Tracking perturbations in Ty,,...

lonisation &
recombination

In standard inflationary
ACDM, we track 4 forms of
matter/energy.

Spacetime
metric Compton
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Photons
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Tracking perturbations in Ty,,...

Non-Relativistic non-interacting Nonrelativistic interacting

lonisation &
recombination

In standard inflationary
ACDM, we track 4 forms of
matter/energy.

Spacetime

metric Compton
.
Photons

Relativistic non-interacting Relativistic interacting
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Boltzmann equation...

We use the Boltz_mann equation to track the 1-particle phase space
density fl(x“,P‘):

Collision term

fl fl (Lorentz-invariant);
P* —— —TLeP*PP — = C[fi]~ . "
p af 7 1 short range
dx /4 aP interactions

Gravity goes in here;
“long range” interactions

* f1(x%, PY) is defined such that the number of particles 1 in a phase space
volume dx'dx?dx3dP;dP,dP; is

dN = f;(x% P)dx'dx?dx3dP;dP,dP;
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Boltzmann equation...

We use the Boltz_mann equation to track the 1-particle phase space
density fl(x“,P‘):

Collision term
fl (Lorentz-invariant);

df1
Paw — Flﬁpap'g apl C[fl]/ “short range”

interactions

* The collision term fore.g., 1+ 2 >3+ 4 Energy-momentum Matrix

9D phase space integral conservation

L /element
- “_[(z y32E, 2 6% (P + Po = P = P)IM|?

[f3f4(1 tA)A ) - ALQ % )A X I] (anum
A statistical factors
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Boltzmann equation...

We use the Boltz_mann equation to track the 1-particle phase space
density fl(x“,P‘):

Collision term
f1 (Lorentz-invariant);

df1
Paw — Flﬁpap'g apl C[fl]/ “short range”

interactions

* The stress-energy tensor:

B () % a pl
THY (%) = f APy dPy P o (j ;)lpﬂp £, (x2, P1)
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Density, pressure, velocity, stress...

energy

density energy flux
Energy densit - -
&Y Y Too To1 To2 To3
Sp=a™* j d°q e(@F Do T The Tis shear stress
Tog To1 Too To3
Energy flux | Tyy Ty Tso Ty [Pressure
(p+P)v' = a* j dgq gn'F momentum momentum
density flux

Pressure

| q 2
= — 4 3 — F trace
5P 3a jd q (E) &E r

Anisotropic stress

. _ q\> . 1 .
'; =a 4jd3q (E) £ (n‘nj —§5lj) F  traceless
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Spherical harmonics...

Ly
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Density, pressure, velocity, stress...

Monopole = density, pressure
Dipole = velocity

Energy density Quadruple = anisotropic stress

o _ (0)
Sp=a 4jal3q e(Q)F =a 4fd3q e(QF,-,
Energy flux 1
(ﬁ-l-P)Ui =a—4jd3q qniF =a"4fd3q q Z F{)(Z? Q(m)i

m=-—1
Pressure
1 _ q\? Lo s (1Y, O

p=gat [ atq () eF -t [ea () eriy

Anisotropic stress
2
2

. 2 . 1 . .
Hlj — a—4jd3q (g) € (nlnj _§51j) F = a—4jd3q (%) € z F{J(ZZ)Q(m)l

m=-2
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15t order Boltzmann equation...

Gravitational source term Collision term
oF + 3o+ d?](l) of ( 1 - /)(1) . gif_}‘_elre_l:tzn; models m =
L e , £1,£2 decouple.
997 ntop + g — quind (B +D) | However, the n'9;F" term
dn i ij ij COUp'ES Fg to Ff—l and
Foiq.
Metric

ds? = —a*(1+ 2¥)dn? + a*[(1 — 2®)y;; + ZHS/) + 2Hi(jT)]dxidxj
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Scalar Boltzmann hierarchy (K = 0 case)...

Newtonian gauge

An infinite hierarchy of coupled equations for m = 0:

. qk . of 1 @
B $=0,m=0 D Gravitational source terms
© _ K () _p)_&ky 9 (1
F1 3g (F ZFZ ) 3q ks Jln q T PO C[f] P=1m=0 Collision terms (to be
(1’) decomposed)
FO _ qk

re2 = m( R — (@ + DF) ) + (;oc[f])

£ m=0
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Tensor Boltzmann hierarchy (K = 0 case)...

