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Magnetic field couples to the spin of a charged lepton through the  factor





Dirac theory predicts  for spin 1/2 particles at first order, quantum effects shift this value to 
. This difference is known as the anomalous magnetic moment of the lepton.


                             =                                                                          .


Precise exp. and th. predictions (picture in 2020)
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aμ =
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= =

aexp
μ = 116592059(22) × 10−11

ath
μ = 116591810(43) × 10−11
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Most contributing to the total uncertainty for 
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PD Dr. Tobias Huber; October 13, 2021
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Motivation and current 
muon g-2 statusMotivation



Plenty of new results and discoveries since then; new more precise lattice results have changed 
the way we look at this.  Big discrepancies between lattice and data driven approaches⟹

Anna Driutti, Lecture 1: Muon Magnetic Moment Experiments

[BNL g−2, hep-ex/0602035]

[FNAL g−2, 2104.03281, 2308.06230]


Simon Kuberski, Update from Mainz on ,  plenary workshop muon g-2
ahvp
μ 7th
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Motivation and current 
muon g-2 statusPast & current status



E.g. in the LO case:

= ×∫
∞

0
dq2 [ ]

M. Passera et al. Physics Letters B 834 (2022) 137462 
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Kernel: QED structure of the diagram, known analytic (  weight) function∼

Hadron Vacuum Polarisation (HVP) function: Includes all the QCD effects  non-perturbative 
nature, must be computed by other means

→

LO & NLO contributions to the ahvp
μ structureahvp

μ

ahvp
μ [LO] = = ∫

∞

0
dq2 f (LO)( ̂q2) Π̂(q2)

̂q =
q

mμ



E.g. in the LO case:


E.g. photon and muon corrections in the NLO case:

M. Passera et al. Physics Letters B 834 (2022) 137462 
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LO & NLO contributions to the ahvp
μ structureahvp

μ

= ×∫
∞

0
dq2 [ ] = ∫

∞

0
dq2 f (NLOa)( ̂q2) Π̂(q2)ahvp

μ [NLOa] =

= ×∫
∞

0
dq2 [ ] = ∫

∞

0
dq2 f (LO)( ̂q2) Π̂(q2)ahvp

μ [LO] =

̂q =
q

mμ



Generally can be expressed as the integral of the 
Kernel  (given by the QED structure) times 
the HVP 


 with 


e.g.  .





PROBLEM: 
non-perturbative QCD effects   cannot 
be computed with perturbation theory! 

f(q2)
Π̂(q2)

ahvp
μ [(i)] = ( α

π )
≥2

∫
∞

0
dq2 f (i)( ̂q2)Π̂(q2) i = LO, NLOa, NLOb

f (NLOb) = 2 f (LO) × Fl

ahvp
μ [(NLOc)] = ( α

π )
3

∫
∞

0
dq2 f (LO)( ̂q2)[Π̂(q2)]

2

→ Π̂(q2)

LO contribution:

M. Passera et al. Physics Letters B 834 (2022) 137462 

NLO contribution:

Involved, in lattice QCD it’s usually 
computed as a small correction of the LO
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LO & NLO contributions to the ahvp
μLO & NLO contributions

∼ 730 × 1010

∼ − 20 × 1010 ∼ 10 × 1010

∼ 0.3 × 1010
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 from lattice simulationsahvp
μ from the latticeahvp

μ
 must be found non-perturbatively.Π̂(q2)

HVP tensor:           


Lattice correlator:           


There’s an analytic relation between both descriptions:





Same idea as before applies, energy integral is absorbed by the Kernel and  is expressed as an 
integral over Euclidian time.


   with      for  

iΠμν(q) = i (gμνq2 − qμqν) Π(q2) = ∫ d4xeiq⋅x⟨jμ
em(x)jν

em(0)⟩

G(τ) = −
1
3 ∑⃗

x∈Λ

3

∑
k=0

⟨jk
em( ⃗x, τ)jk

em(0)⟩

Π̂(ω2) =
4π2

ω2 ∫
∞

0
dt G(t)[ω2t2 − 4 sin2 ωt

2 ]
ahvp

μ

ahvp
μ [(i)] = ( α

π )
≥2

∫
∞

0
dt f̃ (i)(t)G(t) f̃ (i)(t) = 8π2 ∫

∞

0

dω̂
ω̂

̂f (i)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t
2 ] i = LO, NLOa, NLOb

This can be computed in the lattice

We need to find a suitable representation for these kernels!!







