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Testing the Standard Model with flavour physics

Indirect searches of new physics using CKM matrix unitarity constraints

Vaud  Vus Vb in the Standard Model:
VCKM — Vcd Vcs Vcb 9 9 9
Via Vie Vi |Vud| T ‘Vus‘ + |Vub‘ =1

Matrix elements can be extracted e.qg. from leptonic and semileptonic decays of mesons
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Leptonic and semi-leptonic decays from lattice QCD
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QED and isospin-breaking effects

Current level of precision requires the inclusion of isospin-breaking
corrections due to

o stronqg effect My, — M 0
g effects | ]QCD 7 < O1%)

o electromagnetic effects a # 0

X

F(K — ng) Vus 2 fK
['(m — lvy) V.,ql?

I

> results from yPT currently quoted in the PDG

> fully non-perturbative (i.e. structure dependent)

> can be obtained through first-principle lattice calculations

2
) (1 —I—5RK7T) (K — mlyg) o ‘VuS‘z |fﬂl—<ﬂ(0)‘2 (1 5R§(7T)

V.Cirigliano & H.Neufeld, PLB 700 (201)



Vs

First-row CKM unitarity tests

FLAG 2021

FLAG Review 2021. EPJC 82, 869 (2022)
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nuclear B decay, PDG 20

nuclear B decay, Hardy 20
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Different tensions in the V,,s-V,q plane:

\Vu\ZO —1=280c
2 _ 2 _q_
Vulg —1=5.60 Va2 —1=330
|Vu‘2 —1=23.lo ‘Vu|2.—1 =1.70

Experimental and theoretical control of these quantities
is of crucial importance to solve the issue
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Charged states in a finite box

Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

Q:/dSXjQ(t,X):/ d°x V- E(t,x) =0

p.b.c. p.b.c.
Possible solutions:

QED. OEDc-
00 060
o0 0060  OGo00e 48 40 041
oo <00 60 ee b dhdhdl
09009 09006
0 06060  ©ooeoe0oeo Q' ----- “ ......

Oy = 21{Z3/L,7)T) O = (22° +n)n/L

remove spatial zero-mode . employ C* boundary infinite-volume
. use massive photon 772~ . .
of the photon field conditions reconstruction
A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) X.Feng & L.Jin, PRD 100 (2019)

M.Hayakawa & S.Uno, PTP 120 (2008) M.G.Endres et al., [1507.08916] -
B.Lucini et al., JHEP 02 (2016) N.Christ et al., [2304.08026]



Charged states in a finite box

Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

Q:/dngo(t,x):/ d°x V- E(t,x) =0

p.b.c. p.b.c.

E
QED  Spatial zero-mode of the photon field is removed at each k,
/d?’x Au(t,X) =0 —> A'ZV(QZ): %>:>:Aly(k)eik'w
ko k0

e Long-distance interaction translates into power law finite-size effects

Z/d%) =1

n+0

O 00 00
00 00
® O <X 00
O 00 00
O 00 00

OL) = O(oc) + 54 72 L 18 KWO(

remove spatial zero-mode
of the photon field S.Borsanyi et al., Science 347 (2015) V.Lubicz et al., PRD g5 (2017)  Z.Davoudi et al., PRD gq (2019)
Z.Davoudi & M.Savage, PRD go (2014)  N.Tantalo et al., [1612.00199] MDC et al., PRD 105 (2022)

M.Hayakawa & S.Uno, PTP 120 (2008)



QEDI‘ rEQUla rizatiOﬂ Z.Davoudi et al., PRD g9 (2019)

. ' MDC, PoS LATTICE2023 (2024) [2401.07666]
Special case of "IR-improvement’ 3 (2024) [2401.07
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TEEREE eo0o0 o0 00 060
e0000 —- oo0dDoe — 00 O
TR E X XEEX . o0 Qoo
XEREE. EE KX ©0 06 060
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The spatial zero mode is not removed but redistributed over the neighbouring modes on 3

shell of radius |p| = 2&|r| (r € Z°)

1 —dx.o0
kG + k2

1 —dx.0 | Ok2 p2  OMY

: Dlu,l/ ]‘C 7]:{ — 6,LLI/ I
QEDL 1 (Ko, k) ks +k2  n(p?) ki + p?

