
Inhomogeneous universe 
(aka what’s in those black boxes called CAMB and CLASS)
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Inhomogeneous universe
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Overview…

The distribution of matter in the universe, even on large scales, is not 
exactly homogeneous and isotropic!

Intergalactic hydrogen clouds
(simulations)

Red galaxies observed by the
Sloan Digital Sky Survey
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Overview…

The cosmic microwave background radiation is anisotropic.

2.73 K background

~ 10-5 temperature
fluctuations
(~ 7 deg resolution)

~ 0.2 deg resolution
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Overview…

State-of-the-art:

• Temperature and polarisation 
fluctuations from Planck 2018
• > 0.2 deg: WMAP (9-year data 

public)
• < 0.2 deg: DASI, CBI, ACBAR, 

Boomerang, VSA, QuaD, QUIET, 
BICEP, ACT, SPT, etc.

The cosmic microwave background radiation is anisotropic.
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TT
(temperature auto-correlation)

EE
(E-mode polarisation
auto-correlation)

TE
(cross-correlation)

Ade et al. [Planck collaboration] 2015

Small angular 
separation

Large angular 
separation
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Matter power spectrum…
Measurements circa 2018

Akrami et al. 2018

9



Six-parameter “vanilla” fit:

Aghanim et al. [Planck collabroation] 2018

Energy content: Cold dark 
matter density, Baryon density, Initial conditions

Optical depth to reionisation,
CMB only

Assumes flat geometry!!"#$%%" = (Ω&ℎ', Ω(ℎ', ℎ, '), (), ))

Expansion rate
+
*
Ω* = 1

Ω+
Fixes dark energy density
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Plan…

• Theoretical framework to describe inhomogeneities

• Deconstructing the matter power spectrum

• Deconstructing the CMB temperature power spectrum

• Where cosmological parameter constraints come from

• CMB polarisation
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1. Theoretical framework...



Overview…

Our current understanding of the inhomogeneous universe:

time

Neutrino decoupling

Matter-radiation
equality

Photon decoupling

Inflation: Quantum fluctuations on a
scalar field
→ initial perturbations on spacetime metric
→ initial conditions for CMB & large-scale structure

CMB anisotropies:
Perturbations in photon
energy density and
polarisation

Structure formation:
Perturbations in
nonrelativistic
matter

Gravity competes with pressure to
amplify primordial inhomogeneities

GR + Boltzmann
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Strategy…

We study large-scale inhomogeneities by perturbing around the FLRW 
spacetime geometry and stress-energy tensor:

"̅!" = Unperturbed
FLRW metric

$%!" = Homogeneous
and isotropic

!!" = !̅!" + %#ℎ!"

'!" = ('!" + )'!"

ℎ!" ≪ 1

)'!" ≪ ,̅

For what we’re interested in, linear perturbation theory suffices 
• Einstein’s equation → How ℎ!" evolves due to )'!"
• Boltzmann equation → How )'!" evolves due to ℎ!" and the properties 

of the “stuff”  

Energy-momentum of the 
“stuff” in the universe

Gravity
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-.' = /' 0 [−-0' + 4*,-5*-5,]
Unperturbed FLRW









Metric perturbations…

It is common to see the metric perturbations parameterised thus:

ℎ!""#!"#" = −2'"(# − 2)$"("#$ + 2+$%"#$"#%
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Scalar Scalar + Vector
Trace: Scalar 
Traceless: Scalar + Vector + Tensor

4 scalars: (,7(.), 80 , 81(.)

2 vectors: 7(.), 81(±3)

1 tensor: 81(±')

4 x 1 d.o.f.

2 x 2 d.o.f.

1 x 2 d.o.f.

= 10 d.o.f.

-.' = /' 0 [−-0' + 4*,-5*-5,]
Unperturbed FLRW

945 = 9̅45 + /'ℎ45



Gauge modes…

• Only 6 d.o.f. are physical.
• 4 are gauge modes, because we are free to choose the mapping 

between the real inhomogeneous spacetime to the fictitious FLRW 
spacetime on which we build the perturbation theory.
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Mapping 1

Mapping 2

945 ; = 9̅45 ! + /'ℎ45(!)

9′45 = = 9̅45 ! + /'ℎ′45(!)

ℎ45(!) ≠ ℎ645(!)5

5
5′?







Gauge transformation after SVT…

• Tensor modes are gauge-invariant.
• For Scalar and Vector modes, 2 (S) and 

2 (V) are gauge dof, i.e., we can set 2 
(S) and 2 (V) perturbation variables to 
zero. 
• Gauge choices can be governed by

• Simplicity of the equations
• Numerical stability of the solutions
• Newtonian intuition
• …

• Different gauges are useful at different 
stages of the universe’s evolution.

"# = "	 − &
&' + )* 	+

,(%)# = ,(%) + -+ + &.(%)
&'

,(±()# = ,(±() + &.
(±()

&'
*)# = *) −

-
3 .

