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Is	there	a	proton	radius	puzzle?

2

Discrepant	measurements	of	 	in	muonic	/	electronic	hydrogen	and	 	scaLeringrp ep

Signal	for	new	physics	or	poorly	understood	
systema$c	effects?

			 			calls	for	ab	ini&o	calcula$on	of	the	proton	radius	from	QCD→
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rE = 0.84087 ± 0.00039 fm

Muonic	hydrogen:

[Antognini	et	al.,	2013]

Electron-proton	scaLering:

[A1,	Bernauer	et	al.,	2010]

[PRad,	Xiong	et	al.,	2019]
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rE = 0.831 ± 0.014 fm
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Is	there	a	signal	for	new	physics	in	the	muon	 ?g − 2
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E989	@	Fermilab:
<latexit sha1_base64="OeYgb6lQecJUzjTcvP2eDhuxYF8="></latexit>

aexp
µ = 116 592 049(22) ⇥ 10�11 [0.19 ppm] [Aguillard	et	al.,	Phys	Rev	LeB		131	(2023)	16,	161802]

<latexit sha1_base64="nqZoWFCuuEyEA6YTkCZ8lybTA5Y="></latexit>

aSM
µ = 116 591 810(43) ⇥ 10�11 [0.37 ppm]WP	2020:
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[Borsányi	et	al.,	Nature	593	(2021)	7857]White	paper	es$mate	challenged	by	laXce	QCD	calcula$ons	

and	tensions	among	cross	sec$on	measurements	for	e+e− → hadrons [Ignatov	et	al.,	Phys	Rev	D109	(2024)	112002]
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LaXce	QCD	in	a	Nutshell

LaXce	spacing:											 					 						a, xμ = nμa, a−1 = ΛUV

Non-perturba&ve	treatment	of	strong	interac&on	via	regularised	Euclidean	path	integrals

Procedure:

• Choose	discre$sa$on	of	QCD	ac$on	

• Evaluate	 		via	Monte	Carlo	Integra$on:	

generate	ensembles	of	gauge	configura$ons	via	a	Markov	chain	

• Ensemble	average:			 											Sta$s$cal	error:				 		 	

• Extrapolate	observables	to	the	con$nuum	limit:	 		and	tune	quark	masses	to	physical	values

⟨Ω⟩

⟨Ω⟩ ≃ Ω Ω2 − Ω2 ∝ 1/N1/2
cfg

a → 0

<latexit sha1_base64="kTWNPYnUoXhl61/MtazW+Ah3KYE="></latexit>

h⌦i = 1
Z

Z Y

x, µ

dUµ(x) ⌦ e�S e↵
G [U]Expecta$on	value:
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PLQCD	Research	Goals
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Calculate	key	quan--es	that	play	a	pivotal	role	in	the	quest	for	new	physics,	with	
unprecedented	precision,	using	numerical	simula-ons	of	QCD	on	a	space--me	la>ce

Quantum	Chromodynamics	(QCD)
• Gauge	theory	of	the	strong	interac7on	
• Perturba7on	theory	not	applicable	at	low	energies

La*ce	QCD
• Ab	ini-o	treatment	on	discre7sed	space-7me	
• Compute	observables	via	Monte	Carlo	integra7on

:		Gluon:		Quark

a

Challenges	for	La*ce	QCD	calcula9ons
• Noise	problem:	exponen7al	growth	of	sta7s7cal	fluctua7ons	
• Bias	from	unsuppressed	excited-state	contribu7ons	
• Extrapola7on	to	con7nuum	limit:		a → 0
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LaXce	QCD	at	Mainz

55

Ensembles	with	 	flavours	of	 	improved	Wilson	fermions	generated	by	CLS	effortNf = 2 + 1 O(a)2 + 1 ����� CLS ���������
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Six values of a 2 [0.039, 0.099] fm.

Open boundary conditions in
the temporal direction.

aTr[Mq] = 2aml + ams = const.

and ms ⇡ m
phys
s to stabilize the

strange-quark interpolation.

New ensemble / significantly improved statistics since [Gérardin et al., ����.�����].

Generating a third ensemble with m⇡ ⇡ m
phys
⇡ : F��� with 256 ⇥ 128

3 at 0.05 fm,
! increase precision and further constrain (am⇡)

2 e�ects.

