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Nontrivial topology and Vacuum Energy  in gauge 
theories



• This talk is mostly based on several recent papers 
       where we attempt to reveal the nature of vacuum energy
       in gauge theories in general and strongly coupled QCD 
       in particular

• The key element in our studies is the so-called topological       
parameter

• The natural application of our our findings  is cosmology as 
some observables such as vacuum energy                are 
highly sensitive to      at arbitrary large distances even in a 
gapped theories such as QCD. 
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We want to argue that there is a novel type of 
energy in strongly coupled QCD.  This  energy has 
“non-dispersive” nature, and  can not be expressed 
in terms of conventional  scattering amplitudes. 

It explicitly contradicts to the “folk theorem” that 
the S-matrix contains all the information about 
all physical observables. 

All these novel effects are due to the nontrivial 
topological sectors in the gauge systems and 
tunnelling transitions between them.   

The effect is non-local in nature, and can not be 
expressed in terms  of local curvature in gradient 
expansion. It is expressed in terms of a non-local 
characteristics of the system -the holonomy.

1. preliminary: energy in QCD   



We apply these ideas to cosmological vacuum 
energy, de-Sitter space (Dark Energy, inflation)  

We want to test these ideas with explicit 
computations in Hyperbolic  space and the so-
called “deformed QCD” model.   

We want to argue that this portion of the QCD 
energy is amazingly close to the observed  Dark 
Energy (DE) today. 

We also want to argue that the observed magnetic 
field (with huge correlation length on the level 
of  1 Gps) is the direct manifestation of this DE.



A convenient  way to explain the nature of new type 
of vacuum energy is  to study the topological 
susceptibility ( it is the key element in the resolution of the so-
called U(1) problem in QCD, Witten, Veneziano, 1979 ). 

        does not vanish, though                       . It has 
``wrong sign”, see below. It can  not be related to 
any physical propagating degrees of freedom. 
Furthermore, it has a pole in momentum space 

There is a massless pole (Veneziano ghost), but 
there are no any physical massless states in the 
system. 

2.  Topological susceptibility

4

the theory is restored not due to the 2⌅ periodicity of Lagrangian (7). Rather, it is restored as a result of summation
over all branches of the theory when the levels cross at ⇤ = ⌅(mod 2⌅) and one branch replaces another and becomes
the lowest energy state as discussed in [23].

Finally, the dimensional parameter which governs the dynamics of the problem is the Debye correlation length of
the monopole’s gas,

m2
⇤ ⇥ L⇥

⌅
4⌅

g

⇧2

. (8)

The average number of monopoles in a “Debye volume” is given by

N ⇥ m�3
⇤ ⇥ =

⇥ g

4⌅

⇤3 1 
L3⇥

⇧ 1, (9)

The last inequality holds since the monopole fugacity is exponentially suppressed, ⇥ ⌅ e�1/g2

, and in fact we can view
(9) as a constraint on the validity of the approximation where semiclassical approximation is justified.

B. Topological susceptibility

The topological susceptibility ⇧ which plays a crucial role in resolution of the U(1)A problem [24–29] and is defined
as follows1

⇧(⇤ = 0) =
⌃2Evac(⇤)

⌃⇤2

����
�=0

(10)

= lim
k⇥0

�
d4xeikx�T{q(x), q(0)} ,

where ⇤ is the ⇤ parameter which enters the Lagrangian (6) along with topological density operator q(x) and Evac(⇤)
is the vacuum energy density determined by (7).

It is important that the topological susceptibility ⇧ does not vanish in spite of the fact that q = ⌃µKµ is total
divergence. Furthermore, any physical state gives a negative contribution to this diagonal correlation function

⇧dispersive ⌅ lim
k⇥0

�
d4xeikx�T{q(x), q(0)} (11)

⌅ lim
k⇥0

⌥

n

�0|q|n �n|q|0 
�k2 � m2

n

⌥ �
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n

|cn|2

m2
n

⇤ 0,

where mn is the mass of a physical state, k ⌃ 0 is its momentum, and �0|q|n = cn is its coupling to topological
density operator q(x). At the same time the resolution of the U(1)A problem requires a positive sign for the topological
susceptibility (12), see the original reference [26] for a thorough discussion,

⇧non�dispersive = lim
k⇥0

�
d4xeikx�T{q(x), q(0)} > 0. (12)

Therefore, there must be a contact contribution to ⇧, which is not related to any propagating physical degrees of
freedom, and it must have the “wrong” sign. The “wrong” sign in this paper implies a sign which is opposite to
any contributions related to the physical propagating degrees of freedom (11). In the framework [24] the contact
term with “wrong” sign has been simply postulated, while in refs.[25, 26] the Veneziano ghost had been introduced
into the theory to saturate the required property (12). Furthermore, as we discuss below the contact term has in
fact the structure ⇧ ⌅

⌃
d4x�4(x). The significance of this structure is that the gauge variant correlation function in

momentum space

lim
k⇥0

�
d4xeikx�Kµ(x),K⇥(0) ⌅ kµk⇥

k4
(13)

1 We use the Euclidean notations where path integral computations are normally performed.

q(x) ⇠ @µK
µ(x)

�YM =

Z
d4x hq(x), q(0)i 6= 0

�YM

@2Evac(✓)

@✓2
= �YM

To avoid confusion: This is the Wick’s T-product, not Dyson’s       



conventional physical degrees of freedom always 
contribute with sign (-) while one needs sign (+) to 
satisfy WI and resolve the U(1) problem 

Conventional terms (related to propagating degrees 
of freedom) always  produce                      behaviour 
at large distances.   

Witten simply postulated this term, while Veneziano 
assumed the unphysical field, the so-called the 
“Veneziano ghost” to saturate “wrong” sign in     .  

In some models this contact non-dispersive term with 
“wrong” sign (+) can be explicitly computed. It is 
originated from the tunnelling effects  between the  
degenerate topological sectors of the theory.                      

8

IV. INSIGHTS FROM LATTICE SIMULATIONS AND FROM HOLOGRAPHIC PICTURE OF QCD

In this section we want to get some insights from the lattice results. The Monte Carlo simulations are normally
performed in Euclidean space. Therefore, we reformulate the low energy relations discussed in previous sections II and
III to Euclidean space time in order to make comparison with lattice results.

A. Topological susceptibility

The scalar correlation function in Euclidean space takes the form and it is negative

⌥
dx  0|T

⇤
b�s

8⇧
G2(x)

b�s

8⇧
G2(0)

⌅
|0⌦ = �4 0|b�s

8⇧
G2|0⌦ < 0, (19)

while the topological susceptibility in the Euclidean space is positive

⌃Eucl =

⌥
dx  0|T

��s

8⇧
GG̃(x)

�s

8⇧
GG̃(0)

 
|0⌦ = 1

N2
c

|Evac(⌅)| > 0. (20)

The di�erence in signs4 between these two correlation functions can be seen in Minkowski space as well, see eq. (3)
versus (6). The crucial observation here is as follows: any physical state contributes to ⌃Eucl with negative sign

⌃dispersive ⌅ lim
k�0

⌃

n

 0|q|n⌦ n|q|0⌦
�k2 � m2

n

< 0, (21)

in drastic contrast with low energy relation (20). It poses no problem for the correlation function (19) when the
physical dilaton saturates the negative sign in eq.(19). At the same time the positive physical mass m2

�0 > 0 for
the ⇤⇥ meson requires the positive sign for the topological susceptibility (20), see the original reference [33] for a
thorough discussion. Therefore, there must be a contact contribution to ⌃, which is not related to any propagating
physical degrees of freedom, and it must have a “wrong sign” (in comparison with (21) representing the conventional
dispersive contribution) to saturate the positive sign for topological susceptibility (20). In di�erent words, it must be a
non-dispersive contribution to ⌃ which is not associated with any asymptotical physical states in conventional dispersion
relations. In the framework [34] the contact term with “wrong sign” has been postulated, while in refs.[32, 33] the
Veneziano ghost had been introduced to saturate the required property (20).

The simplest way to convince yourself in necessity for a non-dispersive contribution to ⌃ with a “wrong sign” is
to compute the topological susceptibility ⌃QCD in QCD rather than in gluodynamics. The topological susceptibility
⌃QCD(mq = 0) = 0 must vanish in the chiral limit as a consequence of the Ward Identities (WI). It is very instructive to
see how it happens. If one models the contact contribution to ⌃ using the Veneziano ghost, the topological susceptibility
in Euclidean space can be represented as follows, see [9, 49] and references therein:

⌃QCD ⇤
⌥

d4x 0|T{q(x), q(0)}|0⌦QCD =
f2
�0m2

�0

4
·
⌥

d4x
�
⇥4(x) � m2

�0Dc(m�0x)
⇥

(22)

where Dc(m�0x) is the Green’s function of a free massive particle with standard normalization
⇧
d4xm2

�0Dc(m�0x) = 1.
The term proportional �Dc(m�0x) with negative sign in eq. (22) is resulted from the lightest physical ⇤⇥ state of mass
m�0 and it has a negative sign in accordance with (21). At the same time the ⇥4(x) represents the ghost contribution
with “wrong” sign which can not be associated with any physical states. The ghost’s contribution can be also thought
as the Witten’s contact term [34] not related to any propagating degrees of freedom. The topological susceptibility
⌃QCD(mq = 0) = 0 vanishes in the chiral limit as a result of exact cancellation between two terms entering (22) in
complete accordance with WI. The WI can not be satisfied if the contact term is not present in the system. When
mq ⌃= 0 the cancellation is not complete and ⌃QCD ⇧ mq q̄q⌦ in accordance with WI.

