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General Relativity (GR) Guv = 7z T
geometlry matter
metric
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G, =Dlgas] = mngW(Matt, Rad, Top.Defects, DarkEnergy, ...)
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9dop = Gap T 59045
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Minkowski

Guv = Muw + My (z)

( ](%f,/(a:)\ S ‘huu‘ )

hﬂy(x) — h/’w(x’) = h/w(x) — d(ﬂfy)

Notation: .

(

a(/451/) = aufv + avfﬂ

\ a[ﬂév] = aﬂél/ - al/éﬂ

p [N TR,
ot — 't =t + & (x)‘es.\d“a\
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1st approach to GWs

DIFF - m%’ﬂ(:p)

Minkowski

(1081 S ) | e

hﬂy(x) — h/’w(x’) = hﬂy(x) — d(ﬂfy)




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

Let’s expand Einstein Equations !




Gravitational Wave Definition

Minkowski

1st approach to GWs = T + hy(x) “*ed
PP Juv Nuv Ny “ame

(Jhuw| <1)

Trace-reversed

- 1

h/“/ — h,u,/ — 5]177[“/

(h=~h)
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1st approach to GWs

Trace-reversed

huw = hpyy —

1
5 hn,ul/

Minkowski

(After some algebra ....)
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Minkowski

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

- 1
h/“/ — h,u,/ — 5]177’“”
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1st approach to GWs

Trace-reversed

huw = hpyy —

1
5 hn,uy

Minkowski

] fixeo
Juv = Nuv T h,uu ('T) “am
(Jhuw| <1)

» 0% 0oy + 1y 0% 07 hop — 0“Ouhavy = —
—

O(h.«) Einstein tensor expanded
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1st approach to GWs

Trace-reversed

huw = hpyy —

1
5 hn,uy

res\Y

O (19,6 (0)] S ] )

Minkowski

» 0% 0oy + 1y 0% 07 hop — 0“Ouhavy = —

-

O(h.«) Einstein tensor expanded
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2
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T




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

2

1
h/“/ — h,u,/ — 5]177’“”

» aaaa}_l’uy _l_ nuyaaaﬁﬁaﬁ - aO{a(Mi_’LaV) — —W
w—d p
— O(h.x) Einstein tensor expanded

™" | orentz gauge

T




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

2

1
M = Py — §h77,uv

» aaaa}_luy _l_ nuyaaaﬁﬁaﬁ - aO{a(Mi_’Lal/) — _W
w_/ p
— O(h.x) Einstein tensor expanded

™" Lorentz gauge
v

Technical Note: If 97, # 0 |--x-smss=srremmmseeemmmmsaammemonnnn,

T




Gravitational Wave Definition

Minkowski
I
1st approach to GWs Juv = Npw + By () £rame
(lhuw| < 1)
Trace-reversed
_ 1 _ _ _ 2
huv = by — §h77/w » 0%l + 100" hag — 0%uhaw) = _WT/W

res'\d\la\ 0" hyuy =0

W, - p

O(h.«) Einstein tensor expanded

™"  Lorentz gauge

v

Technical Note: If 0% h,, # 0 |=--=s=mmmeemmmeamee e

o — 't =t 4 H(x)

hw () = B (27) = by (2) — 01,60
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Minkowski
I
1st approach to GWs Juv = Npw + By () £rame
(lhuw| < 1)
Trace-reversed
_ 1 _ _ _ 2
huv = by — §h77/w » 0%l + 100" hag — 0%uhaw) = _WTW

- - p
— O(h.x) Einstein tensor expanded
res‘\dua\ 0"hy, =0

™" Lorentz gauge
v

Technical Note: If 97, # 0 |--x-smss=srremmmseeemmmmsaammemonnnn,
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Minkowski
I
1st approach to GWs Guv = N + My (T) fram
(lhuw| < 1)
Trace-reversed
_ 1 _ _ _ 2
huv = hpw — §h77/w » 0% Oolyus + 1y 0% 07 hop — 0% hen) = _WTW

- - p
— O(h.x) Einstein tensor expanded
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Gravitational Wave Definition

Minkowski
I
1st approach to GWs Juv = Npw + By () £rame
(Jhuw| <1)
Trace-reversed
_ 1 ) ) ) 9
h/“/ — h,uy — §h77uy » 80‘8ahW +77W80‘85ha5 — 80‘8@}1@,,) = _WT,LW

- - p
— O(h4x) Einstein tensor expanded
res‘\dua\ 0"hy, =0

™" Lorentz gauge
v

Technical Note: If 97, # 0 |--x-smss=srremmmseeemmmmsaammemonnnn,

91, (1) |= DR (o) ~ 06, [= 0| <5 08, = f(2)

= #(x) 720 (solution always!)




