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FIG. 1: Slices of fluid energy density E/T 4
c at t = 400 T−1

c ,
t = 800 T−1

c and t = 1200 T−1
c respectively, for the η = 0.2

simulation. The slices correspond roughly to the end of the
nucleation phase, the end of the initial coalescence phase and
the end of the simulation.

W ϵ, contracting [∂µT µν ]
fluid

with Uν yields

Ė + ∂i(EV i) + p[Ẇ + ∂i(WV i)]−
∂V

∂φ
W (φ̇+ V i∂iφ)

= ηW 2(φ̇+ V i∂iφ)
2. (5)

The equations of motion for the fluid momentum density
Zi = W (ϵ+ p)Ui read

Żi+∂j(ZiV
j)+∂ip+

∂V

∂φ
∂iφ = −ηW (φ̇+V j∂jφ)∂iφ. (6)

The principal observable of interest to us is the power
spectrum of gravitational radiation resulting from bub-
ble collisions. One approach is to project Tij at every
timestep and then making use of the Green’s function to
compute the final power spectrum [34, 35]; this is quite
costly in computer time. Instead, we use the procedure
detailed in Ref. [36]. We evolve the equation of motion
for an auxiliary tensor uij ,

üij −∇2uij = 16πG(τφij + τ fij), (7)

where τφij = ∂iφ∂jφ and τ fij = W 2(ϵ+ p)ViVj . The phys-
ical metric perturbations are recovered in momentum
space by hij(k) = λij,lm(k̂)ulm(t,k), where λij,lm(k̂) is
the projector onto transverse, traceless symmetric rank 2
tensors. We are most interested in the metric perturba-
tions sourced by the fluid, as the fluid shear stresses gen-
erally dominate over those of the scalar field, although it
will be instructive to also consider both sources together.
Having obtained the metric perturbations, the power

spectrum per logarithmic frequency interval is

dρGW(k)

d ln k
=

1

32πGL3

k3

(2π)3

∫

dΩ
∣

∣

∣
ḣlm(t,k)

∣

∣

∣

2

. (8)

We simulate the system on a cubic lattice of N3 = 10243

points, neglecting cosmic expansion which is slow com-
pared with the transition rate. The fluid is imple-
mented as a three dimensional relativistic fluid [37], with
donor cell advection. The scalar and tensor fields are

evolved using a leapfrog algorithm with a minimal sten-
cil for the spatial Laplacian. Principally we used lat-
tice spacing δx = 1T−1

c and time step δt = 0.1T−1
c ,

where Tc is the critical temperature for the phase tran-
sition. We have checked the lattice spacing dependence
by carrying out single bubble self-collision simulations for
L3 = 2563 T−3

c at δx = 0.5T−1
c , for which the value of

ρGW at t = 2000T−1
c increased by 10%, while the final

total fluid kinetic energy increased by 7%. Simulating
with δt = 0.2T−1

c resulted in changes of 0.3% and 0.2%
to ρGW and the kinetic energy respectively.

Starting from a system completely in the symmet-
ric phase, we model the phase transition by nucleat-
ing new bubbles according to the rate per unit volume
P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
scaling profile [23].

We first studied a system with g = 34.25, γ = 1/18,
α =

√
10/72, T0 = Tc/

√
2 and λ = 10/648; this allows

comparison with previous (1 + 1) and spherical studies
of a coupled field-fluid system where the same parameter
choices were used [23]. The transition in this case is rela-
tively weak: in terms of αT , the ratio between the latent
heat and the total thermal energy, we have αTN

= 0.012
at the nucleation temperature TN = 0.86Tc. We also
performed simulations with γ = 2/18 and λ = 5/648, for
which αTN

= 0.10 at the nucleation temperature TN =
0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
the mean spacing between bubbles was of order 100T−1

c .
The wall velocity is captured correctly, but the fluid ve-
locity did not quite reach the scaling profile before col-
liding. Typically, the peak velocity prior to collision is
20-30% below the scaling value for the deflagrations.

For the weak transition we chose η = 0.1, 0.2, 0.4 and
0.6. The first gives a detonation with wall speed vw ≃
0.71, and the others weak deflagrations with vw ≃ 0.44,
0.24, and 0.15 respectively. The shock profiles are found
in Figs. 2 and 3 of Ref. [23]; slices of the total energy
density for one of our simulations are shown in Fig. 1.
The intermediate transition was simulated at η = 0.4,
for which the wall speed is vw ≃ 0.44, very close to the
weak transition with η = 0.2.
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erally dominate over those of the scalar field, although it
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We simulate the system on a cubic lattice of N3 = 10243

points, neglecting cosmic expansion which is slow com-
pared with the transition rate. The fluid is imple-
mented as a three dimensional relativistic fluid [37], with
donor cell advection. The scalar and tensor fields are

evolved using a leapfrog algorithm with a minimal sten-
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c and time step δt = 0.1T−1
c ,
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by carrying out single bubble self-collision simulations for
L3 = 2563 T−3

c at δx = 0.5T−1
c , for which the value of

ρGW at t = 2000T−1
c increased by 10%, while the final

total fluid kinetic energy increased by 7%. Simulating
with δt = 0.2T−1

c resulted in changes of 0.3% and 0.2%
to ρGW and the kinetic energy respectively.

Starting from a system completely in the symmet-
ric phase, we model the phase transition by nucleat-
ing new bubbles according to the rate per unit volume
P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
scaling profile [23].

We first studied a system with g = 34.25, γ = 1/18,
α =

√
10/72, T0 = Tc/
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2 and λ = 10/648; this allows

comparison with previous (1 + 1) and spherical studies
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choices were used [23]. The transition in this case is rela-
tively weak: in terms of αT , the ratio between the latent
heat and the total thermal energy, we have αTN

= 0.012
at the nucleation temperature TN = 0.86Tc. We also
performed simulations with γ = 2/18 and λ = 5/648, for
which αTN

= 0.10 at the nucleation temperature TN =
0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
the mean spacing between bubbles was of order 100T−1

c .
The wall velocity is captured correctly, but the fluid ve-
locity did not quite reach the scaling profile before col-
liding. Typically, the peak velocity prior to collision is
20-30% below the scaling value for the deflagrations.

For the weak transition we chose η = 0.1, 0.2, 0.4 and
0.6. The first gives a detonation with wall speed vw ≃
0.71, and the others weak deflagrations with vw ≃ 0.44,
0.24, and 0.15 respectively. The shock profiles are found
in Figs. 2 and 3 of Ref. [23]; slices of the total energy
density for one of our simulations are shown in Fig. 1.
The intermediate transition was simulated at η = 0.4,
for which the wall speed is vw ≃ 0.44, very close to the
weak transition with η = 0.2.
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the end of the simulation.
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ble collisions. One approach is to project Tij at every
timestep and then making use of the Green’s function to
compute the final power spectrum [34, 35]; this is quite
costly in computer time. Instead, we use the procedure
detailed in Ref. [36]. We evolve the equation of motion
for an auxiliary tensor uij ,
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points, neglecting cosmic expansion which is slow com-
pared with the transition rate. The fluid is imple-
mented as a three dimensional relativistic fluid [37], with
donor cell advection. The scalar and tensor fields are

evolved using a leapfrog algorithm with a minimal sten-
cil for the spatial Laplacian. Principally we used lat-
tice spacing δx = 1T−1

c and time step δt = 0.1T−1
c ,

where Tc is the critical temperature for the phase tran-
sition. We have checked the lattice spacing dependence
by carrying out single bubble self-collision simulations for
L3 = 2563 T−3

c at δx = 0.5T−1
c , for which the value of

ρGW at t = 2000T−1
c increased by 10%, while the final

total fluid kinetic energy increased by 7%. Simulating
with δt = 0.2T−1

c resulted in changes of 0.3% and 0.2%
to ρGW and the kinetic energy respectively.

Starting from a system completely in the symmet-
ric phase, we model the phase transition by nucleat-
ing new bubbles according to the rate per unit volume
P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
scaling profile [23].

We first studied a system with g = 34.25, γ = 1/18,
α =

√
10/72, T0 = Tc/

√
2 and λ = 10/648; this allows

comparison with previous (1 + 1) and spherical studies
of a coupled field-fluid system where the same parameter
choices were used [23]. The transition in this case is rela-
tively weak: in terms of αT , the ratio between the latent
heat and the total thermal energy, we have αTN

= 0.012
at the nucleation temperature TN = 0.86Tc. We also
performed simulations with γ = 2/18 and λ = 5/648, for
which αTN

= 0.10 at the nucleation temperature TN =
0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
the mean spacing between bubbles was of order 100T−1

c .
The wall velocity is captured correctly, but the fluid ve-
locity did not quite reach the scaling profile before col-
liding. Typically, the peak velocity prior to collision is
20-30% below the scaling value for the deflagrations.

For the weak transition we chose η = 0.1, 0.2, 0.4 and
0.6. The first gives a detonation with wall speed vw ≃
0.71, and the others weak deflagrations with vw ≃ 0.44,
0.24, and 0.15 respectively. The shock profiles are found
in Figs. 2 and 3 of Ref. [23]; slices of the total energy
density for one of our simulations are shown in Fig. 1.
The intermediate transition was simulated at η = 0.4,
for which the wall speed is vw ≃ 0.44, very close to the
weak transition with η = 0.2.

Fig. 2 (top) shows the time evolution of two quantities
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simulation. The slices correspond roughly to the end of the
nucleation phase, the end of the initial coalescence phase and
the end of the simulation.
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j)+∂ip+
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The principal observable of interest to us is the power
spectrum of gravitational radiation resulting from bub-
ble collisions. One approach is to project Tij at every
timestep and then making use of the Green’s function to
compute the final power spectrum [34, 35]; this is quite
costly in computer time. Instead, we use the procedure
detailed in Ref. [36]. We evolve the equation of motion
for an auxiliary tensor uij ,

üij −∇2uij = 16πG(τφij + τ fij), (7)

where τφij = ∂iφ∂jφ and τ fij = W 2(ϵ+ p)ViVj . The phys-
ical metric perturbations are recovered in momentum
space by hij(k) = λij,lm(k̂)ulm(t,k), where λij,lm(k̂) is
the projector onto transverse, traceless symmetric rank 2
tensors. We are most interested in the metric perturba-
tions sourced by the fluid, as the fluid shear stresses gen-
erally dominate over those of the scalar field, although it
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points, neglecting cosmic expansion which is slow com-
pared with the transition rate. The fluid is imple-
mented as a three dimensional relativistic fluid [37], with
donor cell advection. The scalar and tensor fields are

evolved using a leapfrog algorithm with a minimal sten-
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by carrying out single bubble self-collision simulations for
L3 = 2563 T−3

c at δx = 0.5T−1
c , for which the value of

ρGW at t = 2000T−1
c increased by 10%, while the final

total fluid kinetic energy increased by 7%. Simulating
with δt = 0.2T−1

c resulted in changes of 0.3% and 0.2%
to ρGW and the kinetic energy respectively.

Starting from a system completely in the symmet-
ric phase, we model the phase transition by nucleat-
ing new bubbles according to the rate per unit volume
P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
scaling profile [23].

We first studied a system with g = 34.25, γ = 1/18,
α =

√
10/72, T0 = Tc/

√
2 and λ = 10/648; this allows

comparison with previous (1 + 1) and spherical studies
of a coupled field-fluid system where the same parameter
choices were used [23]. The transition in this case is rela-
tively weak: in terms of αT , the ratio between the latent
heat and the total thermal energy, we have αTN

= 0.012
at the nucleation temperature TN = 0.86Tc. We also
performed simulations with γ = 2/18 and λ = 5/648, for
which αTN

= 0.10 at the nucleation temperature TN =
0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
the mean spacing between bubbles was of order 100T−1

c .
The wall velocity is captured correctly, but the fluid ve-
locity did not quite reach the scaling profile before col-
liding. Typically, the peak velocity prior to collision is
20-30% below the scaling value for the deflagrations.

For the weak transition we chose η = 0.1, 0.2, 0.4 and
0.6. The first gives a detonation with wall speed vw ≃
0.71, and the others weak deflagrations with vw ≃ 0.44,
0.24, and 0.15 respectively. The shock profiles are found
in Figs. 2 and 3 of Ref. [23]; slices of the total energy
density for one of our simulations are shown in Fig. 1.
The intermediate transition was simulated at η = 0.4,
for which the wall speed is vw ≃ 0.44, very close to the
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Żi+∂j(ZiV
j)+∂ip+

∂V

∂φ
∂iφ = −ηW (φ̇+V j∂jφ)∂iφ. (6)
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ble collisions. One approach is to project Tij at every
timestep and then making use of the Green’s function to
compute the final power spectrum [34, 35]; this is quite
costly in computer time. Instead, we use the procedure
detailed in Ref. [36]. We evolve the equation of motion
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tions sourced by the fluid, as the fluid shear stresses gen-
erally dominate over those of the scalar field, although it
will be instructive to also consider both sources together.
Having obtained the metric perturbations, the power

spectrum per logarithmic frequency interval is

dρGW(k)

d ln k
=

1

32πGL3

k3

(2π)3

∫

dΩ
∣

∣

∣
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points, neglecting cosmic expansion which is slow com-
pared with the transition rate. The fluid is imple-
mented as a three dimensional relativistic fluid [37], with
donor cell advection. The scalar and tensor fields are

evolved using a leapfrog algorithm with a minimal sten-
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tice spacing δx = 1T−1

c and time step δt = 0.1T−1
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L3 = 2563 T−3

c at δx = 0.5T−1
c , for which the value of

ρGW at t = 2000T−1
c increased by 10%, while the final

total fluid kinetic energy increased by 7%. Simulating
with δt = 0.2T−1

c resulted in changes of 0.3% and 0.2%
to ρGW and the kinetic energy respectively.

