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How Does Nuclear Structure Evolve?

• Evolution of (intrinsic) shapes along isotopic chains

• New phenomena: neutron skins, halos, …

• Emergence of new magic numbers (and absence of old ones)
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How Does Nuclear Structure Evolve?

• Evolution of (intrinsic) shapes along isotopic chains

• New phenomena: neutron skins, halos, …

• Emergence of new magic numbers (and absence of old ones)
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What Are the Limits of Nuclear Existence?

e.g., emergence of new N=16 magic number and location of 
the neutron drip line in oxygen isotopes

Determination of theN ! 16 Shell Closure at the Oxygen Drip Line
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The neutron unbound ground state of 25O (Z ! 8, N ! 17) was observed for the first time in a proton
knockout reaction from a 26F beam. A single resonance was found in the invariant mass spectrum
corresponding to a neutron decay energy of 770"20

#10 keV with a total width of 172(30) keV. The N ! 16
shell gap was established to be 4.86(13) MeV by the energy difference between the !1s1=2 and !0d3=2

orbitals. The neutron separation energies for 25O agree with the calculations of the universal sd shell
model interaction. This interaction incorrectly predicts an 26O ground state that is bound to two-neutron
decay by 1 MeV, leading to a discrepancy between the theoretical calculations and experiment as to the
particle stability of 26O. The observed decay width was found to be on the order of a factor of 2 larger than
the calculated single-particle width using a Woods-Saxon potential.

DOI: 10.1103/PhysRevLett.100.152502 PACS numbers: 21.10.Pc, 25.60.#t, 27.30.+t, 29.30.Hs

The determination of the limit of nuclear stability is one
of the fundamental questions in nuclear physics. The loca-
tion of the neutron drip line is only known for the lightest
isotopes, and the recent discovery of 40Mg and 42Al
demonstrates that the nuclear force is not well understood
for neutron-rich nuclei [1]. One continuing puzzle exists in
the mass A ! 20–30 region where, experimentally, the
oxygen isotopes are known to have an abrupt end at 24O
(N ! 16) [2–5], while the fluorine (Z ! 9) isotopes ex-
tend to at least 31F (N ! 22) [6]. This sudden change in the
nuclear binding is believed to be the result of an increased
shell gap, defined as the energy difference between the
!1s1=2 and !0d3=2 single-particle levels, at neutron number
16 (N ! 16) [7]. The relatively large energy difference
between the single-particle orbitals results in a new shell
closure (magic number) at N ! 16 for the neutron-rich
oxygen isotopes. The emergence of this new magic number
has been attributed to the presence of a neutron skin or halo
[8] and the tensor force [9,10].

Although some evidence for the N ! 16 shell gap has
been reported [8,11,12], a direct measurement of the
!0d3=2 single-particle energy at the oxygen drip line had
not been performed. A measurement of this orbital deter-
mines the ground state binding energy of 25O, the first
oxygen isotope beyond the neutron drip line, along with
the size of the N ! 16 shell closure. Theoretical predic-

tions of the stability of the next even-even oxygen isotope
(26O) have differed considerably [13–17]. The universal sd
(USD) [13] shell model interaction and the finite range
droplet model [16] (FRDM) both predict an 26O ground
state that is bound to two-neutron decay; however, strong
experimental evidence suggests that it does not exist [2,3].
The Hartree-Fock-Bogoliubov (HFB-8) model [17] and the
USD05a [15] interaction both reproduce the oxygen drip
line correctly, but the HFB-8 model, in particular, drasti-
cally underestimates the last bound fluorine isotope to be
27F (N ! 18). Therefore, a mass measurement of 25O adds
significant constraints on the theoretical calculations for
the binding of 26O.

In this Letter we report on the first mass measurement of
25O, populated in a one-proton stripping reaction from a
secondary 26F beam. Invariant mass spectroscopy is used to
reconstruct the unbound 25O ground state on an event-by-
event basis from a full momentum measurement of the
neutron and the 24O fragment. This is the first time this
technique has been employed for such a heavy isotope
beyond the neutron drip line. Until the present work, 16B
was the heaviest neutron unbound ground state for which
spectroscopic information was available [18].

An 85 MeV=u secondary beam of 26F was produced at
the National Superconducting Cyclotron Laboratory
(NSCL) at Michigan State University from the fragmenta-
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Evidence for the Ground-State Resonance of 26O
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Evidence for the ground state of the neutron-unbound nucleus 26O was observed for the first time in the

single proton-knockout reaction from a 82 MeV=u 27F beam. Neutrons were measured in coincidence

with 24O fragments. 26O was determined to be unbound by 150þ50
"150 keV from the observation of low-

energy neutrons. This result agrees with recent shell-model calculations based on microscopic two- and

three-nucleon forces.

DOI: 10.1103/PhysRevLett.108.142503 PACS numbers: 21.10.Dr, 25.60."t, 27.30.+t, 29.30.Hs

A major challenge remaining in nuclear physics is the
description of nuclei based on fundamental interactions.
Ab initio approaches have been developed to calculate
nuclear properties based on nucleon-nucleon scattering
data up to A# 12 [1]. Recent advances in nuclear theory
made it possible to describe some fundamental properties
of light nuclei up to oxygen based on two- and three-
nucleon interactions [2–6]. On the way to heavier nuclides
it will be critical for these models to describe the dramatic
change in the location of the neutron dripline from oxygen
(N ¼ 16) to fluorine (N % 22) which was first pointed out
by Sakurai et al. [7]. The addition of one proton binds at
least six additional neutrons. The two-neutron separation
energy of 26O serves as an important benchmark for these
calculations. The majority of the current nuclear structure
models predict 26O to be bound [8–13]. Experimentally it
has been shown that 24O is bound [14] while repeated
searches for bound 25O and 26O have been unsuccessful
[15–21], although 25O had initially been reported as being
particle stable [22]. Shell-model calculations using phe-
nomenological interactions do predict 26O to be unbound:
SDPF-M [23] by 77 keV and USD05a [24] by 510 keV. A
continuum shell-model calculation predicts 26O to be un-
bound by only 21 keV [25]. Recently it was shown that
three-body forces are necessary to describe the binding
energies of neutron-rich oxygen isotopes based on funda-
mental nucleon-nucleon forces [4]. However, no calcula-
tions have been published that simultaneously predict 26O
to be unbound and 31F to be bound.

Because no bound states of 26O exist, the search for its
elusive ground state must be extended to unbound states.
The unbound ground state of 25O was measured using
invariant mass spectroscopy and was found to have a decay

energy of 770þ20
"10 keV [26]. Because of this high ground-

state energy of 25O it is likely that 26O is bound with
respect to one-neutron emission and unbound with respect
to two-neutron emission. 26O is thus also an excellent
candidate for di-neutron emission. Furthermore, calcula-
tions by Grigorenko et al. predict that the emission of a pair
of correlated neutrons might be hindered so that for very
low decay energies, lifetimes on the order of pico- to
nanoseconds could be possible [27].
We searched for unbound states in 26O using one-proton-

knockout reactions from 27F and by measuring neutrons
in coincidence with 24O fragments. Figure 1 shows a
schematic level scheme of the possible decay paths for
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27F(-p)26F(-p)
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FIG. 1. Schematic decay level scheme of 26O. Proton-
knockout reactions from 26F populate the ground state of 25O,
which was measured to decay to the ground state of 24O (solid
arrow and lines) [26]. The knockout reaction from 27F used in
the present work populates states in 26O. The dashed lines show
the predicted levels calculated by the continuum shell model
[25]. Possible decay channels from 26O are shown by the dotted
arrows.
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The limit of neutron-rich nuclei, the neutron drip line, evolves regularly from light to medium-mass

nuclei except for a striking anomaly in the oxygen isotopes. This anomaly is not reproduced in shell-

model calculations derived from microscopic two-nucleon forces. Here, we present the first microscopic

explanation of the oxygen anomaly based on three-nucleon forces that have been established in few-body

systems. This leads to repulsive contributions to the interactions among excess neutrons that change the

location of the neutron drip line from 28O to the experimentally observed 24O. Since the mechanism is

robust and general, our findings impact the prediction of the most neutron-rich nuclei and the synthesis of

heavy elements in neutron-rich environments.
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One of the central challenges of nuclear physics is to
develop a unified description of all nuclei created in the
laboratory and the cosmos based on the underlying forces
between neutrons and protons (nucleons). This involves
understanding the sequences of isotopes in the nuclear
chart, Fig. 1, from the limits of proton-rich nuclei to the
neutron drip line. These limits have been established ex-
perimentally up to oxygen with proton number Z ¼ 8.
Mapping out the neutron drip line for larger Z [1] and
exploring unexpected structures in neutron-rich nuclei are
a current frontier in the physics of rare isotopes. The years
of discovery in Fig. 1 highlight the tremendous advances
made over the last decade.

Figure 1 shows that the neutron drip line evolves regu-
larly with increasing proton number, with an odd-even
bound-unbound pattern due to neutron halos and pairing
effects. The only known anomalous behavior is present in
the oxygen isotopes, where the drip line is strikingly close
to the stability line [2]. Already in the fluorine isotopes,
with one more proton, the drip line is back to the regular
trend [3]. In this Letter, we discuss this puzzle and show
that three-body forces are necessary to explain why 24O
[4,5] is the heaviest oxygen isotope.

Three-nucleon (3N) forces were introduced in the pio-
neering work of Fujita and Miyazawa (FM) [6] and arise
because nucleons are composite particles. The FM 3N
mechanism is due to one nucleon virtually exciting a
second nucleon to the !ð1232 MeVÞ resonance, which is
deexcited by scattering off a third nucleon, see Fig. 3(e).

Three-nucleon interactions arise naturally in chiral ef-
fective field theory (EFT) [7], which provides a systematic
basis for nuclear forces, where nucleons interact via pion
exchanges and shorter-range contact interactions. The re-
sulting nuclear forces are organized in a systematic expan-

sion from leading to successively higher orders, and
include the! excitation as the dominant part of the leading
3N forces [7]. The quantitative role of 3N interactions has
been highlighted in recent ab initio calculations of light
nuclei with A ¼ N þ Z & 12 [8,9].
We first discuss why the oxygen anomaly is not repro-

duced in shell-model calculations derived from micro-
scopic NN forces. This can be understood starting from
the stable 16O and adding neutrons into single-particle
orbitals (with standard quantum numbers nlj) above the
16O core. We will show that correlations do not change this
intuitive picture. Starting from 16O, neutrons first fill the
0d5=2 orbitals, with a closed subshell configuration at 22O
(N ¼ 14), then the 1s1=2 orbitals at 24O (N ¼ 16), and
finally the 0d3=2 orbitals at 28O (N ¼ 20). For simplicity,
we will drop the n label in the following.

FIG. 1 (color online). Stable and unstable nuclei with Z & 14
and neutron number N [35]. The oxygen anomaly in the location
of the neutron drip line is highlighted. Element names and years
of discovery of the most neutron-rich nuclei are given. The axis
numbers indicate the conventional magic numbers.
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Beyond the neutron drip line: The unbound oxygen isotopes 25O and 26O
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The very neutron-rich oxygen isotopes 25O and 26O are investigated experimentally and theoretically. The
unbound states are populated in an experiment performed at the R3B-LAND setup at GSI via proton-knockout
reactions from 26F and 27F at relativistic energies around 442 and 414 MeV/nucleon, respectively. From the
kinematically complete measurement of the decay into 24O plus one or two neutrons, the 25O ground-state
energy and width are determined, and upper limits for the 26O ground-state energy and lifetime are extracted. In

034313-10556-2813/2013/88(3)/034313(8) ©2013 American Physical Society

C. CAESAR et al. PHYSICAL REVIEW C 88, 034313 (2013)

addition, the results provide indications for an excited state in 26O at around 4 MeV. The experimental findings are
compared to theoretical shell-model calculations based on chiral two- and three-nucleon (3N ) forces, including
for the first time residual 3N forces, which are shown to be amplified as valence neutrons are added.

DOI: 10.1103/PhysRevC.88.034313 PACS number(s): 21.10.−k, 25.60.−t, 27.30.+t, 29.30.Hs

I. INTRODUCTION

Understanding the properties of nuclei with extreme
neutron-to-proton ratios presents a major challenge for rare-
isotope beam experiments and nuclear theory. Nuclei located
at and beyond the neutron drip line play a crucial role in
this endeavor. Experimentally, the neutron drip line has been
established up to oxygen [1–3] with 24O being the last bound
isotope, while it extends considerably further in fluorine [4].
Recently, it has been shown that the anomalous behavior in the
oxygen isotopes is attributable to the impact of three-nucleon
(3N ) forces, which provide repulsive contributions to the
interactions of valence neutrons [5], connecting the frontier of
neutron-rich nuclei to the theoretical developments of nuclear
forces.