� / ��

Ensemble	“F300”:	

mπ ≈ 135 MeV , a = 0.050 fm , 1283 ⋅ 256

Six	laXce	spacings:		 ;		Pion	masses:		a = 0.099 − 0.035 fm mπ = 130 − 420 MeV

Intrinsic	numerical	cost

Wilson	fermions BA EDC

Staggered	fermions EDCBA

Domain-wall	fermions DCBA E

Computa$onal	cost:		≈	400	M	core-hrs p.a.
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Six	laXce	spacings:		 ;		Pion	masses:		a = 0.099 − 0.035 fm mπ = 130 − 420 MeV

Computa$onal	cost:		≈	400	M	core-hrs p.a.

Conceptual	issues	/	fermion	doubling	problem

Wilson	fermions

Staggered	fermions

Domain-wall	fermions EDCBA

BA EDC

DCBA E
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Nucleon	form	factors	and	the	proton	radius	puzzle
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Challenges	for	laXce	QCD:	The	noise	problem

7

Sta$s$cal	errors	grow	exponen$ally	in	baryonic	correlators:	

		 		Calcula$ons	of	baryonic	three-point	func$ons	limited	to	
									source-sink	separa$ons		 	

		 		Poten$al	bias	from	unsuppressed	excited-state	contribu$ons

→
ts ≲ 1.7 fm

→

<latexit sha1_base64="dbT/ozoRl55Biw+S0rPzBiPx3Qc="></latexit>

RNS(t) / e(mN� 3
2 m⇡)t

0, p⃗, s ts, p⃗′, s′
t

γµ

∼ ⟨N(p′, s′) |Vµ(x)|N(p, s)⟩

0, p⃗, s ts, p⃗ ′, s′
t

Vµ, Aµ

0, p⃗, s ts, p⃗ ′, s′

t

Vµ, Aµ

2

ts

Nucleon	matrix	elements	from	ra$os	of	3-	and	2-point	func$ons:
<latexit sha1_base64="ZSnQ3f9qnNiZ9+B5iaIKjQtpHEo="></latexit>

R�(t, ts) ⌘
C�3 (q = 0; t, ts)
C2(p = 0; ts)

= g� + c01 e��t + c10 e��(ts�t) + c11 e��ts + . . . , � = (E1 � E0)
<latexit sha1_base64="ZSnQ3f9qnNiZ9+B5iaIKjQtpHEo="></latexit>

R�(t, ts) ⌘
C�3 (q = 0; t, ts)
C2(p = 0; ts)

= g� + c01 e��t + c10 e��(ts�t) + c11 e��ts + . . . , � = (E1 � E0)
<latexit sha1_base64="mc0ViD3+xdwAIS1RtZp90TqPuKY="></latexit>

� = A, S , T, . . .
<latexit sha1_base64="YLiQ5+DfiEUBYwYZQ1SKcJnl9Kk="></latexit>

� = (E1 � E0) ,

6

for J = 1/2 or 3/2. These can be reexpressed as

�(q) + �J,`=1(p) = n⇡ , (26)

where n is an arbitrary integer and

cot �(q) = F 11;11 = � 1

q⇡3/2
Z00(1, q2) . (27)

We comment that this has the same form as the s-wave,
scalar quantization condition. The quantity � is often
referred to as the pseudophase.

The fact that the J = 1/2 and J = 3/2 sectors decou-
ple can be explained by examining the symmetry group
of the finite-volume system. For the case of one scalar
and one spin-half particle in a finite cubic box with zero
total momentum, the symmetry group is 2O ⌦ S2 and
the irreps are G±

1 , G±
2 and H± [31]. If we neglect ` � 3

and thus also neglect J � 5/2, then we find a perfect
correspondence between finite- and infinite-volume irreps
G�

1 ⌘ (J = 1/2) and H� ⌘ (J = 3/2). This implies that,
within this approximation, the two partial-waves cannot
mix, as we have seen by explicit calculation.