ω̂ =
ω
mμ

̂t = mμt
̂f = m2

μ f

D.Berneckerand H.B.Meyer. 2011. Eur. Phys.
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 from lattice simulationsahvp
μTMR Kernels

Has a closed-form solution.





Suitable representation of the kernel to combine it with lattice data


f̃ (LO)(t) =
2π2

m2
μ

−2 + 8γE +
4
̂t2

+ ̂t2 −
8

̂t
KI(2 ̂t ) + 8 ln( ̂t ) + G2,1

1,3
̂t2

3
2

0,1, 1
2

LO

m2
μ

16π2
f̃ (LO)(t) =

∑N
n=4,n∈even

an + bn(γE + ln ̂t)
n!

̂tn ̂t ≤ ̂t*

̂t2

8 − π
4

̂t + ln( ̂t ) + γE − 1
4 + 1

2 ̂t 2
+ π

t e−2 ̂t ∑P
p=0 a(b)

p ( ̂t0

̂t
− 1)

p
̂t > ̂t*

̂t → 0

̂t → ∞

           f̃ (LO)(t) =
8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (LO)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] ̂f (LO)(s) =
1
2 ( s(s + 4) − s) +

1
s(s + 4)

− 1

Suppressed ̂t ∼ ̂t0 The hadronic vacuum polarization contribution to the muon g − 2 
from lattice QCD. 2017. M. Della Morte et al 
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 from lattice simulationsahvp
μTMR Kernels

NLOa
f̃ (NLOa)(t) =

8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (NLOa)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ]

      where          and :








̂f (NLOa)(s) =
2F4 ( 1

y(−s) )
−s

y(z) =
z − z(z − 4)

z + z(z − 4)

F4(u) =
23u6 − 37u5 + 124u4 − 86u3 − 57u2 + 99u + 78

72(u − 1)2u(u + 1)

+ (12u8 − 11u7 − 78u6 + 21u5 + 4u4 − 15u3 + 13u + 6) log(−u)
12(u − 1)3u(u + 1)2

+ (−7u4 − 8u3 + 8u + 7) log(1 − u)
12u2

+
(u + 1)(−u3 + 7u2 + 8u + 6) log(u + 1)

12u2

(−3u4 − 5u3 − 7u2 − 5u − 3) (2Li2(−u) + 4Li2(u) + log(−u)log ((1 − u)2(u + 1)))
6u2

NO CLOSED-FORM SOLUTION
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 from lattice simulationsahvp
μTMR Kernels

NLOa
    f̃ (NLOa)(t) =

8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (NLOa)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ]
NO closed-form solution. 


For  one can proceed as:





For  one solves analytically as much as possible and rotates the cosine to the complex plane to make it real and thus make 
explicit the suppressed contribution. Then, one numerically expands around  by studying the asymptotic behavior of each piece.


̂t ≪ 1

∫
∞

0

dω̂2

ω̂2
̂f (NLOa)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] = ∫
1 − ̂t

̂t

0

dω̂2

ω̂2
̂f (NLOa)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ]
ω̂ ̂t∼0

+ ∫
∞

1 − ̂t
̂t

dω̂2

ω̂2
̂f (NLOa)(ω̂2)

ω̂∼∞
[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ]
̂t ≫ 1

̂t0

m2
μ

16π2
f̃ NLOa(t) =

∑N
n=4,n∈even

an + bnπ2 + cn(γE + ln ̂t) + dn(γE + ln ̂t)2

n!
̂tn ̂t ≤ ̂t*

Dominant[ ∝ ̂t2] + ∑P
p=0 [( a(b;1;1)

p

̂t
+

a(b;1;2)
p

̂t 2 ) ( ̂t2
0

̂t 2
− 1)

p

+ e−2 ̂t (a(b;2;1)
p +

a(b;2;2)
p ln ̂t + a(b;2;3)

p

̂t ) ( ̂t0

̂t
− 1)

p

] ̂t > ̂t*

With  and ,  and  a precision  is achieved.N = 30 P = 12 ̂t* = 3.82 ̂t0 = 5 < 3 × 10−8 ∀ ̂t Time-kernel for lattice determinations of NLO hadronic vacuum 
polarisation contributions to the muon g-2. 2024. S. Laporta et al.



NO closed-form solution. 

We have a new parameter , for .





Same procedure for  as before, now two exp. surpassed behaviors have to be taken into account!


