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Exercise: Derive the Gravitational Wave Equation of motion in a
FLRW background

To simplify the calculation, it is convenient to use a relation between the Ricci tensor
A A A A A A
Ry = O\ + T L = 06y, — 0T + 1o, — 0. (1)

computed from a given metric g,,, and that from another metric g,,, related by a conformal factor

G - (2)

Note that here I'j},, = %gaﬁ[gﬁ(%y) — Juv ) = %gaﬁ[g#m, + 9u8, — 9uv,3] are the Christoffel symbols.

g#l/ _ 6QQ(w)

Exercise 1: Derive the relation given in Eq. (3) (where ; = covariant derivatives)

Ry = Ry +2{Q,, Qo =Dy } = G {2250 0% + (%)} - (3)

Let us now consider that g, is the background metric where matter fields (potential sources of GWs) live.
It consists of two pieces: a homogeneous and isotropic spatially flat part (FLRW), plus a small perturbation on
top of it,

ds® = G datdz” = a*(n) G datdx” = a® (M) (v + by )daHda” (4)

Here, we consider |h,,| < 1. Notice that we have introduced the conformal time dn = dt/a(t), since this way
we will be able to apply the previous relation (3). Identifying

a(n) = @, (5)
then Q(z) = loga(n) only depends on time, and hence
Q,, =0, ' =d/a=H, Q' =d"Ja—H?, (6)



with 7 = %7 H = a’/a. This then leads to

Guv = emg/w = RHV = Ry + huu(x)] +2(Q,, Q=) — 9 (22°Q,0 "‘Q,g) (7)

where (2009Q,, +Q:5) = 29°P0 00,5 +(9°PQ 5).o) with g@# = n# — hB v = pranPh, s and we have

)

Q=60 = Q= Q%5,00.0 (8)
Qvu;u = Qyu;,u, = Qmu _FZVQ/\ = Q//5/,1,061/0 - F2VQ7O (9)
(Qﬂ);a = ng + Fg,@Q’ﬁ = Q//6M06V0 + Fgggﬁoﬂ,o . (10)
Expanding to first order in A,
0 L 9o L, 2
F/w = 577 (ha(;t,u) - hw/,a) = i(h;w - hO(u,V)) + O(h**) ) (11)
1 1 1
gﬁorgﬁ = igaﬁgangHO = inaﬁhaﬁ,,unuo = *inaﬁh/aﬁ + O(hi) ) (12)
the rhs terms of (7) are
1
Qvu Q. *Qw;u - (9/2 - Q//)5u05v0 + i(hiw - hO(W/))Q/ (13)
1
I (20 Q0 +05) = (222 +Q")a0050 (0™ + Pyun™ = 1 h®) = S s
(14)

Take now e.g. the Synchronous Gauge
Ppw = hyy, + sy » with hg, =0, (15)

just to simplify the upcoming expressions. From now on we omit the * mark, as we will consider a perturbation
in (4) such that ho, = 0. Using this fact and putting together (8),(9),(11),(13) and (14), then

1 1
1
R, = Ry + by +2 (2’;—[2 _ ‘;) 0u06,0 + Hh;“, + (Npw + ) (7-12 + ‘;) + anh/’ﬂ, (16)

where h = hi(= hﬁ) is the trace of the perturbation, and R,,, the Ricci tensor of a perturbed Minkowski space
uv = Nuv + hpl/v

1 e} (63
Ry [y + Pyu] = §(h£x(ﬂ,l/) = o =Py, o) - (17)
Exercise 2: Derive Eq. (16)
Exercise 3: Derive Eq. (17)

The Einstein field eqgs. for the total metric g,, = a*(n)gu, are

_ _ _ _ 1-
R,, =8rGS,, , with S, =T, — §T§uw (18)



Let us split these equations into the background R,(E,) = 8nG Sﬁoy) and the perturbed 6 R,,, = 87G 6S,,, equations,
the latter computed to first order in h,,. Thus, we should decompose the (trace reversed) energy-momentum
tensor Sy, into background and perturbative parts,