Starting from a system completely in the symmet-
ric phase, we model the phase transition by nucleat-
ing new bubbles according to the rate per unit volume
P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
scaling profile [23].

We first studied a system with g = 34.25, γ = 1/18,
α =

√
10/72, T0 = Tc/

√
2 and λ = 10/648; this allows

comparison with previous (1 + 1) and spherical studies
of a coupled field-fluid system where the same parameter
choices were used [23]. The transition in this case is rela-
tively weak: in terms of αT , the ratio between the latent
heat and the total thermal energy, we have αTN

= 0.012
at the nucleation temperature TN = 0.86Tc. We also
performed simulations with γ = 2/18 and λ = 5/648, for
which αTN

= 0.10 at the nucleation temperature TN =
0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
the mean spacing between bubbles was of order 100T−1

c .
The wall velocity is captured correctly, but the fluid ve-
locity did not quite reach the scaling profile before col-
liding. Typically, the peak velocity prior to collision is
20-30% below the scaling value for the deflagrations.

For the weak transition we chose η = 0.1, 0.2, 0.4 and
0.6. The first gives a detonation with wall speed vw ≃
0.71, and the others weak deflagrations with vw ≃ 0.44,
0.24, and 0.15 respectively. The shock profiles are found
in Figs. 2 and 3 of Ref. [23]; slices of the total energy
density for one of our simulations are shown in Fig. 1.
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Fig. 2 (top) shows the time evolution of two quantities

2

FIG. 1: Slices of fluid energy density E/T 4
c at t = 400 T−1

c ,
t = 800 T−1

c and t = 1200 T−1
c respectively, for the η = 0.2

simulation. The slices correspond roughly to the end of the
nucleation phase, the end of the initial coalescence phase and
the end of the simulation.

W ϵ, contracting [∂µT µν ]
fluid

with Uν yields

Ė + ∂i(EV i) + p[Ẇ + ∂i(WV i)]−
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mented as a three dimensional relativistic fluid [37], with
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evolved using a leapfrog algorithm with a minimal sten-
cil for the spatial Laplacian. Principally we used lat-
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where Tc is the critical temperature for the phase tran-
sition. We have checked the lattice spacing dependence
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c at δx = 0.5T−1
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total fluid kinetic energy increased by 7%. Simulating
with δt = 0.2T−1

c resulted in changes of 0.3% and 0.2%
to ρGW and the kinetic energy respectively.

Starting from a system completely in the symmet-
ric phase, we model the phase transition by nucleat-
ing new bubbles according to the rate per unit volume
P = P0 exp(β(t − t0)). From this distribution we gener-
ate a set of nucleation times and locations (in a suitable
untouched region of the box) at each of which we insert a
static bubble with a gaussian profile for the scalar field.
The bubble expands and quickly approaches an invariant
scaling profile [23].

We first studied a system with g = 34.25, γ = 1/18,
α =

√
10/72, T0 = Tc/

√
2 and λ = 10/648; this allows

comparison with previous (1 + 1) and spherical studies
of a coupled field-fluid system where the same parameter
choices were used [23]. The transition in this case is rela-
tively weak: in terms of αT , the ratio between the latent
heat and the total thermal energy, we have αTN

= 0.012
at the nucleation temperature TN = 0.86Tc. We also
performed simulations with γ = 2/18 and λ = 5/648, for
which αTN

= 0.10 at the nucleation temperature TN =
0.8Tc, which we refer to as an intermediate strength tran-
sition. We note that αTN

∼ 10−2 is generic for a first
order electroweak transition, while αTN

∼ 10−1 would
imply some tuning [38].

For the nucleation process, we took β = 0.0125Tc,
P0 = 0.01 and t0 = tend = 2000T−1

c . The simulation vol-
ume allowed the nucleation of 100-300 bubbles, so that
the mean spacing between bubbles was of order 100T−1

c .
The wall velocity is captured correctly, but the fluid ve-
locity did not quite reach the scaling profile before col-
liding. Typically, the peak velocity prior to collision is
20-30% below the scaling value for the deflagrations.

For the weak transition we chose η = 0.1, 0.2, 0.4 and
0.6. The first gives a detonation with wall speed vw ≃
0.71, and the others weak deflagrations with vw ≃ 0.44,
0.24, and 0.15 respectively. The shock profiles are found
in Figs. 2 and 3 of Ref. [23]; slices of the total energy
density for one of our simulations are shown in Fig. 1.
The intermediate transition was simulated at η = 0.4,
for which the wall speed is vw ≃ 0.44, very close to the
weak transition with η = 0.2.

Fig. 2 (top) shows the time evolution of two quantities

Phase Transitions

Inflationary Period (p)Reheating
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EXPECTATIONs of (p)REHEATING: SubH-GW

At ki: 'ki , nki ⇠ eµ(k,t)t ) Inhomogeneities:

⇢
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(Image: Google Search) (Fig. credit: Phys.Rev. D67 103501)
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FIG. 19: Time evolution of the spatial distribution of the magnetic energy density B2 (in units of m4) along the process of
the Higgs symmetry breaking. The images have been obtained with a N = 256 lattice simulation with an IR cut-o↵ kIR = 0.1
m, and parameters g2 = 2� = 0.25, Vc = 0.024 and e = 6

p
�. From left to right, top to bottom, the snapshots correspond to

mt = 5.5, 11.0, 17.3, 19.0, 21.0 and 23.0. At early times, before the Higgs bubbles percolate, the magnetic field is still very
small and has not acquired yet the distinctive shape of topological string configurations. At times mt ⇠ 17� 19, the string-like
spatial distributions of the magnetic energy density have finally developed, following the locus of points which corresponds to
the intermediate regions between Higgs bubbles. The string-like distributions are most clearly seen at time mt = 19. Later,
due to the time evolution of the gauge field’s mass, the string segments fatten and start shedding away the magnetic field, see
the main text.

M
ag

ne
tic

 e
ne

rg
y 

de
ns

ity

(p)Reheating
Inflation

Phase 
Transitions Cosmic Defects

Early Universe



22

FIG. 19: Time evolution of the spatial distribution of the magnetic energy density B2 (in units of m4) along the process of
the Higgs symmetry breaking. The images have been obtained with a N = 256 lattice simulation with an IR cut-o↵ kIR = 0.1
m, and parameters g2 = 2� = 0.25, Vc = 0.024 and e = 6

p
�. From left to right, top to bottom, the snapshots correspond to

mt = 5.5, 11.0, 17.3, 19.0, 21.0 and 23.0. At early times, before the Higgs bubbles percolate, the magnetic field is still very
small and has not acquired yet the distinctive shape of topological string configurations. At times mt ⇠ 17� 19, the string-like
spatial distributions of the magnetic energy density have finally developed, following the locus of points which corresponds to
the intermediate regions between Higgs bubbles. The string-like distributions are most clearly seen at time mt = 19. Later,
due to the time evolution of the gauge field’s mass, the string segments fatten and start shedding away the magnetic field, see
the main text.

M
ag

ne
tic

 e
ne

rg
y 

de
ns

ity

(p)Reheating
Inflation

Phase 
Transitions Cosmic Defects

Early Universe

Late Universe ?



LIGO/VIRGO
2015-now

Late Universe (0 ≤ z ≲ 10)

_



Late Universe (0 ≤ z ≲ 10)

_



Binary Population

Observed

_

Late Universe (0 ≤ z ≲ 10)



Mostly
unresolved
binaries !

_

Late Universe (0 ≤ z ≲ 10)



_

Late Universe (0 ≤ z ≲ 10)



Astrophysical
GW background

_

Late Universe (0 ≤ z ≲ 10)



Astrophysical
GW background

_

Black Holes 
Neutron Stars 
White Dwarfs 

Late Universe (0 ≤ z ≲ 10)



Early 
Universe

Late 
Universe

Astrophysical
Background

_

(p)ReheatingInflation Phase 
Transitions Cosmic Defects

Gravitational Wave Backgrounds



Summary &

_

Perspective



Gravitational Wave Backgrounds

AstrophysicalCosmological

Early 
Universe 

Late
Universe

_

Perspective



Gravitational Wave Backgrounds

AstrophysicalCosmological

Early 
Universe 

Late
Universe

_

Probe of High 
Energy Physics

Perspective



Gravitational Wave Backgrounds

AstrophysicalCosmological

Early 
Universe 

Late
Universe

_

Probe Binary
Population(s)

Perspective



Gravitational Wave Backgrounds

AstrophysicalCosmological

Early 
Universe 

Late
Universe

_

HOLY GRAIL

Perspective



Gravitational Wave Backgrounds

AstrophysicalCosmological

Early 
Universe 

Late
Universe

_

HOLY GRAIL

Perspective



Gravitational Wave Backgrounds

AstrophysicalCosmological

Early 
Universe 

Late
Universe

_

HOLY GRAIL

Perspective



Gravitational Wave Backgrounds

AstrophysicalCosmological

Early 
Universe 

Late
Universe

_

HOLY GRAIL

Foreground

Perspective



Early 
Universe

Late 
Universe

Astrophysical
Background

_

(p)ReheatingInflation Phase 
Transitions Cosmic Defects

Gravitational Wave Backgrounds



Early 
Universe

Late 
Universe

Astrophysical
Background

_

(p)ReheatingInflation Phase 
Transitions Cosmic Defects

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
Core of the lectures !

As these backgrounds probe
Fundamental Physics (HEP)



Early 
Universe

Late 
Universe

Astrophysical
Background

_

(p)ReheatingInflation Phase 
Transitions Cosmic Defects

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
Core of the lectures !

As these backgrounds probe
Fundamental Physics (HEP)

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
Peripheral 

Backgrounds 
act (for us) as 
a foreground !



COSMOLOGY

PARTICLE PHYSICS

GRAV. WAVE
BACKGROUNDS

 ASTRO- 
PHYSICS

_

MULTI-DISCIPLINARY       

BROAD

Gravitational Wave Backgrounds



OUTLINE

   Early 
Universe

Gravitational Wave 
Backgrounds

1) GWs from Inflation
2) GWs from Preheating
3) GWs from Phase Transitions
4) GWs from Cosmic Defects 

   Sources



OUTLINE

   Early 
Universe

 0) Grav. Waves (GWs)

Gravitational Wave 
Backgrounds

1) GWs from Inflation
2) GWs from Preheating
3) GWs from Phase Transitions
4) GWs from Cosmic Defects 

   Sources



OUTLINE

   Early 
Universe

 1) Grav. Waves (GWs)

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 

   Sources



OUTLINE

   Early 
Universe

 1) Grav. Waves (GWs)

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 

   Sources

Grav. Th.



OUTLINE

   Early 
Universe

 1) Grav. Waves (GWs)

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 

   Sources

Grav. Th.

6) Astrophysical Background(s)

7) Observational Constraints/Prospects& Experiments
Late Universe

<latexit sha1_base64="8a5imw9rQvza28aI65FvGMx6OIE=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFZIa2rorunFZwT4gCWUynbRDJw9nbgql9DvcuFDErR/jzr9x0lZQ0QMXDufcy733BKngCizrwyisrW9sbhW3Szu7e/sH5cOjjkoySVmbJiKRvYAoJnjM2sBBsF4qGYkCwbrB+Dr3uxMmFU/iO5imzI/IMOYhpwS05HuCheB6kg9HYPbLFcu8bNSqTg1bpmXV7aqdk2rduXCwrZUcFbRCq19+9wYJzSIWAxVEKde2UvBnRAKngs1LXqZYSuiYDJmraUwipvzZ4ug5PtPKAIeJ1BUDXqjfJ2YkUmoaBbozIjBSv71c/MtzMwgb/ozHaQYspstFYSYwJDhPAA+4ZBTEVBNCJde3YjoiklDQOZV0CF+f4v9Jp2raNdO5dSrNq1UcRXSCTtE5slEdNdENaqE2ougePaAn9GxMjEfjxXhdthaM1cwx+gHj7RMRYJJR</latexit>

[ (Briefly)

<latexit sha1_base64="yo0dhHq8LhKAS+vdcsUPS6xygbM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3YEMJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJtSiP1g==</latexit>

}



OUTLINE

 1) Grav. Waves (GWs)

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 
6) Astrophysical Background(s)

7) Observational Constraints/Prospects

1st Topic~

(Formal Th.)



OUTLINE

 1) Grav. Waves (GWs)

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 
6) Astrophysical Background(s)

7) Observational Constraints/Prospects

Main Topics

(Pheno / Th.)



OUTLINE

 1) Grav. Waves (GWs)

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 
6) Astrophysical Background(s)

7) Observational Constraints/Prospects

Main Topics

(Pheno / Th.) Oliver 

Gould

Lectures



OUTLINE

 1) Grav. Waves (GWs)

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 
6) Astrophysical Background(s)

7) Observational Constraints/Prospects
(Briefly)

<latexit sha1_base64="yo0dhHq8LhKAS+vdcsUPS6xygbM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3YEMJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJtSiP1g==</latexit>

}Bonus~



OUTLINE

 1) Grav. Waves (GWs)

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 
6) Astrophysical Background(s)

7) Observational Constraints/Prospects



DANIEL G. FIGUEROA
IFIC, Valencia

— BACKGROUNDS —
GRAVITATIONAL WAVE

1st Lecture

MITP Summer School - CrossLinks of Early Universe Cosmology, 15 July - August 2, 2024



Primer on
Gravitational Waves



Gravitational Framework

General Relativity (GR) Gµ⌫ = 1
m2

p
Tµ⌫

geometry matter

ds2 = gµ⌫(x)dxµdx⌫

DIFF : xµ ! x0µ(x)

symmetry

h
mp = (8⇡G)�1/2 = 2.44 · 1018 GeV

i
Reduced 

Planck mass



Gravitational Framework

General Relativity (GR) Gµ⌫ = 1
m2

p
Tµ⌫

geometry matter

Gµ⌫ ⌘ D[g↵� ] m�2
p Tµ⌫(Matt,Rad,Top.Defects,DarkEnergy, ...)=

2nd order, non-Linear

metric

source



Gravitational Framework

General Relativity (GR) Gµ⌫ = 1
m2

p
Tµ⌫

geometry matter

Gµ⌫ ⌘ D[g↵� ] m�2
p Tµ⌫(Matt,Rad,Top.Defects,DarkEnergy, ...)=

2nd order, non-Linear

metric

source

How do we define GWs ?