In case of “deformed QCD” considered in [40] we could explicitly compute the contact term and see that it is saturated
by the monopoles which in weak coupling regime describe the tunnelling processes between di�erent topological sectors
of the theory. While the topological sectors in case of strongly coupled 4d QCD of course still exist, we do not have

4 A warning signal with the signs: the physical degrees of freedom in Euclidean space (where the lattice computations are performed)
contribute to topological susceptibility �QCD with the negative sign, while the contact term (the Veneziano ghost) contributes with the
positive sign, in contrast with our discussions in Minkowski space, see eqs. (3), (6).

exp (�⇤QCDL)

�non�dispersive =

Z
d4x hq(x), q(0)i = 1

N2
|Evac| > 0

�



These contributions can not be described in terms 
of conventional degrees of freedom (wrong sign); 

They are inherently non-local in nature as they 
are related to the tunnelling processes which are 
formulated in terms of the non-local large gauge 
transformation operator and holonomy; 

These terms may exhibit the long range features 
even through QCD has a gap (similar to the CM 
topological insulators); 

The effects have been explained  in terms           . 
However,  the      -dependent portion of energy             
(relevant for the cosmological applications) has 
all these unusual features due to the relation 
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The topological susceptibility        as a function of r.  Wrong sign for             
     is well established phenomenon;  it has been tested on the lattice 
(plot above is from C. Bernard et al, LATTICE 2007).  This 
contribution is not related to any physical degrees of freedom, and 
can be interpreted as a contact term.   

�(r)

Contribution from 
physical degrees of 

freedom (negative sign 
with  finite width)

Contact  term  (positive sign +, 
vanishing width in continuum )

�
�(r = 0)



3. Warm up example: Maxwell system in 2d  

2D Maxwell theory is exactly solvable model. It is 
an empty theory as it does not support any 
propagating DoF. Still, it has non-trivial dynamics. 

The   partition function for     vacua is known (in 
Hamiltonian approach): 

We want to reproduce               using path integral 
computations as it can be generalized to 4d system. 
Instanton configurations, topological  charge 
density Q, classical action are: 

✓
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the standard and generically accepted arguments sug-
gesting that all physical e�ects in Maxwell theory can
be formulated in terms of physical propagating photons
which are completely described by conventional Z0. Yet,
all the e�ects discussed in the present work are formu-
lated in fundamentally di�erent terms coded by Ztop.
The point is that the standard description is not quite
complete when 4d Maxwell theory is formulated on a
non-simply connected, compact manifold. The stan-
dard “naive” argument neglects the topological sectors,
which are indeed absent when the theory is formulated
in the topologically trivial Minkowski space-time. How-
ever, these topological sectors become important when
the theory is formulated on a nontrivial manifold.

When one attempts to remove all unphysical degrees
of freedom by a gauge fixing, the physics related to pure
gauge configurations describing the topological sectors of
the theory does not go away; instead, this physics reap-
pears in a much more complicated form where the so-
called Gribov’s ambiguities [11] emerge in Maxwell sys-
tem formulated on a compact manifold [12–15], see some
comments on this matter in concluding section V. In this
work we opt to keep some gauge freedom and study these
topological sectors explicitly, rather than deal with (tech-
nically complicated) analysis of the Gribov’s copies.

The structure of our presentation is as follows. In the
next section II, we review the relevant parts of the two di-
mensional Maxwell “empty” theory which does not have
any physical propagating degrees of freedom. Still, it
demonstrates a number of very nontrivial topological fea-
tures present in the system. In section III we generalize
our computations for 4d Maxwell theory defined on four
torus. We find two types of novel contributions to the en-
tropy in this system. First contribution with a negative
sign is very similar to topological entanglement entropy
well-studied in topologically ordered condensed matter
systems. The second contribution with a positive sign
results from emergent degeneracy which occurs when the
system is placed into a background of external magnetic
field which resembles a behaviour of topological insula-
tors with ⇥ = ⇤.

II. MAXWELL THEORY IN TWO
DIMENSIONS AS TOPOLOGICAL QFT

The 2d Maxwell model has been solved numerous times
using very di�erent techniques, see e.g.[16–18]. It is
known that this is an “empty” theory in a sense that it
does not support any propagating degrees of freedom in
the bulk of space-time. It is also known that this model
can be treated as a conventional topological quantum
field theory (TQFT). In particular, this model can be
formulated in terms of the so-called “BF” action involv-
ing no metric. Furthermore, this model exhibits many
other features such as fractional edge observables which
are typical for TQFT, see e.g.[17]. We emphasize on these
properties of the 2d Maxwell theory because the topolog-

ical portion of the partition function Ztop in our descrip-
tion of 4d Maxwell system, given in section III, identically
the same as the partition function of 2d Maxwell system.
As we already mentioned such a relation between the
two di�erent systems is a result of decoupling of physical
propagating photons from the topological sectors in 4d
system.
Our goal here is to review this “empty” 2d Maxwell

theory with nontrivial dynamics of the topological sectors
when conventional propagating degrees of freedom are
not supported by this system.

A. Partition function

We consider 2d Maxwell theory defined on the Eu-
clidean torus S1 ⇥ S1 with lengths L and � respectively.
In the Hamiltonian framework we choose a A0 = 0 gauge
along with ⌅1A1 = 0. This implies that A1(t) is the only
dynamical variable of the system with E = Ȧ1.
The spectrum for ⇥ vacua is well known [16] and it is

given by En(⇥) = 1
2

�
n+ �

2⇥

⇥2
e2L, such that the corre-

sponding partition function takes the form

Z(V, ⇥) =
⇤

n⇥Z
e�

e2V
2 (n+ �

2⇥ )
2

, (1)

where V = �L is the two-volume of the system.
We want to reproduce (1) using a di�erent approach

based on Euclidean path integral computations because
it can be easily generalized to similar computations 4d
Maxwell theory defined on 4 torus. Our goal here is to
understand the physical meaning of (1) in terms of the
path integral computations.
To proceed with path integral computations one con-

siders the “instanton” configurations on two dimensional
Euclidean torus with total area V = L� described as
follows [18]:

⌅
d2x Q(x) = k, eE(k) =

2⇤k

V
, (2)

where Q = e
2⇥E is the topological charge density and k

is the integer-valued topological charge in the 2d U(1)
gauge theory, E(x) = ⌅0A1 � ⌅1A0 is the field strength.
The action of this classical configuration is

1

2

⌅
d2xE2 =

2⇤2k2

e2V
. (3)

This configuration corresponds to the topological charge
k as defined by (2). The next step is to compute the
partition function defined as follows

Z(⇥) =
⇤

k⇥Z

⌅
DA(k)e�

1
2

�
d2xE2+

�
d2xL� , (4)

where ⇥ is standard theta parameter which defines the |⇥⇤
ground state and which enters the action with topological
density operator

L� = i⇥

⌅
d2x Q(x) = i⇥

e

2⇤

⌅
d2x E(x). (5)
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nically complicated) analysis of the Gribov’s copies.

