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Exotic hadrons at Belle, BABAR, BES, LHCb,...
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Four-quark states:

four-body diquark heavy-light

cluster anti-diquark mMesons hadro charmonium
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Four-quark states:

four-body diquark heavy-light

cluster anti-diquark mesons hadro charmonium

| Related to details of underlying QCD forces]

Christian S. Fischer (University of Gie3en, HFHF) Four-quark states with functional methods



Overview

|.The formalism: glueballs, quarks and two-quark states
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Dyson-Schwinger equations - “3PIl vs RL”

Non-perturbative treatment of strong interaction via Euclidean correlation functions

CF, Alkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026
Huber, PRD 101 (2020) 114009
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Dyson-Schwinger equations - “3PIl vs RL”

Non-perturbative treatment of strong interaction via Euclidean correlation functions

propagators

CF, Alkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026
Huber, PRD 101 (2020) 114009
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Dyson-Schwinger equations - “3PIl vs RL”

Non-perturbative treatment of strong interaction via Euclidean correlation functions

propagators 5 vertices
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Dyson-Schwinger equations - “3PIl vs RL”

Non-perturbative treatment of strong interaction via Euclidean correlation functions
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Dyson-Schwinger equations - “3PIl vs RL”

Non-perturbative treatment of strong interaction via Euclidean correlation functions

propagators 5 vertices
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Dyson-Schwinger equations - “3PIl vs RL”

Non-perturbative treatment of strong interaction via Euclidean correlation functions
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Dyson-Schwinger equations - “3PIl vs RL”

Non-perturbative treatment of strong interaction via Euclidean correlation functions

propagators 5 vertices
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Dyson-Schwinger equations - “3PIl vs RL”

Non-perturbative treatment of strong interaction via Euclidean correlation functions
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Quark dressing - comparison with lattice

DSE: CF, Nickel, Williams, EP] C 60 (2009) 47
Lattice: P. O. Bowman, et al PRD 71 (2005) 054507
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The complex P2-plane

..... = |K A(P)=I

— +_O_

A
timelike spacelike P2
generic situation

Williams, PLB 798 (2019) 134943, [arXiv:1804.11161]

Santowsky, Eichmann, CF, Wallbott and Williams,
PRD 102 (2020) no.5, 056014, arXiv:2007.06495.

Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755
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The complex P2-plane
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Light meson spectrum - RL vs full 3Pl-calculation
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Light meson spectrum - RL vs full 3Pl-calculation

m [GeV]
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® good agreement with experiment in most channels
® special channels:
pseudoscalar 0~ :(pseudo-) Goldstone bosons
scalar 0"t : complicated channel...
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Light meson spectrum - RL vs full 3Pl-calculation
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Light mesons with gqgqg-content

Light scalar mesons:

s3]
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wrong level ordering

R. L. Jaffe, Phys. Rev. D 15,267 (1977)
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Light mesons with gqgqg-content

Light scalar mesons:
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Tetraquarks from the four-body equation

Kvinikhidze & Khvedelidze, Theor. Math. Phys. 90 (1992)

ExaCt eq u ati on: Heupel, Eichmann, CF, PLB 718 (2012) 545-549

Eichmann, CF, Heupel, PLB 753 (2016) 282-287
0 - - — I T—0—
Ao o - - + T + 7 o N
- - T 10— - 4 o 4 o perm.

+ perm. + perm.

29

Q

Two-body interactions Three- and four-body
Interactions

Eichmann, CF, Heupel, PLB 753 (2016) 282-287
Santowsky, CF, PRD 105 (2022) 4,313
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Tetraquarks from the four-body equation

Kvinikhidze & Khvedelidze, Theor. Math. Phys. 90 (1992)
Heupel, Eichmann, CF, PLB 718 (2012) 545-549
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® Two-body interactions: allow for internal clustering
® use rainbow-ladder a’PPrOXimation t Eichmann, CF, Heupel, PLB 753 (2016) 282-287

Santowsky, CF PRD 105 (2022) 4,313
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Bound state vs resonance: scalar four-quark states

uid 1 - D el -2

+ perm.

