
Initial conditions…

All observables scales are subhorizon today, i.e., . ≫ ℋ = 1!.
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Curvature perturbation…

Conventionally, inflationary perturbations are specified by the 
curvature perturbation:
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F ≡ −Φ + H$
%

3 + A
.A2#ℋ'.	 .%
,̅ + (0 “Gauge-invariant”

• For adiabatic initial conditions, : is constant on superhorizon scales.
• Mapping to the Newtonian gauge: 

Φ5 A, / = −3 + 3I5 + 3I F(A)

: = equation of state 
of the universe

Φ A, / = −23 F(A)
Radiation domination: : = 1/3



Initial conditions…

All observables scales are subhorizon today, i.e., . ≫ ℋ = 1!.
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Deconstructing the matter power spectrum…

Why does the matter power spectrum look like this?
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:5 - :5 -#
= 28 0: 0 - + -# ;5(-)

> = matter

• We can use a simplified 
system of equations 
understand the 
qualitative features.



Simplified system…

• Boltzmann equation for dark matter (exact):

• Einstein equation for scalar perturbations:

• Boltzmann equation for photons:
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Ė& + KG&
(.)
− 3Φ̇ = 0

Ġ&
(.)
+ℋG&

(.)
− KΦ = 0

K
'
Φ+3ℋ Φ̇+ℋΦ = −4QR/

'
DF&E& + DFGEG

or

ĖG +
4

3
KGG

(.)
− 4Φ̇ = 0

ĠG
(.)
− K

1

4
EG +Φ = 0

Ignoring:
1. Neutrinos
2. Baryons
3. Anisotropic stress, Φ = Ψ

Truncated; we’re ignoring all multipoles ℓ ≥ 2, 
which is OK pre-photon decoupling in the 
tightly- coupled limit where Ȧ ≫ ℋ.

Assuming adiabatic initial 
conditions

Φ̇ +ℋΦ = 4QR/
'
DF&G&

(.)
+
4

3
DFGGG

(.)
/K



Three stages of evolution…

Trajectory of a . mode: superhorizon → horizon crossing → subhorizon
• Crucial point: When?  During RD of MD?
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Three stages of evolution…

Trajectory of a . mode: superhorizon → horizon crossing → subhorizon
• Crucial point: When?  During RD of MD?
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Superhorizon evolution…

Consider a . mode that remains entirely superhorizon as we transition 
from RD to MD.
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Superhorizon evolution…

60

We have seen how the curvature perturbation 2 relates to the 
superhorizon Φ in the Newontian gauge for adiabatic initial conditions 

Φ A, / = −3 + 3I5 + 3I F(A)

: = equation of state

• Crucially, : is constant in 
time on superhorizon 
scales.

→ Φ transitions from − 3
4 R 

during RD to − 4
D R in MD.

m ≡ ///IJ

Φ
Φ'

= 1
9G( 9G( + 2G# − 8G + 16 1 + G − 16



Horizon crossing during matter domination…

Consider a . mode that goes from superhorizon to subhorizon during 
matter domination.
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Horizon crossing during matter domination…

During MD, radiation density is unimportant, so we can set 456 = 0. 
• The relevant equations are:
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Ė& + KG&
(.)
− 3Φ̇ = 0

Ġ&
(.)
+ℋG&

(.)
− KΦ = 0

K
'
Φ+3ℋ Φ̇+ℋΦ = −4QR/

'
DF&E& = −

3

2
ℋ

'
E&

Φ̇ +ℋΦ = ⁄4QR/
'
DF&G&

.
K = −

3

2
ℋ

'
G&
.

Φ K ≪ KIJ, 0 =
9

10
ΦK

E&~/

Subhorizon matter perturbations 
evolve as:

Optimal growth rate.  Linear 
perturbations can never ever 
grow faster than this.

CDM

Scalar Einstein

Growing solution







Horizon crossing during radiation domination...

What about a . mode that goes from superhorizon to subhorizon during 
radiation domination?
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Horizon crossing during radiation domination…

During RD, radiation perturbations dominate.  
• Consider first what happens to Φ in the limit <=J = 0.
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K
'
Φ+3ℋ Φ̇+ℋΦ = −4QR/

'
DFGEG = −

3

2
ℋ

'
EG

ĖG +
4

3
KGG

(.)
− 4Φ̇ = 0

ĠG
(.)
− K

1

4
EG +Φ = 0

Φ̇ +ℋΦ = s
16Q

3
R/

'
DFGGG

.
K = 2ℋ

' ⁄GG
.
K

Φ̈ +
4

0
Φ̇ +

K
'

3
Φ = 0

Photons

Scalar Einstein







Horizon crossing during radiation domination…

Evolution of Φ across the horizion during RD:
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Φ
Φ6

= 3 sinE − EcosE	
E0

E ≡ -'
3 =

1
3
-
ℋ

• Φ decays as soon as the > 
mode enters the horizon 
because of radiation 
pressure.
• Oscillations due to acoustic 

oscillations in the photons.