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed

2

1
h/“/ — h,u,/ — 5]177’“”

» aaaa}_l’uy _l_ nuyaaaﬁﬁaﬁ - aO{a(Mi_’LaV) — —W
w—d p
— O(h.x) Einstein tensor expanded

™" | orentz gauge

T
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Minkowski
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1st approach to GWs G = T + P (T) -
(Jhuw| <1)
Trace-reversed
- 1 ) ) ) 5
P = Py = 2 P g 0.5, + 10”0 hag = 90 hav) = ~ iz T
=0 =0

Lorentz gauge
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Minkowski

1st approach to GWs Juv = Muv + hpw ()

Trace-reversed
_ 1
h/“/ — h,u,/ — 5]177“”

res'\d\la\ 0" hyuy =0
™" | orentz gauge
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Minkowski

1st approach to GWs Juv = Nuv + Iy ()

Trace-reversed
_ 1
h/“/ — h,u,/ — 5]177[“/

res'\d\la\ 0" hyuy =0
™" | orentz gauge




Gravitational Wave Definition

Minkowski

1st approach to GWs = ! + h, () “*ed
PP Juv = Nuv v “aﬁ\e

(Jhuw| <1)
Trace-reversed

- 1
h,uz/ = h,uu o §h77,uy

— 0, 10 s — DBl = 3 T
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— N 9
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Gravitational Wave Definition

Minkowski

1st approach to GWs

Trace-reversed

h/“/ — h,u,/ — 5]177“”

1

res'\d“a\
gy

0"h,, =0
Lorentz gauge

T

fixed
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Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

Is that all ?




Gravitational Wave Definition

Minkowski

1st approach to GWs Juv = Muv + hpw ()

Is that all ? Not really ...
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Gravitational Wave Definition

Minkowski

1st approach to GWs = T + hy(x) “*ed
PP Juv = Nuv v “aﬁ\e

(Jhuw| <1)

e =t 4 £ (x)
with 9,0%€, = 0

(further residual gauge)
(0"hy =0 — 9"h, =0)
(Lorentz preserving)
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1st approach to GWs Juv = Muv + hpw ()
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(further residual gauge)
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(further residual gauge)
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Minkowski

1st approach to GWs Juv = Muv + hpw ()
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(further residual gauge)
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1st approach to GWs Juv = Muv + hpw ()

o't =t 4 M (x) —

with 9, 0%E,, = 0
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(further residual gauge) “_” H *J tra ge)
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Minkowski

1st approach to GWs Juv = Muv + hpw ()

1

v =0, hi=0, Ohy;=0]|"7

o't =t 4 M (x) —

with 9, 8°¢,, = 0 0ad Py = ——5 Ty | W00

(further residual gauge) IF 1), # 0 m2 e)
\nside - ga\9
\ 6-4=2d.0.f.? N
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Minkowski

1st approach to GWs Juv = Muv + hpw ()

o't =t 4 M (x)

e—
with 9,0, = 0 9 997 2 | e
_- — eSS
(further residual gauge) IF L # 0 “ Ry m2 M \ e)
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6-4=2d.o.f.?
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1st approach to GWs G = M + v (2) ¢ o
(lhuw| < 1)
B = gh R () Cannot make h,q = ()
with § 5’0‘5 —0 » — 5 Yet t_here
at Sp IF T > 0 aaa h,uy 2T are still only
(further residual gauge) Md mp 2 radiative
e
S e ! (6-4=2d.0.f.) dof?
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Gravitational Wave Definition

(TT gauge: 6 -4 =2d.o.f.)

1st approach to GWs Wt =0, h;=0, 0jhij=0 Ouisia®
SOUCE

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ?
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+ Polarization

y



Gravitational Wave Definition

(TT gauge: 6 -4 =2d.o.t.)

1st approach to GWs M =0, hi=0, 0jhiy = 0@
Quis
Soure

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

2 dof =
2 polarizations

+ Polarization

y
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SOUCE

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

2 dof = 2 polarizations fas(t, %) = / df / div hyy (f, )e 2T/ (E=1x)

\ (plane wave)
transverse plane



Gravitational Wave Definition

(TT gauge: 6 -4 =2d.o.t.)