without twobody-clustering

1200

yTetra (MeV]

Bound state of
four massive quarks

Eichmann, CF, Heupel, PLB 753 (2016) 282-287
Santowsky, CF, PRD 105 (2022) 4,313
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Bound state vs resonance: scalar four-quark states

uid 1 - D el -2

+ perm.

without twobody-clustering
0 300-400 1200

yTetra (MeV]

with Tt-clustering Bound state of

Two-pion resonance four massive quarks

Eichmann, CF, Heupel, PLB 753 (2016) 282-287
Santowsky, CF, PRD 105 (2022) 4,313
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Bound state vs resonance: scalar four-quark states

u/d DE ] E@ﬂg}%@

without twobody-clustering
0 300-400 1200

yTetra (MeV]

with Tt-clustering Bound state of

Two-pion resonance four massive quarks

— identify with fo(500) (‘O-meson’)

Eichmann, CF, Heupel, PLB 753 (2016) 282-287
Santowsky, CF, PRD 105 (2022) 4,313
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Bound state vs resonance: scalar four-quark states

u/d Dﬁﬂtﬁ} -

+ perm.

without twobody-clustering

0 300-400 1200
! | : yTetra[Mev]
I | 1
with Tt-clustering Bound state of
Two-pion resonance four massive quarks
— identify with fo(500) (‘O-meson’)
with strange quarks: m(ao, fo) & 1GeV  fommcramnets o we
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Bound state vs resonance: scalar four-quark states

u/d Dﬁﬂﬁ} -

+ perm.

without twobody-clustering
0 300-400 1200

yTetra (MeV]

with Tt-clustering Bound state of

Two-pion resonance four massive quarks

— identify with fo(500) (‘O-meson’)

with strange quarks: m(ao, fo) = 1GeV  Gomndenemig =

Meson-meson components completely dominate over diquarks!
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Bound state vs resonance: scalar four-quark states

u/d Dﬁﬁﬁ} -

without twobody-clustering
0 300-400 1200
! | : yTetra[Mev]
I | |
with Tt-clustering Bound state of
Two-pion resonance four massive quarks
— identify with fo(500) (‘O-meson’)
with strange quarks: m(ao, fo) & 1GeV  fommcramnets o we

Meson-meson components completely dominate over diquarks!

MiXing Wlth qu Sma” effeCt Santowsky, Eichmann, CF, Wallbott and Williams, PRD 102 (2020) no.5, 056014

Santowsky, CF. PRD 105 (2022) 4,313
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Structure of the amplitude: open flavor

Vector tetraquark:

— _ el
p - )y ezl ) o ke
I'(P,p,q,k) Zfz 51, . S9) X 1;(P,p,q, k) x color x flavor

7
9 Lorentz scalars 768 tensor 3®3,6®6 or

(built from Pp,q,k) structures 1®1,8®8
(vector)

® reduce # tensor structures guided by physics
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Structure of the amplitude: open flavor

® re l,'

I(J") Physical components

11 3®3 8R® 8 6®6

Jo J1 J2 VE Ja /5

0(1+)bban|| BB* B*B*| AwS | BB* B*B*| SwA
benn|| BD* B*D | Ap.S | BD* B*D | SpA
ccnn|| DD* D*D*| A:.S | DD* D*D*| S. A

bbss || BsBY — | AwAss | BsB: — — —
bcss || BsD., B:Dgs | SvcAss | BsD; B, D | ApeSss

ccss || Ds Dy — | AccAss | Ds Dy — —

1(1")bbgqg || BB*  — AwA | BB*  — —
bcGg|| BD* B*D | Sy.A | BD* B*D*| Ap.S

ccqq || DD — A..A | DD*  — _

lavor
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bb, bc and cc four-quark-states

M |GeV] bbqq M [GeV] bcqq M [GeV] ccqq
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13.01 7
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19.51 8.5 10 @
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BB == _. N N i - — e ——— 1 poL_ 4 d-ee ] n € su d
105_ Iin_iz; 70 Tb—z 38- { ) }
01 1(17) 0(1t)  1(1%) 0(1*) 1(1%)

QQ/(_E(_B excited WZ4 QQ/§§ excited ZZ QQ/ﬁﬁ excited Hoffer, Eichmann, CF. 2409.05779

QQ’ cc ground QQ’ ss ground QQ' nn ground Lattice:
Francis, PPNP 140 104143 (2025)
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bb, bc and cc four-quark-states
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Sakai et. al.