QEDI‘: Dgy(ko,k) — 5’“1/




Weak decays — some recent works

leptonic decays real photon emission virtual phqton emission
leptonic decays leptonic decays

N. Carrasco et al., PRD g1 (2015) G.M. de Divitiis et al., [1908.10160] G.Gagliardi et al., Phys. Rev. D 105 (2022)
V. Lubicz et al., PRD g5 (2017) C. Kane et al., [1907.00279 & 2110.13196] R.Frezzotti et al., [2306.07228]
N.Tantalo et al., [1612.0019gv2] R. Frezzotti et al., PRD 103 (2021)
D. Giusti et al., PRL 120 (2018) A.Desiderio et al., PRD 102 (2021)
MDC et al., PRD 100 (2019) D. Giusti et al., [2302.01298]
MDC et al., PRD 105 (2022) R.Frezzotti et al., [2306.05904] R.Abbott et al., PRD 102 (2020)
P.Boyle, MDC et al., JHEP 02 (2023) Z.Bai et al., PRL 115 (2015)
N.Christ et al., [2304.08026] N.Christ et al., PRD 106 (2022)
C,Sachrajda et al., [1910,07342] N.Christ & X.Feng, EPJ Web Conf. 175 (2018)
R.Frezzotti et al., [2402.03262] N.Christ et al., [2304.08026] Y.Cai & Z.Davoudi, [1812.11015]

rare FCNC decays semileptonic decays hadronic decays
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leptoni '
ptonic decays of light pseudoscalar mesons

D 100, 0345 14 (2019)

Light-meson leptonic decay rates in lattice QCD+ QED
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Leptonic decays of pseudoscalar mesons

Can be studied in an effective Fermi theory with the W-boson

integrated out and the local interaction described by

G
Her = —=V o (@71 = 5) @] [Ze " (1 = 75) £]

\/§ d142

In the PDG convention, the tree-level decay rate takes the form

G4 m2\ 2
Fgee — —Fm% (1 ; ) mp fPO}
ST m% [

with the non-perturbative dynamic encoded in the decay constant

Z0(0]G2 vov5 q1| P, 0)(©) = 1mpo JP,o
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Leptonic decay rate at O(a)

o The decay constant fp, becomes an ambiguous and unphysical quantity

o IR divergences appear in intermediate steps of the calculation F. Bloch & A. Nordsieck, PR 52 (1937) 54
I'( P, lim @%
(Pp2) AIR—>0{ @i§’<
IR finite IR divergent IR divergent

o UV divergences: need to include QED corrections to the renormalization of the weak Hamiltonian

W-reg M
G ( ( W) A.Sirlin, NPB 196 (1982)
Heg = 7}; Vqtqz (1 + CYC% In (]]\\4/4—5/)) [q2 ")/'u(]_ — ")/5 g1 ] [1/3 fy ]_ — 75) g] E.Braaten & C.S.Li, PRD 42 (1990)
’ o/ M perturbative @ 2 loops in QCD+QED
reg _ ZW S %% S
Or = (Mw) ( L s (1), aem) O (k) non-perturbative in lattice QCD+QED

MDC et al., PRD 100 (2019)
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Leptonic decay rate at O(a)

Defining the isospin symmetric world

A ® The full QCD+QED theory is unambiguously defined
after matching a set of observables to the real world

BYRE M?\ 2 A
L (g,€¢,ﬁl¢): <—j> . m¢(g)

A A?