Another striking feature in the oxygen isotopic chain is the
doubly magic nature of 22O and 24O [6–11] in strong contrast
to the lighter elements, where the drip line is marked by nuclei
exhibiting a loosely bound halo structure. The neutron-rich
oxygen isotopes also provide interesting insights, when viewed
coming from their stable isotones. As protons are removed, the
attractive contribution from the proton-neutron tensor force
decreases, thus opening up the N = 16 neutron shell gap for
oxygen [12], while reducing the gap at N = 20, which is very
prominent in stable nuclei.

How the structure evolves beyond 24O towards N = 20
is thus of central interest. Currently, 25O and 26O are at the
limit of experimental availability. For the former isotope, the
ground-state resonance energy and width have been reported
[6]. For the latter, its position has been measured previously
[13]. Taking advantage of the large angular acceptance for
neutrons in the R3B-LAND experiment [14,15], we investigate
the unbound isotopes 25O and 26O in an extended energy range
with an essentially constant efficiency up to a decay energy of
4 and 8 MeV, respectively.

It has been speculated that the unbound isotopes 26O and
28O might have a rather long lifetime, which would constitute
the first example of neutron radioactivity [16]. Our present
result establishes an upper limit for the lifetime of the 26O
ground state. We then combine the experimental investigation
with theoretical calculations based on chiral two-nucleon (NN)
and 3N forces, where we focus on the increasing contribution
from residual three-neutron forces as neutrons are added.

II. EXPERIMENT

The experiment was carried out at the GSI Helmholtzzen-
trum in Darmstadt using the R3B-LAND reaction setup.

*t.aumann@gsi.de
†Present address: TRIUMF, 4004 Wesbrook Mall, Vancouver, BC,

Canada V6T 2A3.

Beams of light neutron-rich nuclei were produced by frag-
mentation reactions of a 490 MeV/nucleon 40Ar primary
beam in a 4 g/cm2 Be target. Ions with a magnetic rigidity
of 9.88(±1%) Tm corresponding to an A/Z ratio of about
3 were selected by the fragment separator FRS [17] and
transported to the experimental area. Energy-loss and time-
of-flight measurements allowed for the identification of the
incoming ions on an event-by-event basis. The beam cocktail
contained 26,27F ions (∼1%), which were selected to populate
the unbound states in 25,26O via one-proton knockout reactions.
The energies (intensities) of the 26F and 27F beams were 442
and 414 MeV/nucleon (1 and 0.3 Hz), respectively. Different
secondary targets (922 mg/cm2 CH2, 935 mg/cm2 C, and
2145 mg/cm2 Pb) were used, and all shown spectra display
the contributions from all targets. The target was surrounded by
the 4π Crystal Ball detector [18] consisting of 160 NaI crystals
for detecting photons and light particles emitted at laboratory
angles larger than ±7◦ relative to the beam axis. Position and
energy loss of the beam and fragments behind the target were
measured by two silicon-strip detectors before deflection in
the large-gap dipole magnet ALADIN. Two further position
measurements behind the magnet using scintillating fiber
detectors [19,20] allowed for tracking of the ions through
the dipole field. Together with time-of-flight and energy-loss
measurements, this provides the magnetic rigidity and atomic
number and thus the mass of the fragments.

Neutrons from the decay of unbound states were detected
at a distance of around 12 m downstream of the target by the
LAND neutron detector [21] with an efficiency of 92% for
single neutrons and with an angular acceptance of ±79 mrad
around the beam axis. A similar experimental setup and
analysis scheme is described in Ref. [22] in more detail.

III. ANALYSIS AND RESULTS

A. 25O ground-state resonance

From the measurements of the momenta of outgoing frag-
ments and neutrons, the two- and three-body relative-energy
(Erel) spectra are reconstructed for one- and two-neutron
events. Figure 1 shows the 24O + n Erel spectrum after proton
removal from 26F. A prominent peak structure is visible at
about 700 keV, corresponding to the ground-state resonance
of 25O. The position Er and width " of the resonance have
been extracted by fitting a Breit-Wigner distribution with an
energy-dependent width using the function [23]

f (E; Er,") = "

(Er + # − E)2 + "2/4
, (1)

with the resonance shift # set to zero and the width given by
" = 2Pl(E; R) × γ 2 with the reduced width amplitude γ and
the penetration factor Pl . The penetration factor (taken from
Ref. [24]) depends on the channel radius R, the energy E,
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The binding-energy pattern along the neutron-rich oxygen chain, governed by an interplay between shell effects
and many-body correlations impacted by strong couplings to one- and two-neutron continua, make these isotopes
a unique testing ground for nuclear models. In this work, we investigate ground states and low-lying excited states
of 23−28O using the complex-energy Gamow shell model and density matrix renormalization group method with a
finite-range two-body interaction optimized to the bound states and resonances of 23−26O, assuming a core of 22O.
Our results suggest that the ground state of 28O has a threshold character, i.e., is very weakly bound or slightly
unbound. We also predict narrow excited resonances in 25O and 27O. The inclusion of the large continuum space
significantly impacts predicted binding energies of 26−28O. This implies that the careful treatment of a neutron
continuum is necessary prior to assessing the spectroscopic quality of effective interactions in this region.

DOI: 10.1103/PhysRevC.96.024308

I. INTRODUCTION

The neutron-rich oxygen isotopes 23−28O constitute an
excellent laboratory for the study of an interplay between
single-particle motion and many-body correlations in the
presence of a neutron continuum [1]. The semimagic character
of oxygen isotopes makes the shell-model picture fairly robust
up to 24O, with 22O corresponding to the ν(0d5/2)6 subshell
closure [2–5], bound 23O [6,7], and 24O associated with the
ν(0d5/2)6(1s1/2)2 subshell closure [8–10].

According to the current experimental evidence, the neutron
drip line for Z = 8 is reached at 24O, which is believed
to be the last bound oxygen isotope. Indeed, the isotope
25O has been shown to be unbound [11,12], as has been
the two-neutron emitter 26O [13,14], which appears to be a
very narrow threshold resonance [12,15,16]. While the odd-N
isotope 27O is believed to be unbound [17], the situation is
far from clear for 28O as in a shell-model (SM) picture its
apparent doubly magic character could, in principle, result in
an enhanced stability. Experimentally, there have been hints
[18] of the reduced neutron magicity toward 28O, and several
measurements [17,19] have provided circumstantial evidence
for the unbound character of this nucleus. However, in the
absence of direct measurement, the jury is still out on the
question of how unbound this system really is.

On the theory side, various many-body approaches using
realistic chiral nucleon-nucleon (NN ) interactions investi-
gated the stability and structure of 23−26O by considering
the neutron continuum space [20–24]. However, because the
interactions used were not fine tuned to experiment and
the continuum model spaces were severely truncated, only
qualitative predictions were made for energies and widths
of unbound states. Concerning 28O, early SM calculations
[25–27] predicted 28O to be two-neutron unstable owing to the
unbound character of the 0d3/2 single-particle (s.p.) shell. The
inclusion of the continuum space and related couplings within
the continuum SM (CSM) [28–30] also yielded 28O outside
the two-neutron drip line. Early many-body investigations

using realistic chiral interactions produced more nuanced
results, predicting 28O bound or unbound, depending on the
renormalization cutoff of the interaction in the absence of
the continuum space [31] and computing it largely unbound
when the continuum was included [21]. The role of 3NF in
neutron-rich oxygen isotopes was first investigated using SM
approaches and renormalized chiral interactions [12,32,33],
and it was concluded that repulsive 3NF could lead to the
decreased stability of the heaviest oxygen isotopes. Finally,
state-of-the-art calculations including chiral two- and three-
body forces provided consistent results along the neutron-rich
oxygen chain [34–44], demonstrating that at a given level
of approximation all methods are under control. However,
in the absence of continuum couplings, these predictions
deviate from experiment for the heaviest isotopes known, e.g.,
26O. (An overview of the recent progresses can be found in
Refs. [43,45].) The current situation in the neutron-rich oxygen
isotopes is summarized in Fig. 1, which shows g.s. binding
energies of 25−28O relative to 24O predicted in various models.
The chiral-interaction results are represented by the IM-SRG
predictions [46,47] obtained using various forces.

The appreciable spread between various theoretical pre-
dictions for the g.s. energy of 26−28O provides a strong
motivation for a consistent microscopic description of neutron-
rich isotopes using a realistic model optimized locally to data
on oxygen isotopes and fully including the couplings owing
to the neutron continuum. The latter is critical as the weakly
bound and/or unbound oxygen isotopes are prototypical open
quantum systems [48].

II. THEORETICAL FRAMEWORK

Earlier work on the neutron-rich oxygen isotopes demon-
strated that their behavior results from the subtle balance
between many-body dynamics, realistic forces, and continuum
coupling. In the present study, following the strategy of
Ref. [20], we choose to investigate 25−28O in the configuration-
interaction picture by considering a core of 22O and by

2469-9985/2017/96(2)/024308(6) 024308-1 ©2017 American Physical Society
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What Are the Limits of Nuclear Existence?

• 28O found to be a resonance


• spread of theory predictions: phenomenology, ab initio with 
different interactions, methods with and without 
continuum, potential deformation effects, …

968 | Nature | Vol 620 | 31 August 2023

Article
In the case of 27O, a decay energy of E0123 = 1.09 ± 0.04(stat) ± 0.02 

(syst) MeV was found. The width of the resonance was comparable with 
the estimated experimental resolution of 0.22 MeV (FWHM). Neverthe-
less, it was possible to obtain an upper limit on the width—0.18 MeV 
(68% confidence interval)—through a fit of a gated E012 spectrum for 
the much higher statistics 24O and two-neutron coincidence events, as 
shown in Extended Data Fig. 2f. The spin and parity ( Jπ) of the resonance 
may be tentatively assigned to be 3/2+ or 7/2− based on the upper limit 
of the width (see Methods).

Comparison with theory
The experimental ground-state energies of the oxygen isotopes  
25–28O are summarized in Fig. 3 and compared with theoretical calcula-
tions based on chiral effective field theory (χEFT)31–36 and large-scale 
shell-model calculations9,37, including those with continuum effects38,39. 
We focus on large-scale shell-model and coupled-cluster calculations, 
in which the latter is augmented with a new statistical method. Both 
techniques include explicitly three-nucleon forces, which are known 
to play a key role in describing the structure of neutron-rich nuclei, 
including the oxygen isotopes and the location of the Z = 8 neutron 
drip line at 24O (refs. 40–42).

The large-scale shell-model calculations were undertaken using 
the new EEdf3 interaction, which was constructed on the basis of 
χEFT (see Methods). Because the calculations use a model space 
that includes the pf-shell orbitals, the disappearance of the N = 20 
shell closure can be naturally described. The EEdf3 interaction is a 
modified version of EEdf1 (refs. 31,32), which correctly predicts the 
neutron drip line at F, Ne and Na, as well as a relatively low-lying 29F 
excited state17 and the appreciable occupancy of the neutron 2p3/2 
orbital5,18. The EEdf3 interaction, which includes the effects of the 
EFT three-nucleon forces43, provides a reasonable description of 
the trends in the masses of the oxygen isotopes. However, as may 
be seen in Fig. 3, it predicts slightly higher 27,28O energies (about 
1 MeV) than found in the experiment. The calculated sum of the 
occupation numbers for the neutron pf-shell orbitals is 2.5 (1.4) for 
28O (27O) and for the 1d3/2 orbital 2.0 (2.1), which are consistent with 
a collapse of the N = 20 shell closure. The EEdf3 calculations show 
that 28Ogs has large admixtures of configurations involving neutron 
excitations in the pf-shell orbitals, as expected for nuclei in the 
IoI. This is supported by the measured cross-section as discussed  
below.

First-principles calculations were performed using the coupled- 
cluster (CC) method guided by history matching (HM)44–46 to explore 
the parameter space of the 17 low-energy constants (LECs) in the χEFT 
description of the two-nucleon and three-nucleon interactions. HM 
identifies the region of parameter space for which the emulated CC 
method generates non-implausible results (see Methods). A reliable, 
low-statistic sample of 121 different LEC parameterizations was 
extracted, for which the CC posterior predictive distribution (ppd) 
was computed for the ground-state energies of 27,28O, which are  
shown in Fig. 3. The predicted 27,28O energies are correlated, as is clearly  
seen in the plot of energy distributions shown in Extended Data  
Fig.  3. From this, the median values and 68% credible regions  
were obtained for the 27O–28O and 28O–24O energy differences: 

E∆ ( O) = 0.11 MeV27,28
+0.36
−0.39  and E∆ ( O) = 2.1 MeV28,24

+1.2
−1.3 . The experi-

mental values ∆E(27,28O) = 0.63 ± 0.06(stat) ± 0.03(syst) MeV and 
E∆ ( O) = 0.46 (stat) ± 0.02(syst) MeV28,24

−0.04
+0.05 , located at the edge of 

the 68% credible region, are consistent with the CC ppd. However, it is 
far enough away from the maximum to suggest that only a few finely 
tuned chiral interactions may be able to reproduce the 27O and 28O 
energies. Also, the obtained credible regions of the 27,28O energies with 
respect to 24O are relatively large, demonstrating that the measured 
decay energies of the extremely neutron-rich isotopes 27,28O are  
valuable anchors for theoretical approaches based on χEFT.