M = me/mμ ≪ 1 ̂t ≪ 1

∫
M

1 − M

0

dω̂2

ω̂2
̂f (LO)(ω̂2)

ω̂∼0

Fl(ω2; M)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t
2 ]

ω̂ ̂t∼0

+ ∫
1 − ̂t

̂t

M
1 − M

dω̂2

ω̂2
̂f (LO)(ω̂2)Fl(ω2; M)

M∼0
[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ]
ω̂ ̂t∼0

+ ∫
∞

1 − ̂t
̂t

dω̂2

ω̂2
̂f (LO)(ω̂2)

ω̂∼∞

Fl(ω2; M)

M∼0
[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ]
̂t ≫ 1

Arnau Beltran Martínez MPA retreat Lattice determination of the HVP NLO contributions to the (g − 2)μArnau Beltran Martínez MPA retreat Lattice determination of the HVP NLO contributions to the (g − 2)μ 10

 from lattice simulationsahvp
μTMR Kernels

NLOb
;    ;  f̃ (NLOb)(t) =

8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
2 ̂f (LO)(ω̂2)Fe(ω̂2, M)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] Fl(ω2; m2
l ) = −

8
9

+
β2

3
− ( 1

2
−

β2

6 ) β ln
β − 1
β + 2

β = 1 + 4
m2

l

ω2

m2
μ

16π2
f̃ NLOb(t) =

∑N
n = 4
n ∈ even

∑M
m=0 [anm + bnmπ2 + cnm (γE + ln ̂t) + dnm (γE + ln ̂t)2] ̂t n

n! Mm ̂t ≤ ̂t*

Dominant[ ∝ ̂t2] + ∑P
p=0 [

a(b;1;2)
p

̂t 2 ( ̂t2
0

̂t 2
− 1)

p

+ ( e−2 ̂t

̂t
a(b;2;3)

p + e−2M ̂t

̂t
a(b;2;4)

p ) ( ̂t0

̂t
− 1)

p

] ̂t > ̂t*

Up to  and  coefficients have been extracted to achieve a precision  for . 

 suppressed contribution is still being worked around; terms with  asymptotic behavior provide a new layer of difficulty to the problem. 
N = 32 M = 6 < 10−8 ̂t < ̂t* = 4

̂t ≫ 1 e−2M ̂t

!
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NLOb coefficientŝt ≪ 1

N

∑
n = 4

n ∈ even

M

∑
m=0

[anm + bnmπ2 + cnm (γE + ln ̂t) + dnm (γE + ln ̂t)2] ̂t n

n!
Mm

 from lattice simulationsahvp
μTMR Kernels



f̃ (NLOc)(t, τ) =
8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (LO)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] [ω̂2 ̂τ2 − 4 sin2 ω̂ ̂τ
2 ]
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NLOc

    ahvp
μ [(NLOc)] = ( α

π )
3

∫
∞

0
dq2 f (LO)( ̂q2)[Π̂(q2)]

2
⟸ Π̂(ω2) =

4π2

ω2 ∫
∞

0
dt G(t)[ω2t2 − 4 sin2 ωt

2 ]

REMINDER:

Two integrals will “come out” from the  term  The Kernel for  is bi-dimensional.


 

Π2 → NLOc

ahvp
μ [(NLOc)] = ( α

π )
3

∫
∞

0 ∫
∞

0
dtdτ f̃ (NLOc)(t, τ)G(t)G(τ)

 from lattice simulationsahvp
μTMR Kernels










ω̂ =
ω
mμ

̂t = mμt
̂τ = mμτ
̂f = m2

μ f



Has a closed-form solution.

The first step is to find the analytical solution:











m4
μ

32π4
f̃ (4c) ( ̂t, ̂τ) =

̂τ2 ̂t2

4
+

̂t2

̂τ2
+

̂τ2

̂t2
−

1
2 ( ̂t2 + ̂τ2) +

1
6

− 2(1 + γE) + 2 ̂t2(ln ̂τ + γE) + 2 ̂τ2(ln ̂t + γE) + 2 ( ̂t2 − 1) ln ̂t + 2 ( ̂τ2 − 1) ln ̂τ

+[1 − ( ̂t + ̂τ)2] ln( ̂t + ̂τ) + [1 − ( ̂t − ̂τ)2] ln | ̂t − ̂τ | + (
̂t2

6
− 2) K0(2t) + ( ̂τ2

6
− 2) K0(2τ) + (1 −

1
12

( ̂t + ̂τ)2) K0(2( ̂t + ̂τ)) + (1 −
1

12
( ̂t − ̂τ)2) K0(2 | ̂t − ̂τ | )