CDM density perturbations during RD?

We can now feed the solution for Φ into the equations of motion for 
CDM:
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:̇7 + -X7(%) − 3Φ̇ = 0
Ẋ7(%) +ℋX7(%) − -Φ = 0

)̈1 +
1
/ )̇1 = A#M(A/)

t 5 = 3
-
'
Φ

-5'
+
3

5

-Φ

-5
−Φ

CDM Source term 
formed from 
solution for Φ 

Solution at -' ≫ 1 (subhorizon)

)1~Φ5	ln A/ ∝ Φ5ln(A%) during RD

Compared with 
)1~	% during MD

Radiation pressure 
hinders growth in the  
radiation density 
fluctuations, so the 
(subdominant) matter 
density fluctuations 
can’t grow fast either.







Subhorizon evolution…

Trajectory of a . mode: superhorizon → horizon crossing → subhorizon
• Crucial point: When?  During RD of MD?
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Putting it all together…
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Φ ∼
^ lnK

K'
ΦL(K)

Φ ∼
9
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ΦL(K)
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Type	equation	here.

Transfer function at late times…

• CDM-type cosmologies generically all have transfer functions of this shape.
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=
9

10

~
^(lnK)

K'
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Transfer function:

'(A, /) ≡ 7 8,9
7M(8)



Type	equation	here.

Transfer function at late times…

• CDM-type cosmologies generically all have transfer functions of this shape.
70

=
9

10

~
^(lnK)

K'

Modes 
entered 
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Modes 
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)1(A, /) ≡ −23
A#%
Ω:H%#

'(A, /)Φ;(A)

Matter density at late times



What if we include baryons…

At early times, baryons and photons form a tightly-coupled fluid.  
→ Like photons, baryon density perturbations oscillate around 0. 

• Replacing some of the CDM with baryons effectively suppresses the 
gravitational potential on subhorizon scales:
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A#Φ = −4TU%#(,̅1)1 + ,̅<)<) ≃ −4TU%#,̅:(1 − 4<))1

Fraction of matter in baryons

Total matter density

]( ≡
Ω(
Ω8



What if we include baryons…
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K( ≡ℋ(0()

0( is the time at which baryons decouple from photons (later than photon 
decoupling from baryons); after decoupling baryons become like CDM.

Amount of 
suppression 
determined by ](



Linear matter power spectrum…

Definition:
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):(A, %)):(A&, %) = 2T 0)(0)	(A + A′)0:(A, %)

60 /, 4 = 4
9
/14#
Ω0# +21

:#(/, 4)638(/)

;9! 	= Primordial power spectrum predicted 
by inflation usually parameterised as 

C = Transfer function

07M(A)~A=N2>

60 /, 4 ~:#(/, 4)/4:

where:

Shape of 
the power 
spectrum:

') = spectral index



Linear matter power spectrum…
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logK

log!(K)

logKIJ

~K
O) ~

^
(ln
K
) '
K O) :@

5IJ ≡ ℋ 8IJ ≃ 0.073	Ω8ℎ'	Mpc:3

Assuming a 
radiation content of 
photons + 3 SM 
massless neutrinos

;5 -, ) ~+,(-, ))-;"



Linear matter power spectrum…
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• Power spectrum 
suppression due to !K.

• Wiggles = baryon 
acoustic oscillations 
(same physics as the 
CMB anisotropies)



Linear matter power spectrum…
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• Shift of the turning 
power due to different 
ΩLℎ values.

• Normalisation has been 
adjusted for better 
comparison.

9*+ ≡ ℋ N*+ ≃ 0.073	Ω,ℎ#	Mpc-.

Assuming a 
radiation content of 
photons + 3 SM 
massless neutrinos



Linear matter power spectrum…

• With ΩLℎ and !K fixed, 
changing ℎ does not alter 
the shape of the power 
spectrum besides a 
rescaling of the length 
scale (already absorbed 
into the units of >).
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