In Fig. 3, the predictions of a range of other models are shown. The 
USDB9 effective interaction (constructed within the sd shell) provides 
for arguably the most reliable predictions of the properties of sd-shell 
nuclei. The continuum shell model (CSM)38 and the Gamow shell model 
(GSM)39 include the effects of the continuum, which should be impor-
tant for drip-line and unbound nuclei. The shell-model calculation 
using the SDPF-M interaction37 includes the pf-shell orbitals in its model 
space, which should be important if either or both 27,28O lie within the 
IoI. All the calculations, except those with the SDPF-M interaction, 
predict a Jπ = 3/2+ 27Ogs. In the case of the SDPF-M, a 3/2− ground state 
is found with essentially degenerate 3/2+ (energy plotted in Fig. 3) and 
7/2− excited states at 0.71 MeV.

The remaining theoretical predictions are based on χEFT interac-
tions. The valence-space in-medium similarity renormalization group 
(VS-IMSRG)33 uses the 1.8/2.0 (EM) EFT potential43. The results for the 
self-consistent Green’s function (SCGF) approach are shown for the 
NNLOsat (ref. 47) and NN+3N(lnl) potentials35. The coupled-cluster 
calculation (Λ-CCSD(T)36) using NNLOsat is also shown. Except for the 
results obtained using the GSM, all of the calculations shown predict 
higher energies than found here for 27O and 28O.

We now turn to the question of whether the N = 20 shell closure 
occurs in 28O. Specifically, the measured cross-section for single- 
proton removal from 29F may be used to deduce the corresponding 
spectroscopic factor (C2S), which is a measure of the degree of over-
lap between initial and final state wavefunctions. As noted at the start 
of this paper, the N = 20 shell closure disappears in 29F and the ground 
state is dominated by neutron pf-shell configurations5,16–18. As such, 
if the neutron configuration of 28O is very similar to 29F and the Z = 8 
shell closure is rigid, the spectroscopic factor for proton removal  
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Fig. 3 | Ground-state energies with respect to 24O. Experiment is shown  
by the black circles, in which the values for 27,28O are the present results and 
those for 25,26O are taken from the atomic mass evaluation54. The experimental 
uncertainties are smaller than the symbol size. Comparison is made with 
predictions of shell-model calculations using the EEdf3 (refs. 31,32), USDB9 and 
SDPF-M37 (see text for 27O) interactions, the coupled-cluster method with  
the statistical approach (CC) and shell-model calculations incorporating 
continuum effects (CSM38 and GSM39). Also shown are the predictions of ab 
initio approaches (VS-IMSRG33, SCGF35 and Λ-CCSD(T)36). The vertical bars  
for CC denote 68% credible intervals. The shaded band for GSM shows the 
uncertainties owing to pf-continuum couplings.

Y. Kondo et al., Nature 620, 965 (2023)

cf. talk by 
A. Obertelli
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How Were the Elements Made?

Core-Collapse Supernovae Neutron-Star Mergers

Multi-physics problem that requires microscopic inputs

• Equation of state (EOS) of strongly interacting matter

• including supra-nuclear densities (exotic matter)


• Neutrino interactions
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Physics Beyond the Standard Model

• Standard Model does not 
contain dark matter or 
dark energy


• SM neutrinos are massless, 
but neutrino flavor 
oscillations that require 
mass have been 
confirmed experimentally 


• SM does not explain 
observed matter-
antimatter asymmetry 
(insufficient CP symmetry 
violation)image credit: ESA


https://sci.esa.int/web/euclid/-/42267-science

[EUCLID expected to launch on July 1, 2023]

https://sci.esa.int/web/euclid/-/42267-science
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Physics Beyond the Standard Model

“Standard” Double Beta Decay

>�

>�

L�

L�

�̄L

�̄L

• neutrinos are Dirac particles 


• Standard Model valid

Neutrinoless Double Beta Decay

>�

>�

L�

L�

�L(= �̄L)

• neutrinos are Majorana 
particles 


• beyond Standard Model: 
new physics
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Physics Beyond the Standard Model

“Standard” Double Beta Decay

>�
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�̄L

�̄L

• neutrinos are Dirac particles 


• Standard Model valid

Neutrinoless Double Beta Decay

>�

>�

L�

L�

�L(= �̄L)

• neutrinos are Majorana 
particles 


• beyond Standard Model: 
new physics

yields absolute neutrino  
mass scale if we can compute 

nuclear matrix elements 
accurately
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Nuclear Matrix Elements

• inputs tailored to specific methods: phenomenological 
EDFs, Shell Model interactions, … 


• quenched gA , “renormalization” of operators, etc.

M. Agostini et al., RMP 95, 025002 (2023)

comparing apples 
and oranges

need 
more ab initio 
calculations

cf. talk by 
B. Schmidt
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CP Violation and EDMs

• need BSM CP violation to explain 
matter-antimatter asymmetry - e.g., 
CP-violating  vertex in (chiral) EFT πNN

• induces neutron EDM and nuclear 
EDMs via a (P)T-violating interaction VPT

• Probed by screened dipole (=Schiff) 
moment 

⟨Sz⟩ = ∑
k

⟨0 |Sz |k⟩⟨k |VPT |0⟩
E0 − Ek

+ c . c .

• enhanced by large deformation and 
small energy denominator - e.g., parity 
doublet of  ground state and  excited 
state in 225Ra 

1
2

+ 1
2

−

How Diamagnetic Atoms Get EDMs, Roughly

. . . and to a nuclear EDM from the nucleon
EDM or a T-violating NN interaction:

n p n

⇡�

�

ḡ g

N

?
⇡

ḡ

⇡
ḡ

�

VPT / ḡg ⇥ (� 1 ± �2) · (+1 � +2)
exp (�m⇡ |r1 � r2 |)

m⇡ |r1 � r2 ||                                                 {z                                                 }
FPT

+contact terms/etc.

Atoms get EDMs from nuclei. Electronic shielding replaces nuclear
dipole operator with “Schiff operator,”

S /

’
p

✓
r2p �

5
3R

2
ch

◆
zp + . . . ,

making relevant nuclear quantity the Schiff moment:

hSi =
’
m

h0| S |mi hm| VPT |0i
E0 � Em

+ c.c.

Job of nuclear-structure theory: compute de-
pendence of hSi on the three ḡ’s (and on the
contact-term coefficients and nucleon EDM).

It’s up to QCD/EFT to compute the dependence of the
ḡ vertices on fundamental sources of CP violation.

For Example: Enhanced Sensitivity in Radium-225

FRIB-TA - EDMs

225Ra: Dobaczewski & Engel PRL 94:232502 (2005)
199Hg: Ban et al. PRC 82:015501 (2010)

Skyrme Model Isoscalar Isovector

SIII 300 4000

SkM* 300 2000

SLy4 700 9000

Total Enhancement Factor: EDM (225Ra) / EDM (199Hg)

• Nearly degenerate parity doublet

Haxton & Henley PRL 51:1937 (1983)

• Large intrinsic Schiff moment due to octupole deformation

Auerbach, Flambaum, & Spevak PRL 76:4316 (1996)|añ |bñ

Parity Doublet

2019-08-16

55 keV

Choose an isotope
with large deformations

Unknown

27image credit: J. Singh

225Ra
image credit: J. Engel
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Preliminary !NS result at Nmax=3 and  Nmax=5 still being double checked

Feasible to reach Nmax=11

Towner & Hardy used !NS = -0.4 
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CKM Unitarity and Beta Decays

• new insights from ab 
initio analysis of 
radiative corrections to 
(super allowed) beta 
decays 


• e.g., No-Core Shell 
Model with Continuum 
calculations of  in 
10C


• Towner & Hardy used 

δNS, δC

δNS = − 0.40 %

Gennari, Navratil, in progress

cf. talk by 
P. Plattner
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

accurate description of NN at 
least up to Elab ~ 200 MeV

converged 

higher orders in progress

not yet converged 

impact on few- & many-N 
systems?

converged ??
presently out of reach for 
few- & many-N studies

Nuclear forces up to N3LO
dimensional analysis counting

Chiral Effective Field Theory

• organization in powers                allows systematic improvement
• low-energy constants fit to NN, 3N data (future: from Lattice QCD (?))
• consistent NN, 3N, ... interactions & transition operators

[figure by H. Krebs]
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nucleon

pion

contact force
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Renormalization

SRG Evolution in Three-Body Space

chiral NN+3N
N3LO + N2LO, triton-fit, 500 MeV

α = 0.000 fm4

Λ =∞ fm−1

Jπ = 1
2

+
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“bare” NN+3N

• tune resolution scale of a theory in 
systematic fashion with 
Renormalization Group methods

• conserve relevant information in 
low-resolution theory

• renormalization reduces effort by 
orders of magnitude, allows our 
methods to reach heavier nuclei

• example: 3H ground-state energy 
from exact diagonalization

• must be applied consistently to 
all observables

SRG Evolution in Three-Body Space

α = 0.320 fm4

Λ = 1.33 fm−1

Jπ = 1
2

+
, T = 1

2 ,ℏΩ = 28MeV

3B-Jacobi HO matrix elements
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Paradigms
• Coordinate Space 

• Quantum Monte Carlo


• Lattice EFT

• Configuration Space: Particle-Hole Expansions 

• Many-Body Perturbation Theory (MBPT)


• (No-Core) Configuration Interaction (aka Shell 
Model, (NC)SM) 


• Coupled Cluster (CC)


• In-Medium Similarity Renormalization Group 
(IMSRG)

• Configuration Space / Coordinate Space: 
Geometric Expansions 

• deformed HF(B) + projection


• projected Generator Coordinate Method (PGCM)


• symmetry-adapted NCSM

0p0h 1p1h 2p2h

εk

εF

�

�F

active / valence space

reference state
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Paradigms
• Coordinate Space 

• Quantum Monte Carlo


• Lattice EFT


• Configuration Space: Particle-Hole Expansions 

• Many-Body Perturbation Theory (MBPT)


• (No-Core) Configuration Interaction (aka Shell 
Model, (NC)SM) 


• Coupled Cluster (CC)


• In-Medium Similarity Renormalization Group 
(IMSRG)


• Configuration Space / Coordinate Space: 
Geometric Expansions 

• deformed HF(B) + projection


• projected Generator Coordinate Method (PGCM)


• symmetry-adapted NCSM

0p0h 1p1h 2p2h

εk

εF

�

�F

active / valence space
Recent(-ish) Reviews: 
HH, Front. Phys. 8, 379 (2020)

S. Gandolfi, D. Lonardoni, A. Lovato and M. Piarulli, Front. Phys. 8, 117 (2020)

D. Lee, Front. Phys. 8, 174 (2020)

V. Somà, Front. Phys. 8, 340 (2020)


also see  
“What is ab initio in nuclear theory?”, A. Ekström, C. Forssén, G. Hagen, G. R. Jansen, W. 
Jiang, T. Papenbrock, arXiv:2212.11064
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Basis Size “Explosion”

• constructing and storing full H matrix is impossible

• exploit matrix sparseness, but problem is still hard

274 C. Yang et al.
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Figure 1: The characteristics of the CI projected Hamiltonian Ĥ for a variety of
nuclei.

by more than one single-particle state, and a two-body integral becomes zero when a
and b differ by more than two single-particle states, etc. This observation allows us
to determine many of the zero entries of Ĥ without evaluating the numerical integral
in (5).

Empirical evidence suggests that the probability of two randomly chosen but valid
many-body basis states sharing more than k−2 single-particle states is relatively low.
As a result, Ĥ is extremely sparse. Figure 1 shows both the growth of the matrix
dimension (|A|) with respect to Nmax and the growth of the number of nonzero
elements in Ĥ with respect to |A| for a variety of nuclei for both two-body and two-
plus three-body potentials. In practice, we observe that the number of non-zeros in Ĥ
is proportional to |A|3/2.

To compute the eigenvalues of Ĥ efficiently on a high performance parallel com-
puter, the following three issues must be addressed carefully:

1. The generation and distribution of the many-body basis states — This step
essentially determines how the matrix Hamiltonian Ĥ or ĤZ is partitioned and
distributed in subsequent calculations.