Gravitational Framework

General Relativity (GR) Gµ⌫ = 1
m2

p
Tµ⌫

geometry matter

Gµ⌫ ⌘ D[g↵� ] m�2
p Tµ⌫(Matt,Rad,Top.Defects,DarkEnergy, ...)=

expand in perturbations

metric

source

How do we define GWs ?
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General Relativity (GR) Gµ⌫ = 1
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p
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geometry matter

Gµ⌫ ⌘ D[g↵� ] m�2
p Tµ⌫(Matt,Rad,Top.Defects,DarkEnergy, ...)=

metric
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How do we define GWs ?

expand in perturbations
g↵� = ḡ↵� + �g↵�
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Gravitational Wave Definition

1st approach to GWs gµ⌫ = ⌘µ⌫ + hµ⌫(x)

( |hµ⌫ | ⌧ 1 )

Minkowski

DIFF : xµ ! x0µ(x) xµ ! x0µ = xµ + ⇠µ(x)
residual

symm.( |@µ⇠⌫(x)| . |hµ⌫ | )

fixed 

frame

hμν(x) → h′￼μν(x′￼) = hμν(x) − ∂(μξν)

Notation:
∂(μξν) ≡ ∂μξν + ∂νξμ

∂[μξν] ≡ ∂μξν − ∂νξμ
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and where I am a fellow since January 2015; the University of Geneva (UNIGE, Geneva), which I visited for
4 months during my PhD and where I did my second postdoctoral position during 2 years; the University
of Helsinki (HU/HIP, Helsinki), where I did my first postdoctoral position during 2 years; the University of
Columbia in New York (Columbia U., NYC), which I visited for 3.5 months in fall 2014; and finally the Imperial
College in London and the University of Sussex in Brighton, UK, both of which I visit regularly (few times
a year) since 2010. Of course, I also have strong links to the Instituto de Fisica Teorica in the Autonoma
University of Madrid, where I did my PhD. My large network of international collaborators and contacts is an
important achievement in my career, and I am sure that this will be of great benefit for the group. Currently, I
maintain the following international collaborations: i) Imperial College (London, Great Britain), where I work
regularly with Prof. Arttu Rajantie; ii) Sussex University (Brigthon, Great Britain), where I work with with Prof.
Mark Hindmarsh and faculty member Dr. Chris Byrnes; iii) Columbia University (New York City, US), where
thanks to an International Short Visit grant I obtained from the Swiss National Science Foundation, I initiated
a collaboration with Prof. Lam Hui; iv) EPFL (Ecole Polytechnique Federale de Lausanne), Switzerland,
where I am currently doing a long term project with Prof. M. Shaposhnikov; v) Geneva University (Geneva,
Switzerland), where I regularly collaborate with Prof. Ruth Durrer and Prof. Antonio. W. Riotto, and vi) IFAE
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large network of international collaborators and contacts is an important achievement in my career, and I am
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)

Class. Quantum Grav. 35 (2018) 163001
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denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)

Class. Quantum Grav. 35 (2018) 163001

Topical Review

8

GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)

Class. Quantum Grav. 35 (2018) 163001

Topical Review

8

GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
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somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)
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T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)

Class. Quantum Grav. 35 (2018) 163001

Physical  
Symmetry

10 degrees 
of freedom

6 degrees 
of freedom

(svt metric perturbations)

(svt E/p-tensor components)

Topical Review

9

where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
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δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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ψ −→ ψ +
1
3
∇2d, E −→ E − 2d, (36)

the vector parts as

Si −→ Si − ḋi, Fi −→ Fi − 2di, (37)

and the tensor part as

hij −→ hij. (38)

The 2 degrees of freedom encoded in the tensor perturbation hij are therefore gauge invariant, 
i.e. independent of the system of coordinates (as long as we preserve the infinitesimal condi-
tion |δgµν |≪ 1). Since we know that there should be only 6 (= 10− 4) physical degrees of 
freedom, it must be possible to reduce the above scalar and vector perturbations (8 functions) 
to only 4 (= 6− 2) degrees of freedom. In light of equations (35)–(37), one can build new 
scalar and vector perturbations

Φ ≡ −φ+ Ḃ− 1
2

Ë, (39)

Θ ≡ −2ψ − 1
3
∇2E, (40)

Σi ≡ Si −
1
2

Ḟi, with ∂iΣi = 0, (41)

which are directly invariant under arbitrary infinitesimal coordinate transformations.
Note that for the energy momentum tensor, we did not need to perform a coordinate trans-

formation to exhibit the gauge-invariant independent degrees of freedom, as we just did 
for the metric perturbations: they followed simply after imposing energy-momentum con-
servation, see discussion after equations  (31)–(33). This is a consequence of the fact that, 
in our approach, the energy momentum tensor must be zero in the background, because of 
the assumption of linearisation around Minkowski. In fact, the first-order perturbation of a 
generic tensor Tµν = T̄µν + δTµν transforms under an infinitesimal coordinate transforma-
tion as δTµν −→ δTµν + LξT̄µν, where LξT̄µν denotes the Lie derivative of the background 
component T̄µν, along the vector field ξµ (which reduces to equation (4) in flat spacetime and 
for the metric tensor). Therefore, a tensor with T̄µν = 0 is automatically gauge invariant, i.e. 
it is invariant under arbitrary infinitesimal coordinate transformations. This is the so-called 
Stewart Walker lemma [28, 29].

As the set of variables Φ,Θ,Σi and hij are gauge invariant, and all together represent in total 
6 degrees of freedom (=1 (Φ)  +  1 (Θ)  +  2 (Σi)  +  2 (hij)), we are certain that these variables 
represent the truly physical degrees of freedom of the metric. It must be possible therefore, 
to express the Einstein equations as a function exclusively of these variables. As a matter of 
fact, the Einstein tensor can be written purely in terms of such gauge invariant quantities, as

G00 = −∇2Θ, (42)

G0i = −
1
2
∇2Σi − ∂iΘ̇, (43)

Gij = −
1
2
!hij − ∂(iΣ̇j) −

1
2
∂i∂j (2Φ+Θ) + δij

[
1
2
∇2 (2Φ+Θ)− Θ̈

]
. (44)
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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ψ −→ ψ +
1
3
∇2d, E −→ E − 2d, (36)

the vector parts as

Si −→ Si − ḋi, Fi −→ Fi − 2di, (37)

and the tensor part as

hij −→ hij. (38)

The 2 degrees of freedom encoded in the tensor perturbation hij are therefore gauge invariant, 
i.e. independent of the system of coordinates (as long as we preserve the infinitesimal condi-
tion |δgµν |≪ 1). Since we know that there should be only 6 (= 10− 4) physical degrees of 
freedom, it must be possible to reduce the above scalar and vector perturbations (8 functions) 
to only 4 (= 6− 2) degrees of freedom. In light of equations (35)–(37), one can build new 
scalar and vector perturbations

Φ ≡ −φ+ Ḃ− 1
2

Ë, (39)

Θ ≡ −2ψ − 1
3
∇2E, (40)

Σi ≡ Si −
1
2

Ḟi, with ∂iΣi = 0, (41)

which are directly invariant under arbitrary infinitesimal coordinate transformations.
Note that for the energy momentum tensor, we did not need to perform a coordinate trans-

formation to exhibit the gauge-invariant independent degrees of freedom, as we just did 
for the metric perturbations: they followed simply after imposing energy-momentum con-
servation, see discussion after equations  (31)–(33). This is a consequence of the fact that, 
in our approach, the energy momentum tensor must be zero in the background, because of 
the assumption of linearisation around Minkowski. In fact, the first-order perturbation of a 
generic tensor Tµν = T̄µν + δTµν transforms under an infinitesimal coordinate transforma-
tion as δTµν −→ δTµν + LξT̄µν, where LξT̄µν denotes the Lie derivative of the background 
component T̄µν, along the vector field ξµ (which reduces to equation (4) in flat spacetime and 
for the metric tensor). Therefore, a tensor with T̄µν = 0 is automatically gauge invariant, i.e. 
it is invariant under arbitrary infinitesimal coordinate transformations. This is the so-called 
Stewart Walker lemma [28, 29].

As the set of variables Φ,Θ,Σi and hij are gauge invariant, and all together represent in total 
6 degrees of freedom (=1 (Φ)  +  1 (Θ)  +  2 (Σi)  +  2 (hij)), we are certain that these variables 
represent the truly physical degrees of freedom of the metric. It must be possible therefore, 
to express the Einstein equations as a function exclusively of these variables. As a matter of 
fact, the Einstein tensor can be written purely in terms of such gauge invariant quantities, as

G00 = −∇2Θ, (42)

G0i = −
1
2
∇2Σi − ∂iΘ̇, (43)

Gij = −
1
2
!hij − ∂(iΣ̇j) −

1
2
∂i∂j (2Φ+Θ) + δij

[
1
2
∇2 (2Φ+Θ)− Θ̈

]
. (44)
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2
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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ψ −→ ψ +
1
3
∇2d, E −→ E − 2d, (36)

the vector parts as

Si −→ Si − ḋi, Fi −→ Fi − 2di, (37)

and the tensor part as

hij −→ hij. (38)

The 2 degrees of freedom encoded in the tensor perturbation hij are therefore gauge invariant, 
i.e. independent of the system of coordinates (as long as we preserve the infinitesimal condi-
tion |δgµν |≪ 1). Since we know that there should be only 6 (= 10− 4) physical degrees of 
freedom, it must be possible to reduce the above scalar and vector perturbations (8 functions) 
to only 4 (= 6− 2) degrees of freedom. In light of equations (35)–(37), one can build new 
scalar and vector perturbations

Φ ≡ −φ+ Ḃ− 1
2

Ë, (39)

Θ ≡ −2ψ − 1
3
∇2E, (40)

Σi ≡ Si −
1
2

Ḟi, with ∂iΣi = 0, (41)

which are directly invariant under arbitrary infinitesimal coordinate transformations.
Note that for the energy momentum tensor, we did not need to perform a coordinate trans-

formation to exhibit the gauge-invariant independent degrees of freedom, as we just did 
for the metric perturbations: they followed simply after imposing energy-momentum con-
servation, see discussion after equations  (31)–(33). This is a consequence of the fact that, 
in our approach, the energy momentum tensor must be zero in the background, because of 
the assumption of linearisation around Minkowski. In fact, the first-order perturbation of a 
generic tensor Tµν = T̄µν + δTµν transforms under an infinitesimal coordinate transforma-
tion as δTµν −→ δTµν + LξT̄µν, where LξT̄µν denotes the Lie derivative of the background 
component T̄µν, along the vector field ξµ (which reduces to equation (4) in flat spacetime and 
for the metric tensor). Therefore, a tensor with T̄µν = 0 is automatically gauge invariant, i.e. 
it is invariant under arbitrary infinitesimal coordinate transformations. This is the so-called 
Stewart Walker lemma [28, 29].

As the set of variables Φ,Θ,Σi and hij are gauge invariant, and all together represent in total 
6 degrees of freedom (=1 (Φ)  +  1 (Θ)  +  2 (Σi)  +  2 (hij)), we are certain that these variables 
represent the truly physical degrees of freedom of the metric. It must be possible therefore, 
to express the Einstein equations as a function exclusively of these variables. As a matter of 
fact, the Einstein tensor can be written purely in terms of such gauge invariant quantities, as

G00 = −∇2Θ, (42)

G0i = −
1
2
∇2Σi − ∂iΘ̇, (43)

Gij = −
1
2
!hij − ∂(iΣ̇j) −

1
2
∂i∂j (2Φ+Θ) + δij

[
1
2
∇2 (2Φ+Θ)− Θ̈

]
. (44)
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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ψ −→ ψ +
1
3
∇2d, E −→ E − 2d, (36)

the vector parts as

Si −→ Si − ḋi, Fi −→ Fi − 2di, (37)

and the tensor part as

hij −→ hij. (38)

The 2 degrees of freedom encoded in the tensor perturbation hij are therefore gauge invariant, 
i.e. independent of the system of coordinates (as long as we preserve the infinitesimal condi-
tion |δgµν |≪ 1). Since we know that there should be only 6 (= 10− 4) physical degrees of 
freedom, it must be possible to reduce the above scalar and vector perturbations (8 functions) 
to only 4 (= 6− 2) degrees of freedom. In light of equations (35)–(37), one can build new 
scalar and vector perturbations

Φ ≡ −φ+ Ḃ− 1
2

Ë, (39)

Θ ≡ −2ψ − 1
3
∇2E, (40)

Σi ≡ Si −
1
2

Ḟi, with ∂iΣi = 0, (41)

which are directly invariant under arbitrary infinitesimal coordinate transformations.
Note that for the energy momentum tensor, we did not need to perform a coordinate trans-

formation to exhibit the gauge-invariant independent degrees of freedom, as we just did 
for the metric perturbations: they followed simply after imposing energy-momentum con-
servation, see discussion after equations  (31)–(33). This is a consequence of the fact that, 
in our approach, the energy momentum tensor must be zero in the background, because of 
the assumption of linearisation around Minkowski. In fact, the first-order perturbation of a 
generic tensor Tµν = T̄µν + δTµν transforms under an infinitesimal coordinate transforma-
tion as δTµν −→ δTµν + LξT̄µν, where LξT̄µν denotes the Lie derivative of the background 
component T̄µν, along the vector field ξµ (which reduces to equation (4) in flat spacetime and 
for the metric tensor). Therefore, a tensor with T̄µν = 0 is automatically gauge invariant, i.e. 
it is invariant under arbitrary infinitesimal coordinate transformations. This is the so-called 
Stewart Walker lemma [28, 29].