The structure of our presentation is as follows. In the
next section II, we review the relevant parts of the two di-
mensional Maxwell “empty” theory which does not have
any physical propagating degrees of freedom. Still, it
demonstrates a number of very nontrivial topological fea-
tures present in the system. In section III we generalize
our computations for 4d Maxwell theory defined on four
torus. We find two types of novel contributions to the en-
tropy in this system. First contribution with a negative
sign is very similar to topological entanglement entropy
well-studied in topologically ordered condensed matter
systems. The second contribution with a positive sign
results from emergent degeneracy which occurs when the
system is placed into a background of external magnetic
field which resembles a behaviour of topological insula-
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known that this is an “empty” theory in a sense that it
does not support any propagating degrees of freedom in
the bulk of space-time. It is also known that this model
can be treated as a conventional topological quantum
field theory (TQFT). In particular, this model can be
formulated in terms of the so-called “BF” action involv-
ing no metric. Furthermore, this model exhibits many
other features such as fractional edge observables which
are typical for TQFT, see e.g.[17]. We emphasize on these
properties of the 2d Maxwell theory because the topolog-

ical portion of the partition function Ztop in our descrip-
tion of 4d Maxwell system, given in section III, identically
the same as the partition function of 2d Maxwell system.
As we already mentioned such a relation between the
two di�erent systems is a result of decoupling of physical
propagating photons from the topological sectors in 4d
system.
Our goal here is to review this “empty” 2d Maxwell
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when conventional propagating degrees of freedom are
not supported by this system.
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In the Hamiltonian framework we choose a A0 = 0 gauge
along with ⌅1A1 = 0. This implies that A1(t) is the only
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We want to reproduce (1) using a di�erent approach
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it can be easily generalized to similar computations 4d
Maxwell theory defined on 4 torus. Our goal here is to
understand the physical meaning of (1) in terms of the
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All integrals in this partition function are gaussian and
can be easily evaluated using the technique developed in
[18]. The result is

Z(V, ⇥) =
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2⇤

e2V

⇥

k⇤Z
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2⇥2k2

e2V
+ik�, (6)

where the expression in the exponent represents the clas-
sical instanton configurations with action (3) and topo-
logical charge (2), while the factor in front is due to the
fluctuations, see [1] with some technical details and rel-
evant references. While expressions (1) and (6) look dif-
ferently, they are actually identically the same, as the
Poisson summation formula states:
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Therefore, we reproduce the original expression (1) using
the path integral approach.

The crucial observation for our present study is that
this naively “empty” theory which has no physical prop-
agating degrees of freedom, nevertheless shows some very
nontrivial features of the ground state related to the
topological properties of the theory. These new proper-
ties are formulated in terms of di�erent topological vac-
uum sectors of the system |k↵ which have identical phys-
ical properties as they connected to each other by large
gauge transformation operator T commuting with the
Hamiltonian [T , H] = 0. As explained in details in [1]
the corresponding dynamics of this “empty” theory rep-
resented by partition function (7) should be interpreted
as a result of tunnelling events between these “degener-
ate” winding |k↵ states which correspond to one and the
same physical state.

It is known that this model can be treated as TQFT,
e.g. supports edge observables which may assume the
fractional values, and shows many other features which
are typical for a TQFT, see [17] and references therein.
The presence of the topological features of the model
can be easily understood from observation that entire
dynamics of the system is due to the transitions between
the topological sectors which themselves are determined
by the behaviour of surface integrals at infinity

�
Aµdxµ.

These sectors are classified by integer numbers and they
are not sensitive to specific details of the system such
as geometrical shape of the system. Therefore, it is not
really a surprise that the system is not sensitive to specific
geometrical details, and can be treated as TQFT.

Important point we would like to make is that our anal-
ysis of the topological portion Ztop of the partition func-
tion for 4d Maxwell system defined on T4 assumes exactly
the same form (7) as a result of decoupling of propagating
photons from the topological part of the partition func-
tion, as will be discussed in section III. As a result of this
decoupling the topological portion of the 4d Maxwell sys-
tem behaves very much in the same way as 2d “empty”
theory. Therefore, one should not be very surprised that

this 4d system also demonstrates some topological fea-
tures, similar to 2d system reviewed in this section.
Before we proceed with computations of the topologi-

cal entropy we make a short detour on properties of the
topological susceptibility in this model, as it plays an
important role in our discussions of the entropy.

B. Topological susceptibility

The topological susceptibility ⌅ is defined as follows,

⌅ ⇤ lim
k⇥0

⇤
d2x eikx ⌦TQ(x)Q(0)↵ , (8)

where Q is topological charge density operator normal-
ized according to eq.(2). The ⌅ measures response of
the free energy to the introduction of a source term de-
fined by eq. (5). The computations of ⌅ in this simple
“empty” model can be easily carried out as the partition
function Z(⇥) defined by (4) is known exactly (7). To
compute ⌅ we should simply di�erentiate the partition
function twice with respect to ⇥. It leads to the following
well known expression for ⌅ which is finite in the infinite
volume limit [18, 19]

⌅(V ⌃ ⌥) = � 1

V
· �

2lnZ(⇥)

�⇥2
|�=0 =

e2

4⇤2
. (9)

A typical value of the topological charge k which satu-
rates the topological susceptibility ⌅ in the large volume
limit is very large, k ⌅

�
e2V ⇧ 1.

Few comments are in order. First, any physical state
contributes to ⌅ with negative sign

⌅dispersive ⌅ lim
k⇥0

⇥

n

⌦0| e
2⇤E|n↵⌦n| e

2⇤E|0↵
�k2 �m2

n

< 0, (10)

while (9) has a positive sign. Therefore, this non-
dispersive (contact) term (9) can not be identified ac-
cording to (10) with any contribution from any asymp-
totic state even when physical degrees are freedom, such
as fermions, are included into the system. This term has
a fundamentally di�erent, non-dispersive nature. In fact
it is ultimately related to di�erent topological sectors as
our computation (9) shows. Secondly, the integrand for
the topological susceptibility (8) demonstrates a singular
behaviour

⌦Q(x)Q(0)↵ = e2

4⇤2
�2(x), (11)

which is a not specific property of this “empty” theory,
but in fact a very generic feature which is present in many
gauge theories; it represents the contact term which is
not related to any propagating degrees of freedom. In
particular, such singular behaviour (11) is known to occur
in QCD and its modifications, and well supported by the
QCD lattice Monte Carlo simulations, see [19] for the
details and related references.
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are not sensitive to specific details of the system such
as geometrical shape of the system. Therefore, it is not
really a surprise that the system is not sensitive to spe-
cific geometrical details, and can be treated as TQFT.
The simplest way to analyze the corresponding topologi-
cal features of the system is to introduce the topological
susceptibility � and study its property, see next subsec-
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lar behaviour, see [2, 14, 15] for the details and related
references:
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It represents the non-dispersive contact term which can
not be related to any propagating degrees of freedom. In

this simplest case of the 2d Maxwell system this comment
is quite obvious as 2d Maxwell theory does not support
any propagating degrees of freedom. The �

2(x) function
in (10) should be understood as total divergence related
to the infrared (IR) physics, rather than to ultraviolet
(UV) behaviour. Indeed,
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In other words, the non-dispersive contact term (10) is
determined by IR physics at arbitrary large distances
rather than UV physics which can be erroneously as-
sumed to be a source of �2(x) behaviour in (10). The
computations of this contact term in terms of the delo-
calized instantons (2) explicitly show that all observables
in this system are originated from the IR physics.
One should also remark that the same contact term (9)

and its local expression (10) can be also computed using
the auxiliary ghost field, the so-called Kogut-Susskind
(KS) ghost, as it has been originally done in ref. [16],
see also [2, 15] for relevant discussions in the present con-
text. This description in terms of the KS ghost implicitly
takes into account the presence of topological sectors in
the system. The same property is explicitly reflected by
summation over topological sectors k 2 Z in direct com-
putations (4,6) without introducing any auxiliary fields.
Important point we would like to make is that our anal-

ysis of the topological portion Ztop of the partition func-
tion for 4d Maxwell system defined on T4 assumes exactly
the same form (7) as a result of decoupling of propagating
photons from the topological part of the partition func-
tion, as will be discussed in section III. As a result of this
decoupling the topological portion of the 4d Maxwell sys-
tem behaves very much in the same way as 2d “empty”
theory. Therefore, one should not be very surprised that
this 4d system also demonstrates some topological fea-
tures, similar to 2d system reviewed in this section.

III. TOPOLOGICAL PARTITION FUNCTION
IN 4D

Our goal here is to analyze the Maxwell system on a
Euclidean 4-torus with sizes L1 ⇥ L2 ⇥ L3 ⇥ � in the
respective directions. It provides the IR regularization of
the system. This section plays a supplementary role as
we want to review the previously known results on the
vacuum structure of this system. We want to reproduce
these known results on Maxwell vacuum using a di↵erent
technique based on the auxiliary fields developed in next
section IV. As we argue below our auxiliary fields will
play the same role as emergent Berry’s connection in CM
systems.
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It represents the non-dispersive contact term which can
not be related to any propagating degrees of freedom. In

this simplest case of the 2d Maxwell system this comment
is quite obvious as 2d Maxwell theory does not support
any propagating degrees of freedom. The �

2(x) function
in (10) should be understood as total divergence related
to the infrared (IR) physics, rather than to ultraviolet
(UV) behaviour. Indeed,
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In other words, the non-dispersive contact term (10) is
determined by IR physics at arbitrary large distances
rather than UV physics which can be erroneously as-
sumed to be a source of �2(x) behaviour in (10). The
computations of this contact term in terms of the delo-
calized instantons (2) explicitly show that all observables
in this system are originated from the IR physics.
One should also remark that the same contact term (9)

and its local expression (10) can be also computed using
the auxiliary ghost field, the so-called Kogut-Susskind
(KS) ghost, as it has been originally done in ref. [16],
see also [2, 15] for relevant discussions in the present con-
text. This description in terms of the KS ghost implicitly
takes into account the presence of topological sectors in
the system. The same property is explicitly reflected by
summation over topological sectors k 2 Z in direct com-
putations (4,6) without introducing any auxiliary fields.
Important point we would like to make is that our anal-

ysis of the topological portion Ztop of the partition func-
tion for 4d Maxwell system defined on T4 assumes exactly
the same form (7) as a result of decoupling of propagating
photons from the topological part of the partition func-
tion, as will be discussed in section III. As a result of this
decoupling the topological portion of the 4d Maxwell sys-
tem behaves very much in the same way as 2d “empty”
theory. Therefore, one should not be very surprised that
this 4d system also demonstrates some topological fea-
tures, similar to 2d system reviewed in this section.