2. The construction of the sparse matrix Hamiltonian Ĥ — This step is performed
simultaneously on all processors. Each processor will construct its portion of Ĥ
defined by the many-body basis states assigned to it. Because the positions
of the nonzero elements of the Hamiltonian is not known a priori, the key to
achieving good performance during this step is to quickly identify the locations
of these elements without evaluating them numerically first.

3. The calculation of the eigenvalues and eigenvectors using the Lanczos itera-
tion — The major cost of the Lanczos iteration is the computation required to
perform sparse matrix-vector multiplications of the form y ← Ĥx, where x, y
are both vectors. Performing efficient orthogonalizations of the Lanczos basis
vectors is also an important issue to consider.

3 Parallel basis generation

Because the rows and columns of Ĥ are indexed by valid many-body basis states, the
first step of the nuclear CI calculation is to generate these states so that they can be
used to construct and manipulate matrix elements of Ĥ in subsequent calculations. It

from: C. Yang, H. M. Aktulga, P. Maris, E. Ng, J. Vary, Proceedings of NTSE-2013

75 GB per vector 7.5 TB
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Decoupling in A-Body Space

• identify the parts of the operator H which couple reference 
state to excitations

• eliminate them with SRG (or other similarity transformations)
• efficient: polynomial scaling, no need to construct matrix !

|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �
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Decoupling

Ê Ê Ê Ê

Ê

Ê

Ê

Ê

Ê

Ê

Ê
Ê
Ê
Ê
Ê
ÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊÊ‡ ‡ ‡ ‡ ‡ ‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡‡

10-5 10-4 10-3 10-2 10-1 100 101
-600

-580

-560

-540

-520

s

E
@M
eV
D

40Ca
E
E+MBPTH2L

���	, � = �.� ����, ��
 = �



H. Hergert - 60th International Winter Meeting on Nuclear Physics, Bormio, Italy, Jan 24, 2024

Decoupling

off-diagonal couplings    
are rapidly driven to zero
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Decoupling

• absorb correlations into RG-improved Hamiltonian

• reference state is ansatz for transformed, less correlated 
eigenstate:

U(s)HU†(s)U(s)
��ǭn

�
= EnU(s)

��ǭn
�

U(s)
��ǭn

� !
=

��Ǫ
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“standard” IMSRG: build correlations on top of 

Slater determinant (=independent-particle state)

Correlated Reference States

! IMSRG(2) IMSRG(3) IMSRG(4) IMSRG(5)

. . . 
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“standard” IMSRG: build correlations on top of 

Slater determinant (=independent-particle state)

Correlated Reference States

! IMSRG(2) IMSRG(3) IMSRG(4) IMSRG(5)

. . . 

Collective (aka static) correlations, e.g.

due to intrinsic deformation:
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Correlated Reference States

! MR-IMSRG(2)

. . . 

MR-IMSRG: build correlations on top of 

already correlated state (e.g., from a method that


describes static correlation well)

IMSRG

reference
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

Could add

 self-consistency.

* mean field or 
explicitly correlated
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IMSRG-Improved Methods

XYZ 
define


reference

IMSRG 
evolve


operators

XYZ 
extract


observables

• IMSRG for closed and open-shell nuclei: IM-HF 
and IM-PHFB

• HH, Phys. Scripta, Phys. Scripta 92, 023002 (2017)


• HH, S. K. Bogner, T. D. Morris, A. Schwenk, and K. Tuskiyama, 
Phys. Rept. 621, 165 (2016)


• Valence-Space IMSRG (VS-IMSRG)                 

• S. R. Stroberg, HH, S. K. Bogner, J. D. Holt, Ann. Rev. Nucl. Part. 

Sci. 69, 165 


• In-Medium No Core Shell Model (IM-NCSM)                                         

• E. Gebrerufael, K. Vobig, HH, R. Roth, PRL 118, 152503


• In-Medium Generator Coordinate Method (IM-
GCM)                                               

• J. M. Yao, J. Engel, L. J. Wang, C. F. Jiao, HH PRC 98, 054311 

(2018)


• J. M. Yao et al., PRL 124, 232501 (2020) 



Are We There Yet?
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Uncertainty

Are these results good, bad, or just ok? Is there genuine tension 
between theory and experiment? How can we know?

LETTERS NATURE PHYSICS

are shown in the inset of Fig. 1. The OES of the radii is quite pro-
nounced near N = 40, but our new data points reveal a reduction 
of the OES towards N = 50, starting at 74Cu. This is likely to be 
attributed to the change in the ground-state proton configuration. 
Indeed, as reflected in the ground-state spins and moments13,14, up 
to 73Cu, the odd proton resides predominantly in the πp3∕2 orbital, 
while from 74Cu onwards it occupies the πf5∕2 shell.

We will now demonstrate that modern density functional theory 
(DFT) and the valence-space in-medium similarity renormaliza-
tion group (VS-IMSRG) frameworks can both provide a satisfactory 
understanding of changes in the charge radii and binding energies 
of the copper isotopic chain between neutron numbers N = 29 and 
N = 49, down to the scale of the small OES. In the context of the 
following discussion, it is important to remember that the global 
(bulk) behaviour of nuclear charge radii is governed by the Wigner–
Seitz (or box-equivalent) radius r0 ¼ ½3=ð4πρ0Þ%

1=3

I
, which is given 

by the nuclear saturation density ρ0. On the other hand, the local 
fluctuations in charge radii, including OES, are primarily impacted 
by the shell structure and many-body correlations. The common 
interpretation of OES involves various types of polarization exerted 
by an odd nucleon, occupying a specific shell-model (or one-quasi-
particle) orbital15. In particular, the self-consistent coupling between 
the neutron pairing field and the proton density provides a coherent 
understanding of the OES of charge radii of spherical nuclei such as 
semi-magic isotopic chains5,16–18.

With measurements now spanning all isotopes between the two 
exotic doubly magic systems 56,78Ni, the copper isotopes represent 
an ideal laboratory for testing novel theoretical approaches in the 
medium-mass region. This region of the nuclear chart represents 
new territory for A-body theories based on two-nucleon (NN) and 

three-nucleon (3N) forces derived from chiral effective field the-
ory19,20. In general, OES of masses has only been sparsely studied 
within the context of nuclear forces and many-body methods21,22. 
However, the VS-IMSRG approach7,8 has now sufficiently advanced 
to study most nuclear properties in essentially all open-shell sys-
tems below A = 100, including masses, charge radii, spectroscopy 
and electroweak transitions23. The presence of a potential sub-shell 
closure at N = 40 (ref. 9) and the well-evidenced structural changes 
due to shell evolution as N = 50 is approached13 all serve to test such 
calculations even further. From the side of the DFT calculations, the 
recently developed Fayans functional, successful in describing the 
global trends of charge radii in the Sn (Z = 50) and Ca (Z = 20) mass 
regions3–5, has not been tested in this region of the nuclear chart, nor 
with data on odd-Z isotopes in general.

Details on both the DFT and VS-IMSRG calculations can be 
found in the Methods, but a few key aspects will be mentioned. The 
DFT calculations were carried out with the Fayans energy density 
functional24, which—importantly—reproduces the microscopic 
equations of state of symmetric nuclear matter and neutron matter. 
The inclusion of surface and pairing terms dependent on density 
gradients has been shown to be crucial for reproducing (the OES 
of) the calcium charge radii5. The VS-IMSRG calculations were per-
formed with two sets of NN+3N forces derived from chiral effec-
tive field theory, the PWA and 1.8/2.0(EM) interactions of ref. 25. 
Both are constrained by only two-, three- and four-body data, with 
3N-forces specifically fit to reproduce the 3H binding energy and 
4He charge radius.

The absolute charge radii of the copper isotopes are compared 
to the theoretical calculations in Fig. 2a. These total charge radii are 
obtained using the reference radius1 r65 = 3.9022(14) fm. Excellent 
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Fig. 3 | Comparison of experimental and theoretical three-point staggering parameters of binding energies (Δð3Þ
E
I

) and radii (Δð3Þ
r
I

). Data are plotted as 
a function of neutron number N using the same colour scheme as in Fig. 2. For the DFT calculations, green squares are used for the Fy(std) functional and 
blue diamonds for the Fy(Δr) functional, while the VS-IMSRG calculations are displayed using red squares for the PWA interaction and orange diamonds 
for the EM1.8/2.0 interaction. Experimental error bars are statistical and represent one standard deviation. Error bars on the DFT calculations represent 
only the statistical contribution. The top panels compare to the OES of the binding energies, while the bottom panels show charge radii. The calculations in 
the left panels were performed with DFT, while the right panels show the VS-IMSRG results.
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chromium isotopes
R. de Groote et al., Nat. Phys. 16, 620 (2020) 

968 | Nature | Vol 620 | 31 August 2023

Article
In the case of 27O, a decay energy of E0123 = 1.09 ± 0.04(stat) ± 0.02 

(syst) MeV was found. The width of the resonance was comparable with 
the estimated experimental resolution of 0.22 MeV (FWHM). Neverthe-
less, it was possible to obtain an upper limit on the width—0.18 MeV 
(68% confidence interval)—through a fit of a gated E012 spectrum for 
the much higher statistics 24O and two-neutron coincidence events, as 
shown in Extended Data Fig. 2f. The spin and parity ( Jπ) of the resonance 
may be tentatively assigned to be 3/2+ or 7/2− based on the upper limit 
of the width (see Methods).

Comparison with theory
The experimental ground-state energies of the oxygen isotopes  
25–28O are summarized in Fig. 3 and compared with theoretical calcula-
tions based on chiral effective field theory (χEFT)31–36 and large-scale 
shell-model calculations9,37, including those with continuum effects38,39. 
We focus on large-scale shell-model and coupled-cluster calculations, 
in which the latter is augmented with a new statistical method. Both 
techniques include explicitly three-nucleon forces, which are known 
to play a key role in describing the structure of neutron-rich nuclei, 
including the oxygen isotopes and the location of the Z = 8 neutron 
drip line at 24O (refs. 40–42).

The large-scale shell-model calculations were undertaken using 
the new EEdf3 interaction, which was constructed on the basis of 
χEFT (see Methods). Because the calculations use a model space 
that includes the pf-shell orbitals, the disappearance of the N = 20 
shell closure can be naturally described. The EEdf3 interaction is a 
modified version of EEdf1 (refs. 31,32), which correctly predicts the 
neutron drip line at F, Ne and Na, as well as a relatively low-lying 29F 
excited state17 and the appreciable occupancy of the neutron 2p3/2 
orbital5,18. The EEdf3 interaction, which includes the effects of the 
EFT three-nucleon forces43, provides a reasonable description of 
the trends in the masses of the oxygen isotopes. However, as may 
be seen in Fig. 3, it predicts slightly higher 27,28O energies (about 
1 MeV) than found in the experiment. The calculated sum of the 
occupation numbers for the neutron pf-shell orbitals is 2.5 (1.4) for 
28O (27O) and for the 1d3/2 orbital 2.0 (2.1), which are consistent with 
a collapse of the N = 20 shell closure. The EEdf3 calculations show 
that 28Ogs has large admixtures of configurations involving neutron 
excitations in the pf-shell orbitals, as expected for nuclei in the 
IoI. This is supported by the measured cross-section as discussed  
below.

First-principles calculations were performed using the coupled- 
cluster (CC) method guided by history matching (HM)44–46 to explore 
the parameter space of the 17 low-energy constants (LECs) in the χEFT 
description of the two-nucleon and three-nucleon interactions. HM 
identifies the region of parameter space for which the emulated CC 
method generates non-implausible results (see Methods). A reliable, 
low-statistic sample of 121 different LEC parameterizations was 
extracted, for which the CC posterior predictive distribution (ppd) 
was computed for the ground-state energies of 27,28O, which are  
shown in Fig. 3. The predicted 27,28O energies are correlated, as is clearly  
seen in the plot of energy distributions shown in Extended Data  
Fig.  3. From this, the median values and 68% credible regions  
were obtained for the 27O–28O and 28O–24O energy differences: 

E∆ ( O) = 0.11 MeV27,28
+0.36
−0.39  and E∆ ( O) = 2.1 MeV28,24

+1.2
−1.3 . The experi-

mental values ∆E(27,28O) = 0.63 ± 0.06(stat) ± 0.03(syst) MeV and 
E∆ ( O) = 0.46 (stat) ± 0.02(syst) MeV28,24

−0.04
+0.05 , located at the edge of 

the 68% credible region, are consistent with the CC ppd. However, it is 
far enough away from the maximum to suggest that only a few finely 
tuned chiral interactions may be able to reproduce the 27O and 28O 
energies. Also, the obtained credible regions of the 27,28O energies with 
respect to 24O are relatively large, demonstrating that the measured 
decay energies of the extremely neutron-rich isotopes 27,28O are  
valuable anchors for theoretical approaches based on χEFT.