As the set of variables Φ,Θ,Σi and hij are gauge invariant, and all together represent in total 
6 degrees of freedom (=1 (Φ)  +  1 (Θ)  +  2 (Σi)  +  2 (hij)), we are certain that these variables 
represent the truly physical degrees of freedom of the metric. It must be possible therefore, 
to express the Einstein equations as a function exclusively of these variables. As a matter of 
fact, the Einstein tensor can be written purely in terms of such gauge invariant quantities, as

G00 = −∇2Θ, (42)

G0i = −
1
2
∇2Σi − ∂iΘ̇, (43)

Gij = −
1
2
!hij − ∂(iΣ̇j) −

1
2
∂i∂j (2Φ+Θ) + δij

[
1
2
∇2 (2Φ+Θ)− Θ̈

]
. (44)
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GWs are characterised by only two physical degrees of freedom, corresponding to two polari-
sation states. However, this must be true in general, not only in globally vacuum space-times. 
In this section we develop a formalism that renders this fact manifest.

We thus maintain, in the following, the conditions of linearised gravity over a Minkowski 
background (gµν = ηµν + hµν, |hµν |≪ 1), but consider the more realistic situation where a 
non-vanishing stress-energy tensor is present, Tµν ̸= 0. The rest of this section is based on 
[25] (see also [26]), which presents the flat space-time limit of Bardeen’s cosmological gauge-
invariant perturbation theory [27]. We follow standard notations in cosmology (that deviate 
somewhat from those of the previous section): the background metric is ḡµν = ηµν, and we 
denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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denote the first order metric perturbation as δgµν (this corresponds to hµν in the previous sec-
tion). The main difference with the cosmological setting of [27] is that our metric background 
is Minkowski, and hence the energy momentum tensor Tµν at the background level, must 
vanish.

We begin by decomposing the metric perturbation and the energy-momentum tensor into 
irreducible parts with respect to spatial rotations,

δg00 = −2φ, (21)

δg0i = δgi0 = (∂iB + Si) , (22)

δgij = δgji = −2ψδij + (∂i∂j −
1
3
δij∇2)E + ∂iFj + ∂jFi + hij, (23)

and

T00 = ρ, (24)

T0i = Ti0 = ∂iu + ui, (25)

Tij = Tji = p δij + (∂i∂j −
1
3
δij∇2)σ + ∂ivj + ∂jvi +Πij. (26)

By construction, the above functions can be classified as scalars, vectors and tensors, accord-
ing to how they transform under the 3-dimensional Euclidean rotation group,

 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
Vector(s) Si, Fi ui, vi
Tensor(s) hij Πij

In order not to overcount degrees of freedom, the vector and tensor parts must satisfy the fol-
lowing conditions

∂iSi = 0 (1 constraint), ∂iFi = 0 (1 constraint), (27)

∂ihij = 0 (3 constraints), hii = 0 (1 constraint) (28)

and

∂iui = 0 (1 constraint), ∂ivi = 0 (1 constraint), (29)

∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)

Class. Quantum Grav. 35 (2018) 163001

Physical  
Symmetry

6 degrees 
of freedom

6 degrees 
of freedom

(svt metric perturbations)

(svt E/p-tensor components)

{

Topical Review

9

where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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ψ −→ ψ +
1
3
∇2d, E −→ E − 2d, (36)

the vector parts as

Si −→ Si − ḋi, Fi −→ Fi − 2di, (37)

and the tensor part as

hij −→ hij. (38)

The 2 degrees of freedom encoded in the tensor perturbation hij are therefore gauge invariant, 
i.e. independent of the system of coordinates (as long as we preserve the infinitesimal condi-
tion |δgµν |≪ 1). Since we know that there should be only 6 (= 10− 4) physical degrees of 
freedom, it must be possible to reduce the above scalar and vector perturbations (8 functions) 
to only 4 (= 6− 2) degrees of freedom. In light of equations (35)–(37), one can build new 
scalar and vector perturbations

Φ ≡ −φ+ Ḃ− 1
2

Ë, (39)

Θ ≡ −2ψ − 1
3
∇2E, (40)

Σi ≡ Si −
1
2

Ḟi, with ∂iΣi = 0, (41)

which are directly invariant under arbitrary infinitesimal coordinate transformations.
Note that for the energy momentum tensor, we did not need to perform a coordinate trans-

formation to exhibit the gauge-invariant independent degrees of freedom, as we just did 
for the metric perturbations: they followed simply after imposing energy-momentum con-
servation, see discussion after equations  (31)–(33). This is a consequence of the fact that, 
in our approach, the energy momentum tensor must be zero in the background, because of 
the assumption of linearisation around Minkowski. In fact, the first-order perturbation of a 
generic tensor Tµν = T̄µν + δTµν transforms under an infinitesimal coordinate transforma-
tion as δTµν −→ δTµν + LξT̄µν, where LξT̄µν denotes the Lie derivative of the background 
component T̄µν, along the vector field ξµ (which reduces to equation (4) in flat spacetime and 
for the metric tensor). Therefore, a tensor with T̄µν = 0 is automatically gauge invariant, i.e. 
it is invariant under arbitrary infinitesimal coordinate transformations. This is the so-called 
Stewart Walker lemma [28, 29].

As the set of variables Φ,Θ,Σi and hij are gauge invariant, and all together represent in total 
6 degrees of freedom (=1 (Φ)  +  1 (Θ)  +  2 (Σi)  +  2 (hij)), we are certain that these variables 
represent the truly physical degrees of freedom of the metric. It must be possible therefore, 
to express the Einstein equations as a function exclusively of these variables. As a matter of 
fact, the Einstein tensor can be written purely in terms of such gauge invariant quantities, as

G00 = −∇2Θ, (42)

G0i = −
1
2
∇2Σi − ∂iΘ̇, (43)

Gij = −
1
2
!hij − ∂(iΣ̇j) −

1
2
∂i∂j (2Φ+Θ) + δij

[
1
2
∇2 (2Φ+Θ)− Θ̈

]
. (44)
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2
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 δgµν Tµν

Scalar(s) φ, B, ψ, E ρ, u, p, σ
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∂iΠij = 0 (3 constraints), Πii = 0 (1 constraint), (30)
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where we have implicitly assumed that all terms vanish ρ, u, ui, p,σ, vi,Πij −→ 0 at infinity. 
The total number of degrees of freedom is as follows. For the metric perturbation, the total 
number of functions introduced in equations (21)–(23) is 16  =  4 scalars (φ, B, ψ, E)  +  6 vec-
tor components (Si, Fi)  +  6 tensor components of the 3× 3 symmetric tensor hij. The total 
number of constraints in equations (27), (28) is 6, so the number of independent functions 
in the decomposition defined by equations (21)–(23) is 10  =  16  −  6, as expected for a 4× 4 
symmetric tensor. Analogous consistent counting follows for the energy-momentum tensor, 
decomposed in equations (24)–(26), and subject to the constraint equations (29) and (30).

Given our assumptions about metric perturbations over a flat background ηµν, and asymp-
totic flatness δgµν −→ 0, the decomposition of the metric perturbation into scalar, vector and 
tensor pieces, defined by equations (21)–(23), is actually unique. Given a metric perturbation 
δgµν, one can always solve unequivocally for φ, B, ψ, E, Si, Fi and hij, as a function of δgµν. 
Similarly, the decomposition of the energy-momentum tensor by equations (24)–(26) is also 
unique.

All functions introduced so far (scalars, vectors and tensors) are assumed to be arbitrary 
functions of space-time coordinates and, in general, they are not independent from each other. 
For instance, from the conservation of the stress-energy tensor ∂µTµν = 0, it follows that the 
functions introduced in equations (24)–(26), must satisfy

∇2u = ρ̇ (1 constraint), (31)

∇2σ =
3
2
(u̇− p) (1 constraint), (32)

∇2vi = 2u̇i (2 constraints). (33)

Therefore, considering these 4 extra constraints, in the case of the energy-momentum tensor, 
out of the 10 seemingly independent functions ρ, u, ui, p,σ, vi,Πij, there are in reality only 
6  =  10  −  4 independent degrees of freedom. For instance ρ, ui, p,Πij can be set arbitrarily, 
whereas the remaining functions u,σ, vi can be derived from the latter, by solving the system 
of equations (31)–(33).

Similarly, from the conservation of the Einstein tensor ∂µGµν = 0 (which amounts to 4 
constraints), it follows that out of the 10 metric functions φ, B, Si, ψ, E, Fi, hij in the metric 
decomposition equations (21)–(23), only 6  =  10  −  4 functions are truly independent degrees 
of freedom. The relation among metric components is however more complicated than in the 
case of the stress-energy tensor components equations (31)–(33), as it is the metric perturba-
tion δgµν (and not the Einstein tensor Gµν), that we have decomposed into scalar, vector, 
and tensor parts. In order to reduce the number of independent degrees of freedom in equa-
tions (21)–(23) from 10 to 6, it is more practical to exploit the invariance of linearised gravity, 
under arbitrary infinitesimal coordinate transformations xµ −→ xµ + ξµ. Following the logic 
of the metric decomposition in equations (21)–(23), let us first express an arbitrary infinitesi-
mal 4-vector displacement as

ξµ = (ξ0, ξi) ≡ (d0, ∂id + di) with ∂idi = 0, (34)

where d, d0, di are general functions of the space-time coordinates (t, x). As the metric perturbation 
transforms under an arbitrary infinitesimal diffeomorphism as δgµν −→ δgµν − ∂µξν − ∂νξµ, 
see equation (4), one obtains that scalar parts of the metric perturbation in equations (21)–
(23), transform as

φ −→ φ− ḋ0, B −→ B− d0 − ḋ, (35)
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ψ −→ ψ +
1
3
∇2d, E −→ E − 2d, (36)

the vector parts as

Si −→ Si − ḋi, Fi −→ Fi − 2di, (37)

and the tensor part as

hij −→ hij. (38)

The 2 degrees of freedom encoded in the tensor perturbation hij are therefore gauge invariant, 
i.e. independent of the system of coordinates (as long as we preserve the infinitesimal condi-
tion |δgµν |≪ 1). Since we know that there should be only 6 (= 10− 4) physical degrees of 
freedom, it must be possible to reduce the above scalar and vector perturbations (8 functions) 
to only 4 (= 6− 2) degrees of freedom. In light of equations (35)–(37), one can build new 
scalar and vector perturbations

Φ ≡ −φ+ Ḃ− 1
2

Ë, (39)

Θ ≡ −2ψ − 1
3
∇2E, (40)

Σi ≡ Si −
1
2

Ḟi, with ∂iΣi = 0, (41)

which are directly invariant under arbitrary infinitesimal coordinate transformations.
Note that for the energy momentum tensor, we did not need to perform a coordinate trans-

formation to exhibit the gauge-invariant independent degrees of freedom, as we just did 
for the metric perturbations: they followed simply after imposing energy-momentum con-
servation, see discussion after equations  (31)–(33). This is a consequence of the fact that, 
in our approach, the energy momentum tensor must be zero in the background, because of 
the assumption of linearisation around Minkowski. In fact, the first-order perturbation of a 
generic tensor Tµν = T̄µν + δTµν transforms under an infinitesimal coordinate transforma-
tion as δTµν −→ δTµν + LξT̄µν, where LξT̄µν denotes the Lie derivative of the background 
component T̄µν, along the vector field ξµ (which reduces to equation (4) in flat spacetime and 
for the metric tensor). Therefore, a tensor with T̄µν = 0 is automatically gauge invariant, i.e. 
it is invariant under arbitrary infinitesimal coordinate transformations. This is the so-called 
Stewart Walker lemma [28, 29].

As the set of variables Φ,Θ,Σi and hij are gauge invariant, and all together represent in total 
6 degrees of freedom (=1 (Φ)  +  1 (Θ)  +  2 (Σi)  +  2 (hij)), we are certain that these variables 
represent the truly physical degrees of freedom of the metric. It must be possible therefore, 
to express the Einstein equations as a function exclusively of these variables. As a matter of 
fact, the Einstein tensor can be written purely in terms of such gauge invariant quantities, as

G00 = −∇2Θ, (42)

G0i = −
1
2
∇2Σi − ∂iΘ̇, (43)

Gij = −
1
2
!hij − ∂(iΣ̇j) −

1
2
∂i∂j (2Φ+Θ) + δij

[
1
2
∇2 (2Φ+Θ)− Θ̈

]
. (44)
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2

Ë, (39)

Θ ≡ −2ψ − 1
3
∇2E, (40)

Σi ≡ Si −
1
2
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∇2d, E −→ E − 2d, (36)

the vector parts as

Si −→ Si − ḋi, Fi −→ Fi − 2di, (37)

and the tensor part as

hij −→ hij. (38)

The 2 degrees of freedom encoded in the tensor perturbation hij are therefore gauge invariant, 
i.e. independent of the system of coordinates (as long as we preserve the infinitesimal condi-
tion |δgµν |≪ 1). Since we know that there should be only 6 (= 10− 4) physical degrees of 
freedom, it must be possible to reduce the above scalar and vector perturbations (8 functions) 
to only 4 (= 6− 2) degrees of freedom. In light of equations (35)–(37), one can build new 
scalar and vector perturbations

Φ ≡ −φ+ Ḃ− 1
2

Ë, (39)

Θ ≡ −2ψ − 1
3
∇2E, (40)

Σi ≡ Si −
1
2

Ḟi, with ∂iΣi = 0, (41)

which are directly invariant under arbitrary infinitesimal coordinate transformations.
Note that for the energy momentum tensor, we did not need to perform a coordinate trans-

formation to exhibit the gauge-invariant independent degrees of freedom, as we just did 
for the metric perturbations: they followed simply after imposing energy-momentum con-
servation, see discussion after equations  (31)–(33). This is a consequence of the fact that, 
in our approach, the energy momentum tensor must be zero in the background, because of 
the assumption of linearisation around Minkowski. In fact, the first-order perturbation of a 
generic tensor Tµν = T̄µν + δTµν transforms under an infinitesimal coordinate transforma-
tion as δTµν −→ δTµν + LξT̄µν, where LξT̄µν denotes the Lie derivative of the background 
component T̄µν, along the vector field ξµ (which reduces to equation (4) in flat spacetime and 
for the metric tensor). Therefore, a tensor with T̄µν = 0 is automatically gauge invariant, i.e. 
it is invariant under arbitrary infinitesimal coordinate transformations. This is the so-called 
Stewart Walker lemma [28, 29].