III. TOPOLOGICAL PARTITION FUNCTION
IN 4D

Our goal here is to analyze the Maxwell system on a
Euclidean 4-torus with sizes L1 ⇥ L2 ⇥ L3 ⇥ � in the
respective directions. It provides the IR regularization of
the system. This section plays a supplementary role as
we want to review the previously known results on the
vacuum structure of this system. We want to reproduce
these known results on Maxwell vacuum using a di↵erent
technique based on the auxiliary fields developed in next
section IV. As we argue below our auxiliary fields will
play the same role as emergent Berry’s connection in CM
systems.
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gauge transformation operator T commuting with the
Hamiltonian [T , H] = 0. As explained in details in [1, 2]
the corresponding dynamics of this “empty” theory rep-
resented by partition function (7) should be interpreted
as a result of tunnelling events between these “degener-
ate” winding |ki states which correspond to one and the
same physical state.

It is known that this model can be treated as TQFT,
e.g. supports edge observables which may assume the
fractional values, and shows many other features which
are typical for a TQFT, see [13] and references therein.
The presence of the topological features of the model
can be easily understood from observation that entire
dynamics of the system is due to the transitions between
the topological sectors which themselves are determined
by the behaviour of surface integrals at infinity

H
Aµdx

µ.
These sectors are classified by integer numbers and they
are not sensitive to specific details of the system such
as geometrical shape of the system. Therefore, it is not
really a surprise that the system is not sensitive to spe-
cific geometrical details, and can be treated as TQFT.
The simplest way to analyze the corresponding topologi-
cal features of the system is to introduce the topological
susceptibility � and study its property, see next subsec-
tion.

B. Topological susceptibility

The topological susceptibility � is defined as follows,
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where Q is topological charge density operator normal-
ized according to eq.(2). The � measures response of
the free energy to the introduction of a source term de-
fined by eq. (5). The computations of � in this simple
“empty” model can be easily carried out as the partition
function Z(✓) defined by (4) is known exactly (7). To
compute � we should simply di↵erentiate the partition
function twice with respect to ✓. It leads to the following
well known expression for � which is finite in the infinite
volume limit [2, 14, 15]
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A typical value of the topological charge k which satu-
rates the topological susceptibility � in the large volume
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It is important to emphasize that the integrand for
the topological susceptibility (8) demonstrates a singu-
lar behaviour, see [2, 14, 15] for the details and related
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not be related to any propagating degrees of freedom. In

this simplest case of the 2d Maxwell system this comment
is quite obvious as 2d Maxwell theory does not support
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In other words, the non-dispersive contact term (10) is
determined by IR physics at arbitrary large distances
rather than UV physics which can be erroneously as-
sumed to be a source of �2(x) behaviour in (10). The
computations of this contact term in terms of the delo-
calized instantons (2) explicitly show that all observables
in this system are originated from the IR physics.
One should also remark that the same contact term (9)

and its local expression (10) can be also computed using
the auxiliary ghost field, the so-called Kogut-Susskind
(KS) ghost, as it has been originally done in ref. [16],
see also [2, 15] for relevant discussions in the present con-
text. This description in terms of the KS ghost implicitly
takes into account the presence of topological sectors in
the system. The same property is explicitly reflected by
summation over topological sectors k 2 Z in direct com-
putations (4,6) without introducing any auxiliary fields.
Important point we would like to make is that our anal-

ysis of the topological portion Ztop of the partition func-
tion for 4d Maxwell system defined on T4 assumes exactly
the same form (7) as a result of decoupling of propagating
photons from the topological part of the partition func-
tion, as will be discussed in section III. As a result of this
decoupling the topological portion of the 4d Maxwell sys-
tem behaves very much in the same way as 2d “empty”
theory. Therefore, one should not be very surprised that
this 4d system also demonstrates some topological fea-
tures, similar to 2d system reviewed in this section.

III. TOPOLOGICAL PARTITION FUNCTION
IN 4D

Our goal here is to analyze the Maxwell system on a
Euclidean 4-torus with sizes L1 ⇥ L2 ⇥ L3 ⇥ � in the
respective directions. It provides the IR regularization of
the system. This section plays a supplementary role as
we want to review the previously known results on the
vacuum structure of this system. We want to reproduce
these known results on Maxwell vacuum using a di↵erent
technique based on the auxiliary fields developed in next
section IV. As we argue below our auxiliary fields will
play the same role as emergent Berry’s connection in CM
systems.



The integrand                          for the topological 
susceptibility is saturated by uniform fluxes 
filling the entire space-time volume (IR not UV 
physics). This “non-dispersive” contact term is not 
related to any propagating degrees of freedom 

Is this contact non-dispersive contribution  to the 
vacuum energy physically observable?  

The ultimate answer is “yes” as the anomalous 
Ward Identities               (when physical massless 
fermions are introduced into the system) can be 
only satisfied if the contact term is not zero.   
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as geometrical shape of the system. Therefore, it is not
really a surprise that the system is not sensitive to spe-
cific geometrical details, and can be treated as TQFT.
The simplest way to analyze the corresponding topologi-
cal features of the system is to introduce the topological
susceptibility � and study its property, see next subsec-
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ized according to eq.(2). The � measures response of
the free energy to the introduction of a source term de-
fined by eq. (5). The computations of � in this simple
“empty” model can be easily carried out as the partition
function Z(✓) defined by (4) is known exactly (7). To
compute � we should simply di↵erentiate the partition
function twice with respect to ✓. It leads to the following
well known expression for � which is finite in the infinite
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rates the topological susceptibility � in the large volume
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It is important to emphasize that the integrand for
the topological susceptibility (8) demonstrates a singu-
lar behaviour, see [2, 14, 15] for the details and related
references:
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It represents the non-dispersive contact term which can
not be related to any propagating degrees of freedom. In

this simplest case of the 2d Maxwell system this comment
is quite obvious as 2d Maxwell theory does not support
any propagating degrees of freedom. The �
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In other words, the non-dispersive contact term (10) is
determined by IR physics at arbitrary large distances
rather than UV physics which can be erroneously as-
sumed to be a source of �2(x) behaviour in (10). The
computations of this contact term in terms of the delo-
calized instantons (2) explicitly show that all observables
in this system are originated from the IR physics.
One should also remark that the same contact term (9)

and its local expression (10) can be also computed using
the auxiliary ghost field, the so-called Kogut-Susskind
(KS) ghost, as it has been originally done in ref. [16],
see also [2, 15] for relevant discussions in the present con-
text. This description in terms of the KS ghost implicitly
takes into account the presence of topological sectors in
the system. The same property is explicitly reflected by
summation over topological sectors k 2 Z in direct com-
putations (4,6) without introducing any auxiliary fields.
Important point we would like to make is that our anal-

ysis of the topological portion Ztop of the partition func-
tion for 4d Maxwell system defined on T4 assumes exactly
the same form (7) as a result of decoupling of propagating
photons from the topological part of the partition func-
tion, as will be discussed in section III. As a result of this
decoupling the topological portion of the 4d Maxwell sys-
tem behaves very much in the same way as 2d “empty”
theory. Therefore, one should not be very surprised that
this 4d system also demonstrates some topological fea-
tures, similar to 2d system reviewed in this section.

III. TOPOLOGICAL PARTITION FUNCTION
IN 4D

Our goal here is to analyze the Maxwell system on a
Euclidean 4-torus with sizes L1 ⇥ L2 ⇥ L3 ⇥ � in the
respective directions. It provides the IR regularization of
the system. This section plays a supplementary role as
we want to review the previously known results on the
vacuum structure of this system. We want to reproduce
these known results on Maxwell vacuum using a di↵erent
technique based on the auxiliary fields developed in next
section IV. As we argue below our auxiliary fields will
play the same role as emergent Berry’s connection in CM
systems.
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3. Definition of the Gravitating Energy

We assume that the relevant (gravitating) energy 
which enters the Friedman’s equation is the 
difference                                      similar to 
computations of the Casimir energy, when the 
difference      is observed. This assumption was, in 
fact, originally formulated by Zeldovich in 1967. 

