 
Preliminary !!  (No fit yet) 

⌦1 = 0.276 GeV↵s(MZ) = 0.1192mb(mb) = 3.7, 4.2, 4.7 GeV

Q=16 GeV 
 

Q=24 GeV 
 

Q=48 GeV 
 

Q=91.187 GeV 
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→  VFN Scheme for final state jets with massive quarks 

 

→  Sums all large logarithms including those involving m 

→  Accounts for full mass dependence  

 

→  Fully consistent with VFNS scheme for PDFs, beam fcts, … 

→  Allows simplified VFNS implementation in special cases. 

→  Needs non-trivial mass-dependent ME calculations if mass is of order of another scale 

→  Interesting applications are coming up. 

Outlook & Conclusion  

Q  ≫ J ≫ S 
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Consistency with VFNS in DIS (x→1) 
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Consistency with VFNS in DIS (x→1) 
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Gap Parameter 
•  Remove O(Λ) renormalon in partonic soft function 
•  Gap matching in R-evolution at mass scale 
•  Subtraction for finite mass not strictly needed, but included to have smooth behavior 

for massless limit 
•  R-evolution mass dependent at O(αs

2) 

S(`, µ) =
Z

d`0 S
part

(`� `0, µ) S
model

(`��)

S(`, µ) =
Z

d`0 S
part

(`� `0 + �, µ) S
model

(`� �̄)

Kluth, AH 10 

contains renormalon 

renormalon-free � = �̄(R,µ) + �(R,↵s, µ)

m

m

p p

p
′

p
′

�̄(n`)(R,µ)� �̄(n`+1)(R,m, µ) = e�E R
h ⇣↵s(µ)

4⇡

⌘2
(�2,m(R,m, µ) +

4
3
TF �1 ln

µ2

m2
)
i

µm~ m: matching: Gritschacher, AH, Jemos, Pietrulewicz  2013 
 


