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Isospin-breaking corrections to light-meson leptonic 
decays
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<latexit sha1_base64="qB/gsMb4k0A2h8eVzyeY22Tqfbs="></latexit>

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

Indirect searches of new physics using CKM matrix unitarity constraints

in the Standard Model:
<latexit sha1_base64="1/jGzrSrsAB60USj7GFaLHV2NJY="></latexit>

|Vud|2 + |Vus|2 + |Vub|2 = 1

Matrix elements can be extracted e.g. from leptonic and semileptonic decays of mesons
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<latexit sha1_base64="4k8genq1K6MeAkRXUQ5clDmxsxM="></latexit>

⇡+

<latexit sha1_base64="+c3yw4bd1tgBWBXzJVqPG61yoKw="></latexit>u

<latexit sha1_base64="g/SA0sNSf/V8cUhkxDbgJlImn8g="></latexit>

d

<latexit sha1_base64="1ZGO/wztOFgfoHbmhNbzGVBqd0g="></latexit>

Vud
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`+

⌫`

<latexit sha1_base64="Lbnx2UYTBFQ31kB2/o3E4IFEyu4="></latexit>s

<latexit sha1_base64="FENv5oBJr7ux3TnNxecXkU9blIo="></latexit>

Vus

<latexit sha1_base64="+c3yw4bd1tgBWBXzJVqPG61yoKw="></latexit>u

<latexit sha1_base64="g/SA0sNSf/V8cUhkxDbgJlImn8g="></latexit>

d

Testing the Standard Model with flavour physics



Leptonic and semi-leptonic decays from lattice QCD

3

         and            determined from  
lattice QCD with sub percent precision!

<latexit sha1_base64="UrC+5PEOFJzgSA+kgUG2hQFAkiI="></latexit>

fK/f⇡
<latexit sha1_base64="XcQjZa6KX+qEpAwaBKDM1yx9vSk="></latexit>

fK⇡
+ (0)

<latexit sha1_base64="92OxKAIl93u5ki+MIB8rS7jzMsM=">AAACGHicbZBNS8NAEIY39avWr6hHL8EiVJA2sUXtQSh6EbxUsB/QxLLZbtqlu0nY3Qgl5Gd48a948aCI1978N27aHLQ6sOzDOzPMzOuGlAhpml9abml5ZXUtv17Y2Nza3tF399oiiDjCLRTQgHddKDAlPm5JIinuhhxD5lLcccfXab7ziLkggX8vJyF2GBz6xCMISiX19YrtBnQgJkx9sdePbx/skCUVRXZIZnxpla16tWaflKz6cdLXi2bZnIXxF6wMiiCLZl+f2oMARQz7ElEoRM8yQ+nEkEuCKE4KdiRwCNEYDnFPoQ8ZFk48OywxjpQyMLyAq+dLY6b+7IghE+nuqpJBORKLuVT8L9eLpHfhxMQPI4l9NB/kRdSQgZG6ZAwIx0jSiQKIOFG7GmgEOURSeVlQJliLJ/+F9mnZOitX72rFxlVmRx4cgENQAhY4Bw1wA5qgBRB4Ai/gDbxrz9qr9qF9zktzWtazD36FNv0GHFGfGw==</latexit>

fK±/f⇡± = 1.1934 (19)
<latexit sha1_base64="MMsYFWVXA/pqzcF8j67YsGaEs9k=">AAACEnicbVDLSgMxFM3UV62vqks3wSK0KMOMSh8LoehGcFPBPqAzDplMpg3NPEgyQhn6DW78FTcuFHHryp1/Y/pYaOuBkMM593LvPW7MqJCG8a1llpZXVtey67mNza3tnfzuXktECcekiSMW8Y6LBGE0JE1JJSOdmBMUuIy03cHV2G8/EC5oFN7JYUzsAPVC6lOMpJKcfMlyI+aJYaC+1HeO79MbK6ajolGCF9DQa+Va1TopmpXSyMkXDN2YAC4Sc0YKYIaGk/+yvAgnAQklZkiIrmnE0k4RlxQzMspZiSAxwgPUI11FQxQQYaeTk0bwSCke9COuXijhRP3dkaJAjLdWlQGSfTHvjcX/vG4i/aqd0jBOJAnxdJCfMCgjOM4HepQTLNlQEYQ5VbtC3EccYalSzKkQzPmTF0nrVDfL+tnteaF+OYsjCw7AISgCE1RAHVyDBmgCDB7BM3gFb9qT9qK9ax/T0ow269kHf6B9/gAGWJsb</latexit>

fK⇡
+ (0) = 0.9698 (17)