We can not (by technical reasons) to perform the  
computations in FLRW background.  However, we 
can proceed with computations in a toy model 
formulated on hyperbolic space               when role 
of                     plays  IR cutoff parameter 

We want to argue that a nontrivial holonomy 
generates a linear correction                in contrast 
with conventional expectation 

�E = (EFLRW(H)� EMink)
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Technically,  we want to see a linear (rather than 
very small quadratic      ) correction in the ratio 

If the same pattern persists in real FLRW 
Universe one could estimate (see slides  below)  

In other words, we interpret the observed Dark 
Energy as a modification of the QCD vacuum 
energy due to a nontrivial  topology (not 
expressible in terms of local curvature                )  

It has the same non-dispersive nature (can not be 
expressed in terms of propagating dof), it is non-
local in nature (not expressible in terms of the 
local curvature),  and it has a positive sign. 
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Historical comments: many people from different 
fields had advocated (after Zeldovich, 1967 )  a 
similar idea on the RHS for the Friedman’s 
equation  

                                      

James Bjorken (particle physics), 2001,                             
Ralf Schuetzhold (GR), PRL, 2002;                                                    
Grisha Volovik (CM physics), 2008 +many more  

I personally adopted this idea in 2009, mostly 
due to the intense (and never ending) discussions 
with Grisha Volovik in the relation with  his 
COSLAB (Cosmology in a Laboratory) activities. 

E(L) ⌘ �(�V )�1 lnZ

�E(L) = [E(L)� EMink]



4. Holonomy and the linear correction    
in hyperbolic space 

Normally it is expected that all corrections due to 
the time-dependent (curved) background are 
proportional to the local curvature 

We want to test these ideas  in gauge theories with 
nontrivial holonomy. In this case corrections are 
not reduced to the local observables. The IR 
regularization plays key role in all computations.  

Specifically, we compute the ratio which explicitly 
shows the linear correction           (IR cutoff) 
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The computations are based on KvBLL calorons 
with nontrivial holonomy (Kraan-van Baal-Lee-Lu) 

Normally, nontrivial holonomy (            ) 
generates zero contribution to the partition 
function in thermodynamical limit. However, the 
KvBLL configurations are known to generate IR 
-finite contribution to the free energy (in huge 
contrast with conventional instantons). 

The KvBLL configurations can be thought as a 
superposition of “N” different monopoles which 
carry the fractional topological charge 

Confinement can be understood as percolation of 
these fractionally charged monopoles which 
enter the partition function in  sets of “N” .  
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The crucial role in generating this result is zero- 
mode determinant. These modes  are drastically 
different in hyperbolic and in Euclidean spaces. 

This difference in these two cases is determined by 
asymptotic behaviour (different cutoff:               )  

   

Eventually, this difference translates into the 
difference in fugacities (and vacuum energies) as 
claimed above
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Though linear terms            can be modified as a 
result of interactions, they cannot be exactly 
cancelled. The effect is proportional to    
holonomy            , and vanishes for conventional  
instantons with               

With these assumptions the non-dispersive 
correction to the energy (at very small           ) is 

For the same effect to persist in our FLRW 
Universe one should have a nontrivial part         
(spatial or temporal) along which the holonomy to 
be computed. The        has Universe size                                        

No contradictions with observations as long as size 
is sufficient large               , in which case the DE is   
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Q:       How a system with a gap could be ever 
sensitive to arbitrary large distances?

A1: The long range order in gapped QCD is similar 
to Aharonov -Casher effect. If one inserts an 
external charge into superconductor  when 
electric field is screened                  a neutral 
magnetic fluxon will be still sensitive to external 
charge at arbitrary large distances.  

A2: Long range order in the system emerges because 
the large gauge transformation operator  and 
holonomy are non-local operators sensitive to far 
IR-physics, similar to “modular operator” in 
Aharonov -Casher effect. 

exp(�r/�)



Are there other hints on a  linear dependence on 
cosmological scale                 in a gapped system? 
(locality suggests quadratic behaviour as           )  

1. A number of analytical computations in some 
simplified models (e.g. deformed QCD).  

2a. Lattice numerical simulations. In this case the 
computations of a real part of the energy 
-momentum tensor               is a hard problem.  

2b. However, the imaginary (absorptive) portion of 
the energy-momentum tensor            due to particle 
production,  can be computed, see plot below. 

2c. Analyticity suggests that the dependence on H 
must be the same in                and      
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The plots from A. Yamamoto, arxiv 1405.6665. 
1. The expansion in Euclidean space-time was 

parametrized by the “imaginary” Hubble constant      
when the lattice action is positively defined;  

2. Red curve         describes the particle production 
rate per unit volume per unit time in the 
background     ; 

3. The linear dependence on     has been computed,  
                          . It strongly supports our arguments. 
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Lesson 1: There is a fundamentally new type of the 
vacuum energy   which can not be expressed in 
terms of any local field.    

Lesson 2: It emerges as a result of tunnelling 
processes between degenerate topological sectors, 
and formulated in terms of the “non-dispersive” 
contact terms and nonlocal holonomy.  

Lesson 3: This term cannot be expressed in terms of 
a gradient expansion in effective QFT as it is 
sensitive to arbitrary large parameters   

Lesson 4: We identify this new type of energy with 
cosmological vacuum dark energy (DE) today. 

5. Applications to the Dark Energy 
(vacuum energy today) 

<latexit sha1_base64="dZR6C0y5HiZqFRXp2bV0X31X3Vw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSoIQk26UJdFNy4r9AVNKDfTSTt08mBmIoQQcOMf+A1uXCji1p9w179x+lho64ELh3Pu5d57vJgzqSxrZCwtr6yurRc2iptb2zu75t5+U0aJILRBIh6JtgeSchbShmKK03YsKAQepy1veDv2Ww9USBaFdZXG1A2gHzKfEVBa6pqHGDtDiGPAjmQBti8yhwDP6nmOu2bJKlsT4EViz0ipeuKcP4+qaa1rfju9iCQBDRXhIGXHtmLlZiAUI5zmRSeRNAYyhD7taBpCQKWbTX7I8alWetiPhK5Q4Yn6eyKDQMo08HRnAGog572x+J/XSZR/7WYsjBNFQzJd5CccqwiPA8E9JihRPNUEiGD6VkwGIIAoHVtRh2DPv7xImpWyfVmu3Os0btAUBXSEjtEZstEVqqI7VEMNRNAjekFv6N14Ml6ND+Nz2rpkzGYO0B8YXz9AmZmh</latexit>

 ⇠ 1/T



The obtained  relevant parameters are amazingly 
close to the observed DE values: 

Parameter      should be thought as IR cutoff in 
computations in strongly coupled QCD. 
Contribution to DE is expressed in terms of  

This energy will be eventually transferred to the 
Maxwell EM fields (so-called helical instability) 
on the time scale of  

As a direct consequence of this energy transfer 
the large scale magnetic field (with correlation 
length of entire visible Universe) will be 
generated. Apparently such enormous correlation 
scale has been observed (see  slides below)
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6. Large Scale Magnetic field  
We want to argue that similar to reheating epoch 
(as discussed above) which happened after inflation 
with                       is happening today when DE  
transfers its energy to magnetic field energy 

It is known-the B field correlated on enormous 
(Gpc) scale must exist, see slide below 

We advocate unorthodox mechanism which is 
dramatically different from all previous 
approaches:  the B- field is generated with 
enormous coherence scale from DE now (not at 
earlier times, phase transitions, inflation etc)  

No need for any amplification mechanisms  as it is 
characterized by the largest possible scale at the 
moment of formation, i.e. today 

<latexit sha1_base64="HL02EAQrGzR+VkjZAXZgpMzZQ+A=">AAACEXicbVDLSgMxFL1TX7W+qi7dBIvQVZkRqe4sVsGFQgv2AZ0yZNK0Dc08SDJCGeYX3Pgrblwo4tadO//CTzCddqGtBwKHc+7h5h435Ewq0/wyMkvLK6tr2fXcxubW9k5+d68pg0gQ2iABD0TbxZJy5tOGYorTdigo9lxOW+6oOvFb91RIFvh3ahzSrocHPuszgpWWnHzRdrGI7Rud6OHEiWNbeKhevUwSZA8G6NZJhatW4uQLZslMgRaJNSOF829IUXPyn3YvIJFHfUU4lrJjmaHqxlgoRjhNcnYkaYjJCA9oR1Mfe1R24/SiBB1ppYf6gdDPVyhVfydi7Ek59lw96WE1lPPeRPzP60Sqf9aNmR9GivpkuqgfcaQCNKkH9ZigRPGxJpgIpv+KyBALTJQuMadLsOZPXiTN45JVLpXrJ4XKxbQNyMIBHEIRLDiFClxDDRpA4AGe4AVejUfj2Xgz3qejGWOW2Yc/MD5+AFXmniI=</latexit>

⇤̄QCD � MEW



Constraints on the B field [From Neronov & Vovk]. The B-field 
correlated on Gpc scales must exist: 
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The starting point is the conventional Effective 
Lagrangian in terms of the auxiliary field  

It generates well known extra term with  

Similar equations have been studied before (e.g. 
dynamical axion field). The difference here is that 
the       does not satisfy any classical equation of 
motion as there is no canonical kinetic term for 
auxiliary field            . The      is background field  

The             field was introduced as the Lagrange 
multiplier to account for tunnelling events
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It is known that the presence  of the       term 
leads to the helical instability. In the present 
context it implies the generation of the magnetic 
field on the huge scales where       is correlated.   