−( 2 ̂t2

̂τ
+

̂τ
12 ) K1(2 ̂τ) − ( 2 ̂τ2

̂t
+

̂t
12 ) K1(2 ̂t ) +

1
24

| ̂t − ̂τ |K1(2 | ̂t − ̂τ | ) +
1
24

( ̂t + ̂τ)K1(2( ̂t + ̂τ)) + (
̂t2

12
+

̂τ2

4
−

15
16 ) G2,1

1,3
̂t2

3
2

0,1, 1
2

+( ̂τ2

12
+

̂t2

4
−

15
16 ) G2,1

1,3 ̂τ2
3
2

0,1, 1
2

+ ( 15
32

−
1
24

( ̂t + ̂τ)2) G2,1
1,3 ( ̂t + ̂τ)2

3
2

0,1, 1
2

+ ( 15
32

−
1

24
( ̂t − ̂τ)2) G2,1

1,3 ( ̂t − ̂τ)2
3
2

0,1, 1
2
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NLOc
f̃ (NLOc)(t, τ) =

8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (LO)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] [ω̂2 ̂τ2 − 4 sin2 ω̂ ̂τ
2 ]

 from lattice simulationsahvp
μTMR Kernels



Has a closed-form solution.

The first step is to find the analytical solution:











m4
μ

32π4
f̃ (4c) ( ̂t, ̂τ) =

̂τ2 ̂t2

4
+

̂t2

̂τ2
+

̂τ2

̂t2
−

1
2 ( ̂t2 + ̂τ2) +

1
6

− 2(1 + γE) + 2 ̂t2(ln ̂τ + γE) + 2 ̂τ2(ln ̂t + γE) + 2 ( ̂t2 − 1) ln ̂t + 2 ( ̂τ2 − 1) ln ̂τ

+[1 − ( ̂t + ̂τ)2] ln( ̂t + ̂τ) + [1 − ( ̂t − ̂τ)2] ln | ̂t − ̂τ | + (
̂t2

6
− 2) K0(2t) + ( ̂τ2

6
− 2) K0(2τ) + (1 −

1
12

( ̂t + ̂τ)2) K0(2( ̂t + ̂τ)) + (1 −
1

12
( ̂t − ̂τ)2) K0(2 | ̂t − ̂τ | )

−( 2 ̂t2

̂τ
+

̂τ
12 ) K1(2 ̂τ) − ( 2 ̂τ2

̂t
+

̂t
12 ) K1(2 ̂t ) +

1
24

| ̂t − ̂τ |K1(2 | ̂t − ̂τ | ) +
1
24

( ̂t + ̂τ)K1(2( ̂t + ̂τ)) + (
̂t2

12
+

̂τ2

4
−

15
16 ) G2,1

1,3
̂t2

3
2

0,1, 1
2

+( ̂τ2

12
+

̂t2

4
−

15
16 ) G2,1

1,3 ̂τ2
3
2

0,1, 1
2

+ ( 15
32

−
1
24

( ̂t + ̂τ)2) G2,1
1,3 ( ̂t + ̂τ)2

3
2

0,1, 1
2

+ ( 15
32

−
1

24
( ̂t − ̂τ)2) G2,1

1,3 ( ̂t − ̂τ)2
3
2

0,1, 1
2
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NLOc
f̃ (NLOc)(t, τ) =

8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (LO)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] [ω̂2 ̂τ2 − 4 sin2 ω̂ ̂τ
2 ]

 from lattice simulationsahvp
μTMR Kernels



Arnau Beltran Martínez MPA retreat Lattice determination of the HVP NLO contributions to the (g − 2)μArnau Beltran Martínez MPA retreat Lattice determination of the HVP NLO contributions to the (g − 2)μ 13

NLOc
f̃ (NLOc)(t, τ) =

8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (LO)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] [ω̂2 ̂τ2 − 4 sin2 ω̂ ̂τ
2 ]

Similar procedure as before

‣ We expand for  in the green region.

‣ We expand for  in the blue region.

‣ Exp. suppressed terms are expanded around  to 

interpolate both limit expansions.




‣ For the red region, the asymptotic expansion from terms with  
dependence is subtracted and expanded around .


‣ For the yellow region, the asymptotic expansion from terms with  ( ) 
dependence is subtracted and expanded around  ( ).