B. Predicting the spectrum from the experimental
N⇡ phase shift

To predict the finite-volume spectrum of N⇡ states
we use experimental data made available by the
George Washington University Institute for Nuclear
Studies. Their data analysis center is available on-
line at http://gwdac.phys.gwu.edu/analysis/pin_
analysis.html. In this study we use their partial wave
analysis WI08 solution. The relevant phase shift data
are plotted in Fig. 2. For detailed information about
the experimental data set and the WI08 fit solution see
Refs. [32, 33].

Substituting this phase shift into Eq. (26) we reach the
prediction for the two-particle energies, shown in Fig. 3.
Note that, relative to the gap to the single nucleon state,
the shift is relatively small between free- and interacting
levels. This means that it makes little di↵erence whether
one uses the free or interacting finite-volume spectrum
for the values of �En that enter R(T, t).7 Also apparent
from Fig. 3 is that no avoided level crossing is visible.
This is because the Roper resonance is too broad to gen-
erate such an e↵ect. It follows that, near the physical
point, no direct association between LQCD energies and
the resonance can be made and a careful Lüscher based
analysis will be needed to extract resonance properties
from LQCD.

7 In this work we do not plot an explicit comparison but, as we
comment in Sec. V below, if one uses LO ChPT for the infinite-
volume matrix elements, then the e↵ect of interactions in the
energies and Lellouch-Lüscher factors a↵ects the prediction for
R(T, T/2) at the percent level.

FIG. 2. The experimental phase shift for N⇡ scattering with
I(JP ) = 1/2(1/2+). The slow rise through ⇡/2 is associated
with the broad Roper resonance.

FIG. 3. Interacting finite-volume N⇡ states with I(JP ) =
1/2(1/2+). The dashed, black curves show the non-interacting
energy levels.

To better understand these results consider the form of
the pseudophase curves, plotted together with the experi-
mental phase shift for M⇡L = 4 in Fig. 4. The interacting
energies, at this L value, are given by the intersections of
the curves. This shows that there are universal features
for the levels predicted by certain types of phase shifts.
In particular, for any phase shift that slowly rises from
0 to ⇡, the spectrum is given by a smooth deformation
of the free levels. When �(p) is near 0 or ⇡ the energies
coincide with free values. As one follows a given interact-
ing level from high energies to low (by increasing M⇡L)
it rises by one free level. This implies that, for any slowly
rising phase shift, interacting levels tend to be separated

Encounter	dense	spectrum	of		 	statesNπ, Nππ, …

[Hansen	&	Meyer,	1610.03843]
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Sta$s$cal	errors	grow	exponen$ally	in	baryonic	correlators:	

		 		Calcula$ons	of	baryonic	three-point	func$ons	limited	to	
									source-sink	separa$ons		 	

		 		Poten$al	bias	from	unsuppressed	excited-state	contribu$ons
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t
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Quark-disconnected	diagrams

0, p⃗, s ts, p⃗′, s′
t

γµ

∼ ⟨N(p′, s′) |Vµ(x)|N(p, s)⟩

0, p⃗, s ts, p⃗ ′, s′
t

Vµ, Aµ

0, p⃗, s ts, p⃗ ′, s′

t

Vµ, Aµ

2

• Large	inherent	sta$s$cal	noise	

• Contribute	to	isoscalar	quan$$es	and	sigma-terms	

• Contribute	exclusively	to	strange	form	factors
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Figh$ng	the	noise	problem
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Mul$-state	fits
Include	sub-leading	terms	in		 	or	in	individual	two-	and	three-point	func$ons	
with	or	without	priors	for	the	excita$on	spectrum

RΓ(t, ts)

<latexit sha1_base64="Sbh29mktjeeTuJuUTdBpzj+508A="></latexit>

S �(ts) ⌘
ts�aX

t=0

R�(t, ts) = K� + (ts � a) g� + (ts � a) e��ts d� + e��ts f� + . . .