As the set of variables Φ,Θ,Σi and hij are gauge invariant, and all together represent in total 
6 degrees of freedom (=1 (Φ)  +  1 (Θ)  +  2 (Σi)  +  2 (hij)), we are certain that these variables 
represent the truly physical degrees of freedom of the metric. It must be possible therefore, 
to express the Einstein equations as a function exclusively of these variables. As a matter of 
fact, the Einstein tensor can be written purely in terms of such gauge invariant quantities, as

G00 = −∇2Θ, (42)
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1
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∇2Σi − ∂iΘ̇, (43)
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Introducing now equations  (42)–(44) in the left hand side of the Einstein equa-
tions Gµν = 1

m2
p
Tµν , and equations (24)–(26) in the right hand side, one finds, with the help of 

equations (31)–(33), that

∇2Θ = − 1
m2

p
ρ, ∇2Φ = 1

2m2
p
(ρ+ 3p− 3u̇) ,

∇2Σi = − 2
m2

p
Si, !hij = − 2

m2
p
Πij.

 (45)

It appears that only the tensor part of the metric hij obeys a wave equation. The other variables 
Θ, Φ and Σi , obey Poisson-like equations. Indeed, in a globally vacuum space-time, the above 
equations reduce to five Laplace equations and a wave equation,

∇2Θ = 0, ∇2Φ = 0,

∇2Σi = 0, !hij = 0.
 (46)

This demonstrates explicitly that, among the gauge-invariant degrees of freedom of the metric 
perturbation Θ,Φ,Σi and hij, only the tensor part hij (which has two independent components) 
represents radiative degrees of freedom that can propagate in vacuum.

The above statement is actually independent of the system of reference, as long as the met-
ric perturbation remains as such, i.e. a perturbation |δgµν |≪ 1. In section 2.1 we found that 
the invariance under infinitesimal coordinate transformations of the linearised theory, allows 
to saturate the gauge freedom once one reduces the metric perturbations to only 2 degrees of 
freedom, in the transverse-traceless gauge and in vacuum. However, identifying correctly the 
truly gauge invariant and radiative degrees of freedom is not just a matter of a gauge choice. 
In some gauges, as e.g. the Lorentz one, it is possible to have all metric components satisfying 
a wave equation, but this is only a ‘gauge artefact’, arising due to the choice of coordinates. 
Such gauge choices, although useful for calculations, may mistakenly led to identify pure 
gauge modes, with truly physical gravitational radiation.

To summarise, in general, a metric perturbation δgµν contains: (i) gauge spurious degrees 
of freedom, (ii) physical but non-radiative degrees of freedom, and (iii) physical radiative 
degrees of freedom. We have found that, using infinitesimal coordinate transformations, 
one can arrive to the result that only two physical radiative degrees of freedom are relevant. 
However, due to the presence of the physical non-radiative degrees of freedom, these cannot 
be made explicit, unless in vacuum: it is not possible in general to write the metric perturba-
tion in the TT gauge, since usually we cannot eliminate the temporal comp onents of the stress-
energy tensor that do not vanish T00, T0i ̸= 0. Nonetheless, here we have demonstrated that 
the linearised metric perturbation can be split up uniquely into scalar, vector and tensor parts, 
as in equations (21)–(23). This decomposition contains all type of degrees of freedom (i)–(iii). 
From Einstein equations it appears clearly that the physical radiative degrees of freedom cor-
respond only to the tensor piece of the metric perturbation, i.e. to the piece that satisfies a wave 
equation and verifies the TT gauge conditions (often referred to as the TT piece), irrespective 
of the gauge choice. In vacuum, the TT-gauge happens to correspond to the set of coordinate 
systems where the whole metric perturbation reduces to the physical radiative degrees of 
freedom. In the presence of matter, there are instead four physical degrees of freedom on top 
of the TT ones. Yet, the latter are—unmistakably—the only physical degrees of freedom truly 
representing gravitational radiation, independently of the gauge choice, and/or the presence 
of matter.
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Ë, (39)

Θ ≡ −2ψ − 1
3
∇2E, (40)

Σi ≡ Si −
1
2
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as in equations (21)–(23). This decomposition contains all type of degrees of freedom (i)–(iii). 
From Einstein equations it appears clearly that the physical radiative degrees of freedom cor-
respond only to the tensor piece of the metric perturbation, i.e. to the piece that satisfies a wave 
equation and verifies the TT gauge conditions (often referred to as the TT piece), irrespective 
of the gauge choice. In vacuum, the TT-gauge happens to correspond to the set of coordinate 
systems where the whole metric perturbation reduces to the physical radiative degrees of 
freedom. In the presence of matter, there are instead four physical degrees of freedom on top 
of the TT ones. Yet, the latter are—unmistakably—the only physical degrees of freedom truly 
representing gravitational radiation, independently of the gauge choice, and/or the presence 
of matter.
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Introducing now equations  (42)–(44) in the left hand side of the Einstein equa-
tions Gµν = 1

m2
p
Tµν , and equations (24)–(26) in the right hand side, one finds, with the help of 

equations (31)–(33), that

∇2Θ = − 1
m2

p
ρ, ∇2Φ = 1
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p
(ρ+ 3p− 3u̇) ,

∇2Σi = − 2
m2

p
Si, !hij = − 2

m2
p
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It appears that only the tensor part of the metric hij obeys a wave equation. The other variables 
Θ, Φ and Σi , obey Poisson-like equations. Indeed, in a globally vacuum space-time, the above 
equations reduce to five Laplace equations and a wave equation,

∇2Θ = 0, ∇2Φ = 0,

∇2Σi = 0, !hij = 0.
 (46)

This demonstrates explicitly that, among the gauge-invariant degrees of freedom of the metric 
perturbation Θ,Φ,Σi and hij, only the tensor part hij (which has two independent components) 
represents radiative degrees of freedom that can propagate in vacuum.

The above statement is actually independent of the system of reference, as long as the met-
ric perturbation remains as such, i.e. a perturbation |δgµν |≪ 1. In section 2.1 we found that 
the invariance under infinitesimal coordinate transformations of the linearised theory, allows 
to saturate the gauge freedom once one reduces the metric perturbations to only 2 degrees of 
freedom, in the transverse-traceless gauge and in vacuum. However, identifying correctly the 
truly gauge invariant and radiative degrees of freedom is not just a matter of a gauge choice. 
In some gauges, as e.g. the Lorentz one, it is possible to have all metric components satisfying 
a wave equation, but this is only a ‘gauge artefact’, arising due to the choice of coordinates. 
Such gauge choices, although useful for calculations, may mistakenly led to identify pure 
gauge modes, with truly physical gravitational radiation.

To summarise, in general, a metric perturbation δgµν contains: (i) gauge spurious degrees 
of freedom, (ii) physical but non-radiative degrees of freedom, and (iii) physical radiative 
degrees of freedom. We have found that, using infinitesimal coordinate transformations, 
one can arrive to the result that only two physical radiative degrees of freedom are relevant. 
However, due to the presence of the physical non-radiative degrees of freedom, these cannot 
be made explicit, unless in vacuum: it is not possible in general to write the metric perturba-
tion in the TT gauge, since usually we cannot eliminate the temporal comp onents of the stress-
energy tensor that do not vanish T00, T0i ̸= 0. Nonetheless, here we have demonstrated that 
the linearised metric perturbation can be split up uniquely into scalar, vector and tensor parts, 
as in equations (21)–(23). This decomposition contains all type of degrees of freedom (i)–(iii). 
From Einstein equations it appears clearly that the physical radiative degrees of freedom cor-
respond only to the tensor piece of the metric perturbation, i.e. to the piece that satisfies a wave 
equation and verifies the TT gauge conditions (often referred to as the TT piece), irrespective 
of the gauge choice. In vacuum, the TT-gauge happens to correspond to the set of coordinate 
systems where the whole metric perturbation reduces to the physical radiative degrees of 
freedom. In the presence of matter, there are instead four physical degrees of freedom on top 
of the TT ones. Yet, the latter are—unmistakably—the only physical degrees of freedom truly 
representing gravitational radiation, independently of the gauge choice, and/or the presence 
of matter.
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It appears that only the tensor part of the metric hij obeys a wave equation. The other variables 
Θ, Φ and Σi , obey Poisson-like equations. Indeed, in a globally vacuum space-time, the above 
equations reduce to five Laplace equations and a wave equation,

∇2Θ = 0, ∇2Φ = 0,

∇2Σi = 0, !hij = 0.
 (46)

This demonstrates explicitly that, among the gauge-invariant degrees of freedom of the metric 
perturbation Θ,Φ,Σi and hij, only the tensor part hij (which has two independent components) 
represents radiative degrees of freedom that can propagate in vacuum.

The above statement is actually independent of the system of reference, as long as the met-
ric perturbation remains as such, i.e. a perturbation |δgµν |≪ 1. In section 2.1 we found that 
the invariance under infinitesimal coordinate transformations of the linearised theory, allows 
to saturate the gauge freedom once one reduces the metric perturbations to only 2 degrees of 
freedom, in the transverse-traceless gauge and in vacuum. However, identifying correctly the 
truly gauge invariant and radiative degrees of freedom is not just a matter of a gauge choice. 
In some gauges, as e.g. the Lorentz one, it is possible to have all metric components satisfying 
a wave equation, but this is only a ‘gauge artefact’, arising due to the choice of coordinates. 
Such gauge choices, although useful for calculations, may mistakenly led to identify pure 
gauge modes, with truly physical gravitational radiation.

To summarise, in general, a metric perturbation δgµν contains: (i) gauge spurious degrees 
of freedom, (ii) physical but non-radiative degrees of freedom, and (iii) physical radiative 
degrees of freedom. We have found that, using infinitesimal coordinate transformations, 
one can arrive to the result that only two physical radiative degrees of freedom are relevant. 
However, due to the presence of the physical non-radiative degrees of freedom, these cannot 
be made explicit, unless in vacuum: it is not possible in general to write the metric perturba-
tion in the TT gauge, since usually we cannot eliminate the temporal comp onents of the stress-
energy tensor that do not vanish T00, T0i ̸= 0. Nonetheless, here we have demonstrated that 
the linearised metric perturbation can be split up uniquely into scalar, vector and tensor parts, 
as in equations (21)–(23). This decomposition contains all type of degrees of freedom (i)–(iii). 
From Einstein equations it appears clearly that the physical radiative degrees of freedom cor-
respond only to the tensor piece of the metric perturbation, i.e. to the piece that satisfies a wave 
equation and verifies the TT gauge conditions (often referred to as the TT piece), irrespective 
of the gauge choice. In vacuum, the TT-gauge happens to correspond to the set of coordinate 
systems where the whole metric perturbation reduces to the physical radiative degrees of 
freedom. In the presence of matter, there are instead four physical degrees of freedom on top 
of the TT ones. Yet, the latter are—unmistakably—the only physical degrees of freedom truly 
representing gravitational radiation, independently of the gauge choice, and/or the presence 
of matter.
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It appears that only the tensor part of the metric hij obeys a wave equation. The other variables 
Θ, Φ and Σi , obey Poisson-like equations. Indeed, in a globally vacuum space-time, the above 
equations reduce to five Laplace equations and a wave equation,

∇2Θ = 0, ∇2Φ = 0,

∇2Σi = 0, !hij = 0.
 (46)

This demonstrates explicitly that, among the gauge-invariant degrees of freedom of the metric 
perturbation Θ,Φ,Σi and hij, only the tensor part hij (which has two independent components) 
represents radiative degrees of freedom that can propagate in vacuum.

The above statement is actually independent of the system of reference, as long as the met-
ric perturbation remains as such, i.e. a perturbation |δgµν |≪ 1. In section 2.1 we found that 
the invariance under infinitesimal coordinate transformations of the linearised theory, allows 
to saturate the gauge freedom once one reduces the metric perturbations to only 2 degrees of 
freedom, in the transverse-traceless gauge and in vacuum. However, identifying correctly the 
truly gauge invariant and radiative degrees of freedom is not just a matter of a gauge choice. 
In some gauges, as e.g. the Lorentz one, it is possible to have all metric components satisfying 
a wave equation, but this is only a ‘gauge artefact’, arising due to the choice of coordinates. 
Such gauge choices, although useful for calculations, may mistakenly led to identify pure 
gauge modes, with truly physical gravitational radiation.