1st approach to GWs ' =0, hi=0, 0hiy= 0@
Qu\s\
SOUCE

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

2 dof = 2 polarizations fas(t, %) = / df / div hyy (f, )e 2T/ (E=1x)

\. (plane wave)
transverse plane

hy hgy O Transverse-
hao(f, 1) = Z ha(f,n)e é’g‘)(n) = hy, —he O Traceless
A=+,x 0 0 0 (2 dof)



Gravitational Wave Definition

(TT gauge: 6-4 =2 d.o.f.)

1st approach to GWs Wt =0, h;=0, 0jhij=0 Ouisia®
SOUCE

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

2 dof = 2 polarizations fas(t, %) = / df / div hyy (f, )e 2T/ (E=1x)

\ (plane wave)
transverse plane
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Gravitational Wave Definition

(TT gauge: 6-4 =2 d.o.f.)

1st approach to GWs M =0, hi=0, 0jhi;=0

0,0"h;; =0 | Wave Eq. = Gravitational Waves !

can GW be 'gauged away’ ? No !

pyoemn 3 {1 £ e
he {7 {3 Sy O

wt = 3"/7

https://www.youtube.com/watch?v=U_ hLM1WPDgM https://www.youtube.com/watch?v=EtL9UyRx Us



https://www.youtube.com/watch?v=U_hLM1WPDqM
https://www.youtube.com/watch?v=EtL9UyRx_Us

Definition of GWs
2nd approach
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(gauge invariant def.)



Gravitational Wave Definition

Minkowski
2nd approach to GWs G =N +909, (|09, < 1)
(gauge invariant def.)
5goo=—2</5 """"""""""""""""""""""""""""""""""""""""""""""""" (svt decomposition)
0goi = 0gio = (OB +S;), s: scalar

g | ~Vivector
| 0gy = 0gi = 200, + (00 — 36,V )E+ OF; + OF; + by, L tensor



Gravitational Wave Definition

Minkowski
2nd approach to GWs G =N +909, (|09, < 1)
(gauge invariant def.)
g0 = 26, (svt decomposition)
- Ogor = g0 = (OB +5)), s scalar

g | ~Vivector
| 0gy = 0gi = 200, + (00 — 36,V )E+ OF; + OF; + by, L tensor
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T (svt metric perturbations)

(svt E/p-tensor components)

................................................................................

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty



Gravitational Wave Definition

T (svt metric perturbations)

080i = 0gio = (0B + Si)

!
581']' — 5gji — —2¢5,‘j —+ (({91({9] — §5le2)E + aiFj -+ c‘?]-F,- —+ hija

................................................................................

(svt E/p-tensor components)

1
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty
08 v T,
Scalar(s) ) o, B, Y, E o, U, P,
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hj 11;




Gravitational Wave Definition

e / """""""""""""""""""""""""" (svt metric perturbations)

(svt E/p-tensor components)

................................................................................

1

58@/ VAR B 4 T'L“/
¥ K KK
|Scalar(s) o, B, Y, E o, U, P,
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hj 11;




Gravitational Wave Definition

T (svt metric perturbations)

4

Ty =Ti = poy+ (90 —

1

...............................................................................

3

(svt E/p-tensor components)

"

5l‘jv2)0' + &-vj + (9]'7)1' + Hij-

5g'LW T'L“; yi /J/
¥ ¥ ¥
|Scalar(s) ° ¢, B, Y, E P, U, P, O
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hj 11;
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T (svt metric perturbations)

080i = 0gio = (0B + Si)

"

|
 0gy = 0gji = — 200 + (0i0) — §5ZjV2)E + OiFj + OjFi + hij,

................................................................................

(svt E/p-tensor components)

1
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty
08 v T,
Scalar(s) ) \ o, B, Y, E o, U, P,
Vector(s) » € R —> S, Fie— u;, U;
Tensor(s) | hj 11;
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e (svt metric perturbations)

080i = 0gio = (0B + Si)

 0gy = 0gji = — 200 + (0i0) — §5ZjV2)E + OiFj + OjFi + hij,

................................................................................

(svt E/p-tensor components)

1 AN

Ty =Tji = pd; + (0:0; — 26;V*)o + 0v; + Ojoi + Ty

______________________________________________________________________ S
08 v T,
Scalar(s) ) o, B, Y, E o, U, P,
Vector(s) p € R Si, Fi —> U;, U; +—
Tensor(s) | hj 11;




Gravitational Wave Definition

T (svt metric perturbations)

080i = 0gio = (0B + Si)

-

1 |
 0gy = 0gji = — 200 + (0i0) — §5ZjV2)E + OiFj + OjFi + hij,

(svt E/p-tensor components)

................................................................................