8 Park et. al.
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12 ] Meng et. al.

] Noh et. al.

Meng et. al.

Albaladejo (2021
12 4 Ke et. al.

Ortega et. al.

: Song & Jia (2023

i Kucab & Praszalowicz (2024

11¢ Wang et. al.
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O

O

O -1

T Francis et. al.

: Junnarkar et. al.

v Leskovec et. al.

11 ~‘ Francis et. al.
] Lyu et. al.
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{ Aoki et. al. (2023
10 Padmanath et. al. (2023
Alexandrou et. al. (2023
Alexandrou et. al. (2024

—O—
Q
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—0—

)
A

—0.1
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Nt v a v ol Sa N L 51w
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17217477}
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0.0 0.1

Hofter, Eichmann, CF2405.05779
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bb, bc and cc four-quark-states
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Effect of repulsive forces
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Effect of repulsive forces
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Effect of repulsive forces
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|dentifying leading structures...
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Internal structure
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Internal structure
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Internal structure
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Hidden flavour four-quark states with charm
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Hidden flavour four-quark states with charm
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Hidden flavour four-quark states with charm
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Hidden flavour four-quark states with charm
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Hidden flavour four-quark states with charm
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Hidden flavour four-quark states with charm
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Hidden flavour four-quark states with bottom
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Hidden flavour four-quark states with bottom
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Hidden flavour four-quark states with bottom
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Hidden flavour four-quark states with bottom
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Hidden flavour four-quark states with bottom

attractive only
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Hidden flavour four-quark states with bottom
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Internal structure
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Hoffer, Eichmann, CF, in preparation
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Charm and bottom energy region:

® Spectrum for hidden and open flavor
four-quark states
® Interesting interplay: attractive and repulsive forces

® Internal structure is flavour and spin dependent!

- Mmeson-meson IS dommatmg/lmportant Hoffer, Eichmann, CE. PRD 109 (2024) 074025

Hoffer, Eichmann, CF, 2409.05779

Hoffer, Eichmann, CF, in preparation

To do: = improve two-body forces
- include three and four-body forces
- visit second Riemann sheet
- include mixing with two-quark states
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Mass evolution of four-quark state: 0++

fo(500) : mm — component dominates!

100

300 400 500 600 M

mg = 3.8 MeV
Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755
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Mass evolution of four-quark state: 0++

fo(500) : mm — component dominates!

100

300 400 500 600 M 600 700 800 800 900 1000 1100 900 1100 1300

m, = 3.8 MeV mg = 20.0 MeV mg = 50.0 MeV mg = 85.5 MeV
Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755
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Mass evolution of four-quark state: 0++

fo(500) : mm — component dominates!

100

300 400 500 600 M 600 700 800 800 900 1000 1100 900 1100 1300

m, = 3.8 MeV mg = 20.0 MeV mg = 50.0 MeV mg = 85.5 MeV
Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755

® mixed state becomes qgq-dominated for large mq
® dynamical decision !
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Mass evolution of four-quark state: 0++

fo(500) : mm — component dominates!

100

600 700 800 800 900 1000 1100 900 1100 1300

300 400 500 600 M

m, = 3.8 MeV mg = 20.0 MeV mg = 50.0 MeV mg = 85.5 MeV
Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755

® mixed state becomes qgq-dominated for large mq
® dynamical decision !