D M4

i.e. some renormalization conditions to fix the bare

-~
~~--_._-_.|"

S QD parameters of the action
o QCD _ (gQCD7 0. mQCD) i QCD _ (m%m’ §inQCP 7QCD
0-(0) — (9(0)7 07 mm)) m(O) — (miod)? Oa mgO)a s )

BMW hadronic scheme in RBC-UKQCD (2022) compatible with GRS quark mass scheme in RM123S (2019)

BMW, PRL 1 (2013), PRL 117 (2016) Gasser, Rusetsky & Scimemi, EPJC 32 (2003)

® The definition of QCD or isoQCD requires a prescription,

)
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Leptonic decay rate at O(a)
The RM123+Soton approach

F(P”):Aggo{ @i% " @Z§P<

IR finite IR divergent IR divergent

/

F. Bloch & A. Nordsieck, PR 52 (1937)
N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)
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Leptonic decag rate at O (a) F. Bloch & A. Nordsieck, PR 52 (1937)

The RM123+Soton approach

L(Pe) :A};Igo< @% -

IR finite IR finite

+ lim

AIR—>O

N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)

@+ i { @5+ @ |
(@3 - @< )

IR finite
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Leptonic decay rate at O(a)
The RM123+Soton approach

['(Pyo) = Lli_)n;@< @Z{% — @-Q } + lim

on the lattice

m~—0

F. Bloch & A. Nordsieck, PR 52 (1937)
N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)

(@ + @}

in perturbation theory

+ng0{@[§’<_@.§<}

on the lattice
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Leptonic decag rate at O (a) F. Bloch & A. Nordsieck, PR 52 (1937)

N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

The RM123+Soton approach MDC et al., PRD 100 (z010)
P.Boyle, MDC et al., JHEP 02 (2023)

o I o - o o )
g ) |
F(Pm):rnm<@i§z_@.ﬁz}+nm @.iz+@.£:<w

| L—oo | M —0 )
\_ - o on thi lattici - - - in Eejyrbziion thje_orgjj J

+  lim { @i% — @-« }
L— o0
on the lattice

enough for Ky2 and p2 relevant for Kez> and e

e . . & decays of heavier mesons
leading finite-volume scaling well studied
. _ G.M. de Divitiis et al., [1908.10160]  C. Kane et al., [1907.00279 & 2110.13196]
V.Lubicz et al., PRD g5 (2017) N.Tentalo et al, [1612.00199v2] R. Frezzotti et al., PRD 103 (2021) D. Giusti et al., [2302.01298]
MDC et al., PRD 105 (2022)

A. Desiderio et al., PRD 102 (2021) R.Frezzotti et al., [2306.05904]
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Real photon emission and structure dependence

D+ @5 = [@<2 + @] (1 mpan s ran)

Ry[m— ev(y)] R
0000 oo b 1 - AE(MeV) =104
; 10 2D — 30 40 350 —60——0
-0.002 - N i
[ N 2.x1077
-0.004 - N I
: N\ *
~ .
~0.006 | il e N T . .
| . T NG T T e S Calculation at O(p4) in yPT
-0.008 | ,
F A,
n | < | N. Carrasco et al., PRD g1 (2015)
-0.010 r S -2.X% 10—7 L
-0.012'j - »
-0.014 - - INT -4.%x1077
R, [K- ev(y)] R, [K- pv(y)]
0.00 —- < | l e 1L 1 1 AE(MeV)
50 100 Wso 0.0000 — = . AE(MeV)
\ 50 250
~0.02) \ -
| \
\ ~0.0005 |
~0.04 - B
\
~0.06 - \ '
K I \ -0.0010
0.0 \ SD |
| \ — INT —  SD
, \ ' — INT
0.10 ~0.0015 -




Real photon emission and structure dependence

@.iféi + @:S;i = SR, (AE) +6R;°(AE) + RN (AE)

T e2[] T u2[y] Kealy) K20y
SRy (+) 0.0411 (19) (+) 0.0341 (10)
0 Ryt (AET ™) —0.0651 —0.0258 —0.0695 —0.0317
ORP(AET) || 5.4 (1.0) x 10~ 2.6 (5) x 1010 1.19 (14) 2.2 (3) x 107?
ORI (AED ™) || —4.1 (1.0) x 107° | —=1.3 (1.5) x 107® || —9.2 (1.3) x 10~* | —6.1 (1.1) x 10°

AE™ (MeV)

69.8

29.8

246.8

235.5

() Not yet evaluated by numerical lattice QCD+QED simulations.