Summed	operator	inser$ons	(“summa$on	method”)
Excited-state	contribu$ons	more	strongly	suppressed

Compute	correlator	matrices;	solve	GEVP;	op$mise	projec$on	on	ground	state
Varia$onal	approach

<latexit sha1_base64="rws5bwJfxnMkyfasyZNS0Pa+gzE="></latexit>

R�(t, ts) = g� + c01 e��t + c10 e��(ts�t) + c11 e��ts + . . . , � = (E1 � E0)
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The	Mainz	nucleon	structure	project
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Past	and	present	members:	
A.	Agadjanov,	A.	Barone,	S.	Capitani,	M.	Della	Morte,	D.	Djukanovic,	T.	Harris,	G.	von	Hippel,	J.	Hua,	B.	Jäger,	
P.	Junnarkar,	B.	Knippschild,	J.	Koponen,	H.B.	Meyer,	D.	Mohler,	K.	OLnad,	T.D.	Rae,	M.	Salg,	T.	Schulz,	
J.	Wilhelm,	H.	WiXg

Recent	publica$ons	based	on	ensembles	with	 	flavours	of	 	improved	Wilson	quarksNf = 2 + 1 O(a)

Strange form factors
[Djukanovic	et	al.,	Phys	Rev	LeB	123	(2019)	212001]

Nucleon charges
[Harris	et	al.,	Phys	Rev	D	100	(2019)	034513;		Djukanovic	et	al.,	Phys	Rev	D	109	(2024)	074507]

Axial form factors
[Djukanovic	et	al.,	Phys	Rev	D	106	(2022)	074503]

Nucleon sigma terms
[Agadjanov	et	al.,	Phys	Rev	LeB		131	(2023)	26]

Electromagnetic form factors
[Djukanovic	et	al.,	Phys	Rev	D	103	(2021)	094522;	Phys	Rev	D	109	(2024)	9;		Phys	Rev	LeB	132	(2024)	21]

Zemach and Friar radii of the proton and neutron
[Djukanovic	et	al.,	Phys	Rev	D	110	(2024)	1]
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Nucleon	form	factors	and	charge	radii:	Defini$ons
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Dirac	and	Pauli	form	factors:
<latexit sha1_base64="9g5O6IJBK4a3isrb65YubLFZzQg="></latexit>D
N(p0, s0)

���J em
µ (0)

���N(p, s)
E
= u(p0, s0)

"
�µF1(Q2) + �µ⌫

Q⌫
2mN

F2(Q2)
#

u(p, s)

<latexit sha1_base64="7CBeoCBwHmWUfq/Jx7zkzAG7dBI="></latexit>

GM(Q2) = F1(Q2) + F2(Q2)
<latexit sha1_base64="BssQQ4EnaIMbAzLmsj4hNzlJCzQ="></latexit>

GE(Q2) = F1(Q2) � Q2

(amN)2 F2(Q2) ,

Charge	radii,	magne$c	moment:

Here, Γp denotes the polarization matrix of the
nucleon and we have set the source position x to zero
for simplicity. In our setup, the nucleon at the sink is at rest,
i.e., for a momentum transfer q the initial and final states
have momenta p ¼ −q and p0 ¼ 0, respectively. Our
interpolating operator for the proton is the same as in
Refs. [47,62,63], which is built using Gaussian-smeared
[64] quark fields with spatially APE-smeared [65] gauge
links and tuning the parameters so that a smearing radius
rG ≈ 0.5 fm [66] is realized.
For the three-point functions (9), the pertinent Wick

contractions yield a connected and a disconnected contri-
bution, hC3;Oi ¼ hCconn

3;O iþ hCdisc
3;Oi. They are depicted dia-

grammatically in Fig. 1. To calculate the connected part, we
employ the “fixed-sink” variant of the extended propagator
method. This requires additional inversions for each
source-sink separation while allowing the momentum
transfer to be varied via a phase factor at the point of
the current insertion [67]. The disconnected part of the
three-point functions is constructed from the quark loops
and the two-point functions according to

hCdisc
3;Oðp0;q; tsep; tÞi ¼ hLO;discðq; tÞC2ðp0; tsepÞi; ð10Þ

LO;discðq; z0Þ ¼ −
X

z

eiq·ztr½D−1
q ðz; zÞΓO&: ð11Þ

The all-to-all propagator D−1
q ðz; zÞ appearing in the quark

loops Eq. (11) is computed via stochastic estimation using a
variation of the frequency-splitting technique [68]. To that
end, we employ a generalized hopping-parameter expan-
sion [69] combined with hierarchical probing [70] for one
heavy quark flavor and subsequently apply a split-even
estimator, i.e., the one-end trick [68,71,72], for the remain-
ing flavors. For further details, we refer the interested
reader to Ref. [73].
To reduce the cost of the inversions, we apply the