Spw = (S + (8SESYY + 10, (19)

where (SFIFW) should be understood as a spatial average, with the tensor SE™W computed in a FLRW
background. Alternatively, one can think of a H&I perfect-fluid with energy-momentum tensor 7, = (p +
p)azuﬂul, + pguv, with 4-velocity u, = (1,0,0,0) and background energy and pressure densities p and p. From
there one can build up the (trace-reversed) tensor as ST = (p + p)a*u,uy, + 5(p — p)guw, and then identify
Sfu&l = <SEE;RW>. On the other hand, <5SE£RW> should be understood as the perturbation of SILHV&I, due to
the perturbations of background densities, as well as of the metric, whereas II,, should be understood as an
anisotropic stress representing an additional perturbation over the background energy-momentum tensor, but
unrelated to a perturbation of the metric or of the background densities. Thus, one obtains the identification
(S6a™W) = a®(p+3p)/2 and (32, SEFFW) = 30 (p—p) /2, and e.g. (8SE-EY) = S0 (p—p)hij + 50*(6p — p)di;.
We will drop from now on, for the shake of clarity, the label **EW from the terms spatially averaged, though
one should bare in mind that the averages (...) will be always taken over Sf]ﬂ tensors computed in a FLRW
background.
Using R, (16) written in terms of h;; and a(n), then the Einstein egs., component by component, read

1 a/l

00 : 2(—h” + Hh') + 3(7’[2 - ;) = 871G ((Soo) + (6S00) + Hoo) (20)
1

07 : ;ci,k - §h,; = 87TG(<SOZ> + <5SOfL> + H()i) (21)

. 1 a” 1

1] §(h;ck(i,j) — h,ij +h;/J — hichk) + ,thj + (5@‘ + hij) <H2 + a) + iHh/éij = 87TG(<SZ‘]‘> + <(5S”> + Hij)

(22)
Exercise 4: Derive Egs. (20)-(22)

Appealing to isotropy in the FLRW Universe, then
1
(Syj) = g5ij Z (Skk) (23)
k

and hence Sp; = 0. Thus, the background parts of (20)-(22), which describe the evolution of the flat FLRW
Universe, will be

1
0: 3 (H2 - “) = 87G (Soo) (24)
a
0i: 0=0 (25)
y "o 8aG
i ()= Y (S (26)
k

Exercise 5: Derive Egs. (24)-(26)



As said before, identifying the energy and pressure densities p and p of a H&I perfect-fluid as (Spo) =
a*(p+3p)/2 and Y, (Skk) = 3a*(p — p)/2, it can be easily shown that egs. (24),(26) are indeed equivalent to
linear combinations of the Friedmann Equations, expressed in conformal time.

On the other hand, the perturbed Einstein equations, which describe the evolution of the metric perturba-
tions, are

00:  —h"+Hh' = 167Gy + (3500)) (27)
07 : 2h;k,k — h,,i = 167TG(H0¢ + <5SOL>) (28>
ij : (i — Poig ThEG = hagps + 2HAG; + 2hig(H? + " [a) + HE'6;; = 161G (I + (8S55))  (29)

In general, a (spatial-spatial) metric perturbation h;; has six independent degrees of freedom, whose contri-
butions can be split into scalar, vector and tensor metric perturbations as

hij =¥ 0i5 + Eij + Fi gy +hij’ (30)

with 8;F; = 9;h;" = hl;" = 0. The two scalars (¢ and E) plus one transverse vector (F;) plus a transverse-
traceless tensor (hg;-T), account for the required 1 4+ 1+ 242 = 6 dof, as it should. Let us introduce such
a decomposition into the equations (27),(28),(29), and keep only the Transverse-Traceless part hz;T of the
perturbations. Notice that in the 00- and 0i—equations (27),(28) there cannot be any TT part surviving, so
we can focus only in the ij-equations (29). Keeping only the TT perturbation in equations (29), leads to the
equation for the TT perturbations as

"

7" ’ a
hi (%) + 2HALT (0, %) — Bl (0, x) + 2R (7-[2 + a) = 167G(M;; + (SN (n,x) . (31)

It is remarkable that only the TT metric components obey a wave-like operator (you can see this explicitly by
looking at the equations of scalar and vector parts of the perturbations, but we will skip that here). There-
fore, only the hz;T metric perturbations — the transverse-traceless dof — characterize the radiative dof in the
space-time. Those are the only dof carring energy in the form of GW.

Exercise 6: Derive Eq. (31) by keeping only TT dof in Eq.(29).

The tensor Hz;T(n, x) is the TT part of the spatial-spatial components of the anisotropic stress-tensor II,;,
and thus

oI =17 =o0. (32)

Therefore, in order to solve (31), we need to obtain II;; from the matter fields that generate the GWs, and then

take its T'T part HiTjT. At the same time, we also have

[(6S)]™™ = 5a%[(p — Phij + (50 — 600y ]™™ = S(p — p)a®hET (33)

1
2
Using the Friedman Equations (24),(26), we arrive finally at

Tr" T’ 2, TT T



with II;; the anisotropic stress-tensor of some fields, and H;f';T its TT-part sourcing GWs.
Exercise 7: Derive Eq. (34)

If you arrived here... Congratulations! You have derived the equation of motion for the propagation and
creation of GWs in a FLRW background!