To summarise, in general, a metric perturbation δgµν contains: (i) gauge spurious degrees 
of freedom, (ii) physical but non-radiative degrees of freedom, and (iii) physical radiative 
degrees of freedom. We have found that, using infinitesimal coordinate transformations, 
one can arrive to the result that only two physical radiative degrees of freedom are relevant. 
However, due to the presence of the physical non-radiative degrees of freedom, these cannot 
be made explicit, unless in vacuum: it is not possible in general to write the metric perturba-
tion in the TT gauge, since usually we cannot eliminate the temporal comp onents of the stress-
energy tensor that do not vanish T00, T0i ̸= 0. Nonetheless, here we have demonstrated that 
the linearised metric perturbation can be split up uniquely into scalar, vector and tensor parts, 
as in equations (21)–(23). This decomposition contains all type of degrees of freedom (i)–(iii). 
From Einstein equations it appears clearly that the physical radiative degrees of freedom cor-
respond only to the tensor piece of the metric perturbation, i.e. to the piece that satisfies a wave 
equation and verifies the TT gauge conditions (often referred to as the TT piece), irrespective 
of the gauge choice. In vacuum, the TT-gauge happens to correspond to the set of coordinate 
systems where the whole metric perturbation reduces to the physical radiative degrees of 
freedom. In the presence of matter, there are instead four physical degrees of freedom on top 
of the TT ones. Yet, the latter are—unmistakably—the only physical degrees of freedom truly 
representing gravitational radiation, independently of the gauge choice, and/or the presence 
of matter.
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Introducing now equations  (42)–(44) in the left hand side of the Einstein equa-
tions Gµν = 1
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It appears that only the tensor part of the metric hij obeys a wave equation. The other variables 
Θ, Φ and Σi , obey Poisson-like equations. Indeed, in a globally vacuum space-time, the above 
equations reduce to five Laplace equations and a wave equation,

∇2Θ = 0, ∇2Φ = 0,

∇2Σi = 0, !hij = 0.
 (46)

This demonstrates explicitly that, among the gauge-invariant degrees of freedom of the metric 
perturbation Θ,Φ,Σi and hij, only the tensor part hij (which has two independent components) 
represents radiative degrees of freedom that can propagate in vacuum.

The above statement is actually independent of the system of reference, as long as the met-
ric perturbation remains as such, i.e. a perturbation |δgµν |≪ 1. In section 2.1 we found that 
the invariance under infinitesimal coordinate transformations of the linearised theory, allows 
to saturate the gauge freedom once one reduces the metric perturbations to only 2 degrees of 
freedom, in the transverse-traceless gauge and in vacuum. However, identifying correctly the 
truly gauge invariant and radiative degrees of freedom is not just a matter of a gauge choice. 
In some gauges, as e.g. the Lorentz one, it is possible to have all metric components satisfying 
a wave equation, but this is only a ‘gauge artefact’, arising due to the choice of coordinates. 
Such gauge choices, although useful for calculations, may mistakenly led to identify pure 
gauge modes, with truly physical gravitational radiation.

To summarise, in general, a metric perturbation δgµν contains: (i) gauge spurious degrees 
of freedom, (ii) physical but non-radiative degrees of freedom, and (iii) physical radiative 
degrees of freedom. We have found that, using infinitesimal coordinate transformations, 
one can arrive to the result that only two physical radiative degrees of freedom are relevant. 
However, due to the presence of the physical non-radiative degrees of freedom, these cannot 
be made explicit, unless in vacuum: it is not possible in general to write the metric perturba-
tion in the TT gauge, since usually we cannot eliminate the temporal comp onents of the stress-
energy tensor that do not vanish T00, T0i ̸= 0. Nonetheless, here we have demonstrated that 
the linearised metric perturbation can be split up uniquely into scalar, vector and tensor parts, 
as in equations (21)–(23). This decomposition contains all type of degrees of freedom (i)–(iii). 
From Einstein equations it appears clearly that the physical radiative degrees of freedom cor-
respond only to the tensor piece of the metric perturbation, i.e. to the piece that satisfies a wave 
equation and verifies the TT gauge conditions (often referred to as the TT piece), irrespective 
of the gauge choice. In vacuum, the TT-gauge happens to correspond to the set of coordinate 
systems where the whole metric perturbation reduces to the physical radiative degrees of 
freedom. In the presence of matter, there are instead four physical degrees of freedom on top 
of the TT ones. Yet, the latter are—unmistakably—the only physical degrees of freedom truly 
representing gravitational radiation, independently of the gauge choice, and/or the presence 
of matter.
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Gravitational Wave Definition

3rd approach to GWs gµ⌫(x) = ḡµ⌫(x) + hµ⌫(x) , |hµ⌫ | ⌧ 1

(FLRW)(for a FLRW space-time)
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Flat-FLRW: (t → Conformal time)
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Flat-FLRW: ds2 = a2(t)ημνdxμdxν (t → Conformal time)

Flat-FLRW + GWs :

where h0μ = 0 , hii = 0 , ∂ihij = 0
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Notation:
∂(μξν) ≡ ∂μξν + ∂νξμ

∂[μξν] ≡ ∂μξν − ∂νξμ
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{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
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Then: R̃μν[g̃**] ≡ ∂[λΓ̃λ
μν] + Γ̃α

[αλΓ̃
λ
μν]

[ Γ̃λ
μν ≡

1
2

g̃λσ(∂(μg̃σν) − ∂σg̃μν) ] <latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(

Shall I use the 

blackboard !?
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μν] + Γ̃α

[αλΓ̃
λ
μν]

[ Γ̃λ
μν ≡

1
2

g̃λσ(∂(μg̃σν) − ∂σg̃μν) ] <latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
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Then: R̃μν[g̃**] ≡ ∂[λΓ̃λ
μν] + Γ̃α

[αλΓ̃
λ
μν]
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2
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where δΓλ
μν = gλσ(∂(μω ⋅ gσν) − gμν∂σω)

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit> { <latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
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μν[g**] + δΓλ
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where δΓλ
μν = gλσ(∂(μω ⋅ gσν) − gμν∂σω)

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit> { <latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]

Γ̃λ
μν[g̃** ≡ Ω2g**] = Γλ

μν[g**] + δΓλ
μν[g**, ω] ; ω ≡ log(Ω)



Gravitational Wave Definition

Then: R̃μν[g̃**] ≡ ∂[λΓ̃λ
μν] + Γ̃α

[αλΓ̃
λ
μν]

[ Γ̃λ
μν ≡

1
2

g̃λσ(∂(μg̃σν) − ∂σg̃μν) ]

Γ̃λ
μν[g̃** ≡ Ω2g**] = Γλ

μν[g**] + δΓλ
μν[g**, ω] ;

where δΓλ
μν = gλσ(∂(μω ⋅ gσν) − gμν∂σω)

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit> { <latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]

Γ̃λ
μν[g̃** ≡ Ω2g**] = Γλ

μν[g**] + δΓλ
μν[g**, ω] ;



Gravitational Wave Definition

Then: R̃μν[g̃**] ≡ ∂[λΓ̃λ
μν] + Γ̃α

[αλΓ̃
λ
μν]

[ Γ̃λ
μν ≡

1
2

g̃λσ(∂(μg̃σν) − ∂σg̃μν) ]

R̃μν ≡ ∂[λ(Γλ
μν] + δΓλ

μν]) + (Γα
[αλ + δΓα

[αλ)(Γ
λ
μν] + δΓλ

μν])

where δΓλ
μν = gλσ(∂(μω ⋅ gσν) − gμν∂σω)

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit> { <latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]

Γ̃λ
μν[g̃** ≡ Ω2g**] = Γλ

μν[g**] + δΓλ
μν[g**, ω] ;



Gravitational Wave Definition

Then: R̃μν[g̃**] ≡ ∂[λΓ̃λ
μν] + Γ̃α

[αλΓ̃
λ
μν]

[ Γ̃λ
μν ≡

1
2

g̃λσ(∂(μg̃σν) − ∂σg̃μν) ]

R̃μν ≡ ∂[λ(Γλ
μν] + δΓλ

μν]) + (Γα
[αλ + δΓα

[αλ)(Γ
λ
μν] + δΓλ

μν])

where δΓλ
μν = gλσ(∂(μω ⋅ gσν) − gμν∂σω)

= Rμν[g**] + δRμν

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit> { <latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]

Γ̃λ
μν[g̃** ≡ Ω2g**] = Γλ

μν[g**] + δΓλ
μν[g**, ω] ;



Gravitational Wave Definition

Then: R̃μν[g̃**] ≡ ∂[λΓ̃λ
μν] + Γ̃α

[αλΓ̃
λ
μν]

[ Γ̃λ
μν ≡

1
2

g̃λσ(∂(μg̃σν) − ∂σg̃μν) ]

R̃μν ≡ ∂[λ(Γλ
μν] + δΓλ

μν]) + (Γα
[αλ + δΓα

[αλ)(Γ
λ
μν] + δΓλ

μν])

where δΓλ
μν = gλσ(∂(μω ⋅ gσν) − gμν∂σω)

= Rμν[g**] + δRμν

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit> { <latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]

Γ̃λ
μν[g̃** ≡ Ω2g**] = Γλ

μν[g**] + δΓλ
μν[g**, ω] ;



Gravitational Wave Definition

Then: R̃μν[g̃**] ≡ Rμν[g**] + δRμν

[ Γ̃λ
μν = Γλ

μν[g**] + δΓλ
μν[g**, ω] ] <latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]



Gravitational Wave Definition

Then: R̃μν[g̃**] ≡ Rμν[g**] + δRμν

[ Γ̃λ
μν = Γλ

μν[g**] + δΓλ
μν[g**, ω] ]

δRμν = ∂[λδΓλ
μν] + δΓλ

[λσΓσ
μν] + Γλ

[λσδΓσ
μν] + δΓλ

[λσδΓσ
μν]

where δΓλ
μν = ω(μδλ

ν) − gμνωλ ; ωμ ≡ ω, μ ; ωμ ≡ ω, μ

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]



Gravitational Wave Definition

Then: R̃μν[g̃**] ≡ Rμν[g**] + δRμν

[ Γ̃λ
μν = Γλ

μν[g**] + δΓλ
μν[g**, ω] ]

δRμν = ∂[λδΓλ
μν] + δΓλ

[λσΓσ
μν] + Γλ

[λσδΓσ
μν] + δΓλ

[λσδΓσ
μν]

How does it look            ?δRμν

where δΓλ
μν = ω(μδλ

ν) − gμνωλ ; ωμ ≡ ω, μ ; ωμ ≡ ω, μ

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]



Gravitational Wave Definition

Then: R̃μν[g̃**] ≡ Rμν[g**] + δRμν

[ Γ̃λ
μν = Γλ

μν[g**] + δΓλ
μν[g**, ω] ]

δRμν = ∂[λδΓλ
μν] + δΓλ

[λσΓσ
μν] + Γλ

[λσδΓσ
μν] + δΓλ

[λσδΓσ
μν]

δRμν[g**, ω] ≡ Aωμων + Bωμ;ν + Cgμνωαωα + Dgμν(ωα);α

where δΓλ
μν = ω(μδλ

ν) − gμνωλ ; ωμ ≡ ω, μ ; ωμ ≡ ω, μ

It can only 
take this form !(A, B, C, D constants)

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]



Gravitational Wave Definition

Then: R̃μν[g̃**] ≡ Rμν[g**] + δRμν

[ Γ̃λ
μν = Γλ

μν[g**] + δΓλ
μν[g**, ω] ]

δRμν = ∂[λδΓλ
μν] + δΓλ

[λσΓσ
μν] + Γλ

[λσδΓσ
μν] + δΓλ

[λσδΓσ
μν]

δRμν[g**, ω] ≡ Aωμων + Bωμ;ν + Cgμνωαωα + Dgμν(ωα);α

A = + 2 , B = − 2 , C = − 2 , D = − 1After some Calculation…

where δΓλ
μν = ω(μδλ

ν) − gμνωλ ; ωμ ≡ ω, μ ; ωμ ≡ ω, μ

<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{
<latexit sha1_base64="7n7JgGajgf+CVN9uaJBNZmhVulk=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hR2RPG5BLx4jmChklzA76U0GZx/M9ApLiL/ixYMiXv0Qb/6NsyaCihY0FFXddHcFqZIGXffdWVhcWl5ZLa2V1zc2t7YrO7s9k2RaQFckKtHXATegZAxdlKjgOtXAo0DBVXBzVvhXt6CNTOJLzFPwIz6KZSgFRysNKnueghA9FWguwNNyNMbaoFJ1a67rMsZoQVij7lrSajWPWZOywrKokjk6g8qbN0xEFkGMQnFj+sxN0Z9wjVIomJa9zEDKxQ0fQd/SmEdg/Mnn8VN6aJUhDRNtK0b6qX6fmPDImDwKbGfEcWx+e4X4l9fPMGz6ExmnGUIsZovCTFFMaJEEHUoNAlVuCRda2lupGHObA9q8yjaEr0/p/6R3XGP12snFSbV9Oo+jRPbJATkijDRIm5yTDukSQXJyTx7Jk3PnPDjPzsusdcGZz+yRH3BePwAiyJUc</latexit>

{a2(t) (ημν + hμν)

g̃μν = Ω2(x) gμν(x)

<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
<latexit sha1_base64="ORNheOk5xc+wg1dRwU8RY7kjHYQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHYNUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9wvltyKuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpcV76pSbVRLtdssjjycwTmUwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AG/njLU=</latexit>

(
[ ω ≡ log(Ω) ]



Gravitational Wave Definition

Then:

[ δRμν = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

ωμ;ν = ωμ,ν − Γλ
μνωλ ωα

;α = ωα
α + Γα

αβωβωμ ≡ ω, μ = ∂μω ωμ ≡ ω, μ = gμν∂νω

R̃μν[g̃**] ≡ Rμν[g**] + δRμν ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

ωμ;ν = ωμ,ν − Γλ
μνωλ ωα

;α = ωα
α + Γα

αβωβωμ ≡ ω, μ = ∂μω ωμ ≡ ω, μ = gμν∂νω

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ −2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

ωμ;ν = ωμ,ν − Γλ
μνωλ ωα

;α = ωα
α + Γα

αβωβωμ ≡ ω, μ = ∂μω ωμ ≡ ω, μ = gμν∂νω

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν −2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋΓ0
μν[η** + h**]