truncated-solver method [74–76] with bias correction.
Details on our setup of sources are contained in Table I,
alongside the available source-sink separations tsep. On
ensembles with open boundary conditions in time, the
sources are generally placed on a single timeslice in the

middle of the lattice. Additional measurements of the
two-point function are used on all oBC ensembles except
S201 to extend the statistics for the disconnected
contribution. For these additional measurements, we
put the nucleon sources on different timeslices in the
bulk of the lattice. We have checked explicitly that the
observables studied in this work are not significantly
influenced by boundary effects for the chosen source
positions. No such issues arise for ensembles with
periodic boundary conditions in time. Here, one can
distribute the sources randomly on edges of subblocks of
the entire lattice volume, as dictated by even-odd [77]
and Schwarz [78] preconditioning. On all ensembles, we
employ iterative statistics for the different source-sink
separations. This means that with rising tsep, the number
of sources used for the computation of the connected
part is increased. The scaling of measurements is tuned
in such a way that the behavior of the effective statistics
as a function of tsep more closely resembles a constant
instead of showing an exponential decay of the signal-to-
noise ratio. For the disconnected part, the highest
statistics at our disposal is always utilized, in order to
obtain the best possible signal.
Instead of the local current Eq. (1), we use the conserved

vector current in the same way as in Ref. [47], so that no
renormalization is required. The OðaÞ improvement is also
performed analogously to Ref. [47], with the improvement
coefficient computed in Ref. [79].
As a first step towards extracting the effective form

factors, the nucleon two-point functions from Eq. (8) are
averaged over equivalent momentum classes. We call all
three-momenta p which share the same modulus jpj
equivalent and assign them the equivalence class p ¼
fp̃∈P3∶ jp̃j ¼ jpjg. Here, P3 is the set of possible lattice
momenta, P3¼fp¼2π

L np∶np∈Z3g⊂R3. The momentum-
averaged two-point functions are then defined as

hC̄2ðp; tsepÞi ¼
X

p̃∈ p

hC2ðp̃; tsepÞi
.X

p̃∈p

1: ð12Þ

Afterwards, we calculate the ratios [80]

FIG. 1. Diagrammatic representation of the two- and three-point functions of the nucleon. Only quark lines are shown, while all gluon
lines are suppressed. The red squares in the three-point functions represent the operator insertion, and the wavy red lines the external
photons.

DALIBOR DJUKANOVIC et al. PHYS. REV. D 109, 094510 (2024)

094510-4

Correla$on	func$ons:
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FIG. 4. Isovector and isoscalar electromagnetic form factors on the ensembles E250 (upper panel) and E300 (lower panel) as a
function of Q2. Our original lattice data as obtained from the summation method using the window average are represented by the faint
blue points, while the opaque ones have been corrected for the continuum and infinite-volume limit. The orange curves and bands depict
direct fits withMπ;cut ¼ 0.23 GeV andQ2

cut ¼ 0.6 GeV2, evaluated at the pion mass of the respective ensemble, zero lattice spacing, and
infinite volume.

ELECTROMAGNETIC FORM FACTORS OF THE NUCLEON … PHYS. REV. D 109, 094510 (2024)

094510-11

Extract	isovector	 	and	isoscalar	 	form	factors	from	correlators(u − d) (u + d − 2s)

Nucleon	form	factors	and	charge	radii:	Procedure
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π

<latexit sha1_base64="fjDMuEFSUrR6pwTgzAuT7tKAD/k="></latexit>

Ge↵
E/M(Q2, m2

⇡; a, L) = GB�PT
E/M (Q2, m2

⇡) + Flat(a2; Q2) + Fvol(m⇡L)