The instability develops for large wavelengths: 

This effect leads to the generation of the 
magnetic field correlated on the enormous scales. 

The order of magnitude estimates suggest (present 
time) 
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   Concluding comments  on Dark Energy & B field 

QCD vacuum energy is different for different 
background (Minkowski vs deSitter). This 
difference generates correct  order of magnitude   
for the observed (gravitating) DE today   

The vacuum energy will be eventually transferred 
to the magnetic energy in  

The magnetic field at present time could be large: 
 . It must be  correlated on the scale of 

the entire visible Universe                                           
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When the  Maxwell system is formulated on four-
torus  there will be an extra contribution to the 
Casimir pressure, not related to the physical 
propagating photons with two transverse 
polarizations (4-torus has nontrivial holonomy).

This setting based on 4-torus topology should be 
contrasted with conventional setting  when the 
Casimir energy  is generated between two 
conducting plates (trivial  holonomy). 

The Maxwell system on the 4-torus shows all signs 
(degeneracy,  etc)  which are normally attributed 
to the topologically ordered systems. 

Proposal: Instead of theoretical speculations I suggest to conduct a 
real tabletop experiment to study this new type of energy:



The emission of real physical photons as a result of tunnelling 
transitions in time dependent background is precisely the 
effect discussed in this talk: the cosmological magnetic field is 
generated as a result of variation of the vacuum tunnelling 
transitions

This picture illustrates a 
new physics phenomenon



Extra Slides:
1. on physical meaning of      
2. on physical meaning of
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9. On physical meaning of 

It is known that             is the physical fundamental 
parameter of the system on the non-perturbative 
level 

The           does not enter the equations of motion as 
the topological density                     is the total 
derivative 

It is normally argued (correctly) that due to the 
nontrivial mapping                         (presence of the 
instantons) the           is physical parameter 

It is also commonly argued (incorrectly) that due 
to triviality of the mapping                       the           
is an unobservable parameter of the theory 
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While the argument is indeed correct for a 
topologically trivial vacuum background in 4d 
Minkowski space-time, it has been known that         
is a physical parameter of the system formulated 
on a non-simply connected manifold with 

A simple realization for such a manifold is the 
presence of a  magnetic field in the system   

A well known realization for          to become a  
physical parameter is the Witten’s effect when 
electric charge is induced in the background of 
magnetic monopole 

The effect is proportional to          itself, and not 
to the derivative             which enters the Maxwell 
equations: 
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There are many topological phenomena when          
becomes the physically observable parameter. For 
example, electric field will be induced in the 
background of magnetic field 

It can be interpreted as charge separation effect  
along the magnetic field.  Similarly one can argue 
that electric and magnetic dipole moments are 
related (proper path-integral computations on     ): 

The last equation is exactly reduced to the 
Witten’s formula after identifications   

Can we apply this relation to the fundamental 
fields such as  electrons, protons, neutrons? 
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We think the answer is “yes” as the magnetic dipole 
can be thought as the monopole- anti-monopole 
pair when the Witten’s effect is operational.  

Few historical remarks are in order: 

Similar relation was derived by C.Hill (2015) 
assuming the time dependent axion background       .               
There are many subtle points (gauge fixing, ghost-
behaviour) in computations as the perturbation 
theory obviously produces a trivial vanishing 
result as             is a total derivative  

Flambaum et al (2017) have criticized Hill’s 
computations based on definitions of static limit 

Our formula identically coincides with Hill’s 
expression in the static limit 
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<latexit sha1_base64="zJypqrj9r/GBhXII0Y1bCuqhdJw=">AAACBXicbVDLSsNAFJ3UV219RF3qIlgUVyVxUV0WheKygn1AE8NkMmmHTiZhZlIoIRs3/oobF4p068I/cOeH6NrpQ9DWAxcO59zLvfd4MSVCmuaHlltaXlldy68XihubW9v6zm5TRAlHuIEiGvG2BwWmhOGGJJLidswxDD2KW17/cuy3BpgLErEbOYyxE8IuIwFBUCrJ1Q9qbmqHic2SzJaE+jitZbc/iquXzLI5gbFIrBkpVY8/R2+D4lfd1d9tP0JJiJlEFArRscxYOinkkiCKs4KdCBxD1Idd3FGUwRALJ518kRlHSvGNIOKqmDQm6u+JFIZCDENPdYZQ9sS8Nxb/8zqJDM6dlLA4kZih6aIgoYaMjHEkhk84RpIOFYGIE3WrgXqQQyRVcAUVgjX/8iJpnpatSrlyrdK4AFPkwT44BCfAAmegCq5AHTQAAnfgATyBZ+1ee9RetNG0NafNZvbAH2iv34dGna4=</latexit>

Fµ⌫ F̃
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Concluding comments on abelian 

1. Deep mathematical reason for            to become 
a physically observable parameter is that the 
gauge cannot be uniquely  fixed  even in abelian 
gauge theory on a nontrivial manifold (Gribov’s 
copies emerge in QED, similar to QCD) 

2. The constraint appears                        if one 
uses formula (path integral computations), which 
agrees with Hill’s formula in static limit 

3. It has been advocated for a long time that every 
gauge field of Nature (including QED) requires a  
corresponding axion. Strong constraints on          
could be manifestation and consequence of such 
construction    

<latexit sha1_base64="gLBO7eV+7nhuhI0mQj1uk+lXQxA=">AAAB+XicbVDJSgNBEO2JW0xcRj16aQyKpzDjIXoMLuAxAbNAZhh6Oj1Jk56F7ppAGPInXjwo4lXwB/wDb36Inu0sB018UPB4r4qqen4iuALL+jRyK6tr6xv5zUJxa3tn19zbb6o4lZQ1aCxi2faJYoJHrAEcBGsnkpHQF6zlD64mfmvIpOJxdAejhLkh6UU84JSAljzTdKDPgHiZI0Ncv7kee2bJKltT4GViz0mpevL19j4sftc888PpxjQNWQRUEKU6tpWAmxEJnAo2LjipYgmhA9JjHU0jEjLlZtPLx/hYK10cxFJXBHiq/p7ISKjUKPR1Z0igrxa9ifif10khuHAzHiUpsIjOFgWpwBDjSQy4yyWjIEaaECq5vhXTPpGEgg6roEOwF19eJs2zsl0pV+o6jUs0Qx4doiN0imx0jqroFtVQA1E0RPfoET0ZmfFgPBsvs9acMZ85QH9gvP4A31eXmw==</latexit>
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<latexit sha1_base64="gLBO7eV+7nhuhI0mQj1uk+lXQxA=">AAAB+XicbVDJSgNBEO2JW0xcRj16aQyKpzDjIXoMLuAxAbNAZhh6Oj1Jk56F7ppAGPInXjwo4lXwB/wDb36Inu0sB018UPB4r4qqen4iuALL+jRyK6tr6xv5zUJxa3tn19zbb6o4lZQ1aCxi2faJYoJHrAEcBGsnkpHQF6zlD64mfmvIpOJxdAejhLkh6UU84JSAljzTdKDPgHiZI0Ncv7kee2bJKltT4GViz0mpevL19j4sftc888PpxjQNWQRUEKU6tpWAmxEJnAo2LjipYgmhA9JjHU0jEjLlZtPLx/hYK10cxFJXBHiq/p7ISKjUKPR1Z0igrxa9ifif10khuHAzHiUpsIjOFgWpwBDjSQy4yyWjIEaaECq5vhXTPpGEgg6roEOwF19eJs2zsl0pV+o6jUs0Qx4doiN0imx0jqroFtVQA1E0RPfoET0ZmfFgPBsvs9acMZ85QH9gvP4A31eXmw==</latexit>
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<latexit sha1_base64="OWEbsO8vsLKZXnjYLd/vwGe7fn4=">AAACBnicbVDJSgNBEO1xjYnLqEcRGkXxYpjxED0GF/CYgFkgiaGnUzFNeha6awJhyMmLv+LFg6JeBf/Amx+iZzvLwe1BweO9KqrqeZEUGh3n3Zqanpmdm08tpDOLS8sr9upaWYex4lDioQxV1WMapAighAIlVCMFzPckVLzuydCv9EBpEQYX2I+g4bOrQLQFZ2ikpr1Zxw4gaybFs9NBXYLWWvjUdS6TfTc3aNrbTtYZgf4l7oRs53c/nl57mc9C036rt0Ie+xAgl0zrmutE2EiYQsElDNL1WEPEeJddQc3QgPmgG8nojQHdMUqLtkNlKkA6Ur9PJMzXuu97ptNn2NG/vaH4n1eLsX3USEQQxQgBHy9qx5JiSIeZ0JZQwFH2DWFcCXMr5R2mGEeTXNqE4P5++S8pH2TdXDZXNGkckzFSZINskT3ikkOSJ+ekQEqEk2tyS+7Jg3Vj3VmP1vO4dcqazKyTH7BevgDitpyJ</latexit>
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<latexit sha1_base64="S5NjehYollOdR1y5hGs8UVYW2LA="></latexit>
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<latexit sha1_base64="gLBO7eV+7nhuhI0mQj1uk+lXQxA=">AAAB+XicbVDJSgNBEO2JW0xcRj16aQyKpzDjIXoMLuAxAbNAZhh6Oj1Jk56F7ppAGPInXjwo4lXwB/wDb36Inu0sB018UPB4r4qqen4iuALL+jRyK6tr6xv5zUJxa3tn19zbb6o4lZQ1aCxi2faJYoJHrAEcBGsnkpHQF6zlD64mfmvIpOJxdAejhLkh6UU84JSAljzTdKDPgHiZI0Ncv7kee2bJKltT4GViz0mpevL19j4sftc888PpxjQNWQRUEKU6tpWAmxEJnAo2LjipYgmhA9JjHU0jEjLlZtPLx/hYK10cxFJXBHiq/p7ISKjUKPR1Z0igrxa9ifif10khuHAzHiUpsIjOFgWpwBDjSQy4yyWjIEaaECq5vhXTPpGEgg6roEOwF19eJs2zsl0pV+o6jUs0Qx4doiN0imx0jqroFtVQA1E0RPfoET0ZmfFgPBsvs9acMZ85QH9gvP4A31eXmw==</latexit>