In Fig. 3, the predictions of a range of other models are shown. The 
USDB9 effective interaction (constructed within the sd shell) provides 
for arguably the most reliable predictions of the properties of sd-shell 
nuclei. The continuum shell model (CSM)38 and the Gamow shell model 
(GSM)39 include the effects of the continuum, which should be impor-
tant for drip-line and unbound nuclei. The shell-model calculation 
using the SDPF-M interaction37 includes the pf-shell orbitals in its model 
space, which should be important if either or both 27,28O lie within the 
IoI. All the calculations, except those with the SDPF-M interaction, 
predict a Jπ = 3/2+ 27Ogs. In the case of the SDPF-M, a 3/2− ground state 
is found with essentially degenerate 3/2+ (energy plotted in Fig. 3) and 
7/2− excited states at 0.71 MeV.

The remaining theoretical predictions are based on χEFT interac-
tions. The valence-space in-medium similarity renormalization group 
(VS-IMSRG)33 uses the 1.8/2.0 (EM) EFT potential43. The results for the 
self-consistent Green’s function (SCGF) approach are shown for the 
NNLOsat (ref. 47) and NN+3N(lnl) potentials35. The coupled-cluster 
calculation (Λ-CCSD(T)36) using NNLOsat is also shown. Except for the 
results obtained using the GSM, all of the calculations shown predict 
higher energies than found here for 27O and 28O.

We now turn to the question of whether the N = 20 shell closure 
occurs in 28O. Specifically, the measured cross-section for single- 
proton removal from 29F may be used to deduce the corresponding 
spectroscopic factor (C2S), which is a measure of the degree of over-
lap between initial and final state wavefunctions. As noted at the start 
of this paper, the N = 20 shell closure disappears in 29F and the ground 
state is dominated by neutron pf-shell configurations5,16–18. As such, 
if the neutron configuration of 28O is very similar to 29F and the Z = 8 
shell closure is rigid, the spectroscopic factor for proton removal  
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Fig. 3 | Ground-state energies with respect to 24O. Experiment is shown  
by the black circles, in which the values for 27,28O are the present results and 
those for 25,26O are taken from the atomic mass evaluation54. The experimental 
uncertainties are smaller than the symbol size. Comparison is made with 
predictions of shell-model calculations using the EEdf3 (refs. 31,32), USDB9 and 
SDPF-M37 (see text for 27O) interactions, the coupled-cluster method with  
the statistical approach (CC) and shell-model calculations incorporating 
continuum effects (CSM38 and GSM39). Also shown are the predictions of ab 
initio approaches (VS-IMSRG33, SCGF35 and Λ-CCSD(T)36). The vertical bars  
for CC denote 68% credible intervals. The shaded band for GSM shows the 
uncertainties owing to pf-continuum couplings.

Y. Kondo et al., Nature 620, 965 (2023) 
oxygen isotopes
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Modern Uncertainty Quantification

• treat model parameters as probability distributions rather 
than just numbers

• condition, calibrate, and validate with data

• predictions for observables become probability 
distributions as well

• allows characterization of likelihood, standard deviations 
(=error bars), correlations, parameter sensitivity, …

• challenge: need lots of expensive many-body calculations

• solution: construct emulators for costly simulations - can 
reduce computational effort by many orders of magnitude 
(but still need training data)
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Emulators 

• Data driven (only 
expectation values)


• E.g. Multi-output, Multi-
fidelity Deep Gaussian 
Processes (MM-DGP)

Extended Data Figure 8. The energy surfaces of Ge76

and Se76 in the triaxial deformation parameters (�,�)
plane. The energies (normalized to the global minimum) of
states are obtained from the calculation with projections onto
the right particle numbers N,Z and angular momentum I = 0
using the IMSRG-evolved chiral interaction EM1.8/2.0.
Neighboring contour lines are separated by 1.0 MeV.

Extended Data Figure 9. The configuration dependence
of the NME for 76Ge by the leading-order LR transition
operators. In the panel (a), the NME changes as a function
of the axial deformation parameter � and the neutron-proton
isoscalar pairing amplitude �np of initial (I) and final (F)
nuclei, where �np is a fixed to be 0,4,8,12, and 16,
respectively, while the value of � takes the value of �0.4,
�0.3, · · · , 0.3, 0.4, respectively. In the panel (b), the NME
changes as a function of the quadrupole deformation
parameters (�,�), where � is a fixed to be 0�, 10�, 20�, 30�,
40�, 50�, and 60�, respectively, while the � takes the value of
0.1, 0.2, 0.3 and 0.4, respectively.

Extended Data Figure 10. Comparison of the emulated
NMEs of the MM-DGP with the VS-IMSRG calculations.
The NME of the VS-IMSRG are obtained with eMax = 12 (the
highest fidelity used for the emulator). Blue points are the
training data and red points are predictions for test points.
The root mean square error on the test points is 0.13.

16/16

Drischler, Melendez, Furnstahl, Garcia, and Zhang BUQEYE Guide to Projection-Based Emulators...

stationary condition

�E [ e ] ⌘ 0 = 2 h� e |[H(✓)� eE(✓)]| e i

� � eE(✓)[h e | e i � 1], (3)

and noting that Equation (3) is only fulfilled for
arbitrary variations h� e | if | e i is a solution of the
Schrödinger Equation (1) with eE(✓) = E(✓).

Let us now define the trial wave function we use
in conjunction with the functional (2):

| e i =
nbX

i=1

�i | ii ⌘ X~�, (4a)

X =

h
| 1i | 2i · · · | nbi

i
, (4b)

where the column-vector ~� contains the to-be-
determined coefficients and the row-vector4 X
the (in principle) arbitrary basis states. Here, we
use snapshots of high-fidelity solutions of the
Schrödinger Equation (1) at a set of given parameter
values; i.e., {| ii ⌘ | (✓i)i}

nb
i=1 [2, 48–50]. No

assumption has been made as to how to obtain the
high-fidelity solutions.

Figure 1 motivates the efficacy of snapshot-based
trial functions. Although a given eigenvector | (✓)i
obtained from a high-fidelity solver resides in a
high-dimensional (or even infinite-dimensional)
space, the trajectory traced out by continuous
variations in ✓ remains in a relatively low-
dimensional subspace (as illustrated by the gray
plane). Hence, linear combinations of high-fidelity
eigenvectors spanning this subspace (i.e., the
snapshots) make extremely effective trial wave
functions for variational calculations. In nuclear
physics, snapshot-based emulators already have
accurately approximated ground-state properties,
such as binding energies, charge radii [7, 9, 25], and
transition matrix elements [9, 29], and have been
explored for applications to excited states [51].

Given the trial wave function (4), we determine
the coefficients ~�? that render E [ e = X~�]

4 In a representation of H , the  i corresponding to | ii are the nb columns
of the matrix X in that representation.

Figure 1. Illustration of a projection-based
emulator using only two snapshots | ii ⌘ | (✓i)i
(dark gray points). These snapshots are high-fidelity
solutions of the Schrödinger Equation (1), which
span the subspace of the reduced-order model, as
indicated by the red arrows and the gray plane. The
trajectory of a high-fidelity eigenvector is denoted
by the blue curve. The orange dot depicts an
eigenvector | (✓)i along the trajectory that, when
projected onto the reduced space, corresponds to
the turquoise point; hence, the difference between
the orange and turquoise points represents the error
due to the emulator’s subspace projection (i.e., the
dotted line). Inspired by Figure 2.1 in Reference [2].

stationary under variations |� e i = X |�~�i of
the trial wave function, as opposed to arbitrary
variations. Solving for the optimal ~�? occurs then
in the low-dimensional space spanned by the basis
elements in X (i.e., the red arrows in Figure 1)
rather than in the high-dimensional space in which
| i resides. From the stationarity condition (3), we
obtain the reduced-order model [52]

eH(✓)~�?(✓) = eE(✓) eN ~�?(✓), (5a)

~�†?(✓) eN ~�?(✓) = 1, (5b)

where eH(✓) ⌘ X†H(✓)X is the subspace-
projected Hamiltonian and eN ⌘ X†X the norm
matrix in the snapshot basis. As opposed to H(✓)
in Equation (1), eH(✓) (and likewise eN ) is a nb⇥nb
Hermitian matrix,

eH(✓) =

2

64
h 1|H(✓)| 1i · · · h 1|H(✓)| nbi

... . . . ...
h nb |H(✓)| 1i · · · h nb |H(✓)| nbi

3

75 .

(6)

Frontiers 3

error

J. Melendez et al., JPG 49, 102001 (2022), C. Drischler et al., Front. Phys. 10, 1092931 (2023) 
E. Bonilla et al., PRC 106, 054322 (2022), P. Giuliani et al., Front. Phys. 10, 1054524 (2023) 

J. Pitcher, A. Belley et al., in preparation, A. Belley et al., arXiv:2308.15643 (v2)

• Physics driven  reduced-
order models (ROMs)


• E.g., Galerkin projection 
for bound-state or 
scattering wave functions



• non-invasive ROM 
emulator based on 
Dynamic Mode 
Decomposition

• NNLOGO, NN+3N, 
, 

Δ
emax = 12 E3max = 14

• 1-10M samples 

• computational 
effort reduced by 
5+ orders of 
magnitude
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Emulation for Operators (IMSRG)
J. Davison, J. Crawford, S. Bogner, HH, in preparation

Pre
lim
ina
ry

optimal experimental design: 
Identify nuclei and observables from which we 


can learn most about physical phenomena, 

interactions / EFTs, …



No Matter Where You Go… There You Are
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Towards Ab Initio Mass Tables

Valence-Space IMSRG “mass table” based on a chiral 
NN+3N interaction (EM1.8/2.0)

tens of keV—well beyond current levels of precision—can
make the difference between an isotope being bound or
unbound. Therefore, an assessment of theoretical uncer-
tainty is mandatory for any meaningful drip line prediction.
Ab initio methods present an appealing framework for
uncertainty quantification: one begins with the most gen-
eral Lagrangian compatible with the applicable sym-
metries, organized by a systematically improvable power
counting, then solves the nuclear many-body problem
within a controlled and systematically improvable approxi-
mation scheme, propagating all uncertainties. Such a
prescription has not yet been achieved in practice, so for
the present we use a comparison with known data to
calibrate a physically motivated model for the error. Recent
work in a similar spirit has applied Bayesian machine
learning algorithms to global mass models [10,41,42]. The
main advantages of our current approach are (i) the
predictions should not be biased towards measured data,
because they were not fit to any data beyond helium and
(ii) the predictions can be benchmarked where the proton
and neutron drip lines are known experimentally (mass
models are typically applied to Z ≳ 8).
In the VS-IMSRG, a valence-space Hamiltonian of

tractable dimension is decoupled from the larger Hilbert
space via an approximate unitary transformation. We begin
in a harmonic-oscillator basis of 15 major shells (i.e.,
e ¼ 2nþ l ≤ emax ¼ 14) with an imposed cut of e1 þ e2 þ
e3 ≤ E3Max ¼ 16 for 3N matrix elements. The resulting
ground-state energies are converged to better than a few

hundred keV with respect to these truncations, and we
perform extrapolations in emax to obtain infrared conver-
gence [43,44]. Transforming to the Hartree-Fock basis, we
capture effects of 3N interactions between valence nucleons
via the ensemble normal ordering of Ref. [35]. We then use
the Magnus formulation of the IMSRG [29,45], truncating
all operators at the normal-ordered two-body level—the
IMSRG(2) approximation—to generate approximate
unitary transformations that decouple the core energy
and valence-space Hamiltonian for each nucleus to be
calculated.
By default, we employ a so-called 0ℏω valence space,

where valence nucleons occupy the appropriate single
major harmonic-oscillator shell (e.g., for 8 < NðZÞ < 20
the sd shell, 20 < NðZÞ < 40 the pf shell, etc.). At
NðZÞ ¼ 2, 8, 20, 40, we do not decouple a neutron (proton)
valence space, and no explicit neutron (proton) excitations
are allowed in the calculation. We discuss exceptions to this
below. Finally the resulting valence-space Hamiltonians are
diagonalized with the NuShellX@MSU shell-model code [46]
(with the exception of a few of the heaviest Ca, Sc, and Ti
isotopes, which were computed with the m-scheme code
Kshell [47]).
We thus calculate ground (and excited) states of all

nuclei from helium to iron, except those for which the shell-
model diagonalization is beyond our computational limits.
For the input NNþ 3N interaction, we use the potential
labeled 1.8=2.0 (EM) in Refs. [17,48], where the 3N
couplings were fit to the 3H binding energy and the 4He

FIG. 1. Calculated probabilities for given isotopes to be bound with respect to one- or two-neutron (proton) removal. The gray region
indicates nuclei that have been calculated, while the height of the boxes corresponds to the estimated probability that a given nucleus is
bound with respect to one- or two-neutron (proton) removal in the neutron-rich (deficient) region of the chart. The inset shows the
residuals with experimental ground-state energies.