[Djukanovic	et	al.,	Phys	Rev	D	103	(2021)	094522;	Phys	Rev	D	109	(2024)	9;		Phys	Rev	LeB	132	(2024)	21]

mπ ≈ 170 MeV, a ≈ 0.05 fm



Hartmut	Wittig
FIG. 4. Isovector and isoscalar electromagnetic form factors on the ensembles E250 (upper panel) and E300 (lower panel) as a
function of Q2. Our original lattice data as obtained from the summation method using the window average are represented by the faint
blue points, while the opaque ones have been corrected for the continuum and infinite-volume limit. The orange curves and bands depict
direct fits withMπ;cut ¼ 0.23 GeV andQ2

cut ¼ 0.6 GeV2, evaluated at the pion mass of the respective ensemble, zero lattice spacing, and
infinite volume.
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Nucleon	form	factors	and	charge	radii:	Results

12

Proton:

Neutron: [Djukanovic	et	al.,	PRL	132	(2024)	21;	PRD	109	(2024)	9]
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• Complete	error	budget	

• Proton’s	electric	and	magne$c	radii	obtained	with	1.7%	and	1.1%,	respec$vely	
		 		Compe$$ve	with	 -scaLering	experiments→ ep

[Djukanovic	et	al.,	PRL	132	(2024)	21;	PRD	109	(2024)	9]

LaXce	QCD	es$mate	for	the	proton	radius

13



Hartmut	Wittig

• Complete	error	budget	

• Proton’s	electric	and	magne$c	radii	obtained	with	1.7%	and	1.1%,	respec$vely	
		 		Compe$$ve	with	 -scaLering	experiments→ ep

[Djukanovic	et	al.,	PRL	132	(2024)	21;	PRD	109	(2024)	9]

LaXce	QCD	es$mate	for	the	proton	radius

13

<latexit sha1_base64="1+25n9Yjh6QNoOee27lvdyUnEck=">AAACIXicbVDLSgMxFM34rPVVdekmWAQXMqS22LoQClJwWcE+oDOUTJppQ5OZIcmIZegH+B1+gFv9BHfiTvwAf8NMW0RbDwQO55ybyz1exJnSCH1YS8srq2vrmY3s5tb2zm5ub7+pwlgS2iAhD2Xbw4pyFtCGZprTdiQpFh6nLW94lfqtOyoVC4NbPYqoK3A/YD4jWBupm8vLbuJIAWvjS2RXSqhSdiKBbIRQ8cI5TR1fmNREMYA/pDBP8mCGejf35fRCEgsaaMKxUp0CirSbYKkZ4XScdWJFI0yGuE87hgZYUOUmk2PG8NgoPeiH0rxAw4n6eyLBQqmR8ExSYD1Q814q/uvp+/RDNbde+xU3YUEUaxqQ6XY/5lCHMK0L9pikRPORIZhIZg6AZIAlJtqUmjXNLPSwSJpnduHcLt6U8tXarKMMOARH4AQUQBlUwTWogwYg4AE8gWfwYj1ar9ab9T6NLlmzmQPwB9bnN+PqoXg=</latexit>

rE = 0.84087 ± 0.00039 fm

Muonic	hydrogen:

[Antognini	et	al.,	2013]

Electron-proton	scaLering:

[A1,	Bernauer	et	al.,	2010]

[PRad,	Xiong	et	al.,	2019]
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Relevant	parameter:	Zemach	radius	and	third	Zemach	moment

Electromagne$c	structure	of	the	proton	affects	the	HFS	of	the	s-state	of	hydrogen

[Djukanovic	et	al.,	Phys	Rev	D	110	(2024)	1]

Hyperfine	spliXng	and	the	Zemach	radius

14
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First-ever	laXce	calcula$ons	of	Zemach	and	Friar	radii	

Results	signal	tension	with	A1	measurement	and	dispersion	theory
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The	Muon	Anomalous	Magne$c	Moment

15
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Is	there	a	signal	for	new	physics	in	the	muon	 ?g − 2
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E989	@	Fermilab:
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aexp
µ = 116 592 049(22) ⇥ 10�11 [0.19 ppm] [Aguillard	et	al.,	Phys	Rev	LeB		131	(2023)	16,	161802]
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Hadronic	vacuum	polarisa$on

[Borsányi	et	al.,	Nature	593	(2021)	7857]White	paper	es$mate	challenged	by	laXce	QCD	calcula$ons	

and	tensions	among	cross	sec$on	measurements	for	e+e− → hadrons [Ignatov	et	al.,	Phys	Rev	D109	(2024)	112002]
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HVP	contribu$on:	Dispersion	Theory	vs.	LaXce	QCD
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Integral	representa$ons:
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Window quantities
I Time-momentum representation