> consequences for ccqgq, ccss, bbg, bbss, bbcc ?
work to be done!
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Four-body equation: permutations

® Singlet:  So= (" +¢*+k%)/4 p, q, k : relative momenta
® Doublet: D; ~ p? + ¢* — 2k
Dy~ ¢ —p°
¢ ] diquark pole
q —»—
Z : | } D,

k*=0

G C —
q —‘ — q :l: —
q — q [ ] -
C C —=—_
N / hadrocharmonium

heavy-light mesons
meson poles

Four-quark states with functional methods
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® Singlet:  So= (" +¢*+k%)/4 p, q, k : relative momenta

® Doublet: D; ~ p? + ¢* — 2k
D2 ~ q2 o p2 |
{ ® model independent:

c T diquark pole heavy-light meson poles
q ——— .

g — o more important than
¢ eoo | diquark poles

(color factor !)

C —=a_

heavy-light mesons ' ’ hadrocharmonium
meson poles
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Light baryon spectrum: diquark-picture

= 3 parameters + mygd;s

M [GeV]
2.0- ] 2.0 i 21920 .
- [ B M N(1900) W N(1875) - W A(1910) | W A(1920)
1.8 % 4 1.8 - . -
N(1710) N(1720) N(1700 - — . 77) A(1700)
16 7] N(1650) % ( ) 164 A(1620) Z A(1600)
I 4 N(1535) = N(1520) . Z
14 N(1440) 14
1.2 1 B g-dq 1.2 - = A(1232)
- PDG **
. PDG* ||
== N(940) PG
1t 1- 3+ 3~ 1t 1- 3+ 3~
2 2 2 2 2 2 2 2

Eichmann, CF, Sanchis-Alepuz, PRD 94 (2016) [1607.05748]
Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2

spectrum in one to one agreement with experiment

correct level ordering (without coupled channel effects...)
Stra nge ba r’yon S Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2

CF, Eichmann PoS Hadron 2017 (2018) 007
Sanchis-Alepuz, CF, PRD 90 (2014) 096001

h ea'vy baryo ns Qin, Roberts, Schmidt, Few Body Syst. 60 (2019) no.2, 26

Torcato, Arriaga, Eichmann and Pena, FBS 64 (2023) 45

Review on diquarks: Barabanov et al, PPNP 116 (2021), 103835
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Light baryon spectrum: diquark-picture

= 3 parameters + mygd;s

M [GeV]
2.0 B 2.0 i o o
| C [] M N(1900) M N(1875) ' W A(1910) A(1920)
1.8 % “ 18- ] m
: N(1710 N(1720) ; = . 7/ A(1700
. (1710) e N(1650) m N(1700) - A(1620) % A(1600) 4 A700)
] 48 N(1535) = N(1520) . 7
1.4 - N(1440) 14
12 e s A A == A(1232)
i need:
1.0 .'
g € ) o
 ‘good’ scalar diquark: 0+
1+ 1- 3+ 3
2 2 2 2

‘ Eichmann, CF, Sanchis-Alepuz, PRD 94 (2016) [1607.05748]
] Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2

® spectrum in one to one agreement with experiment
® correct level ordering (without coupled channel effects...)
=) Stra nge ba ryon S Eichmann, CF, Few Body Syst. 60 (2019) no.1, 2

CF, Eichmann PoS Hadron 2017 (2018) 007
Sanchis-Alepuz, CF, PRD 90 (2014) 096001

® h ea'vy baryo ns Qin, Roberts, Schmidt, Few Body Syst. 60 (2019) no.2, 26

Torcato, Arriaga, Eichmann and Pena, FBS 64 (2023) 45

Review on diquarks: Barabanov et al, PPNP 116 (2021), 103835
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Light baryon spectrum: diquark-picture

M [GeV]

2.0 . 2.0 1
y . . l N(1900) % N(1875) T

1.8 1 % = 1.8 -

N(1710 7z N(1720) |

6 (1710) @ N(1650) “ W N(1700) .
_ ] M N(1535) 2. N(1520)

14- N(1440) -

i need:
1.0 1 '

 ‘good’ scalar diquark: 0+
i ‘bad’ axialvector diquark: |+

2//////’. A(1 91 0)

= 3 parameters + mygd;s

i A(1920)
O

-
, A(1700)
7| A(1600)

[
A(1620)

= A(1232)

-+ §+ 3
2 2

DN
N[

Eichmann, CF, Sanchis-Alepuz, PRD 94 (2016) [1607.05748]
Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2

o spectrn one ge with experiment
® correct level ordering (without coupled channel effects...)