- N
Ty =T = pdy + (90 = 36;V7)o + 00; + doi + 1.

08 v T,

Scalar(s) ) o, B, Y, E o, U, P,
V@CtOI’(S) > c %3 \ Si, Fl' \ U, 0;

Tensorg S) |




Gravitational Wave Definition

T (svt metric perturbations)

g0 =g = (OB +S5), 16 degrees

5 1 : of freedom
(58ij = 5gji = —2¢5ij + (({918] — §5ljvz)E + aiFj -+ @Fl + hija

U (svt E/p-tensor components)

To; = Tio = Ou + i, 16 degrees

| of freedom

Tij — Tji — p(sij =+ (818] — §5le2)0 + &-vj + (9]'7)1' + HZJ

08 v T,

Scalar(s) ) o, B, Y, E o, U, P,
V@CtOI’(S) > c %3 Si, Fl' U, 0;
Tensor(s) | hij I,




Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
0gij = 0gji = —200; + (0,0; — 205V )E + OiF; + OjF: + hyj,

To=p. (svt E/p-tensor components)

Toi = Too = Ou + w; 16 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

In order NOT
to over-count {
degrees of
freedom




Gravitational Wave Definition

Sge = g, (svt metric perturbations)

00 — — ’ ;

b0 = dgi0 = (DB +S1). 16 degrees
i of freedom
08y = 0gi = =200+ (0,0, — 304V )E+ OF; + OFi + by,

T00:ﬂ """""""""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Ot + ui, 16 degrees
| ; of freedom
Tij — Tji — p(sij =+ (818] — §5le2)0 + &-vj + (9]'7)1' + HZJ

( 9,S; = 0 (1 constraint), 0;F; = 0 (1 constraint), Y Metric

\ .
In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | perturbations
{0 over-count <

degrees of
freedom




Gravitational Wave Definition

5g """ - ¢ """"""""""""""""""""""""""""" (svt metric perturbations)

g 00 = — <49, 5

0goi = 0gio = (OB + i), 16 degrees

5 i ; of freedom
0gij = 0gji = —20; + (0;0; — 26;V°)E + O;F; + O;F; + hy, |

Toozp """""""""""""""""""""""""""""" (svt E/p-tensor components)

Toi = Tio = Ot + ui, 16 degrees

| ; of freedom

[ 9;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), ) Metric

\ .
In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | perturbations
{0 over-count <

degrees of
freedom

Qiu; = 0 (1 constraint), d;v; = 0 (1 constraint), ) Energy/Momentum
>

\ O1I;; = 0 (3 constraints), II; = 0 (1 constraint), tensor
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Sge = g, (svt metric perturbations)

00 — — ’ ;

b0 = dgi0 = (DB +S1). 16 degrees
i of freedom
: 581’]’ = 5gji — —2¢5,‘j + (8,(‘9] — §5le2)E -+ &-Fj + ajFi + hija
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Toi = Tio = Ot + ui, 16 degrees
5 ' of freedom
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Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

[ 0;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), onstraints for

In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | metric perturbations
{0 over-count <

degrees of
freedom

O;u; = 0 (1 constraint), 0;u; = 0 (1 constraint), ) onstraints for E /p

\ OII; = 0 (3 constraints), II; = 0 (1 constraint), lensor components
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T s (svt metric perturbations)
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800 @ 10
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: | ; of freedom
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e (5wt Efp-tensor components)
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Toi = Tip = Ou + uj, y@/degrees

5 ’ of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

[ 0;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), onstraints for

In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | metric perturbations
{0 over-count <
degrees of
freedom

O;u; = 0 (1 constraint), 0;u; = 0 (1 constraint), ) onstraints for E /p

\ OII; = 0 (3 constraints), II; = 0 (1 constraint), lensor components
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Sge = g, (svt metric perturbations)

00 — — ’ ;

b0 = dgi0 = (DB +S1). 10 degrees
i of freedom
: 581’]’ = 5gji — —2¢5,‘j + (8,(‘9] — §5le2)E -+ &-Fj + ajFi + hija
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Toi = Tio = Oiu + w;, 10 degrees
5 ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

[ 0;S; = 0 (1 constraint), 0;F; = 0 (1 constraint), onstraints for

In order NOT O;hij = 0 (3 constraints),  h; = 0 (1 constraint) | metric perturbations
{0 over-count <

degrees of
freedom

O;u; = 0 (1 constraint), 0;u; = 0 (1 constraint), ) onstraints for E /p

\ OII; = 0 (3 constraints), II; = 0 (1 constraint), lensor components
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T (svt metric perturbations)

080i = 0gio = (0:B + Si) 10 degrees

1 g of freedom
gy = Ogi = — 200 + (00 — 304V + OF; + OF, + hy,

................................................................................