FLAG Review 2021. 
EPJC 82, 869 (2022)



Current level of precision requires the inclusion of isospin-breaking  
corrections due to 

strong effects 

electromagnetic effects

QED and isospin-breaking effects

4

<latexit sha1_base64="UcDknyWUhdZtWjz8YUGDgxKrXqk="></latexit>

[mu �md]QCD 6= 0
<latexit sha1_base64="6ynlvDcSEOPhR5JGkDXtJCtnAHY="></latexit>

↵ 6= 0

<latexit sha1_base64="9sA1Z1Op85f0e539Nw37KxwZ/f0="></latexit>

�(K ! ⇡`⌫`) / |Vus|2 |fK⇡
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�
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�
<latexit sha1_base64="0baSG7XFfA6Ny5N38j5c5s7pH+Y="></latexit>

�(K ! `⌫`)

�(⇡ ! `⌫`)
/

|Vus|2

|Vud|2

✓
fK
f⇡

◆2�
1 + �RK⇡

�

‣ results from 𝜒PT currently quoted in the PDG                            

‣ fully non-perturbative (i.e. structure dependent) 

‣ can be obtained through first-principle lattice calculations

<latexit sha1_base64="plI9XrRuYvys1mgGz7B2jv+H2u4=">AAAB+3icbVDNS8MwHE39nPWrzqOX4hAEYbQK6kUcevE4wX3AWkeapltY2oQkFUfpv+JlB0W8+jd49yL+N6bbDrr5IOTx3u9HXl7AKZHKcb6NhcWl5ZXV0pq5vrG5tW3tlJuSpQLhBmKUiXYAJaYkwQ1FFMVtLjCMA4pbweC68FsPWEjCkjs15NiPYS8hEUFQaalrlb2A0VAOY31lHif3R3nXqjhVZwx7nrhTUrn8MC/46Musd61PL2QojXGiEIVSdlyHKz+DQhFEcW56qcQcogHs4Y6mCYyx9LNx9tw+0EpoR0zokyh7rP7eyGAsi3h6MoaqL2e9QvzP66QqOvczkvBU4QRNHopSaitmF0XYIREYKTrUBCJBdFYb9aGASOm6TF2CO/vledI8rrqn1ZNbp1K7AhOUwB7YB4fABWegBm5AHTQAAo/gCTyDFyM3Rsar8TYZXTCmO7vgD4z3H8k4l+0=</latexit>

⇡+

<latexit sha1_base64="Mef+SNz7UcCfldUa87xWTObJveM=">AAAB/XicbVDLSsNAFJ3UV219xMfOTbAKrkqioC6LblxWsA9oQphMJu3QySTMo1BD8VfcuFDEpX6Af+DOD9G1k7YLbT0wzOGce5kzJ0gpEdK2P43CwuLS8kpxtVReW9/YNLe2myJRHOEGSmjC2wEUmBKGG5JIitspxzAOKG4F/cvcbw0wFyRhN3KYYi+GXUYigqDUkm/uukFCQzGM9ZW5TPlurEa+WbGr9hjWPHGmpFI7+Hp9H5S/67754YYJUjFmElEoRMexU+llkEuCKB6VXCVwClEfdnFHUwZjLLxsnH5kHWoltKKE68OkNVZ/b2QwFnlAPRlD2ROzXi7+53WUjM69jLBUSczQ5KFIUUsmVl6FFRKOkaRDTSDiRGe1UA9yiKQurKRLcGa/PE+ax1XntHpyrdu4ABMUwR7YB0fAAWegBq5AHTQAArfgHjyCJ+POeDCejZfJaMGY7uyAPzDefgA3EZon</latexit>⌫µ