✓QED



10.Physical meaning of     (the size of    ) 

(appendix A3 from   paper  with Barvinsky)
Originally        was introduced in Euclidean space 
for computations in the weak coupling regime with 
given holonomy.  

It should not be confused with real size  in 4d in 
Minkowski space.  

In weakly coupled gauge theories (such as deformed 
QCD) all computations can be carried out explicitly 
with fixed     . One can see explicitly confinement, 
fractionally 1/N charged monopoles (instanton 
quarks), generation of the vacuum energy expressed 
in terms of the auxiliary field              , etc  

<latexit sha1_base64="k4EvImC/0p7yAN6DMxBn0dl4rC0=">AAAB7nicbZC5TgMxEIZnOUO4wtHRWERIVNFuCqAjggLKIOWSklXkdbyJFa/Xsr1IYZWHoKEAIVoqHoaOMq/AE+AcBST8kqVP/z8jz0wgOdPGdb+cpeWV1bX1zEZ2c2t7Zze3t1/TcaIIrZKYx6oRYE05E7RqmOG0IRXFUcBpPehfj/P6PVWaxaJiBpL6Ee4KFjKCjbXqLYJ5Whm2c3m34E6EFsGbQf7ye3TzcfgwKrdzn61OTJKICkM41rrpudL4KVaGEU6H2VaiqcSkj7u0aVHgiGo/nYw7RCfW6aAwVvYJgybu744UR1oPosBWRtj09Hw2Nv/LmokJL/yUCZkYKsj0ozDhyMRovDvqMEWJ4QMLmChmZ0WkhxUmxl4oa4/gza+8CLViwTsrFO/cfOkKpsrAERzDKXhwDiW4hTJUgUAfHuEZXhzpPDmvztu0dMmZ9RzAHznvP2fHlBE=</latexit>
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<latexit sha1_base64="izoOTUUSkCD9FTq5sCWIzLOl8gE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFqjuLblxWtA9oYplMJ+3QySTMTIQS+htuXCji1p9x51/4CU7SLrT1wMDhnHu5Z44fc6a0bX9ZhZXVtfWN4mZpa3tnd6+8f9BWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjj++zvzOI5WKReJeT2LqhXgoWMAI1kZy3RDrke+nd9MHp1+u2FU7B1omzpxULr8hR7Nf/nQHEUlCKjThWKmeY8faS7HUjHA6LbmJojEmYzykPUMFDqny0jzzFJ0YZYCCSJonNMrV3xspDpWahL6ZzDKqRS8T//N6iQ4uvJSJONFUkNmhIOFIRygrAA2YpETziSGYSGayIjLCEhNtaiqZEpzFLy+Tdq3q1Ku127NK42rWBhThCI7hFBw4hwbcQBNaQCCGJ3iBVyuxnq036302WrDmO4fwB9bHD4eBksw=</latexit>

S1

<latexit sha1_base64="UppeJ6AuzD2S8D9gBNmMm+zgvxU="></latexit>
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<latexit sha1_base64="k4EvImC/0p7yAN6DMxBn0dl4rC0=">AAAB7nicbZC5TgMxEIZnOUO4wtHRWERIVNFuCqAjggLKIOWSklXkdbyJFa/Xsr1IYZWHoKEAIVoqHoaOMq/AE+AcBST8kqVP/z8jz0wgOdPGdb+cpeWV1bX1zEZ2c2t7Zze3t1/TcaIIrZKYx6oRYE05E7RqmOG0IRXFUcBpPehfj/P6PVWaxaJiBpL6Ee4KFjKCjbXqLYJ5Whm2c3m34E6EFsGbQf7ye3TzcfgwKrdzn61OTJKICkM41rrpudL4KVaGEU6H2VaiqcSkj7u0aVHgiGo/nYw7RCfW6aAwVvYJgybu744UR1oPosBWRtj09Hw2Nv/LmokJL/yUCZkYKsj0ozDhyMRovDvqMEWJ4QMLmChmZ0WkhxUmxl4oa4/gza+8CLViwTsrFO/cfOkKpsrAERzDKXhwDiW4hTJUgUAfHuEZXhzpPDmvztu0dMmZ9RzAHznvP2fHlBE=</latexit>

T
<latexit sha1_base64="04c2wHuQBZ8pHrxRkr/CqM49XuA=">AAAB7nicbVDLSgNBEOyNrxgfiXr0MhiFiBJ2c1CPQS85RjAPSJYwO5lNhszOLjOz4rLkIwTxoIhXv8db/sbJ46CJBQ1FVTfdXV7EmdK2PbEya+sbm1vZ7dzO7t5+vnBw2FRhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN7qb+q1HKhULxYNOIuoGeCCYzwjWRmp5padLVDvvFYp22Z4BrRJnQYrV0+7Fy6Sa1HuF724/JHFAhSYcK9Vx7Ei7KZaaEU7HuW6saITJCA9ox1CBA6rcdHbuGJ0ZpY/8UJoSGs3U3xMpDpRKAs90BlgP1bI3Ff/zOrH2b9yUiSjWVJD5Ij/mSIdo+jvqM0mJ5okhmEhmbkVkiCUm2iSUMyE4yy+vkmal7FyVK/cmjVuYIwvHcAIlcOAaqlCDOjSAwAie4Q3erch6tT6sz3lrxlrMHMEfWF8/2SGRkw==</latexit>
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<latexit sha1_base64="k4EvImC/0p7yAN6DMxBn0dl4rC0=">AAAB7nicbZC5TgMxEIZnOUO4wtHRWERIVNFuCqAjggLKIOWSklXkdbyJFa/Xsr1IYZWHoKEAIVoqHoaOMq/AE+AcBST8kqVP/z8jz0wgOdPGdb+cpeWV1bX1zEZ2c2t7Zze3t1/TcaIIrZKYx6oRYE05E7RqmOG0IRXFUcBpPehfj/P6PVWaxaJiBpL6Ee4KFjKCjbXqLYJ5Whm2c3m34E6EFsGbQf7ye3TzcfgwKrdzn61OTJKICkM41rrpudL4KVaGEU6H2VaiqcSkj7u0aVHgiGo/nYw7RCfW6aAwVvYJgybu744UR1oPosBWRtj09Hw2Nv/LmokJL/yUCZkYKsj0ozDhyMRovDvqMEWJ4QMLmChmZ0WkhxUmxl4oa4/gza+8CLViwTsrFO/cfOkKpsrAERzDKXhwDiW4hTJUgUAfHuEZXhzpPDmvztu0dMmZ9RzAHznvP2fHlBE=</latexit>

T



In strongly coupled real QCD (when you start from 
the very begging from               ) such computations                            
cannot be done as calorons with nontrivial 
holonomy cannot be constructed   

How do we know about anything about holonomy 
defined on       if it was not a part of construction 
to begin with? 