PHYSICAL REVIEW LETTERS 126, 022501 (2021)

022501-2

S. R. Stroberg et al., PRL 126, 022501 (2021) 

cf. talk by 
A. Obertelli
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 Big Bang Radiative Capture4He (d, γ) 6Li

• BB nucleosynthesis models 
under-predict 6Li abundance - 
one cause could be inaccurate 
reaction rates


• NCSMC computation based on 
chiral EFT interactions

group (SRG) transformation in three-body space with a
momentum resolution scale of λ ¼ 2 fm−1 [32]. The eigen-
states of the aggregate 6Li, 4He, and d nuclei are obtained
using a basis of many-body harmonic oscillator wave
functions with frequency ℏΩ ¼ 20 MeV and a maximum
number Nmax ¼ 11 of particle excitation quanta above the
lowest energy configuration of the system. Discussions on
the choice of the microscopic Hamiltonian, the influence
of the SRG transformation on the electromagnetic operators,
and the convergence of our predictions can be found in the
Supplemental Material [33] (which includes Refs. [34–38]).
Our predicted S factor agrees well with available existing

experimental data [4,6,39,40] (top panel of Fig. 1). Overall,
when only the SRG-evolved NN potential is considered
(NN-only), our calculation reproduces well the magnitude
of the data, particularly at low energies where it agrees with
the direct measurements of the LUNA collaboration [4].
Our results are however incompatible with the ones inferred

from breakup data [6], which, as discussed before, have
been shown to suffer from model dependence [7].
However, this NN-only prediction misses the positions
of the 3þ and 2þ resonance peaks respectively measured
by Mohr et al. around E3þ ¼ 0.71 MeV [39] and by
Robertson et al. around E2þ ¼ 2.84 MeV [40]. This is
expected because both the chiral and SRG-induced 3N
forces strongly affect the splitting between the 3þ and 2þ

states [22]. When both NN and 3N forces (both chiral and
SRG induced) are considered, the 6Li 3þ and 2þ resonances
are in excellent agreement with the direct measurements of
Mohr et al. and Robertson et al., but the ground state (g.s.)
is overbound by ∼310 keV (see Supplemental Material
[33]). Compared to the NN-only case, the inclusion of the
3N forces modifies the 6Li g.s. properties, namely its
binding energy and asymptotic normalization constants
(ANCs) in the l ¼ 0 (C0) and l ¼ 2 (C2) partial waves in the
relative 4He-d motion (see Table I), causing small changes
in the magnitude and the slope of the S factor at low
energy [41,42].
To improve our evaluation of the S factor at low energy

[41,42], we correct the overbinding of the 6Li g.s. by
shifting only the energies of the 1þ g.s. and 2þ resonant
eigenstates of the aggregate 6Li system such that the full
NCSMC to reproduce the experimental energies, as done in
Refs. [23–25,47]. This fine-tuning (NNþ 3Nloc-pheno)
impacts mainly the low-energy part of the S factor and
the energy region close to the 2þ resonance. This phe-
nomenological correction also brings the predicted ANCs
(C0 and C2) closer to the values inferred from the low-
energy 6Li-4He and 4He-d phase shifts in Refs. [45,46] (last
column of Table I). The uncertainty associated with our
NNþ 3Nloc-pheno results are estimated from the errors
arising from the truncation of the model space in the
number of excitation quanta Nmax and the choice of the
chiral 3N force (see Supplemental Material [33]). Because
our predictions reproduce low-energy capture and elastic-
scattering observables (see Supplemental Material [33]),
the discrepancy between our prediction for C0 and previous
works extracting ANCs from phase shifts is most likely due
to systematic uncertainties owing to the use of optical
potentials [48–50] or to the extrapolation procedure to the
experimental binding energy [51,52] that have not been
quantified in Refs. [45,46]. Moreover, our ratio C0=C2 is in
excellent agreement with the previously extracted evalu-
ation of Ref. [45], for which systematic uncertainties have
been accounted for.
The relative importance of the electromagnetic E2, E1,

and M1 transitions varies with energy (bottom panel of
Fig. 1). We find that the E2 transitions dominate the
nonresonant and resonant capture, in line with previous
works [8–17]. Different from those studies, we obtain
larger E2 strengths, that can be explained, as the E2
operator [Eq. (2)] is long ranged, by the larger amplitude
of the 6Li g.s. at large distance, i.e., by the larger value of

FIG. 1. Top: predicted S factor for the 4Heðd; γÞ6Li compared
with data taken from Refs. [4] (red circles), [6] (blue square), [39]
(green down-triangles), and [40] (black up-triangles). Calcula-
tions are obtained using the SRG-evolved N3LO NN potential
[43] (NN-only) with λ ¼ 2 fm−1, the NNþ 3Nloc [28,30] without
(NNþ 3Nloc), and with the phenomenological energy adjustment
(NNþ 3Nloc-pheno). Bottom: E2, E1, and M1 components of
the predicted S factor for the 4Heðd; γÞ6Li obtained with the
NNþ 3Nloc-pheno.
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the predicted ANC C0 (second line of Table I). Moreover,
we find a sizeable M1 component that has not been
predicted in previous works [8–17]. This M1 contribution
arises from the internal dipole magnetic moments of the 6Li
and d nuclei, making a full microscopic description
essential for an accurate calculation. The good agreement
between our predicted magnetic moment and the exper-
imental one corroborates our evaluation (last line in
Table I). Finally, our calculations show that the E1
transitions have a negligible influence on the S factor
[53], contrary to what is usually predicted using phenom-
enological prescriptions.
From the S factor at low energy, we obtain a thermo-

nuclear reaction rate for the 4Heðd; γÞ6Li (NNþ 3Nloc-
pheno in Fig. 2) with uncertainties reduced by an average
factor of 7 compared with the nuclear astrophysics compi-
lation of reaction rates (NACRE II) [18]. Because the low-
energy S factor is dominated by the binding energy and the
ANCs of the g.s., the description of which is improved as
an effect of the phenomenological correction of the g.s.
energy, the uncertainties remain small for all T9 ≲ 2 GK.
Our result is systematically smaller than the NACRE II rate,
but agrees well with the rates reported by the LUNA
collaboration (LUNA 2017) [54]. Contrary to our first-
principle prediction, both the NACRE II and LUNA
evaluations rely on an extrapolation of experimental data
informed by a two-body 4Heþ d potential model.
In this Letter, we carried out an ab initio prediction

or the 4Heðd; γÞ6Li radiative capture at BBN energies
starting from chiral effective field theory (EFT) NN and
3N forces, treating both bound and scattering states within
the same formalism and consistently evaluating the under-
lying electromagnetic transitions. In line with previous
studies, we find that the E2 transitions dominate the capture
at all relevant BBN energies. However, different from the

earlier understanding, our results indicate that the M1
transitions become increasingly important at low energies,
while the E1 component remains negligible over the whole
energy range. The validity of our evaluation is demon-
strated by the excellent agreement with available S-factor
data (both those at low energy measured by the LUNA
collaboration and those in the vicinity of the 3þ resonance)
and with the experimental magnetic dipole moment. Our
microscopic prediction leads to a systematically lower
reaction rate, with an average reduction of 9%, and a
factor of 7 smaller uncertainty than the recent NACRE II
evaluation [18]. In this Letter, we have accounted for
systematic uncertainties related to the convergence of
our calculations and the choice of the 3N force.
However, we have not accounted for the statistical uncer-
tainties owing to the parametrization of the chiral NNþ 3N
Hamiltonian. We reserve that study for future work.
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receives federal funding via a contribution agreement with
the National Research Council of Canada. Computing
support for this work came from the Lawrence
Livermore National Laboratory (LLNL) Institutional
Computing Grand Challenge program.

TABLE I. Ground-state properties of 6Li (binding energy Eg:s:

[MeV], ANCs C0, C2 [fm−1=2], and magnetic moment μ [μN])
obtained using the SRG-evolved N3LO NN potential (NN-only)
with λ ¼ 2 fm−1, the NNþ 3Nloc without (3Nloc) and with the
phenomenological energy adjustment (3Nloc-pheno). The last
column lists the experimental (Expt.) Eg:s: and μ [44], and ANCs
inferred from a phase shift analysis [45]. The first uncertainty is
purely statistical, and the second is an estimate of the systematic
error. The previous evaluation (eval.) for C0 of Blokhsintsev et al.
[46] is also reported (third line).

NN-only 3Nloc 3Nloc-pheno Expt. or eval.

Eg:s: −1.848 −1.778 −1.474 −1.4743

C0 2.95 2.89 2.62(4) 2.28(7)
2.29(12)

C2 −0.0369 −0.0642 −0.0554ð305Þ −0.077ð18Þ
C2=C0 −0.013 −0.022 −0.021ð11Þ −0.025ð6Þð10Þ
μ 0.85 0.84 0.84(1) 0.8220473(6)

FIG. 2. Ratio of the predicted thermonuclear reaction rates
(black line) for the 4Heðd; γÞ6Li with the NACRE-II evaluation
(red line) [18] for the 4Heðd; γÞ6Li for different temperature T9 in
GK. Our results are also compared with the recent thermonuclear
reaction rate derived from the measurements of the LUNA
collaboration (blue line) [54]. The shaded areas correspond to
the uncertainty of each calculation (see text for details).
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Differential Radii and Trends

differential observables like the staggering of energies ( ) and radii ( ) 
or the charge radius difference of mirror nuclei, , are insensitive to 
variations of interaction cutoffs / resolution scale

Δ(3)
E Δ(3)

r
ΔRch
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are shown in the inset of Fig. 1. The OES of the radii is quite pro-
nounced near N = 40, but our new data points reveal a reduction 
of the OES towards N = 50, starting at 74Cu. This is likely to be 
attributed to the change in the ground-state proton configuration. 
Indeed, as reflected in the ground-state spins and moments13,14, up 
to 73Cu, the odd proton resides predominantly in the πp3∕2 orbital, 
while from 74Cu onwards it occupies the πf5∕2 shell.

We will now demonstrate that modern density functional theory 
(DFT) and the valence-space in-medium similarity renormaliza-
tion group (VS-IMSRG) frameworks can both provide a satisfactory 
understanding of changes in the charge radii and binding energies 
of the copper isotopic chain between neutron numbers N = 29 and 
N = 49, down to the scale of the small OES. In the context of the 
following discussion, it is important to remember that the global 
(bulk) behaviour of nuclear charge radii is governed by the Wigner–
Seitz (or box-equivalent) radius r0 ¼ ½3=ð4πρ0Þ%

1=3

I
, which is given 

by the nuclear saturation density ρ0. On the other hand, the local 
fluctuations in charge radii, including OES, are primarily impacted 
by the shell structure and many-body correlations. The common 
interpretation of OES involves various types of polarization exerted 
by an odd nucleon, occupying a specific shell-model (or one-quasi-
particle) orbital15. In particular, the self-consistent coupling between 
the neutron pairing field and the proton density provides a coherent 
understanding of the OES of charge radii of spherical nuclei such as 
semi-magic isotopic chains5,16–18.

With measurements now spanning all isotopes between the two 
exotic doubly magic systems 56,78Ni, the copper isotopes represent 
an ideal laboratory for testing novel theoretical approaches in the 
medium-mass region. This region of the nuclear chart represents 
new territory for A-body theories based on two-nucleon (NN) and 

three-nucleon (3N) forces derived from chiral effective field the-
ory19,20. In general, OES of masses has only been sparsely studied 
within the context of nuclear forces and many-body methods21,22. 
However, the VS-IMSRG approach7,8 has now sufficiently advanced 
to study most nuclear properties in essentially all open-shell sys-
tems below A = 100, including masses, charge radii, spectroscopy 
and electroweak transitions23. The presence of a potential sub-shell 
closure at N = 40 (ref. 9) and the well-evidenced structural changes 
due to shell evolution as N = 50 is approached13 all serve to test such 
calculations even further. From the side of the DFT calculations, the 
recently developed Fayans functional, successful in describing the 
global trends of charge radii in the Sn (Z = 50) and Ca (Z = 20) mass 
regions3–5, has not been tested in this region of the nuclear chart, nor 
with data on odd-Z isotopes in general.