® stran ge ba ryons Eichmann, CF, Few Body Syst. 60 (2019) no.1,2

CF, Eichmann PoS Hadron 2017 (2018) 007
Sanchis-Alepuz, CF, PRD 90 (2014) 096001

Qin, Roberts, Schmidt, Few Body Syst. 60 (2019) no.2, 26

® heavy baryons

Torcato, Arriaga, Eichmann and Pena, FBS 64 (2023) 45

Review on diquarks: Barabanov et al, PPNP 116 (2021), 103835
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Light baryon spectrum: diquark-picture

M [GeV]
2.0 .
: y . . l N(1900) F% N(1875)
o] 2 Nasso) AR TUEES TR
72 N(1720) &
. % N(710) N(1650) & N(1720) g N(1700)
_ ] M N(1535) 2. N(1520)
14 N(1440)
1.2 _ ‘ g = PSR W AR~ A 5 A A SN e A AR T B AR A A RN N =
i need:
1.0 '

DN

| ‘uly’ s/v diquark

= Ne4 ‘eood’ scalar diquark: O+
i ‘bad’ axialvector diquark: |+

2.0

1.8 1

1.6

1.4

2//////;. A(1 91 0)

= 3 parameters + mygd;s

i 2A(1920)
]

]
™ ” A(1700)
4(1620) % A(1600)

= A(1232)

-+ §+ 3
2 2

DN
N[

Eichmann, CF, Sanchis-Alepuz, PRD 94 (2016) [1607.05748]
Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2

o spectr in \ with experiment
® correct level ordering (without coupled channel effects...)

® strange baryons
® heavy baryons

Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2
CF, Eichmann PoS Hadron 2017 (2018) 007
Sanchis-Alepuz, CF, PRD 90 (2014) 096001

Qin, Roberts, Schmidt, Few Body Syst. 60 (2019) no.2, 26

Torcato, Arriaga, Eichmann and Pena, FBS 64 (2023) 45

Review on diquarks: Barabanov et al, PPNP 116 (2021), 103835
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Strange baryon spectrum: DSE-RL (preliminary !)

2.0 - 22-
m % A(1890) o
1.8 'J A(1810) "l A(1800) W ! 2.0
' A(1690) i ] o _
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L B
i 1.6
1.4 — A(1405) | == =(1530)
: 1.4 1
12- P == £(1320)
= A(1115) ] =
+ 1~ 3+ 3—
1+ 1— : 1 1 3 3
5 5 2 2 2 2
""" 22-I
| | e e 2.8
2.0- L o o i l
R | E 24 B ceinor . o 0(2380)?
8- = = 4- ;
18‘ M ‘e Z(1750) - L} 0(2250)?
7] ¥(1660) £(1670) .
1.6 P 20-
] — 1 qag
1'4_ == Z(1385) 6. == (1672) = g
PDG **
1.2 === 5(1190) E o s
| = P127 77 PDG **++
1+ 1- 3+ 3~ 1F - 3+ 3”7
2 2 2 2 2 2 2 2

Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2
CF, Eichmann PoS Hadron 2017 (2018) 007
Sanchis-Alepuz, CF, PRD 90 (2014) 096001
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Strange baryon spectrum: DSE-RL (preliminary !)

2.0 2.2
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Strange baryon spectrum: DSE-RL (preliminary !)
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Strange baryon spectrum: DSE-RL (preliminary !)
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Strange baryon spectrum: DSE-RL (preliminary !)
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Strange baryon spectrum: DSE-RL (preliminary !)
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Strange baryon spectrum: DSE-RL (preliminary !)
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Strange baryon spectrum: DSE-RL (preliminary !)
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Strange baryon spectrum: DSE-RL (preliminary !)
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