Too = p, (svt E/p-tensor Compo?ents)

Toi = Too = Ou + w; 10 degrees

| of freedom

Ty =Ti =poy+ (99 35UV2)" + 0ivj + Ojui + H,
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Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

V?u = p (1 constraint),

Phvsical ; 4 constraints

Congtraints O*Ty =0 ':{> { Vi = E(u —p) (1 constraint),} (due to E/p
conservation)

V?v; = i (2 constraints).

\



Gravitational Wave Definition

(5g """""""" 5 ¢ """"""""""""""""""""""""""""""""" (svt metric perturbations)

= 00 = — E

080i = 08io = (OB + Si), 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — £ 05V)E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

| 6

Toi = Tio = Ot + uy, Mdegrees

| ’ of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

V?u = p (1 constraint),

Physical B 3
Constraints (9“TM,, =0 ':{> { Vie = E(u —p) (1 constraint),}

onstraints
“(due to E/p
conservation)

V?v; = i (2 constraints).

\



Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — £ 05V)E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

Ty = Too = O + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Physical

. o*T,, =0
Constraints :



Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — £ 05V)E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

Ty = Too = O + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Physical
OHG,,, = 0 L
Constraints : => [..]



Gravitational Wave Definition

A Sg, (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 10 degrees

: | ; of freedom
08y = 0gji = —28 + (80 — £ 05V)E + OiF; + OiFi + hy, |

To=p. (svt E/p-tensor components)

Ty = Too = O + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

..................................................................................

Symmetry




Gravitational Wave Definition

T (svt metric perturbations)

0g0i = 080 = (0iB +5i), 10 degrees
’ ' of freedom

(svt E/p-tensor components)

................................................................................

1 | of freedom
Tj =Ty = p oy + (00 — 70;V*)o + 0wy + i + IL;. .

..................................................................................

Physical | 98m — 08w — 9u&y — D8,

Symmetry | so--eeeeeeeeeeo AN
(4dof S = (80, &i) = (do, Oid + i)i

: l with 0;d; = 0, :
SPUroUS ) o




Gravitational Wave Definition

T (svt metric perturbations)

0goi = 0gio = (OB + i), 10 degrees
’ ' of freedom

(svt E/p-tensor components)

................................................................................

1 | of freedom
Tj =Ty = p oy + (00 — 70;V*)o + 0wy + i + IL;. .

..................................................................................

( Xy, — X, + &, \ ( ¢ —¢d—dy, B—B—dy—d,

5 1 , B
Physical | %k 2 98w ~ s ~ 08 SR R
(4 dof |ior ShoSUm EETE

: ' 1th ad; — U, : hl%h,
spurious ) W “adOJ \ j j




Gravitational Wave Definition

T (svt metric perturbations)

i 5 o
080i = 0gio = (0:B + Si) jﬂ/degrees
E : of freedom

(svt E/p-tensor components)

................................................................................

Ty = Too = O + s 6 degrees

5 | 5 of freedom
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

..................................................................................

( Xy, — X, + &, \ ( ¢ —¢d—dy, B—B—dy—d,

5 1 , B
Physical | %k 2 98w ~ s ~ 08 SR R
(por |6 &) =(ddd+d)

ith 0;d; = 0, 5 hij — hy.
spurious ) W 1adOJ \ j j




Gravitational Wave Definition

T (svt metric perturbations)

080i = 08ip = (aiB + Si) ) 6 degrees

| g of freedom
08ij = 08ji = —2tpd;; + (9;0; — §5ijvz)E + O;F; + O;F; + hy;,

(svt E/p-tensor components)

................................................................................

Ty = Too = O + s 6 degrees
5 ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

( ¢—>¢—C.l'(), B — B —dy—d,

1
| v — 4+ =V?d, E— E —2d,
Physical { 3

Symmetry S; — Si—d;, Fi— F;—2d,
(4 d.o.f.
spurious )

\ hijj — h;.



Gravitational Wave Definition

T (svt metric perturbations)

080i = 08ip = (&-B + Si) ) 6 degrees

| g of freedom
08ij = 08ji = —2tpd;; + (9;0; — §5ijvz)E + O;F; + O;F; + hy;,

(svt E/p-tensor components)

................................................................................