Details on both the DFT and VS-IMSRG calculations can be 
found in the Methods, but a few key aspects will be mentioned. The 
DFT calculations were carried out with the Fayans energy density 
functional24, which—importantly—reproduces the microscopic 
equations of state of symmetric nuclear matter and neutron matter. 
The inclusion of surface and pairing terms dependent on density 
gradients has been shown to be crucial for reproducing (the OES 
of) the calcium charge radii5. The VS-IMSRG calculations were per-
formed with two sets of NN+3N forces derived from chiral effec-
tive field theory, the PWA and 1.8/2.0(EM) interactions of ref. 25. 
Both are constrained by only two-, three- and four-body data, with 
3N-forces specifically fit to reproduce the 3H binding energy and 
4He charge radius.

The absolute charge radii of the copper isotopes are compared 
to the theoretical calculations in Fig. 2a. These total charge radii are 
obtained using the reference radius1 r65 = 3.9022(14) fm. Excellent 
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Fig. 3 | Comparison of experimental and theoretical three-point staggering parameters of binding energies (Δð3Þ
E
I

) and radii (Δð3Þ
r
I

). Data are plotted as 
a function of neutron number N using the same colour scheme as in Fig. 2. For the DFT calculations, green squares are used for the Fy(std) functional and 
blue diamonds for the Fy(Δr) functional, while the VS-IMSRG calculations are displayed using red squares for the PWA interaction and orange diamonds 
for the EM1.8/2.0 interaction. Experimental error bars are statistical and represent one standard deviation. Error bars on the DFT calculations represent 
only the statistical contribution. The top panels compare to the OES of the binding energies, while the bottom panels show charge radii. The calculations in 
the left panels were performed with DFT, while the right panels show the VS-IMSRG results.
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Neutron Skin in 208Pb

• 208Pb is heaviest nucleus for which 
converged ab initio calculations have 
been achieved (VS-IMSRG, CC)


• chiral forces favor thin neutron 
skin, in mild tension with recent 
experimental result from PREX

ARTICLES NATURE PHYSICS

implausible LECs that yield model predictions too far from exper-
imental data. For this purpose, we use an implausibility measure 
(Methods) that links our model predictions and experimental 
observations as

[ = .(Ȇ) + ȃ

FYQ

+ ȃ

FN

+ ȃ

NFUIPE

+ ȃ

NPEFM

 	�


relating the experimental observations z to emulated ab initio pre-
dictions M(θ) via the random variables ȃ

FYQ

, εem, εmethod and εmodel 
that represent experimental uncertainties, the emulator precision, 
method approximation errors and the model discrepancy due to the 
EFT truncation at next-to-next-to leading order, respectively. The 
parameter vector θ corresponds to the 17 LECs at this order. The 
method error represents, for example, model space truncations and 
other approximations in the employed ab initio many-body solv-
ers. The model discrepancy εmodel can be specified probabilistically 
since we assume to operate with an order-by-order improvable EFT 
description of the nuclear interaction (see Methods for details).

The final result of the five history-matching waves is a set of 34 
non-implausible samples in the 17-dimensional parameter space 
of the LECs. We then perform ab initio calculations for nuclear 
observables in 48Ca and 208Pb, as well as for properties of infinite 
nuclear matter.

Ab initio computations of 208Pb
We employ the coupled-cluster (CC)12,30,31, in-medium similarity 
renormalization group (IMSRG)32 and many-body perturbation 
theory (MBPT) methods to approximately solve the Schrödinger 
equation and obtain the ground-state energy and nucleon densities 
of 48Ca and 208Pb. We analyse the model space convergence and use 
the differences between the CC, IMSRG and MBPT results to esti-
mate the method approximation errors (Methods and Extended 
Data Figs. 3 and 4). The computational cost of these methods 
scales (only) polynomially with increasing numbers of nucleons 
and single-particle orbitals. The main challenge in computing 
208Pb is the vast number of matrix elements of the three-nucleon 
(3N) force which must be handled. We overcome this limita-
tion by using a recently introduced storage scheme in which we 
only store linear combinations of matrix elements directly enter-
ing the normal-ordered two-body approximation19 (see Methods  
for details).

Our ab initio predictions for finite nuclei are summarized in 
Fig. 2. The statistical approach that leads to these results is com-
posed of three stages. First, history matching identified a set of 
34 non-implausible interaction parameterizations. Second, model 
calibration is performed by weighting these parameterizations—
serving as prior samples—using a likelihood measure according to 
the principles of sampling/importance resampling33. This yields 34 
weighted samples from the LEC posterior probability density func-
tion (Extended Data Fig. 5). Specifically, we assume independent 
EFT and many-body method errors and construct a normally dis-
tributed data likelihood encompassing the ground-state energy per 
nucleon E/A and the point-proton radius Rp for 48Ca, and the energy 
&

�

+ of its first excited 2+ state. Our final predictions are therefore 
conditional on this calibration data.

We have tested the sensitivity of final results to the likelihood 
definition by repeating the calibration with a non-diagonal covari-
ance matrix or a Student t distribution with heavier tails, finding 
small (~1%) differences in the predicted credible regions. The EFT 
truncation errors are quantified by studying ab initio predictions at 
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Fig. 1 | Trend of realistic ab initio computations for the nuclear A-body 
problem. The bars highlight the years of the first realistic computations 
of doubly magic nuclei. The height of each bar corresponds to the mass 
number A divided by the logarithm of the total compute power RTOP500 (in 
flops!s−1) of the pertinent TOP500 list45. This ratio would be approximately 
constant if progress were solely due to exponentially increasing computing 
power. However, algorithms which instead scale polynomially in A have 
greatly increased the reach.
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+ and electric dipole 
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of the experimental data (z), errors (σi), medians (white circle) and 68% 
credibility regions (thick bar). The prediction for Rskin(208Pb) in the bottom 
panel is shown on an absolute scale and compared with experimental 
results using electroweak5 (purple), hadronic34,35 (red), electromagnetic4 
(green) and gravitational wave36 (blue) probes (from top to bottom; see 
Extended Data Fig. 7b for details).
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different orders in the power counting for 48Ca and infinite nuclear 
matter. We validate our ab initio model and error assignments by 
computing the posterior predictive distributions, including all rel-
evant sources of uncertainty, for both the replicated calibration data 
(blue) and the history-matching observables (green) (Fig. 2). The 
percentage ratios σtot/z of the (theory-dominated) total uncertainty 
to the experimental value are given in the right margin.

Finally, having built confidence in our ab initio model and 
underlying assumptions, we predict Rskin(208Pb), E/A and Rp for 
208Pb, αD for 48Ca and 208Pb as well as nuclear matter properties, by 
employing importance resampling33. The corresponding posterior 
predictive distributions for 48Ca and 208Pb observables are shown 
in Fig. 2 (lower panels, pink). Our prediction Rskin(208Pb) = 0.14–
0.20 fm exhibits a mild tension with the value extracted from the 
recent parity-violating electron scattering experiment PREX5 but 
is consistent with the skin thickness extracted from elastic proton 
scattering34, antiprotonic atoms35 and coherent pion photoproduc-
tion4 as well as constraints from gravitational waves from merging 
neutron stars36.

We also compute the weak form factor Fw(Q2) at momentum 
transfer QPREX = 0.3978(16) fm−1, which is more directly related to 
the parity-violating asymmetry measured in the PREX experiment. 
We observe a strong correlation with the more precisely measured 
electric charge form factor Fch(Q2) (Fig. 3b). While we have not 
quantified the EFT and method errors for these observables, we find 
a small variance among the 34 non-implausible predictions for the 
difference Fw(Q2) − Fch(Q2) for both 48Ca and 208Pb (Fig. 3c).

Ab initio computations of infinite nuclear matter
We also make predictions for nuclear-matter properties by employ-
ing the CC method on a momentum space lattice37 with a Bayesian 
machine-learning error model to quantify the uncertainties from the 
EFT truncation14 and the CC method (see Methods and Extended 
Data Fig. 6 for details). The observables we compute are the satura-
tion density ρ0, the energy per nucleon of symmetric nuclear mat-
ter E0/A, its compressibility K, the symmetry energy S (that is, the 
difference between the energy per nucleon of neutron matter and 
symmetric nuclear matter), and its slope L. The posterior predic-
tive distributions for these observables are shown in Fig. 3a. These 
distributions include samples from the relevant method and model 
error terms. Overall, we reveal relevant correlations among observ-
ables, previously indicated in mean-field models, and find good 
agreement with empirical bounds38. The last row shows the result-
ing correlations with Rskin(208Pb) in our ab initio framework. In par-
ticular, we find essentially the same correlation between Rskin(208Pb) 
and L as observed in mean-field models (Extended Data Fig. 7b).

Discussion
The predicted range of the 208Pb neutron skin thickness (Extended 
Data Table 2) is consistent with several extractions4,39,40, each of which 
involves some model dependence, and in mild tension (approxi-
mately 1.5σ) with the recent PREX result5. Ab initio computations 
yield a thin skin and a narrow range because the isovector phys-
ics is constrained by scattering data8,13,41. A thin skin was also pre-
dicted in 48Ca (ref. 15). We find that both Rskin(208Pb) = 0.14–0.20 fm  
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Quenching of Gamow-Teller Decays

• empirical Shell model calculations require quenching factors 
of the weak axial-vector couling 


• VS-IMSRG explains this through consistent renormalization of 
transition operator, incl. two-body currents

gA

LETTERSNATURE PHYSICS

of 2BCs in A ≤ 7 nuclei is similar to what was found in the Green’s 
function Monte Carlo calculations of ref. 26. We find a rather sub-
stantial enhancement of the 8He Gamow–Teller matrix element due 
to the 2BC. Let us mention, though, that this transition matrix ele-
ment is the smallest of those presented in Fig. 2. We note that, for the 
other Hamiltonians employed in this work, the 2BCs and 3N were 
not fit to reproduce the triton half-life; nevertheless, the inclusion of 
2BCs for most of these cases also improves the agreement with data 
for the light nuclei considered in Fig. 2 (see Supplementary Fig. 9 
for results obtained with NNLOsat and NN-N3LO + 3Nlnl). The case 
of 10C is special because the computed Gamow–Teller transition is 
very sensitive to the structure of the Jπ = 1+ state in the 10B daughter 
nucleus. Depending on the employed interaction, this state can mix 
with a higher-lying 1+ state, greatly impacting the precise value of 
this transition. We finally note that benchmark calculations between 

the many-body methods used in this work agree to within 5% for 
the large transition in 14O. For smaller transitions discrepancies can 
be larger (see Supplementary Information for details).

Historically, the most extensive evidence for the quenching 
of Gamow–Teller β-decay strength comes from medium-mass 
nuclei14,16,27, and we now show that our calculations with these 
consistent Hamiltonians and currents largely solve the puzzle here 
as well. We use the valence-space in-medium similarity renor-
malization group (VS-IMSRG) method8 (see Methods for details) 
and compute Gamow–Teller decays for nuclei in the mass range 
between oxygen and calcium (referred to as sd-shell nuclei) and 
between calcium and vanadium (lower pf-shell nuclei), focusing on 
strong transitions. Here, we highlight the NN-N4LO + 3Nlnl interac-
tion and corresponding 2BCs.

Figure 3 shows the empirical values of the Gamow–Teller tran-
sition matrix elements versus the corresponding unquenched 
theoretical matrix elements obtained from the phenomenological 
shell model with the standard Gamow–Teller στ operator and the 
first-principles VS-IMSRG calculations. Perfect agreement between 
theory and experiment is denoted by the diagonal dashed line. The 
results from the phenomenological shell model clearly exemplify 
the state of theoretical calculations for decades13–16,27; as an example, 
in the sd-shell shell, a quenching factor of q ≈ 0.8 is needed to bring 
the theory into agreement with experiment14. The VS-IMSRG cal-
culations without 2BCs (not shown) exhibit a modest improvement, 
with a corresponding quenching factor of 0.89(4) for sd-shell nuclei 
and 0.85(3) for pf-shell nuclei, pointing to the importance of con-
sistent valence-space wavefunctions and operators (Supplementary 
Fig. 10). As in 100Sn, the inclusion of 2BCs yields an additional 
quenching of the theoretical matrix elements, and the linear fit of 
our results lies close to the dashed line, meaning our theoretical pre-
dictions agree, on average, with experimental values across a large 
number of medium-mass nuclei.

Another approach often used in the investigation of Gamow–
Teller quenching is the Ikeda sum-rule: the difference between the 
total integrated β− and β+ strengths obtained with the στ∓ operator 
yields the model-independent sum-rule 3(N – Z). We have com-
puted the Ikeda sum-rule for 14O, 48Ca and 90Zr using the coupled-
cluster method (see Methods for details). For the family of EFT 
Hamiltonians used for 100Sn we obtain a quenching factor aris-
ing from 2BCs that is consistent with our results shown in Fig. 3  
and the shell-model analyses from refs. 14–16,27. (Supplementary 
Fig. 7). We note that the comparison with experimental sum-rule 
tests using charge-exchange reactions28,29 is complicated by the 
use of a hadronic probe, which only corresponds to the leading 
weak one-body operator, and by the challenge of extracting all 
strength to high energies. Here, our developments enable future 
direct comparisons.