[Bernecker, Meyer ’11 ’13]
a
win
µ =

⇣
↵

⇡

⌘2X

t

G(t) eK(t) W (t; t0, t1) ,

• Short distances : W
SD(t; t0) = [1�⇥(t, t0,�)]

• Intermediate distances : W
ID(t; t0, t1) = [⇥(t, t0,�)�⇥(t, t1,�)]

• Long distances : W
LD(t; , t1) = ⇥(t, t1,�)

Smooth step function : ⇥(t, t0,�) = [1 + tanh[(t� t
0)/�]] /2
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Lattice data

I This talk focuses on the intermediate window

Antoine Gérardin 3 HVP contribution to (g � 2)µ : status of the Mainz calculation

Window	observables

18

Restrict	integra$on	over	Euclidean	$me	to	sub-intervals	
		 		reduce/enhance	sensi$vity	to	systema$c	effects→

<latexit sha1_base64="RZkSrxSX7M0m0SIdaFXvIxBtAEI="></latexit>
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Intermediate	window:

• Finite-volume	correc$on	reduced	to	0.25%	

• Uncertainty	dominated	by	sta$s$cs

sta$s$cal	noise	
finite-volume	effects

laXce	artefacts
Short-distance	window:

• Uncertainty	dominated	by	ability	to	control	con$nuum	extrapola$on	

Long-distance	window:

• Sta$s$cal	errors	in	the	long-distance	tail	dominate	total	error
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Intermediate	window	observable:	LaXce	QCD	vs.	 -ra$oR

19

Let:	dominant	light-quark	contribu$on	to	 	
Right:	including	sub-leading	contribu$ons

awin
μ

✻excluding	the	CMD-3	result

• Dominant	light-quark	contribu$on	confirmed	for	wide	
range	of	discre$sa$on	with	sub-percent	precision

• Significant	tension	with	results	based	on	the	 -ra$o✻R
-ra$o	es$mate:R
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awin
µ = (229.4 ± 1.4) · 10�10

(assuming	100%	correla$on)

LaXce	average:
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awin
µ = (236.10 ± 0.86) · 10�10

• Tension	of	 	in	the	window	observable	evaluated	from	 	data✻	and	five	laXce	calcula$ons4.1σ e+e−
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What	can	we	learn	from	 	?awin
μ

2020
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awin
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���
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���
e+e� 			 	in	some	interval	of	⇒ R(s)lat > R(s)e+e− s

<latexit sha1_base64="04fCdWvv8aMULColFv2XdDL6NB4="></latexit>

p
s = 600 � 900 MeV:

R(s)lat

R(s)e+e� = 1 + ✏ )
(ahvp
µ )lat

(ahvp
µ )e+e�

⇡
(awin
µ )lat

(awin
µ )e+e�

= 1 + 0.6✏

[Mainz/CLS,	Cè	et	al.,	Phys	Rev	D	106	(2022)	114502]	Phenomenological	model	for	 -ra$o	predictsR

<latexit sha1_base64="tMfJLxOi0+4JXCT3R3CtvI3BzZo="></latexit>

(awin
µ )lat/(awin

µ )e+e� = 1.029(7) )LaXce	average	vs.	 -ra$o:R

				 	is	enhanced	by	5%	rela$ve	to	 	for		⇒ R(s)lat R(s)e+e−
s = 600 − 900 MeV

				scaled	es$mate	for	HVP	contribu$on:				⇒ (ahvp
μ )e+e−

WP2020 × 1.029 ≈ 713 ⋅ 10−10
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Problem:	exponen$al	growth	of	signal-to-noise	ra$o	in	 	for	large	G(t) t

• Low	modes	responsible	for	sta$s$cal	fluctua$ons	

• LMA	leads	to	beLer	sampling	of	the	correlator

“Low-mode	averaging”	(LMA):	

• Express	quark	propagator	in	terms	of	eigenmodes	

of	the	Wilson-Dirac	operator
<latexit sha1_base64="eo4Upv1nrZ8IWSzMF8aFFDVE7YE="></latexit>