% − )*+

**(%,±()
# = **(%,±() + -. %,±(

**(±,)
# = **(±,)
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Common gauge choices: scalars…

• Conformal Newtonian: !$%
& = # % & = 0

• Completely fixed
• Physically intuitive

• Spatially flat: !$%
& = !'%

& = 0
• Completely fixed
• Can sometimes lead to simpler equations

• Synchronous: %& = # % & = 0
• Not completely fixed (unfixed integration constants)
• Numerical stability: commonly used in CMB codes like CAMB and CLASS.
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ℎ!"'(!'(" = −2+',# − 2-$','($ + 2/$%'($'(%

-.' = /' 0 [− 1 + 2( -0' + (1 + 280)4*,-5*-5,]

Ψ −Φ





Gauge choices: vectors…

• Can choose !$±)
& = 0

• Completely fixed

• Or choose: # ±) & = 0
• Not completely fixed
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Perturbed stress-energy tensor…

For a perfect fluid:

C	 .. = DC	 .. + EC	 .. = −(DF + EF)

C	 .* = EC	 .* = −(DF + D!)G*

C	 *. = EC	 *. = −(DF + D!)(G* −7*)

C	 ,* = DC	 ,* + EC	 ,* = −( D! + E!)E	 ,* +	Π	 ,*
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Perturbed stress-energy tensor…

For an imperfect fluid:

C	 .. = DC	 .. + EC	 .. = −(DF + EF)

C	 .* = EC	 .* = −(DF + D!)G*

C	 *. = EC	 *. = −(DF + D!)(G* −7*)

C	 ,* = DC	 ,* + EC	 ,* = −( D! + E!)E	 ,* +	Π	 ,*

Anisotropic stress Π	 ** = 0 Traceless

• In general, anisotropic stress is not the only way to make a fluid imperfect.  
But if particles in the early universe behave like dilute gases, this is it.
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Perturbed stress-energy tensor…

For an imperfect fluid:

C	 .. = DC	 .. + EC	 .. = −(DF + EF)

C	 .* = EC	 .* = −(DF + D!)G*

C	 *. = EC	 *. = −(DF + D!)(G* −7*)

C	 ,* = DC	 ,* + EC	 ,* = −( D! + E!)E	 ,* +	Π	 ,*

Anisotropic stress Π	 ** = 0 Traceless

• In general, anisotropic stress is not the only way to make a fluid imperfect.  
But if particles in the early universe behave like dilute gases, this is it.

EC	 .. = −EF;(.)

EC	 .* = −(DF + D!) +
89:3

3
G(8) ; 8 *

EC	 ,* = −E!E	 ,* ; . + +
89:'

'
Π(8) ;	 ,

8 *

EC	 *. = −(DF + D!) +
89:3

3
(G(8)−7 8 );*(8)
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SVT decomposition



Perturbed stress-energy tensor…
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DF + EF − DF + D! (G* −7*)

D! + E!

Π	 ,*





Gauge transformation of !!"…

• Anisotropic stress (S, V, T) is 
gauge-invariant.

),& = ), − ' .,̅./

)0& = )0 − ' .
(0

./

1(%,±))& = 1(%,±)) + .2
(%,±))

./
Π(%,±),±#)& = Π(%,±),±#)
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Scalar Einstein’s equation…

−K' + 3M Φ− 3ℋ Φ̇+ℋΨ = 4QR/'EF
Φ̇ +ℋΨ = 4QR/'[(DF + D!)G . /K]

Φ̈ − MΦ+ℋ Ψ̇+ 2Φ + 2ℋ̇ +ℋ' Ψ−K'(Φ−Ψ)/3 = 4QR/'E!

K' Φ−Ψ = 8QR/'Π(.)

Only two 
linearly-
independent

;
;< + 3ℋ EF + 3ℋE! = − (DF + D!)(KG . − 3Φ̇)

;
;< + 4ℋ [(DF + D!)G . /K] = E! − '

= 1 − 3 >
?& Π(.) + (DF + D!)Ψ

From Einstein’s equation

From local conservation of energy-momentum

Only one 
linearly-
independent
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Vector Einstein’s equation…

2 V
V0 + 4ℋ [/'(DF + D!)(G ±3 −7 ±3 )/K] = 2 MK' − 1 Π(±3)

;
;< + 2ℋ [K7 ±3 − 8̇1(±3)] = −8QR/'Π(±3)

1 − 2 >
?& [K7 ±3 − 8̇1(±3)] = 16QR/'(DF + D!)(G(±3)−7 ±3 )/K

From Einstein’s equation

From local conservation of energy-momentum

Four equations: 
Only two 
linearly-
independent

Two equations
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Tensor Einstein’s equation…

+̈&(±#) + 2ℋ+̇&(±#) + /# + 20 +&(±#) = 4234#Π(±#)

Two equations
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