ωμ;ν = ωμ,ν − Γλ
μνωλ ωα

;α = ωα
α + Γα

αβωβωμ ≡ ω, μ = ∂μω ωμ ≡ ω, μ = gμν∂νω

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν −2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋΓ0
μν[η** + h**]

ωμ;ν = ωμ,ν − Γλ
μνωλ ωα

;α = ωα
α + Γα

αβωβωμ ≡ ω, μ = ∂μω ωμ ≡ ω, μ = gμν∂νω

−2gμνωαωα = + 2(ημν + hμν)ℋ2

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋΓ0
μν[η** + h**]

ωμ;ν = ωμ,ν − Γλ
μνωλ ωα

;α = ωα
α + Γα

αβωβωμ ≡ ω, μ = ∂μω ωμ ≡ ω, μ = gμν∂νω

−2gμνωαωα = + 2(ημν + hμν)ℋ2

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋΓα
α0[η** + h**])

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a
−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋΓ0

μν[η** + h**]
−2gμνωαωα = + 2(ημν + hμν)ℋ2

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋΓα
α0[η** + h**])

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a
−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋΓ0

μν[η** + h**]
−2gμνωαωα = + 2(ημν + hμν)ℋ2

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋΓα
α0[η** + h**])

Γα
μν[η** + h**] ≡

1
2

gαβ (∂(μhβν) − ∂βhμν) gαβ ≡ (ηαβ − hαβ + hα
γhγβ + . . . )

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a
−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋΓ0

μν[η** + h**]
−2gμνωαωα = + 2(ημν + hμν)ℋ2

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋΓα
α0[η** + h**])

Γα
μν[η** + h**] ≡

1
2

gαβ (∂(μhβν) − ∂βhμν) gαβ ≡ (ηαβ − hαβ + hα
γhγβ + . . . )

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a
−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋΓ0

μν[η** + h**]
−2gμνωαωα = + 2(ημν + hμν)ℋ2

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋΓα
α0[η** + h**])

Γα
μν[η** + h**] ≡

1
2 (ηαβ − hαβ + hα

γhγβ + . . . ) (∂(μhβν) − ∂βhμν)
𝒪(h**)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a
−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋΓ0

μν[η** + h**]
−2gμνωαωα = + 2(ημν + hμν)ℋ2

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋΓα
α0[η** + h**])

Γα
μν[η** + h**] ≡

1
2 (ηαβ − hαβ + hα

γhγβ + . . . ) (∂(μhβν) − ∂βhμν) =
(1)
Γα

μν +
(2)
Γα

μν + . . .

𝒪(h**)

<latexit sha1_base64="jXCSrcQGQr8UVoAdPxScVNuw+AE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0vjj44=</latexit> {

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a
−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋΓ0

μν[η** + h**]
−2gμνωαωα = + 2(ημν + hμν)ℋ2

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋΓα
α0[η** + h**])

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]
<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{a2(t)g**



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

−2gμνωαωα = + 2(ημν + hμν)ℋ2

−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋ(
(1)
Γ0

μν +
(2)
Γ0

μν)

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋ(
(1)

Γα
α0 +

(2)
Γα

α0))

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]
<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{a2(t)g**



Gravitational Wave Definition

Then:

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

−2gμνωαωα = + 2(ημν + hμν)ℋ2

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋ(
(1)
Γ0

μν +
(2)
Γ0

μν)

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋ(
(1)

Γα
α0 +

(2)
Γα

α0))

R̃μν[g̃**] ≡ Rμν[g**] + 𝒟μνω ; [g** = η** + h**]
<latexit sha1_base64="eeDDo+Md2JpToQpOWR3UXXwD8Zs=">AAAB/HicdVBNS8NAEN34WetXtUcvi0XwFJIa2noTvXisYFVoQtlsJ+3i5oPdiRCK/hUvHhTx6g/x5r9xUyuo6IOBx3szzMwLMyk0Os67NTe/sLi0XFmprq6tb2zWtrYvdJorDj2eylRdhUyDFAn0UKCEq0wBi0MJl+H1Self3oDSIk3OscggiNkoEZHgDI00qNV9CRH6MlSMg6/EaIz2oNZw7MNOq+m1qGM7TtttuiVptr0Dj7pGKdEgM3QHtTd/mPI8hgS5ZFr3XSfDYMIUCi7hturnGjLGr9kI+oYmLAYdTKbH39I9owxplCpTCdKp+n1iwmKtizg0nTHDsf7tleJfXj/HqBNMRJLlCAn/XBTlkmJKyyToUCjgKAtDGFfC3Er5mJkc0ORVNSF8fUr/JxdN223Z3pnXODqexVEhO2SX7BOXtMkROSVd0iOcFOSePJIn6856sJ6tl8/WOWs2Uyc/YL1+ADXhlSg=</latexit>

{a2(t)g**



Gravitational Wave Definition

Then: R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

−2gμνωαωα = + 2(ημν + hμν)ℋ2

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋ(
(1)
Γ0

μν +
(2)
Γ0

μν)

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋ(
(1)

Γα
α0 +

(2)
Γα

α0))



Gravitational Wave Definition

Then:

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

−2gμνωαωα = + 2(ημν + hμν)ℋ2

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋ(
(1)
Γ0

μν +
(2)
Γ0

μν)

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋ(
(1)

Γα
α0 +

(2)
Γα

α0))

R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)



Gravitational Wave Definition

Then:

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

−2gμνωαωα = + 2(ημν + hμν)ℋ2

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋ(
(1)
Γ0

μν +
(2)
Γ0

μν)

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋ(
(1)

Γα
α0 +

(2)
Γα

α0))

R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)



Gravitational Wave Definition

Then:

2ωμων = 2ℋ2δμ0δν0 , ℋ ≡ a′￼/a

−2gμνωαωα = + 2(ημν + hμν)ℋ2

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

−2ωμ;ν = 2(ℋ2 − a′￼′￼/a)δμ0δν0 + 2ℋ(
(1)
Γ0

μν +
(2)
Γ0

μν)

−gμν(ωα);α = (ημν + hμν)(ℋ′￼+ ℋ(
(1)

Γα
α0 +

(2)
Γα

α0))

R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)



Gravitational Wave Definition

Then: R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)

[ 𝒟μνω = 2ωμωμ − 2ωμ;ν − 2gμνωαωα − gμν(ωα);α ] ; ω ≡ log a(t)

Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{



Gravitational Wave Definition

Then: R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)

Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

?



Gravitational Wave Definition

Then: R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)

Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
Rμν[η** + h**] ≡ ∂[λΓλ

μν] + Γα
[αλΓ

λ
μν]

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
?



Gravitational Wave Definition

Then: R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)

Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
Rμν[η** + h**] ≡ ∂[λΓλ

μν] + Γα
[αλΓ

λ
μν]

∂[λ(
(1)

Γλ
μν] +

(2)
Γλ

μν] + . . . ) + (
(1)

Γα
[αλ +

(2)
Γα

[αλ + . . . )(
(1)

Γλ
μν] +

(2)
Γλ

μν] + . . . )

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
?



Gravitational Wave Definition

Then: R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)

Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

Rμν[η** + h**] ≡ ∂[λ

(1)
Γλ

μν] + ∂[λ

(2)
Γλ

μν] +
(1)

Γα
[αλ

(1)
Γλ

μν] + . . .

?



Gravitational Wave Definition

Then: R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)

Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

Rμν[η** + h**] ≡ ∂[λ

(1)
Γλ

μν] + ∂[λ

(2)
Γλ

μν] +
(1)

Γα
[αλ

(1)
Γλ

μν] + . . .

(1)
δRμν

(2)
δRμν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> { <latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
?



Gravitational Wave Definition

Then: R̃μν ≡ Rμν[η** + h**] + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)

Γα
μν[η** + h**] ≡

(1)
Γα

μν +
(2)
Γα

μν + . . .

(1)
Γα

μν ≡ +
1
2

ηαβ (∂(μhβν) − ∂βhμν)
(2)
Γα

μν ≡ −
1
2

hαβ (∂(μhβν) − ∂βhμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
0 +

(1)
δRμν +

(2)
δRμν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
Rμν[η** + h**] ≡ ∂[λ

(1)
Γλ

μν] + ∂[λ

(2)
Γλ

μν] +
(1)

Γα
[αλ

(1)
Γλ

μν] + . . .

(1)
δRμν

(2)
δRμν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> { <latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {



Gravitational Wave Definition

Then: R̃μν ≡
(1)

δRμν +
(2)

δRμν + (𝒟μνω)(0) + (𝒟μνω)(1) + (𝒟μνω)(2)



Gravitational Wave Definition

Then: R̃μν ≡ (𝒟μνω)(0) + (
(1)

δRμν + (𝒟μνω)(1)) + (
(2)

δRμν + (𝒟μνω)(2))



Gravitational Wave Definition

Then:

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> { <latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {R̃μν ≡ (𝒟μνω)(0) + (
(1)

δRμν + (𝒟μνω)(1)) + (
(2)

δRμν + (𝒟μνω)(2))
𝒪(h0

**) 𝒪(h**) 𝒪(h2
**)



Gravitational Wave Definition

Then:

(0)
R̃ μν

R̃μν ≡ (𝒟μνω)(0) + (
(1)

δRμν + (𝒟μνω)(1)) + (
(2)

δRμν + (𝒟μνω)(2))

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> { <latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
(1)
R̃ μν

(2)
R̃ μν



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

Up to here, valid for
all perturbations (s,v,t)



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

But let's keep now only
TT-part of perturbations …



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

(0)
R̃ μν = 2(2ℋ2 − a′￼′￼/a)δμ0δν0 + (ℋ2 + a′￼′￼/a)ημν [Background]



Gravitational Wave Definition
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{
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Let’s forget for the moment
of second order parts …
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Let’s focus on the 
Einstein Equations 
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[ Sμν ≡ Tμν −
1
2

g̃μνg̃αβTαβ ]
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<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
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{
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<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
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(1)
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ηαβ∂α∂βhij + ℋh′￼ij + (ℋ2 + a′￼′￼/a)hij)
[Background]
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<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
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<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

Sμν = (ρ + p)uμuν +
1
2

(ρ − p)g̃μν + Πij ; uμ ≡ (a,0,0,0)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
Perfect fluid
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Anisotropic
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{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

Sμν = (ρ + p)uμuν +
1
2

(ρ − p)g̃μν + Πij ; uμ ≡ (a,0,0,0)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
Perfect fluid

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
Anisotropic

Stress

Perturbation



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

Sμν = (ρ + p)uμuν +
1
2

(ρ − p)g̃μν + Πij ; uμ ≡ (a,0,0,0)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
Perfect fluid

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
Anisotropic

Stress

a2(t)(ημν + hμν) Perturbation

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

Sμν = (ρ + p)uμuν +
1
2

(ρ − p)g̃μν + Πij ; uμ ≡ (a,0,0,0)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
Perfect fluid

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
Anisotropic

Stress

Perturbationa2(t)(ημν + hμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

; uμ ≡ (a,0,0,0)

= (ρ + p)a2δμ0δμ0 +
1
2

(ρ − p)a2ημν +
1
2

(ρ − p)a2hμν + Πij

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> { <latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
= + (1)

S μν

Sμν = (ρ + p)uμuν +
1
2

(ρ − p)g̃μν + Πij

Perturbationa2(t)(ημν + hμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

; uμ ≡ (a,0,0,0)

= (ρ + p)a2δμ0δμ0 +
1
2

(ρ − p)a2ημν +
1
2

(ρ − p)a2hμν + Πij

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> { <latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
= + (1)

S μν

[ Πij = Π(S)
ij + Π(V)

ij + Π(T)
ij ]

Sμν = (ρ + p)uμuν +
1
2

(ρ − p)g̃μν + Πij

Perturbationa2(t)(ημν + hμν)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

= (ρ + p)a2δμ0δμ0 +
1
2

(ρ − p)a2ημν +
1
2

(ρ − p)a2hμν + Π(T)
ij

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> { <latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

+
(1)
S μν

m2
p(

(0)
R̃ μν +

(1)
R̃ μν)



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

Background: m2
p

(0)
R̃ μν =

(0)
S μν



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

Background: m2
p

(0)
R̃ μν =

(0)
S μν

(μ, ν) = (0,0) : (ℋ2 − a′￼′￼/a) =
a2

6m2
p

(ρ + 3p)

(μ, ν) = (i, i) : (ℋ2 + a′￼′￼/a) =
a2

2m2
p

(ρ − p)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{ (I)

(II)



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

Background: m2
p

(0)
R̃ μν =

(0)
S μν

ℋ2 =
a2

3m2
p

ρ

a′￼′￼

a
=

a2

6m2
p

(ρ − 3p)

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{ (I) + (II) :

(II) - (I) :

Friedmann
Equations !



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

First Order: m2
p

(1)
R̃ μν =

(1)
S μν



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

First Order: m2
p

(1)
R̃ μν =

(1)
S μν

=
2

m2
p

Π(T)
ij +

a2(ρ − p)
m2

p
hijh′￼′￼ij − ∇2hij + 2ℋh′￼ij + 2(ℋ2 + a′￼′￼/a)hij



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {

First Order: m2
p

(1)
R̃ μν =

(1)
S μν

=
2

m2
p

Π(T)
ij +

a2(ρ − p)
m2

p
hijh′￼′￼ij − ∇2hij + 2ℋh′￼ij + 2(ℋ2 + a′￼′￼/a)hij

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> { <latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit> {
wave operator mass term?