S (y, x) = S eigen(y, x) + S rest(y, x)

[Gius&,	Hernández,	Laine,	Weisz,	HW	2004;	DeGrand	&	Schaefer	2004]
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Long-distance	tail	of	 	dominated	by	two-pion	states	with	isospin	one:G(t)

• Addi$onal	gain	via	spectral	reconstruc$on:
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Results:	long-distance	window	and	total	light-quark	contribu$on

22

Long-distance	window	observable
(open	symbols	refer	to	BMW20	scheme)

	channel	from	CMD-3	measurementπ+π−

Total	light-quark	connected	contribu$on

Hartmut	Wittig
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HVP	from	La+ce	QCD:	The	Challenge	

	1

La+ce	QCD	does	NOT	determine	the		 -ra>o	from	first	principlesR
Time-momentum	representa>on	(TMR): [Bernecker	&	Meyer	EPJA	47	(2011)	148]

(	 :	known	analy>cally)K̃(t)

• No	reliance	on	experimental	data,	except	for	simple	input	quan>>es		 	scale	se+ng,	calibra>on	
• Not	sensi>ve	to	exclusive	hadronic	channels

→

• Exponen>ally	increasing	sta>s>cal	noise	as		 	
• Correct	for	finite-volume	effects	
• Control	discre>sa>on	effects	(“la+ce	artefacts”)	
• Include	isospin-breaking	correc>ons

t → ∞
Challenges
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Light-quark	connected	contribu6on	dominates
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[Mainz/CLS:	Djukanovic	et	al.,	arXiv:2411.07969]	
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Results:	full	hadronic	vacuum	polarisa$on	contribu$on

23

Add	sub-leading	contribu$ons:	isoscalar	and	charm;	unblind	analysis

Iso-symmetric	QCD:	
<latexit sha1_base64="1UQaHX5N+2TsBgVxGmwWDW90nfw="></latexit>
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����
isoQCD

= (728.6 ± 4.3 ± 3.7) · 10�10 [0.8%]

[Mainz/CLS:	Djukanovic	et	al.,	arXiv:2411.07969]	

Defini$on	of	iso-symmetric	QCD	ambiguous	—	depends	on	chosen	hadronic	scheme

Scheme	ambigui$es	must	vanish	ater	inclusion	of	strong	and	e.m.	isospin-breaking	correc$ons
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Results:	full	hadronic	vacuum	polarisa$on	contribu$on

24

• Agreement	with	experimental	average

[Mainz/CLS:	Djukanovic	et	al.,	arXiv:2411.07969]	

• Result	agrees	with	BMW-DMZ	24	within	1.4 σ

Final	result	(Mainz/CLS):
<latexit sha1_base64="4wTYH2a17vXzrSEu7iy7yBM+mrQ="></latexit>

ahvp
µ = (724.9 ± 5.0 ± 4.9) · 10�10 [0.97%]

• Improvement	by	more	than	a	factor	two

• Tension	of	 		with	data-driven	es$mate	
(2020	White	Paper)
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Exp. Average
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Results:	full	hadronic	vacuum	polarisa$on	contribu$on
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[Mainz/CLS:	Djukanovic	et	al.,	arXiv:2411.07969]	

Final	result	(Mainz/CLS):
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Room	for	improvement:
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Summary	and	outlook
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“Agreement	is	not	a	useful	scien&fic	concept”
Guido	Mar&nelli,	ca.	1994
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Summary	and	outlook
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LaXce	QCD	calcula$ons	have	entered	the	precision	era:	

• Results	are	precise	enough	to	be	confronted	with	experiment	and/or	phenomenology	

• LaXce	QCD	able	to	resolve	/	confirm	/	create	tensions

Puzzle	surrounding	the	proton’s	electric	charge	radius	largely	resolved	

A	new	puzzle	has	emerged	in	the	case	of	the	magne$c	charge	radius

Muon	 	puzzle	has	shited:	explain	the	tension	between	 	data	and	LaXce	QCD	

Fermilab	E989	prepares	to	release	result	including	data	from	Runs	4–6	

Second	White	Paper	in	prepara$on

g − 2 e+e−
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Case	for	New	Physics	is	weakening….