Ty = Too = O + s 6 degrees
5 ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

( ¢—>¢—C.l'(), B — B —dy—d,

1
| v — 4+ =V?d, E— E —2d,
Physical { 3

Symmetry S; — Si—d;, Fi— F;—2d,
(4 d.o.f.
spurious )

\ ‘ hi — hy.




Gravitational Wave Definition

T (svt metric perturbations)

0goi = 0gio = (0;B +S;), 6 degrees

| g of freedom
08ij = 08ji = —2tpd;; + (9;0; — §5ijvz)E + O;F; + O;F; + hy;,

(svt E/p-tensor components)

................................................................................

Ty = Too = O + s 6 degrees

5 | 5 of freedom
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Gauge Invariant !

: : . 1..
[ ¢ —¢p—dy, B—B—dy—d, ) =—¢+B- L,

| ¢—>¢+%V2d, E— E—2d, |
Physical { } D O=-2¢— §V2E,
Symmetry S, — Si—d;, F,— F,—2d,

(4 d.o.f. | = | _z,- =5, - > Fs

spurious ) with 9,5, — 0




Gravitational Wave Definition

(5g """""""" 5 ¢ """"""""""""""""""""""""""""""""" (svt metric perturbations)

= 00 = — E

080i = 0gio = (0:B + Si) 6 degrees

: | ; of freedom
581] — 58]’1’ — _2¢5z'j + (aza] — —5ijV2)E + @Fj + @Fi —+ hija :

L (svi Elp-tensor components)

Ty = Too = O + s 6 degrees

| ' of freedom

|
Ty =Tji = p oy + (90 — 30;V")o + 00; + v, + Ty

Gauge Invariant !

[ ¢ —¢—dy, B—B—dy—d, ) z—¢+B—%E, (1)
| ¢—>¢+%V2d, E— E—2d, |
PhySICa| { } :{> 0= 24— gsz, (1)
Symmetry Si — Si —di, Fi — Fi —2dl',
4 dOf EiESi_lFia (2)
( \ | by — hy.| (2) J - 2

spurious ) with 9,5, — 0




Gravitational Wave Definition

Gauge Invariant !

@E_¢+B_%a (1)

_ I 1
O =-2-3VE, (1) 6 gauge invariant

. degrees of freedom
2,’ p— S,‘ — EFI', (azzz — 0) (2)

hij = hij,  (ha = 0ihi; =0)  (2)




Gravitational Wave Definition

Gauge Invariant !
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degrees of freedom
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Einstein Tensor —
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Gauge Invariant
(perturbed)

V20 = —#p,
p
szi — zzuia

Einstein Eqs. —
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6 gauge invariant d.o.f.

cUN s e ISR
> . -, - P
o r-J5

4 R
7,.—,,-,

Gauge Invariant
(perturbed)
Einstein Eqgs.

hi = —mlgnl-j. (2)

P =N 3 &_.-*‘f '-' ‘,~,.‘
- ——— . o - 2

% N5y O
. "

DL ams
vTo e

p.(1) V20 =5 (p+3p —3i) (1) §
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& traceless
(tensor dof)
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gauge invariant degrees of freedom !
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. . Gauge Invariant
6 gauge invariant d.o.f. (perturbed)

. . - - . . . . . . _ N . . u = P
SRR S RS I saresrps Einstein Eqs. e
U o o Bl oo m s @l e 0 D e e S i RS X s B po ) e s s e o " LB s crr
"‘,

transverse
& traceless
(tensor dof)

Only radiative (~ propagating wave Eq.)
gauge invariant degrees of freedom !

Gravitational Waves (GWs) are TT d.o.f. metric
perturbations, independently of system of reference



Definition of GWs
3rd approach
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3rd approach to GWs  9uv (%) = g (%) +0g,(x) ; [09| <|Guvl
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3rd approach to GWs  9uv (%) = g (%) +0g,(x) ; [09| <|Guvl
(for a FLRW space-time) (FLRW)

Flat-FLRW: ds® = a*(t)y,,dx*dx* (¢ — Conformal time)

Flat-FLRW + GWs :  d5° = a*()[n,, + h,, ldx"dx"

Transverse-
where  hy, =0, h; =0, dh; =0 Traceless (TT)

d.o.f.
Conformal Transf.: d§° = §W(x)dx”dx” = sz(xj)igﬂy(xzdx”dx”

a*() [, + hy,)
= &,,(*¥)
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EinsteinEqgs: G, , =R, ——Rg,, =m,T,,

K 2
Rﬂu = 1 T/w v R/w = "y T/ﬂ/
| _ 1
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<Tra£e reversed:>
T =-=1T
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1
EinsteinEgs: G,, =R, — ERg”” = mp—2TW

h

—_—

7] — =2
R/W — My T/w

7 p

Question: Rﬂy[g** = QZ(X)g**] ?