Confirmed by numerical

lattice calculation

A. Desiderio et al., PRD 102 (2021)
R. Frezzotti et al., PRD 103 (2021)
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S

Leptonic decay rate at O(«) i | @{SEi o)

Virtual decay rate onthelatiice "}

2 2\ 2 oA ) 02
D(Pyy) = T (1 + 6Rp) » rg;ee:%mg(l mﬁ) mplfeol’ » ORp = ( p_SmP )
Apo mpo 2o

PDG convention
e O0Ap from the correction to the (bare) matrix element M (pe) = U r, pe; ve, s, pu| Ow | P, 0)
e OMp correction to the meson mass

e O0Z correction to the renormalization of the weak operator Oy MDC et al., PRD 100 (2019)
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From correlators to matrix elements

Our goal: How we realise it:

16



From correlators to matrix elements

| < r )
e f -1

How we realise it: @ :@<
L /) J/u

/
@.@ O|AO t)‘O)T — P,OAP,() {e—mp,ot . e—mp’o(T—t)}
2mp0
Zp
2mp0
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IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

RM123 perturbative method: expand lattice path-integral around isosymmetric point o = my — mgq =0
q1 o+ q1 o+ d1 o+ q1 o+ a1 o+
q2 Ve q2 Ve q2 vt q2 Ve q2 Ve
q1 o+ q1 o+
Pt Pt
q2 Ve q2 Ve
q1 Q o+ q1 Q o+ q1 O O o+ q Q A 7 Q 0t 7 Q A
q2 e q2 v q2 v 92 . 92 . 92 .

Both RM123S and RBC-UKQCD calculations are performed in the electro-quenched approximation:
sea quarks electrically neutral

17



IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

RM123 perturbative method: expand lattice path-integral around isosymmetric point o = my — mgq =0

q1 o+ q1 o+ q1 o+
p+@ < p+@ < p+® <
¢ vt 9 v ¢ Ve

0.01 : . : . : : : . : . :
0.01 e O self energy (2b)+(2c) ] e e A
i - 0.00 } ;
0.00 éoeeeeeeeeee [0 exchange (2a) . '::-.,..
0 .0 0% . —0.01} "u ®ee
~ ™ U - " ®e
= 001 eeaa’ézﬂunuu 000‘:":“30@ O J (2a)+(2b)+(2¢) ~ ., "‘--. kaon
O -0.02 699 Huxg""‘}";gﬁﬂﬂﬂ _ "a 'oooo
~ i eeé‘e@eQ ""055355““ . —0.03 .'._ °'.....
= -003 L D20.48 o0 VYV - "u, *ee.,
N—’ o SQ ®
oy = "33&1“ _ —0.04 L ®eces
O i N ° SR ) s, "u,
o -0.04 | MT ~ 255 MeV "33;—.6 — ~0.05} 77 “n
= “.‘.(".’ o o ..I.
-0.05 [ D00 _ —0.06 } l-.
- MK~535 MeV i ",
[ - ~0.07} BabblLL
—0.06 | 1 1 1 I 1 1 1 1 I 1 | || | I 1 1 | 1 I || | 1 | '
0 10 20 30 40 50 . . , . . . . l | . |
t/a —0.08 4 § 12 16 20 24 28 32 36 40 44 48

t/a

MDC et al., PRD 100 (2019) P.Boyle, MDC et al., JHEP 02 (2023)



IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

RM123 perturbative method: expand lattice path-integral around isosymmetric point o = my — mgq =0

q1 q1

as A
PT pPr
Q2 VE QQ Vﬁ
0.12 ; ; ' : ; .
Che(te = 12) ¥ CR(te=28) Chy(te = 12) ¢ Cf(te=28)
0.012 ———————F—— — , — OF,(te = 16) 5t =32) CK (t, = 16) ¢ CK(t,=32)
' l 0.10 f Cpe(te = 20) B CR(te = 36) CK,(t, = 20) ¢® CK(t,=36)
: : Che(te =24) B Cp(te=40) CK,(t, = 24) ¢® CK(t,=40)
I | | i
_0.009 | o | _ 0.08}
+ | aaa () M
g | ' bion
O™ i QOOEEEEEEEEBHBEEEEEBEEBEBEEBEBEEBEEEEB | 0-06 -.II...............IIIIII.-.
~ 0.006 L eaaﬂ : K : ala a" l...
~~ ]
* gﬂ : ! |3 [ 0.04 ‘“;ﬁl
=1 o . -
o l | 00000000000 ggettitbitg, v |
I% I @ : M ~ 310 MeV : T ° 99,9999*- !z;
T . ;
0.003 |- p30.48 | - 002 kaon o
-@E | M ~ 550 MeV | - !,
i | | - 0.00 | gT
1 1 1 1 | 1 1 1 | | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
0.000 |
0] 10 20 30 40 50
—0.02 ' ' ' . ' : ' : ' ' 4
t/ a 20 4 8 12 16 20 24 28 32 36 40 44 48

t/a

MDC et al., PRD 100 (2019) P.Boyle, MDC et al., JHEP 02 (2023)



Non-factorisable QED corrections

The lepton in a finite volume
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Non-factorisable QED corrections

The lepton in a finite volume

< T e
—
100 I I T T T T T
*  [Si(t, —pe|0)13
Lo o [Silt, —P(‘O)Pu(p,)]w )
. *[Sut —POPu-po)is |
\*' '3,
k'\ “«(
R N 4
POE \.\ ‘/r:.
. \.\* “/f. . o
®. . S o Al s
101 i ®e
0 =7/T . |
0O 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63

t/a

_ _ _tE, Ur(
\\@/EA/\\@ = S0pe) = Z {_e 200 | 2

P¢)Vr(Pe) L elf0T o —(T—1) Ee Ur(—Pe)Ur(—Pe) « 1
1 — e~ TE¢pifT

We can select specific components using projectors:

. va(pe) —

+ Pu(—py) =

Pu(pe) = 1ut(—Pe)ut(—pe) + vs(Pe)Ts(Pe) Y [vr(Pe)0r(Pe)]

Put—py) = {us(—Pe)is(—Pe) + vs(Pe)0s(Pe)} " [tr (—Pe)r (—Po)]
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Non-factorisable QED corrections
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[ REERR
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]
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Results for 0 Rz

m 0Rg, = —0.0112(21)
& 6Ry. = —0.0126(14)
® SRy = —0.0086(13)(39)vol

YPT (2011) |

RM123S (2019) |

RBC-UKQCD (2023) |
(w/o FVE) F

—0.016 —-0.012 —-0.008 —0.004 0
5RK7T

P(K — eyg)

V. Cirigliano et al., PLB 700 (201)
MDC et al., PRD 100 (2019)
P.Boyle, MDC et al., JHEP 02 (2023)

Vusz fK ’
- 1+ 0Rk~
F(W%KW)OCVud2< >(+RK)

I

* Strong evidence that d Rx . can be computed from
first principles non-perturbatively on the lattice!

e RBC-UKQCD error dominated by a large systematic
uncertainty related to finite-volume effects

* Errorson |V |/|V ,

become comparable wi

from theoretical inputs can
th those from experiments
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Prospects for |Vus/Vud|

An exercise on the error budget

V’LLS

Vaud F(WZ) M7§—|— (M72+ _

(1 -+ 5RK7T)

d exp

e Using our new result

SRicr = —0.0086 (13)(39)yor.

fr.0/[x0l

‘Vus/vud|

FLAG21 2+1

average

1.1930 (33)