̂t, ̂τ ≪ 1
̂t, ̂τ, ̂t + ̂τ, | ̂t − ̂τ | ≫ 1

̂t0 = ̂τ0 = T0 = 2.2

∝ e−2 ̂t , e−2 ̂τ, e−2( ̂t+ ̂τ), e−2( ̂t− ̂τ)

̂t − ̂τ
̂t − ̂τ ≪ 1

̂t ̂τ
̂t ≪ 1 ̂τ ≪ 1

By a correct choice of the region limits and by computing terms up to  and  
for  a precision   has been achieved.

N = 30 P = 13
T0 = 2.2 < 10−8 ∀ ̂t, ̂τ

 from lattice simulationsahvp
μTMR Kernels
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NLOc
f̃ (NLOc)(t, τ) =

8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (LO)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] [ω̂2 ̂τ2 − 4 sin2 ω̂ ̂τ
2 ]

Expansion for the green region:








m4
μ

32π4
f̃ (NLOc) ( ̂t, ̂τ) =

N

∑
n = 4

n ∈ even
[ a(2)

n

n! ( ̂t2 ̂τn + ̂τ2 ̂tn) +
b(2)

n

n! ( ̂t2(γE + ln ̂τ) ̂τn + ̂τ2(γE + ln ̂t ) ̂tn)]
+2

N

∑
n = 6

n ∈ even
[a(3)

n

n! (( ̂t + ̂τ)n + ( ̂t − ̂τ)n − 2 ̂τn − 2 ̂tn)

+
b(3)

n

n! ((γE + ln( ̂t + ̂τ))( ̂t + ̂τ)n + (γE + ln | ̂t − ̂τ | )( ̂t − ̂τ)n − 2(γE + ln ̂t ) ̂τn − 2(γE + ln ̂τ) ̂tn)]

By a correct choice of the region limits and by computing terms up to  and  
for  a precision   has been achieved.

N = 30 P = 13
T0 = 2.2 < 10−8 ∀ ̂t, ̂τ

 from lattice simulationsahvp
μTMR Kernels
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NLO computationProcedure and CLS 
ensembles

Now we are ready to combine our NLO Kernels with  from the lattice simulations. 


‣ For this analysis, so far 12 different CLS ensembles with  flavors, different 
lattice spacing, pion, and kaon masses have been used.





To quote an estimation of  at the physical point:


G(t)
Nf = 2 + 1

G(t) = G(t; a, V, mπ, mk)

ahvp
μ

• 

• 

• 


•

V → ∞
a → 0
mπ → mph

π

mk → mph
k

•  has been corrected 
through the Hansen-Patela 
method


•  are extrapolated 
to their physical value

V

a, mπ, mk

M. T. Hansen & A. Patella. 2019 . Finite-volume effects in  (g − 2)HVP,LO

Since 

• New Ensemble

• Significantly improved statistics

Gérardin et al., 1904.03120



It is convenient to work on the isospin basis





Contributions coming from the  correspond to contributions from the bottom and top which are 
neglected.

This description will give place to some mixing between the currents in the full correlator:





• 


• 


jem
μ =

2
3

uγμu −
1
3

dγμd −
1
3

sγμs +
2
3

cγμc + … = j3
μ+

1

3
j8
μ+

2
3

cγμc + …

…

G = −
1
3 ∑⃗

x∈Λ

⟨jem
μ jem

μ ⟩ = G33 +
1
3

G88 +
4
9

Gcc
conn +

2

3 3
Gc8

disc +
4
9

Gcc
disc + …

G33 =
1
2

Gll
conn

G88 =
1
6 [Gll

conn + 2Gss
conn + 2G88

disc]
G × G ≈ G33G33 +

1
9

G88G88 +
16
81

Gcc
connGcc

conn +
2
3

G33G88 +
8
9

G33Gcc
conn +

8
27

G88Gcc
conn
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NLO computationIsospsin basis

Isosvector Isoscalar

 +  suppression  negligibleSUF(3) 1/mc →



G = −
1
3 ∑⃗

x∈Λ

⟨jem
μ jem

μ ⟩ = G33 +
1
3

G88 + …
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NLO computationIsospsin basis
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NLO computation improvement and 
current descriptions
𝒪(a)

• Two different current discretizations have been used, local-local and local-conserved correlators 
will be used in the extrapolation (conserved currents are normalized by construction)








• Currents are also improved to  following two different Symanzik improvement programs 
which differ only at , we will refer to these as “Set 1” and “Set 2”.





j(L),a
μ (x) = ψ(x)γμTaψ(x)

j(C),a
μ (x) =

1
2 (ψ(x + a ̂μ)(1 + γμ)U†

μ(x)Taψ(x) − ψ(x)(1 − γμ)Uμ(x)Taψ(x + a ̂μ))
𝒪(a)