(1)

pE2) _
622 (2{’ + 1)8

(Ver —4F3ED — JE+ D2=arlD) - A2 + (% C [f])

fm=2
Gravitational source terms

Collision terms (to be
decomposed)
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Perturbations in Ty,,...

Non-Relativistic non-interacting Nonrelativistic interacting

lonisation &
recombination

In standard inflationary
ACDM, we track 4 forms of
matter/energy.

Spacetime

metric Compton
.
Photons

Relativistic non-interacting Relativistic interacting
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Scalar Boltzmann hierarchy for massless v...

Newtonian gauge

Sv = — ?véo) + 49 Gravitational source terms

No collision terms

1
0 =k (— 8, — 20 + tp)

4
b= (547 - 0)
42,= Gy (P82 e+ D) O s 2
I c Cc
i 5@ = 300 4

A(O)
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Free-streaming in inhomogeneities...

T 1.0 10™°
e Gravitational source terms ' ' ' '

for{ =0,1.

 Evolution causes power to
be transferred from the
low multipoles to the high
multipoles.

Lesgourgues & Pastor 2006

42



Real neutrinos are massive...

Non-Relativistic non-interacting Nonrelativistic interacting

lonisation &
recombination

For sub-eV masses,
relativistic-to-NR transition

happens at redshifts z =
0(100) — 0(1000).

— Technically NR today but is

not be totally “cold”. Spacetime
- Spend a substantial ' metric Compton
amount of time in the ‘
CMB/structure formation 4
epoch as relativistic particles.
Photons

— Need to solve the full
momentum-dependent

Boltzmann hierarchy. Relativistic non-interacting Relativistic interacting
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The same applies to warm dark matter...

Relativistic-to-NR transition
for keV-mass WDM happens
at much higher redshifts z =
0(10°) than for SM

neutrinos.

— Technically NR but still has
a lot of free-streaming.

— Again, need to solve the
full momentum-dependent
Boltzmann hierarchy.

Non-Relativistic non-interacting Nonrelativistic interacting

lonisation &
recombination

Spacetime

metric Compton
.|
Photons

Relativistic non-interacting Relativistic interacting
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Scalar Boltzmann hierarchy for photons...

Sy — _%U)SO) + 4db Coupling to baryons via velocity terms
1 (0) .
. (0 0 . 0 0
”)E )= k(Z‘Sy - 26% ) "‘LP) - ’C(”ﬁ ) _”Ig )) Damping d& — ... _£@(0)
k2 dlna Mot
5(0) _ (0) (0) . 0)
@2 —g(gvy —3@3 )_KG)Z
: k
o) _ (0) (0) - (0)
Ops2 = m(f@fq — (4 1)®e+1) — KO,
1
: Gravitational source terms
\ Collision terms
0

(0]
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Tensor Boltzmann hierarchy for photons...

Gravitational source terms

Collision terms

* No coupling to baryons (no £ < 1 equations of motion).
* But the same damping structure at £ = 2.
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Tightly-coupled limit for photons...

g
Il

4k
(0)
— ?Uy + 4CD

Gravitational source terms

Collision terms

)

Coupling to baryons via velocity terms

/
- k(%ay D+ w) =k (5 -
L))

(0) -
Damping d@{, _ K

dna X

—0

(0)

Tightly-coupled limit:

— >> 1 mmp o

A good approximation
before photon decoupling.
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Acoustic oscillations...

The oscillatory features in
the CMB power spectra
are primarily the result of
acoustic oscillations in the
tightly-coupled photon-
baryon fluid up to the last
scattering surface.

DT [uK?]
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Useful references..

* Hu, Covariant linear perturbation formalism, astro-ph/0402060
(or basically anything you can find on his website at U Chicago)

* Seljak, Lectures on dark matter, ICTP Lect.Notes Ser. 4 (2001) 33-77

* Durrer, The Cosmic Microwave Background, Cambridge University
Press, 2008

* Dodelson, Modern Cosmology, Academic Press, 2003
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Public codes...

Numerical solutions of the linearised Einstein-Boltzmann system
are necessary for 0.1% accurate calculations.

 Several publicly available codes out there:

 CAMB: https://camb.info
e CLASS: http://class-code.net/

* Mostly optimised for for standard inflationary ACDM, but can be
fairly easily modified to accommodate “exotic” models.
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