0.23154 (28)exp (15)sr (45)s5R.vol. (65) £5

e Using RM123S result

SRi» = —0.0126 (14)

:fK,O/fTF,O]

|Vu3/vud|

FLAG19 241+

-1 average

1.1966 (18)

0.23131 (28)exp (1757 (35) £,
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QED finite-volume effects

In finite-volume (massless) QED the photon zero modes require a reqularisation

a3k \ [ dko G(ko,k)
’ DM (ko, k) = 6"
(L3Z / )/27rk3+k2 (Ko, k)

M. Hayakawa & S. Uno, PTP 120 (2008) l QEDL

43k dko G(ko, k)
— ’ D%Y (ko, k) = 61"
(32 | & )/M§+k2 1 (ko )

k-0

1

ki + k|2
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QED finite-volume effects

Hadron masses

Mass corrections can be obtained from Compton amplitude using Cottingham formula

e’ MM (—ik|, k)

Amp(L) =mp(L) —mp(0c0) = Ay B Z1p(0)

using the notation of

B.Lucini et al., JHEP 1602 (2016)

M (—ilk|. k) =
. ~ (~ilkl k) = =

- M([k])
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QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

Mass corrections can be obtained from Compton amplitude using Cottingham formula

Amp(L) = mp (L) — mp(oc) = 7o LI apn(cig i) = 22 4 M)
62 . / OO g /41 C_1_ ,
AmP(L) = T 62(9) 24;_)2(10;) - Cq (8) ./2\:_;02) | C()(H) MLgO) | ;: (21;4)+g (Z —|_£2()9')j\/l(£+ )(O)
=0
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QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

Mass corrections can be obtained from Compton amplitude using Cottingham formula

Amp(L) = mp (L) — mp(oc) = 7o LI apn(cig i) = 22 4 M)
62 1 / OO g /41 C_1_ ,
AmP(L) = T 62(9) Z47f2(2) - Cq (0) ./2\:_;02) | C()(H) MLgO) | Z (21;4)_% (Z —|_£2()9')j\/l(£+ )(O)

universal terms fixed by Ward identities
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QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

Mass corrections can be obtained from Compton amplitude using Cottingham formula

Amp(L) = mp (L) — mp(oc) = 7o LI apn(cig i) = 22 4 M)
62 1 / OO g /41 C_1_ ;

universal terms fixed by Ward identities structure + multi-particle dependence
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QED finite-volume effects e the nottion of

B.Lucini et al., JHEP 1602 (2016)
Hadron masses

e? [ Z1p(0) M(0) M(0) = (2m) e 4(0)
A L — 0 | | I (E—I_Q)
mp(l) = oo |20 T Fal®) 5 +al0) =5 ;% A gy )
LOh . aeeen =TT et T
0.5_—

1 = QEDg [65]

§ I
= I
~ I I QEDL
----- QED,
—0.5-
—-1.0+




QED finite-volume effects ¢ Lobice et ol PRD 95 (2o

N. Tantalo et al., [1612.0019gv2]

Leptonic decay amplitude MDC et al., PRO 105 (2022

MDC et al., [2310.13358]

I ] )
L L — 2 - B
) — 2A1(vy) |log i - log WZJL; IR o (63(‘722 1(ve))

3
AYp(L) = 1 + 4 log (TZZ/) | 21og<

Tr .
> universal

1 [(1+ r§)2 Co — 47“?02(Vg)_
mpl I 1 — ’l“zl | /

L [ EA) el s sl Bl e (v)
(mplL)? fp 1—17r) (1—17)

1 _327'('26() (2 + Tg)
(mpL)3 | (1+71%)3

- o C’él) + co(Vvy) C’é2)

* Collinear divergent terms as |v| -1 and v || k

Vg — ( /d3 ) R
; nf*(1—-ve-n) o Dependence on the direction v due to rotational symmetry breaking




