
Tracking perturbations in !!"…

In standard inflationary 
ΛCDM, we track 4 forms of 
matter/energy.
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Boltzmann equation…

We use the Boltzmann equation to track the 1-particle phase space 
density ') (- , *. :

Collision term
(Lorentz-invariant);
“short range” 
interactions
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0- .4).5- − Γ-/
. 0-0/ .4).0. = 7 4)

Gravity goes in here;
“long range” interactions

• !0(#1, %2) is defined such that the number of particles 1 in a phase space 
volume '#0'#3'#4'%0'%3'%4 is
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9D phase space integral
Energy-momentum
conservation

Matrix
element

Quantum 
statistical factors

• The collision term for e.g., 1 + 2 → 3 + 4
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Boltzmann equation…

We use the Boltzmann equation to track the 1-particle phase space 
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• The stress-energy tensor:
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Density, pressure, velocity, stress…
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Spherical harmonics…

35







Density, pressure, velocity, stress…
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Energy density

Energy flux

Pressure 

Anisotropic stress

= /:@X-=Y 	Z Y [ℓ9.(.)

= /:@X-=Y 	Y +
89:3
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Monopole = density, pressure
Dipole = velocity
Quadruple = anisotropic stress



1st order Boltzmann equation…

• Different . modes . =
0,±1,±2 decouple.

• However, the **+*, term 
couples 2ℓ to 2ℓ60 and 
2ℓ70.
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Scalar Boltzmann hierarchy (" = 0	case)…

An infinite hierarchy of coupled equations for + = 0:
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Gravitational source terms
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Tensor Boltzmann hierarchy (" = 0	case)…
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Gravitational source terms

Collision terms (to be 
decomposed)

[̇F(±')



Perturbations in !!"…

In standard inflationary 
ΛCDM, we track 4 forms of 
matter/energy.
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Scalar Boltzmann hierarchy for massless &…

Ė5 = −4K3 G5
(.) + 4Φ̇
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Newtonian gauge

Gravitational source terms

∆̇F(.)

)̇1 = −A11(%) + 3Φ̇
1̇1(%) = −ℋ11% + AΨ

Compare with CDM

No collision terms



Free-streaming in inhomogeneities…

• Gravitational source terms 
for ℓ = 0,1. 
• Evolution causes power to 

be transferred from the 
low multipoles to the high 
multipoles.
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Lesgourgues & Pastor 2006

ℓ = 2



Real neutrinos are massive… 

For sub-eV masses, 
relativistic-to-NR transition 
happens at redshifts 3 =
4 100 − 4 1000 .
→ Technically NR today but is 
not be totally “cold”.
→ Spend a substantial 
amount of time in the 
CMB/structure formation 
epoch as relativistic particles.
→ Need to solve the full 
momentum-dependent 
Boltzmann hierarchy.
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The same applies to warm dark matter…

Relativistic-to-NR transition 
for keV-mass WDM happens 
at much higher redshifts 3 =
4 108  than for SM 
neutrinos.  

→ Technically NR but still has 
a lot of free-streaming.

→ Again, need to solve the 
full momentum-dependent 
Boltzmann hierarchy.
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Scalar Boltzmann hierarchy for photons…
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− ḟΘ'

.

Coupling to baryons via velocity terms
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Gravitational source terms

Collision terms
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(%)
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Tensor Boltzmann hierarchy for photons…

• No coupling to baryons (no ℓ ≤ 1 equations of motion).
• But the same damping structure at ℓ ≥ 2.
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Tightly-coupled limit for photons…
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Gravitational source terms

Collision terms
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Θℓ4,% → 0K̇
ℋ ≫ 1

Tightly-coupled limit:

A good approximation 
before photon decoupling.







TT
(temperature auto-correlation)

Ade et al. [Planck collaboration] 2015

Acoustic oscillations…

The oscillatory features in 
the CMB power spectra 
are primarily the result of 
acoustic oscillations in the 
tightly-coupled photon-
baryon fluid up to the last 
scattering surface.
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Useful references..

• Hu, Covariant linear perturbation formalism, astro-ph/0402060       
(or basically anything you can find on his website at U Chicago)

• Seljak, Lectures on dark matter, ICTP Lect.Notes Ser. 4 (2001) 33-77

• Durrer, The Cosmic Microwave Background, Cambridge University 
Press, 2008
• Dodelson, Modern Cosmology, Academic Press, 2003
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Public codes…

Numerical solutions of the linearised Einstein-Boltzmann system 
are necessary for 0.1% accurate calculations.
• Several publicly available codes out there: 

• CAMB: https://camb.info 
• CLASS: http://class-code.net/

• Mostly optimised for for standard inflationary ΛCDM, but can be 
fairly easily modified to accommodate “exotic” models.
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https://camb.info/
http://class-code.net/