It turns out that the holonomy can be dynamically 
generated (emerging) in strongly coupled regime. 

The well known example is                 model defined 
on       when the only integer values instantons 
with trivial holonomy were introduced into the 
system 

<latexit sha1_base64="bZPe+Vl9tWbukA290gLw8BHVEsI=">AAACAXicbVC5TsNAEF1zhnCZo0CisYiQqCI7BdARQQFlkHJJcRStN+tklfXa2h2DjBUafoWGggjR8hd0lPkFvoDNUUDCk0Z6em9GM/O8iDMFtv1lLCwuLa+sZtay6xubW9vmzm5VhbEktEJCHsq6hxXlTNAKMOC0HkmKA4/Tmte7Gvm1OyoVC0UZkog2A9wRzGcEg5Za5oFLME/LfVeyThewlOG9y4QPScvM2Xl7DGueOFOSu/geXg/2H4allvnptkMSB1QA4ViphmNH0EyxBEY47WfdWNEIkx7u0IamAgdUNdPxB33rWCttyw+lLgHWWP09keJAqSTwdGeAoatmvZH4n9eIwT9vpkxEMVBBJov8mFsQWqM4rDaTlABPNMFEMn2rRbpYYgI6tKwOwZl9eZ5UC3nnNF+4tXPFSzRBBh2iI3SCHHSGiugGlVAFEfSIntErGhhPxovxZrxPWheM6cwe+gPj4wecVZwX</latexit>

T ! 1

<latexit sha1_base64="izoOTUUSkCD9FTq5sCWIzLOl8gE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFqjuLblxWtA9oYplMJ+3QySTMTIQS+htuXCji1p9x51/4CU7SLrT1wMDhnHu5Z44fc6a0bX9ZhZXVtfWN4mZpa3tnd6+8f9BWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjj++zvzOI5WKReJeT2LqhXgoWMAI1kZy3RDrke+nd9MHp1+u2FU7B1omzpxULr8hR7Nf/nQHEUlCKjThWKmeY8faS7HUjHA6LbmJojEmYzykPUMFDqny0jzzFJ0YZYCCSJonNMrV3xspDpWahL6ZzDKqRS8T//N6iQ4uvJSJONFUkNmhIOFIRygrAA2YpETziSGYSGayIjLCEhNtaiqZEpzFLy+Tdq3q1Ku127NK42rWBhThCI7hFBw4hwbcQBNaQCCGJ3iBVyuxnq036302WrDmO4fwB9bHD4eBksw=</latexit>
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<latexit sha1_base64="/WrnJasguNZq2feOgWR3qT/7uzg=">AAAB83icbVC7SgNBFL3rM8ZXfHQ2g0GwMeymUDuDKbSSCOYByRpmZyfJkNnZZWZWiEv8DBsLRWz1Y+ws8wt+gZNHoYkHLhzOuZd77/EizpS27S9rbn5hcWk5tZJeXVvf2MxsbVdUGEtCyyTkoax5WFHOBC1rpjmtRZLiwOO06nWLQ796R6ViobjRvYi6AW4L1mIEayM18j56KJZuk6sjp9/MZO2cPQKaJc6EZM++Bxcfu/eDUjPz2fBDEgdUaMKxUnXHjrSbYKkZ4bSfbsSKRph0cZvWDRU4oMpNRjf30YFRfNQKpSmh0Uj9PZHgQKle4JnOAOuOmvaG4n9ePdatUzdhIoo1FWS8qBVzpEM0DAD5TFKiec8QTCQztyLSwRITbWJKmxCc6ZdnSSWfc45z+Ws7WziHMVKwB/twCA6cQAEuoQRlIBDBIzzDixVbT9ar9TZunbMmMzvwB9b7D5nOlTQ=</latexit>
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<latexit sha1_base64="G81u+E1cLFLnWxUqr1puIhopVbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFqjuLblxWsQ9oYplMJ+3QySTMTIQS+htuXCji1p9x51/4CU7SLrT1wMDhnHu5Z44fc6a0bX9ZhZXVtfWN4mZpa3tnd6+8f9BWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjj++zvzOI5WKReJeT2LqhXgoWMAI1kZy3RDrke+nd9OHWr9csat2DrRMnDmpXH5Djma//OkOIpKEVGjCsVI9x461l2KpGeF0WnITRWNMxnhIe4YKHFLlpXnmKToxygAFkTRPaJSrvzdSHCo1CX0zmWVUi14m/uf1Eh1ceCkTcaKpILNDQcKRjlBWABowSYnmE0MwkcxkRWSEJSba1FQyJTiLX14m7VrVqVdrt2eVxtWsDSjCERzDKThwDg24gSa0gEAMT/ACr1ZiPVtv1vtstGDNdw7hD6yPH4d+ksw=</latexit>
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However, when all the instants are taken into 
account (grand canonical ensemble) the fractional 
topological charge 1/N dynamically emerges. It 
looks exactly as we were  started with nontrivial 
holonomy defined on     . However, the semiclassical 
description is not justified.  

Therefore, in this “emergent” case defined on      
the effective size      is generated dynamically.   

The main lesson in the present context: the 
effective size     should be treated as free 
parameter to be fixed by IR cutoff of system: 

Sufficiently large size of      is consistent with 
presently available CMB observations for        

<latexit sha1_base64="izoOTUUSkCD9FTq5sCWIzLOl8gE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFqjuLblxWtA9oYplMJ+3QySTMTIQS+htuXCji1p9x51/4CU7SLrT1wMDhnHu5Z44fc6a0bX9ZhZXVtfWN4mZpa3tnd6+8f9BWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjj++zvzOI5WKReJeT2LqhXgoWMAI1kZy3RDrke+nd9MHp1+u2FU7B1omzpxULr8hR7Nf/nQHEUlCKjThWKmeY8faS7HUjHA6LbmJojEmYzykPUMFDqny0jzzFJ0YZYCCSJonNMrV3xspDpWahL6ZzDKqRS8T//N6iQ4uvJSJONFUkNmhIOFIRygrAA2YpETziSGYSGayIjLCEhNtaiqZEpzFLy+Tdq3q1Ku127NK42rWBhThCI7hFBw4hwbcQBNaQCCGJ3iBVyuxnq036302WrDmO4fwB9bHD4eBksw=</latexit>
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<latexit sha1_base64="izoOTUUSkCD9FTq5sCWIzLOl8gE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFqjuLblxWtA9oYplMJ+3QySTMTIQS+htuXCji1p9x51/4CU7SLrT1wMDhnHu5Z44fc6a0bX9ZhZXVtfWN4mZpa3tnd6+8f9BWUSIJbZGIR7LrY0U5E7Slmea0G0uKQ5/Tjj++zvzOI5WKReJeT2LqhXgoWMAI1kZy3RDrke+nd9MHp1+u2FU7B1omzpxULr8hR7Nf/nQHEUlCKjThWKmeY8faS7HUjHA6LbmJojEmYzykPUMFDqny0jzzFJ0YZYCCSJonNMrV3xspDpWahL6ZzDKqRS8T//N6iQ4uvJSJONFUkNmhIOFIRygrAA2YpETziSGYSGayIjLCEhNtaiqZEpzFLy+Tdq3q1Ku127NK42rWBhThCI7hFBw4hwbcQBNaQCCGJ3iBVyuxnq036302WrDmO4fwB9bHD4eBksw=</latexit>

S1
<latexit sha1_base64="yAZSVuyxfjLZaMGhOLAL7q2IoDg=">AAACAHicbVC7TsMwFHXKq5RXeEgMLBYVEgtV0gHYqGCgY5H6kppQOa7TWrWTyHaQSpSFX2Fh4CFWPoONsb/AF+A+Bmg5kqWjc87V9T1exKhUlvVlZBYWl5ZXsqu5tfWNzS1ze6cuw1hgUsMhC0XTQ5IwGpCaooqRZiQI4h4jDa9/NfIbd0RIGgZVNYiIy1E3oD7FSGmpbe4nDkYsqaap01U6xmH5Njmx07aZtwrWGHCe2FOSv/geXr/u3Q8rbfPT6YQ45iRQmCEpW7YVKTdBQlHMSJpzYkkihPuoS1qaBogT6SbjA1J4pJUO9EOhX6DgWP09kSAu5YB7OsmR6slZbyT+57Vi5Z+7CQ2iWJEATxb5MYMqhKM2YIcKghUbaIKwoPqvEPeQQFjpznK6BHv25HlSLxbs00LxxsqXLsEEWXAADsExsMEZKIEyqIAawCAFj+AZvBgPxpPxZrxPohljOrML/sD4+AGxGpro</latexit>
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