QED finite-volume effects ¢ Lobice et ol PRD 95 (2o

N. Tantalo et al., [1612.0019gv2]

Leptonic decay amplitude MDC et al., PRO 105 (2022

MDC et al., [2310.13358]

)

3 L i L L — 2 — B
AYp(L) = — +4log ) 4 2log TWE) - 2A1(ve) |log L log ot 1|+ = (es(ve) 1(ve))
’ n 47T ] o i ] o > universal
1 [(14+71))%co—4rics(vy)
mp L I 1 — 7“21 | /

L [ EaO el e st el e 2 v
(mplL)? fp 1—17r) (1—17)

1 _327'('260 (2 + Tg)
(mpL)3 | (1 +7°§)3

- o C’él) + co(Vvy) C’éz)
N— an QED: help removing this unknown term?

* Collinear divergent terms as [v| — 1 and v || k

2 1
cs(vy) = Z — [ d°n - - )
n£0 nf*(1—-ve-n) o Dependence on the direction v due to rotational symmetry breaking




Velocity-dependent coefficients in QED

vl = 0.40 vl = 0.95

54 \'e ‘/

max ¢o(v) = 0.0171 max Co(v) = 15.2832
min ¢o(v) = -0.0114 min ¢y(v) = -2.8258

VR

v) = 9002.2317
v) = -807.4018
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Velocity-dependent coefficients in QED

Co(Vv) for |[v| = 0.995
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Velocity-dependent coefficients in QED:

0.2

0.0C

"magic angles’

0.6+

0.4

o G(v=0.995)
\ |
..
.0 11 .2 1.3 14 15
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400

200

work in progress I
in both directions

Stochastic direction average
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_15- — [ dQ2y co(V) = 0
4
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Take home messages on finite-volume effects?

> Finite-volume expansions studied for masses and leptonic decays
> Unknown structure-dependent contributions start at O(1/L3)

> QED:x reqularisation could help pushing unknown effects to O(1/L4)?

> Velocity-dependent effects potentially problematic for heavy meson decays

> Asymptotic series need further study: up to what order subtracting FV effects is beneficial?

28



Infinite volume reconstruction X Feng & Lin, PRD 100 (2016)
QEDoo

* An alternative approach is to compute radiative corrections as a convolution of hadronic
correlators with infinite-volume QED kernels

AQO = /dt/dSX H(t,x) forp(t,Xx) = AOB) + AOW

Separate correlator into short and long distance parts:

1 [t
() ~ * 3 L
AOB) 5 /_ts dt/,;sd x H"(t,x)fqep (¢, %) 0 ts o0

single-hadron state dominance

A0 & [tk HE(tx) Faen(tex
L3

Exponentially suppressed (a) finite-volume effects  (b) contributions of states with higher energy
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Infinite volume reconstruction

QED
14 14 14
Tt w x 7wt x // 7wt T /
EN-N y
+ + A
¢ s %u*
A B C
14 14
T x / T // 7
:—%H/‘/L\\ . > Y )
SN 7
D E
= Diagram A:

K.p,0

HO (4 . %) = / G (O T{JIW(0) JE (b, W + %) JEM (£, )} | (D))
» Diagram B and D:
Hup(x) = Hid(xe. X) = (0IT{4(0)J5" (x)}|m(0))
» Diagram C and E (f; = 130 MeV):

HO = HY6,, = (0]JY(0)m(0)) = —imnfrly.

from Luchang Jin's talk @ Edinburgh May 30, 2023

N.Christ et al., [2304.08026]

Strategy proposed for leptonic decay rates:

* Logarithmic IR divergences appear
* but they cancel analytically between diagrams

® Numerical calculation still ongoing...
... systematics under control?

30



Where do we stand

® Current tensions in CKM unitarity require a combined effort of theory and experiments
* Two lattice calculations of IB and QED corrections to light-meson leptonic decay rates

* Finite volume QED effects have to be carefully investigated

... and where to go?

move to unquenched tackle different weak develop and apply
calculations processes new techniques
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