<latexit sha1_base64="gzotNZkP2fA3V/lE4kq3uYtadYA=">AAAB+3icbVBPS8MwHE39O+e/Oo+KBIcgCKNVUI9DLx43cH9grSNN0y0sbUqSiqP06Nfw4kERr8I+hzc/g1/CdNtBNx+EPN77/cjL82JGpbKsL2NhcWl5ZbWwVlzf2NzaNndKTckTgUkDc8ZF20OSMBqRhqKKkXYsCAo9Rlre4Dr3W/dESMqjWzWMiRuiXkQDipHSUtcsOR5nvhyG+kqdMLk7ybpm2apYY8B5Yk9Jubo/qn8/HoxqXfPT8TlOQhIpzJCUHduKlZsioShmJCs6iSQxwgPUIx1NIxQS6abj7Bk80ooPAy70iRQcq783UhTKPJ6eDJHqy1kvF//zOokKLt2URnGiSIQnDwUJg4rDvAjoU0GwYkNNEBZUZ4W4jwTCStdV1CXYs1+eJ83Tin1eOavrNq7ABAWwBw7BMbDBBaiCG1ADDYDBA3gCL+DVyIxn4814n4wuGNOdXfAHxscPZGyYYA==</latexit>

µ+

<latexit sha1_base64="gzotNZkP2fA3V/lE4kq3uYtadYA=">AAAB+3icbVBPS8MwHE39O+e/Oo+KBIcgCKNVUI9DLx43cH9grSNN0y0sbUqSiqP06Nfw4kERr8I+hzc/g1/CdNtBNx+EPN77/cjL82JGpbKsL2NhcWl5ZbWwVlzf2NzaNndKTckTgUkDc8ZF20OSMBqRhqKKkXYsCAo9Rlre4Dr3W/dESMqjWzWMiRuiXkQDipHSUtcsOR5nvhyG+kqdMLk7ybpm2apYY8B5Yk9Jubo/qn8/HoxqXfPT8TlOQhIpzJCUHduKlZsioShmJCs6iSQxwgPUIx1NIxQS6abj7Bk80ooPAy70iRQcq783UhTKPJ6eDJHqy1kvF//zOokKLt2URnGiSIQnDwUJg4rDvAjoU0GwYkNNEBZUZ4W4jwTCStdV1CXYs1+eJ83Tin1eOavrNq7ABAWwBw7BMbDBBaiCG1ADDYDBA3gCL+DVyIxn4814n4wuGNOdXfAHxscPZGyYYA==</latexit>

µ+
<latexit sha1_base64="gzotNZkP2fA3V/lE4kq3uYtadYA=">AAAB+3icbVBPS8MwHE39O+e/Oo+KBIcgCKNVUI9DLx43cH9grSNN0y0sbUqSiqP06Nfw4kERr8I+hzc/g1/CdNtBNx+EPN77/cjL82JGpbKsL2NhcWl5ZbWwVlzf2NzaNndKTckTgUkDc8ZF20OSMBqRhqKKkXYsCAo9Rlre4Dr3W/dESMqjWzWMiRuiXkQDipHSUtcsOR5nvhyG+kqdMLk7ybpm2apYY8B5Yk9Jubo/qn8/HoxqXfPT8TlOQhIpzJCUHduKlZsioShmJCs6iSQxwgPUIx1NIxQS6abj7Bk80ooPAy70iRQcq783UhTKPJ6eDJHqy1kvF//zOokKLt2URnGiSIQnDwUJg4rDvAjoU0GwYkNNEBZUZ4W4jwTCStdV1CXYs1+eJ83Tin1eOavrNq7ABAWwBw7BMbDBBaiCG1ADDYDBA3gCL+DVyIxn4814n4wuGNOdXfAHxscPZGyYYA==</latexit>

µ+

V.Cirigliano & H.Neufeld, PLB 700 (2011)

<latexit sha1_base64="84+AjIkSDeUHhP48muqTg/37MtQ=">AAACDHicdVDLSsNAFJ34rPVVdelmsBTqpiS22nZXdOPOCvYBTSiTyaQdOpOEmYlQQj/Ajb/ixoUibv0Ad/6NkzaCil4Y5nDOvdxzjxsxKpVpfhhLyyura+u5jfzm1vbObmFvvyvDWGDSwSELRd9FkjAakI6iipF+JAjiLiM9d3KR6r1bIiQNgxs1jYjD0SigPsVIaWpYKNpuyDw55fpLbEk5tDlSY4xYcjUrW9AuHc90l1kxa+ZpvQo1mJcGzWajZjaglTFFkFV7WHi3vRDHnAQKMyTlwDIj5SRIKIoZmeXtWJII4QkakYGGAeJEOsn8mBksacaDfij0CxScs98nEsRl6ld3pk7lby0l/9IGsfIbTkKDKFYkwItFfsygCmGaDPSoIFixqQYIC6q9QjxGAmGl88vrEL4uhf+D7knFOqtUr2vF1nkWRw4cgiNQBhaogxa4BG3QARjcgQfwBJ6Ne+PReDFeF61LRjZzAH6U8fYJc2ObOg==</latexit>