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν ; m2

p R̃μν = Sμν

=
(0)
S μν +

(1)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
m2

p

(1)
R̃ μν =

(1)
S μν

m2
p

(0)
R̃ μν =

(0)
S μν

<latexit sha1_base64="glW3TIkineTQFGK8tpcOrZizX+g=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0hE1GPRi8cK9gOaUDbbSbt088HuRAih/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvSAVX6DjfRmVtfWNzq7pd29nd2z8wD486KskkgzZLRCJ7AVUgeAxt5Cigl0qgUSCgG0xuZ373EaTiSfyAeQp+REcxDzmjqKWBWfcEhOiJQFIGnuSjMdoDs+HYzhzWKnFL0iAlWgPzyxsmLIsgRiaoUn3XSdEvqETOBExrXqYgpWxCR9DXNKYRKL+YHz+1TrUytMJE6orRmqu/JwoaKZVHge6MKI7VsjcT//P6GYbXfsHjNEOI2WJRmAkLE2uWhDXkEhiKXBPKJNe3WmxMdQ6o86rpENzll1dJ59x2L+2L+4tG86aMo0qOyQk5Iy65Ik1yR1qkTRjJyTN5JW/Gk/FivBsfi9aKUc7UyR8Ynz/Vw5Tm</latexit>

{
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Equations]
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**)  GW’s Energy-momentum ?

Sub-horizon : ∼ k2h2 ∼ ℋω h≫

(k ≫ ℋ)

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

hρGW =
m2

p

4 ( 1
2a2

(h′￼ij)2 +
1

2a2
(∇hij)2 + 4ℋhijh′￼ij ) −

1
2a2

Π(T)
ij hij



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion] 𝒪(h2

**)  GW’s Energy-momentum ?

Sub-horizon :
(k ≫ ℋ)

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

hρGW =
m2

p

4 ( 1
2a2

(h′￼ij)2 +
1

2a2
(∇hij)2 + 4ℋhijh′￼ij ) −

1
2a2

Π(T)
ij hij

∼ k2h2 ∼ ℋω h≫



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion] 𝒪(h2

**)  GW’s Energy-momentum ?

Sub-horizon :
(k ≫ ℋ)

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

hρGW =
m2

p

4 ( 1
2a2

(h′￼ij)2 +
1

2a2
(∇hij)2 + 4ℋhijh′￼ij ) −

1
2a2

Π(T)
ij hij

∼ k2h2 ∼ ℋω h≫

Free fields :
(after emission)

Πij → 0



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion] 𝒪(h2

**)  GW’s Energy-momentum ?

Sub-horizon :
(k ≫ ℋ)

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

hρGW =
m2

p

4 ( 1
2a2

(h′￼ij)2 +
1

2a2
(∇hij)2 + 4ℋhijh′￼ij ) −

1
2a2

Π(T)
ij hij

∼ k2h2 ∼ ℋω h≫

Free fields :
(after emission)

Πij → 0
1

2a2
(h′￼ij)2 =

1
2a2

(∇hij)2



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion] 𝒪(h2

**)  GW’s Energy-momentum ?

Sub-horizon :
(k ≫ ℋ)

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

hρGW =
m2

p

4 ( 1
2a2

(h′￼ij)2 +
1

2a2
(∇hij)2 + 4ℋhijh′￼ij ) −

1
2a2

Π(T)
ij hij

∼ k2h2 ∼ ℋω h≫

Free fields :
(after emission)

Πij → 0
1

2a2
(h′￼ij)2 =

1
2a2

(∇hij)2

2



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion] 𝒪(h2

**)  GW’s Energy-momentum ?

ρGW =
m2

p

4a2 ⟨(h′￼ij)2⟩
Sub-horizon Free fields

(after emission)(k ≫ ℋ)
&

Energy density
carried by

Grav. Waves 

 [Volume averaging over                  ]V ≫ λ3



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion] 𝒪(h2

**)  GW’s Energy-momentum ?

ρGW =
m2

p

4a2 ⟨(h′￼ij)2⟩
Sub-horizon Free fields

(after emission)(k ≫ ℋ)
&

Energy density
carried by

Grav. Waves 

 [Volume averaging over                  ]V ≫ λ3



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion] 𝒪(h2

**)  GW’s Energy-momentum ?

Sub-horizon Free fields
(after emission)(k ≫ ℋ)

&

Energy density
carried by

Gravitational Waves 
ρGW =

m2
p

4a2 ⟨ h′￼ij h′￼ij ⟩V≫λ3



Gravitational Wave Definition

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion]

 GW  energy-momentum
over background !

Sub-horizon Free fields
(after emission)(k ≫ ℋ)

&

Energy density
carried by

Gravitational Waves 
ρGW =

m2
p

4a2 ⟨ h′￼ij h′￼ij ⟩V≫λ3

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
How gravity
gravitates !



Gravitational Wave Definition

Sub-horizon Free fields
(after emission)(k ≫ ℋ)

&

Energy density
carried by

Gravitational Waves 
ρGW =

1
32πG ⟨ ·hij

·hij ⟩V≫λ3

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion]

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
 GW  energy-momentum

over background !
How gravity
gravitates !



Gravitational Wave Definition

Sub-horizon Free fields
(after emission)(k ≫ ℋ)

&

Energy density
carried by

Gravitational Waves 

ρGW = ∫ d log f ( ∂ρGW

d log f )  Energy density Spectrum 
of Gravitational Waves

ρGW =
1

32πG ⟨ ·hij
·hij ⟩V≫λ3

Then: R̃μν ≡
(0)
R̃ μν +

(1)
R̃ μν +

(2)
R̃ μν

[Friedmann
Equations]

[GW Eq.
motion]

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
 GW  energy-momentum

over background !
How gravity
gravitates !



OUTLINE

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 
6) Astrophysical Background(s)

7) Observational Constraints/Prospects

<latexit sha1_base64="yo0dhHq8LhKAS+vdcsUPS6xygbM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3YEMJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJtSiP1g==</latexit>

}

 1) Grav. Waves (GWs)



OUTLINE

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 
6) Astrophysical Background(s)

7) Observational Constraints/Prospects

<latexit sha1_base64="yo0dhHq8LhKAS+vdcsUPS6xygbM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3YEMJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJtSiP1g==</latexit>

}

Core~
Topics~

 1) Grav. Waves (GWs)

Early 
Universe
Sources

<latexit sha1_base64="yo0dhHq8LhKAS+vdcsUPS6xygbM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3YEMJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJtSiP1g==</latexit>

}



OUTLINE

Gravitational Wave 
Backgrounds

2) GWs from Inflation
3) GWs from Preheating
4) GWs from Phase Transitions
5) GWs from Cosmic Defects 
6) Astrophysical Background(s)

7) Observational Constraints/Prospects

<latexit sha1_base64="yo0dhHq8LhKAS+vdcsUPS6xygbM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3YEMJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJtSiP1g==</latexit>

}

Core~
Topics~

 1) Grav. Waves (GWs)

Early 
Universe
Sources

<latexit sha1_base64="yo0dhHq8LhKAS+vdcsUPS6xygbM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeYXud+9x6kYrG407ME/IiMBQsZJdpI3YEMJKEwLFcc+7JRq3o17NiOU3erbk6qde/Cw65RclTQCq1h+X0wimkagdCUE6X6rpNoPyNSM8phXhqkChJCp2QMfUMFiUD52eLcOT4zygiHsTQlNF6o3ycyEik1iwLTGRE9Ub+9XPzL66c6bPgZE0mqQdDlojDlWMc4/x2PmASq+cwQQiUzt2I6ISYAbRIqmRC+PsX/k07Vdmu2d+tVmlerOIroBJ2ic+SiOmqiG9RCbUTRFD2gJ/RsJdaj9WK9LlsL1mrmGP2A9fYJtSiP1g==</latexit>

} To Be … 

Continued



The Gravity of 
the Situation !



1. Gravitational Waves (GWs) [Basics]

• GW: ds2 = a
2(�d⌘

2 + (�ij + hij)dxi
dx

j), TT :

⇢
hii = 0
hij ,j = 0

Eom: h00
ij + 2Hh

0
ij �r2

hij = 16⇡G⇧TT
ij , ⇧ij = Tij � hTiji

FRW

Transverse-Traceless (TT) dof carry energy out of the source!!!

• GW Source(s): ( SCALARS , VECTOR , FERMIONS )

⇧TT
ij / {@i�a

@j�
a}TT

, {EiEj +BiBj}TT
, { ̄�iDj }TT

FLRW:

GW Propagation/Creation
in Cosmology



Creation of GWs in curved space-time

1. Gravitational Waves (GWs) [Basics]

• GW: ds2 = a
2(�d⌘

2 + (�ij + hij)dxi
dx

j), TT :

⇢
hii = 0
hij ,j = 0

Eom: h00
ij + 2Hh

0
ij �r2

hij = 16⇡G⇧TT
ij , ⇧ij = Tij � hTiji

FRW

Transverse-Traceless (TT) dof carry energy out of the source!!!

• GW Source(s): ( SCALARS , VECTOR , FERMIONS )

⇧TT
ij / {@i�a

@j�
a}TT

, {EiEj +BiBj}TT
, { ̄�iDj }TT

1. Gravitational Waves (GWs) [Basics]

• GW: ds2 = a
2(�d⌘

2 + (�ij + hij)dxi
dx

j), TT :

⇢
hii = 0
hij ,j = 0

Eom: h00
ij + 2Hh

0
ij �r2

hij = 16⇡G⇧TT
ij , ⇧ij = Tij � hTiji

FRW

Transverse-Traceless (TT) dof carry energy out of the source!!!

• GW Source(s): ( SCALARS , VECTOR , FERMIONS )

⇧TT
ij / {@i�a

@j�
a}TT

, {EiEj +BiBj}TT
, { ̄�iDj }TT

FLRW:

Source: Anisotropic Stress

GW Propagation/Creation
in Cosmology



1. Gravitational Waves (GWs) [Basics]

• GW: ds2 = a
2(�d⌘

2 + (�ij + hij)dxi
dx

j), TT :

⇢
hii = 0
hij ,j = 0

Eom: h00
ij + 2Hh

0
ij �r2

hij = 16⇡G⇧TT
ij , ⇧ij = Tij � hTiji

FRW

Transverse-Traceless (TT) dof carry energy out of the source!!!

• GW Source(s): ( SCALARS , VECTOR , FERMIONS )

⇧TT
ij / {@i�a

@j�
a}TT

, {EiEj +BiBj}TT
, { ̄�iDj }TT

1. Gravitational Waves (GWs) [Basics]

• GW: ds2 = a
2(�d⌘

2 + (�ij + hij)dxi
dx

j), TT :

⇢
hii = 0
hij ,j = 0

Eom: h00
ij + 2Hh

0
ij �r2

hij = 16⇡G⇧TT
ij , ⇧ij = Tij � hTiji

FRW

Transverse-Traceless (TT) dof carry energy out of the source!!!

• GW Source(s): ( SCALARS , VECTOR , FERMIONS )

⇧TT
ij / {@i�a

@j�
a}TT

, {EiEj +BiBj}TT
, { ̄�iDj }TT

FLRW:

1. Gravitational Waves (GWs) [Basics]

• GW: ds2 = a
2(�d⌘

2 + (�ij + hij)dxi
dx

j), TT :

⇢
hii = 0
hij ,j = 0

Eom: h00
ij + 2Hh

0
ij �r2

hij = 16⇡G⇧TT
ij , ⇧ij = Tij � hTiji

FRW

Transverse-Traceless (TT) dof carry energy out of the source!!!

• GW Source(s): ( SCALARS , VECTOR , FERMIONS )

⇧TT
ij / {@i�a

@j�
a}TT

, {EiEj +BiBj}TT
, { ̄�iDj }TT

GW Propagation/Creation
in Cosmology

Creation of GWs in curved space-time Source: Anisotropic Stress



   BiGGER size,
SMALLER Temp    TODAY [Galaxies, Clusters, …]

     (13.700 Million years)

   ATOMS CREATION
   (300.000-400.000 years)

   FIRST GALAXIES 
   (500 Millions years)

   ATOMIC NUCLEI CREATION
                 (3 minutes !)

FIRST SECOND 
 of the UNIVERSE !

   SMALLER SIZE,
LARGER Temperature

Cosmic History

ΠTT
ij



INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

GW

_

The Early Universe

Cosmic
Defects

Phase
Transitions

Quantum
Fluctuations

Particle
Production

Probe of  
the early  
Universe



INFLATION

R
EH

EATIN
G

STANDARD
BIG BANG
THEORY
(Thermal
Epoch)

GW

_

The Early Universe

Cosmic
Defects

Phase
Transitions

Quantum
Fluctuations

Particle
Production

Probe of  
the early  
Universe

⇧TT
ij [�, Aµ, , ...]

GWs d⇢GW

d log f



Definition of GWs
4th approach 



Gravitational Wave Definition
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ḡµ⌫

hµ⌫

f⇤ / ��1
⇤fB / L�1

B

(background)

�gµ⌫
(perturbation)

O(�g2)



Gravitational Wave Definition

Low Freq. / Long Scale: R̄μν = − ⟨R(2)
μν ⟩ +

1
m2

p ⟨Tμν −
1
2

gμνT⟩
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Gravitational Wave Propagation
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Propagation of GWs  
in curved space-time 

What about the 
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Gravitational Wave Propagation
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Creation of GWs  
in curved space-time D↵D
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2
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Gravitational Wave Propagation
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TT TT

[no gauge choice]
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�
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�
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2
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�gµ⌫
TT
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TT dof = truly radiative !

Creation of GWs  
in curved space-time 

What about the 
High Freq. / Short Scale? R(1)

μν = − [R(2)
μν ]
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+

1
m2

p
(Tμν −

1
2

gμνT)
High



Definition of GWs
* 1st approach: Lin Grav in Minkowski
 

* 2nd approach: SVT decomp.

* 3rd approach: FLRW background

* 4rd approach: General backgrounds 