It is the combined proper treatment of strong nuclear correla-
tions with powerful quantum many-body solvers and the consis-
tency between 2BCs and three-nucleon forces that largely explains 
the quenching puzzle. Smaller corrections are still expected to 
arise from neglected higher-order contributions to currents and 
Hamiltonians in the EFT approach we pursued, and from neglected 
correlations in the nuclear wavefunctions. For beyond-standard-
model searches of new physics such as neutrino-less double-β-
decay, our work suggests that a complete and consistent calculation 
without a phenomenological quenching of the axial-vector coupling 
gA is called for. This Letter opens the door to ab initio calculations of 
weak interactions across the nuclear chart and in stars.

Online content
Any methods, additional references, Nature Research reporting 
summaries, source data, statements of data availability and asso-
ciated accession codes are available at https://doi.org/10.1038/
s41567-019-0450-7.

19Ne1/2 → 19F1/2

37K3/2 → 37Ar5/2

25Al5/2 → 25Mg5/2

37K3/2 → 37Ar3/2

26Na3 → 26Mg2

30Mg0 → 30Al1
28Al3 → 28Si2
24Ne0 → 24Na1

34P1 → 34S0

33P1/2 → 33S3/2

24Na4 → 24Mg4

34P1 → 34S0

42Sc7 → 42Ca6

42Ti0 → 42Sc1

45V7/2 → 45Ti7/2

45Ti7/2 → 45Sc7/2

43Sc7/2 → 43Ca5/2

45V7/2 → 45Ti5/2

47V3/2 → 47Ti5/2

47Sc7/2 → 47Ti7/2

45Ti7/2 → 45Sc7/2

∣MGT∣ theory (unquenched)

∣M
G

T
∣ e

xp
er

im
en

t
∣M

G
T
∣ e

xp
er

im
en

t

0
0

1

2

3

0

1

2

This work

Shell model

q = 1

q = 0.96(6)

q = 0.80(2)

This work

Shell model

q = 1
q = 0.92(4)
q = 0.75(3)

3a

b

1 2 3

∣MGT∣ theory (unquenched)

0 1 2 3

46Sc4 → 46Ti4

Fig. 3 | Gamow–Teller strengths in medium-mass nuclei. Comparison 
of experimental30 and theoretical Gamow–Teller matrix elements for 
medium-mass nuclei. a,b, Plots of Gamow–Teller matrix elements: sd-
shell (a) and lower pf-shell (b). Theoretical results were obtained using 
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76Ge

comprehensive  
state of the art study: 


IM-GCM & VS-IMSRG, explores 
interactions, truncations, 


contact term, …

A. Belley et al., arXiv:2308.15643 (v2)
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76Ge / 76Se Structure

EM1.8/2.0 NN+3N interaction, ℏω = 12 MeV, emax = 10

A. Belley et al., arXiv:2308.15643 (v2)
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76Ge / 76Se Structure

EM1.8/2.0 NN+3N interaction, ℏω = 12 MeV, emax = 10

A. Belley et al., arXiv:2308.15643 (v2)



Where Do We Go From Here?
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Conclusions & Outlook

• ab initio approach is key for a predictive theory of nuclear 
structure and reactions

• rooted in QCD (proper symmetries)

• systematically improvable interactions and operators 
(through Chiral EFT)

• systematically improvable many-body methods

• quantified uncertainties (theoretical error bars)

• renormalization group methods are a powerful tool for 
nuclear theory

• always growing capabilities, many exiting applications 
ahead
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Progress in Ab Initio Calculations
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[ cf. HH, Front. Phys. 8, 379 (2020) ]

B. S. Hu et al., 
Nature Phys. (2022),  

arXiv: 2112.01125

 chiral NN+3N forces are largest 
source of uncertainty - but UQ & 

emulators are start of new era
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Progress in Ab Initio Calculations
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Thank you for your attention!
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Similarity Renormalization Group

• flow equation for Hamiltonian                                : 

• choose         to achieve desired behavior, e.g.,

to suppress (suitably defined) off-diagonal Hamiltonian

• consistent evolution for all observables of interest

Basic Idea
continuous unitary transformation of the Hamiltonian to band-
diagonal form w.r.t. a given “uncorrelated” many-body basis
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SRG in Two-Body Space
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SRG in Two-Body Space
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SRG in Three-Body Space
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SRG in Three-Body Space
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Operator Bases for the IMSRG
• choose a basis of  operators to represent the flow (make 

an educated guess about physics):

• close algebra by truncation, if necessary:

• flow equations for the coefficient (coupling constants):

• “obvious” choice for many-body problems:

d
dsck =

�

ij
gijk fi({c}) cj

�
Oi,Oj

�
=

�

k
gijkOk

H(s) =
�

i
ci(s)Oi , �(s) =

�

i
fi({c(s)})Oi

{Opq,Opqrs, . . .} = {a†
paq, a†

pa†
qasar, . . .}
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Transforming the Hamiltonian

excitations relative 

to reference state:

normal-ordering

|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �

|Ǫ
ab

c
ijk

�
|Ǫ

ab ij
�

|Ǫ
a i�

|Ǫ
�

0p0h 1p1h 2p2h

εk

εF

�

�F

a,b, . . . : � > �F

i, j, . . . : � � �F

p,q, . . . : full basis

• reference state: single Slater 
determinant

�
Ǫ

��H
��Ǫ� �
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Decoupling in A-Body Space

goal: decouple reference state  
from excitations

⇥⇥Ǫ
�

|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �

|Ǫ
ab

c
ijk

�
|Ǫ

ab ij
�

|Ǫ
a i�

|Ǫ
�

�
Ǫ

��H
��Ǫ� �

|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �

|Ǫ
ab

c
ijk

�
|Ǫ

ab ij
�

|Ǫ
a i�

|Ǫ
�

�
Ǫ

��H(�)
��Ǫ� �

U(s)HU†(s)

s � �
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|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �

|Ǫ
ab

c
ijk

�
|Ǫ

ab ij
�

|Ǫ
a i�

|Ǫ
�

�
Ǫ

��H
��Ǫ� �

Flow Equation

d
dsH(s) =

�
�(s),H(s)

�
, e.g., �(s) �

�
Hd(s),Hod(s)

�

/VK

|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �

|Ǫ
ab

c
ijk

�
|Ǫ

ab ij
�

|Ǫ
a i�

|Ǫ
�

�
Ǫ

��H(�)
��Ǫ� �
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|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �

|Ǫ
ab

c
ijk

�
|Ǫ

ab ij
�

|Ǫ
a i�

|Ǫ
�

�
Ǫ

��H
��Ǫ� �

Flow Equation

d
dsH(s) =

�
�(s),H(s)

�
, e.g., �(s) �

�
Hd(s),Hod(s)

�

/VK

Operators

truncated at two-body level -

matrix is never constructed  

explicitly!

|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �

|Ǫ
ab

c
ijk

�
|Ǫ

ab ij
�

|Ǫ
a i�

|Ǫ
�

�
Ǫ

��H(�)
��Ǫ� �
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Standard IMSRG(2) Flow Equations

0-body Flow

1-body Flow

��
��

= ＋

��
��

=                        ＋                        ＋                   ＋

~ 2nd order MBPT for H(s)

coefficients (couplings) of H(s) 
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Standard IMSRG(2) Flow Equations

2-body Flow

�Ĳ
��

=                   ＋                －                 －                 

＋              ＋                ＋                       －

s channel t channel u channel
ladders rings

O(N6) scaling 

(before particle/hole distinction)
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Coupled Cluster Method

• explicit ansatz for similarity transformation:

H̄ = eTHe−T, T = T[1] + T[2] + …

• project on 1p1h, 2p2h, ... spaces and demand that 
coupling terms vanish:

⟨Φa
i | H̄ |Φ⟩ = 0

⟨Φab
ij | H̄ |Φ⟩ = 0

• Note: effective Hamiltonian is not                         
Hermitian (symmetric)!

• solve non-linear algebraic equations (e.g., conjugate 
gradient, quasi-Newton, ... )

|Ǫ� |Ǫa
i � |Ǫab

ij � |Ǫabc
ijk �

|Ǫ
ab

c
ijk

�
|Ǫ

ab ij
�

|Ǫ
a i�

|Ǫ
�

�
Ǫ

��H
��Ǫ� �
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Symmetry-Adapted NCSM
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generators. Thus, Spð3;RÞ ⊃ Uð3Þ dynamical symmetry
implies strong E2 transitions between U(3) irreps differing
by two quanta within an Spð3;RÞ irrep. Predictions for
isoscalar E2 strengths follow directly from Spð3;RÞ gen-
erator matrix elements [62,63], with no free parameters, as
illustrated in Fig. 1(d) for σS ¼ 0ð3; 0Þ1=2.
Ab initio SpNCCI results for 7Be.—The present SpNCCI

framework for ab initio calculations makes use of a
symmetry-adapted basis for the fermionic many-body
space, one which reduces the subgroup chain (1) and is
free of center-of-mass excitations. Matrix elements of the
Hamiltonian and other operators are obtained recursively in
terms of matrix elements between the LGIs, building on the
ideas of Reske, Suzuki, and Hecht [64–66]. These seed
matrix elements are calculated using the U(3)-coupled
symmetry-adapted no-core shell model (SA-NCSM)
[9,52]. Details may be found in Ref. [56].
Here we carry out SpNCCI calculations for 7Be with the

Daejeon16 internucleon interaction [67], in a basis incor-
porating all Spð3;RÞ irreps with LGIs with up to 6 quanta
(Nσ;ex ≤ 6), and carrying each of these up to 6 quanta
(Nω;ex ≤ 6), both taken relative to the lowest Pauli-allowed
configuration. The resulting space is simply the center-of-
mass free subspace [68,69] of the Nmax ¼ 6 no-core shell
model (NCSM) space [70], and the spectroscopic results,
shown in Fig. 2(a), are identical to those of a traditional
Nmax ¼ 6 calculation.

Although symmetry-adapted bases combined with physi-
cally motivated truncation schemes can yield improved
convergence of calculations [49,52], our interest here lies
in understanding how the dynamical symmetry structure of
7Be underlies the features of theab initio calculated spectrum.
Since the basis reduces the subgroup chain (1), SpNCCI
calculations provide immediate access to the Spð3;RÞ and
U(3) symmetry decompositions of the calculated wave
functions, as illustrated in Fig. 3. Further decompositions
are provided in the Supplemental Material [72].
Notably, rotational features emerge in the spectrum. A

K ¼ 1=2 ground state band (J ¼ 1=2 through 7=2) is
readily recognized through enhanced E2 transitions in
the ab initio calculated spectrum [Fig. 2(a), lower dashed
line], as in earlier NCSM calculations [20–22]. Calculated
excitation energies within the band are already largely
insensitive to Nmax even though absolute energies are not
well converged (see Ref. [73]).
Moreover, two higher angular momentum states (9=2−2

and 11=2−1 ) have strong E2 connections to this ground state
band. In previous NCSM calculations [20–22], these states
have been considered as possible ground state band
members, albeit with energies above those expected from
the standard rotational energy formula with Coriolis stag-
gering [Fig. 2(a), lower dotted line]. Their quadrupole
moments are also anomalously large compared to the
ground state band members (Fig. 5 of Ref. [21]).

(a) (b)

FIG. 2. Ab initio calculated negative parity energy spectrum of 7Be: (a) Rotational bands (red squares). Strengths (line thickness and
shading) are indicated for all J-decreasing E2 transitions from rotational band members (specifically, Jf < Ji or Jf ¼ Ji and Ef < Ei).
Energies are plotted against angular momentum scaled as JðJ þ 1Þ, as appropriate for rotational analysis. Fits to the rotational energy
formula with Coriolis staggering are shown (dashed or dotted lines). (b) Most significant Spð3;RÞ contribution σS (indicated by symbol
shape and color, see legend) for each state. States with the same largest U(3) contribution ωS are connected by dashed lines. Close-lying
states may represent degenerate subspaces involving different internal spin couplings (square brackets, with a numeral 2 indicating
degenerate doublets indistinguishable in the plot) or may undergo significant two-state mixing (angled brackets). Experimental energies
[58] are shown for context (horizontal lines). Calculation is for the Daejeon16 interaction, with Nmax ¼ 6 and oscillator basis parameter
ℏω ¼ 15 MeV [71].
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• Demonstration of 
emergent symplectic 
Sp(3,ℝ) symmetry in 
nuclei


• Collective states in 
nuclei dominated by 
few specific irreps 


• irreps allow much 
smaller model 
spaces than“brute 
force” particle-hole 
expansion
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