Note: R, [gw]= (0,17, —0,I%) + [T Ti T )

[ a(va) — aﬂflf + al/fﬂ

Notation: :
\ a[ﬂév] = aﬂéV - 6y§ﬂ

. . _2—
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D [~ — A o 14
Note: Rﬂy[g**] — a[/11—‘,141/] T F([xa/lr,m/]
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(0) (1)
R R

1

2)
R




Gravitational Wave Definition

O ©

Then: R =R, +R, +R,

Up to here, valid for
all perturbations (s,v,t)




Gravitational Wave Definition

(O N ¢ V¢

Then: R =R, +R, +R,

But let's keep now only
TT-part of perturbations ...




Gravitational Wave Definition

(O N ¢ V¢

Then: R =R, +R, +R,




Gravitational Wave Definition

(O N ¢ V¢

Then: R =R, +R, +R,

[ specialised now
to TT parts ... ]




Gravitational Wave Definition

(O N ¢ V¢

Then: R =R, +R, +R,

[ specialised now
to TT parts ... ]




Gravitational Wave Definition

O ©

Then: R =R, +R, +R,

Let’s forget for the moment
of second order parts ...




Gravitational Wave Definition

© W

~/ ~/
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Let’s forget for the moment
HY of second order parts ...




Gravitational Wave Definition

Let’s focus on the
Einstein Equations




Gravitational Wave Definition

. 2D
pv ° mpRMv o S/w

1
= T = 388" Top




Gravitational Wave Definition

. 2D
277 mpRMv o S/w

—




Gravitational Wave Definition

0) (D)

~/

+ R

~/

R,“V HV

. 2D
277 mpRMv o S/w




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P ,UV




Gravitational Wave Definition

)
p Tty T

(1)
P ,UV




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P ,UV




Gravitational Wave Definition

)
p Tty T

(1)
P ,UV




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P /W




Gravitational Wave Definition

)
p Tty T

(1)
P ,UV




Gravitational Wave Definition

)
p Tty T

(1)
P ,UV




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

(0) (1) _ -
Then: B = R + R [Recall: specialised

pv T Y HY to TT parts only !]
[Friedmann [GW Eq.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

i (0) (1)

Then: R = R, + R,

[Friedmann [GW Eg.
Equations] motion]




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

. 0) (D) (2)

Then: R = R, + R, + R,
[Friedmann [GW Eg.

2 ;
Equations]  motion] O(hs.) — GW’s Energy-momentum ?




Gravitational Wave Definition

i (0) (1) 2)

Then: R, = R, + R, + R,

[Friedmann [GW Eg.

2 :
Equations]  motion] O(hs.) — GW’s Energy-momentum ?

Energy density
carried by
Gravitational Waves

Sub-horizon & Free fields
(k> X) (after emission)



Gravitational Wave Definition

. (1 2)
Then: R = R + R/w +<R/w>

Uv Uv
[Friedmann [GW Eq. GW energy-momentum ; How gravity
Equations]  motion] over background ! gravitates !

Energy density
carried by
Gravitational Waves

Sub-horizon & Free fields
(k> X) (after emission)



Gravitational Wave Definition

. (1 2)
Then: R = R + R/w +<R/w>

Uv Uv
[Friedmann [GW Eq. GW energy-momentum ; How gravity
Equations]  motion] over background ! gravitates !

Energy density
carried by
Gravitational Waves

Sub-horizon & Free fields
(k> X) (after emission)
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) (0) (1 2)
Then: R = R + R/w +<R/w>

Uv Uv
[Friedmann [GW Eq. GW energy-momentum ; How gravity
Equations] = motion] over background ! gravitates !

Energy density
carried by
Gravitational Waves

Sub-horizon & Free fields
(k> X) (after emission)

r ap ]
GW Energy density Spectrum
pPow = |dlogf - itati

dlo o f of Gravitational Waves
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The Gravity of
the Situation !
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GW Propagation/Creation
in Cosmology

hi; = 0

FLRW: ds? = a?(—dn? + (8;; + h;;)dxdz’), TT:
o hijrj = 0

Creation of GWs in curved space-time Source: Anisotropic Stress

Eom:|hf; + 2Hhi; — VZhi; = 167GILH (T = To — (Tig)

GW Source(s): ( SCALARS , VECTOR . FERMIONS )
H;‘;Z;-T o< {9;x0;x Y, {E;E; + B;B;}'", {YvyDjy}tt




Cosmic History

BiGGER size,
SMALLER Temp TODAY [Galaxies, Clusters, ...]