𝒪(a2)
j(α),a
μ (x) ∼ 𝒪(a)

j(α),a,I(set)
μ (x) = j(α),a

μ (x) + c(set)
v ∂̃ν (−

1
2

ψ(x)[γμ, γν] λa

2
ψ(x)) ∼ 𝒪(a2)



ahvp
μ (a, mπ, mk) = ahvp

μ + αχa + β (ϕ2 − ϕph
2 ) + γ (ϕ4 − ϕph

4 ) +

ϕ2
2 − (ϕph

2 )
2

χa (ϕ2 − ϕph
2 )

χa (ϕ4 − ϕph
4 )

…
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NLO computationPhysical point extrapolation 
Model average

(a, mπ, mk) ⟶ (0,mph
π , mph

k )

Base model

Permuted termsχa =
a2

8t0
, ϕ2 = 8t0m2

π , ϕ4 = 8t0 (m2
k +

1
2

m2
π)
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Preliminary results and 
conclusionsPreliminary results







➡ 


➡ 


ahvp
μ [NLOa] = − 16.60(37)(55) +

1
3

[−10.33(27)(51)] +
4
9

[−1.986(26)(78) + 67.0(0.0)(7.0) × 10−5] +
2

3 3
[3.0(6.0)(2.0) × 10−5] = − 20 . 92(42)(57) [3.38%]

ahvp
μ [NLOb] = 8.64(25)(34) +

1
3

[4.83(19)(29)] +
4
9

[0.556(07)(22) − 20.2(0.0)(5.7) × 10−5] +
2

3 3
[−1.6(4.0)(4.4) × 10−5] = 10 . 49(28)(35) [4.27%]

ahvp
μ [NLOa&b] = − 7.96(13)(19) +

1
3

[−5.50(10)(22)] +
4
9

[−1.430(16)(56) + 47(22)(12) × 10−5] +
2

3 3
[1.7(5.9)(7.2) × 10−5] = − 10 . 43(15)(21) [2.47%]

ahvp
μ [NLOc] = 0.226(09)(12) +

1
9

[0.0810(52)(87)] +
16
81

[0.00213(50)(17)] +
2
3

[0.1253(60)(95)] +
8
9

[0.0180(05)(10)] +
8

27
[0.0087(19)(38)] = 0 . 338(13)(14) [5.65%]

ahvp
μ [NLO] = ahvp

μ [NLOa&b] + ahvp
μ [NLOc] = − 10 . 10(14)(21) = − 10 . 10(25) [2.50%]

Agreement between lattice and data-driven determinations at this stage of precision. Future plans include an increase in the lattice 
phase space which will severely improve the extrapolation, hopefully achieving an increase in precision by a factor .≳ 3

up to × 10−10
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Preliminary results and 
conclusionsConclusions and outlook

‣ NLO electromagnetic corrections to the HVP can be computed in the lattice, these, will become 
relevant in the full lattice HVP estimation as different collaborations keep pushing for precision.


‣ This computation provides a new tool to prove lattice vs data-driven approaches.


‣ Already at this stage, a precession can be obtained. NLO may be naturally more precise 
than the LO computation.


‣ Next step, include full CLS ensembles and statics to increase precision to sub-percent accuracy.


‣ Improved bounding method and other Finite-Volume correctors will be studied. As well as 
corrections for the charm mass miss-tuning.


‣ Blinding analysis to avoid unconscious bias.

2.5 %



Extra slides



Analyticity and the optical theorem allow rewriting the HVP as the cross-section of a well-
known process:  (or ).


So  is rewritten in the following form:


e+e− → hadrons τ → hadrons + ν

ahvp
μ
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 from lattice simulationsahvp
μ from data driven ahvp

μ


ahvp
μ [(i)] = ( α

π )
≥2

∫
∞

sth

ds
s

K(i)(s)R(s)

K(i)(s) =
1
3 ∫

∞

0
d ̂q2 ̂f (i)( ̂q2)

̂q2

̂s + ̂q2

  Π̂(q2) =
q2

3 ∫
∞

sth

ds
R(s)

s(s + q2)

R(s) =
σ (e+e− → hadrons)

4πα2/s

σ(e+e− → π+π−) Alex Kashevarzi, KNTW:Data-Driven HVP, 
 plenary workshop muon g-2
7th

 must be found non-perturbatively.Π̂(q2)


̂q =
q

mμ
̂f = m2

μ f