(13.700 Million years)

FIRST GALAXIES
(500 Millions years)

~ ATOMS CREATION
(300.000-400.000 years)

ATOMIC NUCLEI CREATION
(3 minutes !)

/ FIRST SECOND

SMALLER SIZE, \
\, of the UNIVERSE! )

1"
LARGER Temperature lj
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The Early Universe

Phase _ Probe of
Transitions| i the early

GW Universe

Particle _——
Production :

INFLATIO
(Thermal

\ E Epochf\/\/\» 3'
Quantum /\/\/\/\/\» |

Fluctuations Cosmic
T E Defects

ONILY3H3H

GWs dpgw
HTT[¢7 ,LL7¢7"'] g dlogf
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(for a curved space-time) (separation not well defined)

More subtle problem! Solution: Separation of scales !

1 1 > (1) (2)
R,uy = ﬁ(T/w — Eg/“”/T> » Rﬂy = R/,w + le + R,uv
D (background) (9(59) 0(592)

—
——— = e —— —
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B (background)
o

(perturbation)

0G

fB/Lgl f*/)‘ajl




Gravitational Wave Definition
e

\59“ of age\

_ 2 1 1 A
Low Freq. /Long Scale: R, =— <R,,w > + ) 1, - Eg,wT
P

ace’

Juv
(background)

Amplitude

(perturbation)

0G

fB/Lgl f*/)‘ajl




Gravitational Wave Definition
e

\59“ of age\

_ 2 1 1 A
Low Freq. /Long Scale: R, =— <R,,w > + ) 1, - Eg,wT
P

ace’

§ | I
B (background)
° med"a‘e
. X
\m‘esca\e\
(perturbation)
0G
N\

| fBl/LZgl - fo | A



Gravitational Wave Definition
e

: ) I ! \5‘;\‘ eX 29°)
Low Freq. /Long Scale: R, =-— <R,,,y > t—= A\ 1w =58l
/ n;, / 2
1

| 1 1
_ 2 ___5 (2) _ — —__5

>
n,

ace’

§ | I
B (background)
° med‘a‘e
. X
\m‘esca\e\
(perturbation)
0G
N\

| fBl/Lfgl - fo | A



Gravitational Wave Definition

§ | I
B (background)
° med"a‘e

. X

\m‘esca\e\

(perturbation)
0G
. N\

| fBI/LEg1 l fo ! A7



Gravitational Wave Definition




Gravitational Wave Definition

1 . .
(RD) == (01003 056"") = 1, =

It can be shown that only TT dof contributeto <...>



Gravitational Wave Definition

(Ri)) = - <(9 0gap 0y0g°") ( g0, h )

It can be shown that only TT dof contributeto <...>

GW energy-momentum tensor



Gravitational Wave Definition

(Ri)) = - <(9 0gap 0y0g°") ( g0, h )

It can be shown that only TT dof contributeto <...>

m2 TT TT
t,ul/: Tp <8,u59fij al/égz'j >

-

(09i; = hij)
GW energy-momentum tensor GW energy density
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What about the High ] 1 High
R — _ |p® (7 2, T
High Freq. / Short Scale? HY [ ] i lg( Suv )

(2) |High .
By ~ 0 [ 2 ——  |[RP MM negligible
Ry Lp

R/(}y) — gaﬁ (DQD(uégu)B_ DMDy5ga5— DQDquW)

—

_ o .
D,Ll,ég'uy — O ( 59/1,1/ = 5g,u1/ N ig,twg 659&,8 ) \O

ga\)ge S—

vacuum

Propagation of GWs

INn curved space-time
( Didg;; =g7dg;; =0)
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What about the
High Freq. / Short Scale?

(2) |High .
Ry ~ O As — |R&2)\ngh negligible
R Lo
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Creation of GWs
INn curved space-time




Gravitational Wave Propagation

What about the o) _ [R (2)] ] 1
High Freq. / Short Scale? H

(2) |High .
B | ~ O (2‘*) — |R&2)\ngh negligible
B

R

-

Creation of GWs
INn curved space-time

TT dof = truly radiative !
[no gauge choice]




Definition of GWs

* 1st approach: Lin Grav in MinkowsKi v
* 2nd approach: SVT decomp. v

* 3rd approach: FLRW background v
* 4rd approach: General backgrounds v