⇠ O(1%)



First-row CKM unitarity tests
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<latexit sha1_base64="FSeodkMbUiO40ALDGvhyDRP+Adc=">AAACFXicbVDLSgMxFM3UV62vqks3wSK40DJTRbsRim5cVrAP6NSSSdM2NJkZkjtCmfYn3Pgrblwo4lZw59+YaYto64HAyTn3cu89Xii4Btv+slILi0vLK+nVzNr6xuZWdnunqoNIUVahgQhU3SOaCe6zCnAQrB4qRqQnWM3rXyV+7Z4pzQP/FgYha0rS9XmHUwJGamWPhtWWKwn0lIyj0fCu8PMTBGB07OALXMgXXc27krSyOTtvj4HniTMlOTRFuZX9dNsBjSTzgQqidcOxQ2jGRAGngo0ybqRZSGifdFnDUJ9Ippvx+KoRPjBKG3cCZZ4PeKz+7oiJ1HogPVOZrKxnvUT8z2tE0Ck2Y+6HETCfTgZ1IoEhwElEuM0VoyAGhhCquNkV0x5RhIIJMmNCcGZPnifVQt45y5/cnOZKl9M40mgP7aND5KBzVELXqIwqiKIH9IRe0Kv1aD1bb9b7pDRlTXt20R9YH98wPZ7L</latexit>

|Vu|2latt � 1 = 2.8�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="6dPUrf1iQNIyvIIoC8voa5ORe6c="></latexit>

|Vu|2f+,�PDG20 � 1 = 5.6�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="FJWYrp1BFBa169PCTKzM2BcPvmw="></latexit>

|Vu|2f+,Hardy20
� 1 = 3.1�

<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="rt2VYolT9C+HSZGKMRx8yITl2io=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuFfUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+TdVtxpoNhC4W654rjcDWiZ+TiqQo94tfwW9mKSCSkM41rrje4kJM6wMI5xOSkGqaYLJCA9ox1KJBdVhNrt5gk6s0kP9WNmSBs3U3xMZFlqPRWQ7BTZDvehNxf+8Tmr612HGZJIaKsl8UT/lyMRoGgDqMUWJ4WNLMFHM3orIECtMjI2pZEPwF19eJs1z1790qw8XldptHkcRjuAYTsGHK6jBPdShAQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwBSIJCW</latexit>�1 = 3.3�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="lnKLpim0D6N5g835hDsE0L4JdSA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuivUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+Te+Ww00GwjcLVc815sBLRM/JxXIUe+Wv4JeTFJBpSEca93xvcSEGVaGEU4npSDVNMFkhAe0Y6nEguowm908QSdW6aF+rGxJg2bq74kMC63HIrKdApuhXvSm4n9eJzX96zBjMkkNlWS+qJ9yZGI0DQD1mKLE8LElmChmb0VkiBUmxsZUsiH4iy8vk+a561+5Fw+XldptHkcRjuAYTsGHKtTgHurQAAIJPMMrvDmp8+K8Ox/z1oKTzxzCHzifP1UwkJg=</latexit>�1 = 1.7�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue

FLAG Review 2021. EPJC 82, 869 (2022)

Different tensions in the            plane:
<latexit sha1_base64="o9NDsf2+FmkXs/vAJc3dI6tkGXg="></latexit>

Vus-Vud

FLAG Review 2021. EPJC 82, 869 (2022)



First-row CKM unitarity tests
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<latexit sha1_base64="FSeodkMbUiO40ALDGvhyDRP+Adc=">AAACFXicbVDLSgMxFM3UV62vqks3wSK40DJTRbsRim5cVrAP6NSSSdM2NJkZkjtCmfYn3Pgrblwo4lZw59+YaYto64HAyTn3cu89Xii4Btv+slILi0vLK+nVzNr6xuZWdnunqoNIUVahgQhU3SOaCe6zCnAQrB4qRqQnWM3rXyV+7Z4pzQP/FgYha0rS9XmHUwJGamWPhtWWKwn0lIyj0fCu8PMTBGB07OALXMgXXc27krSyOTtvj4HniTMlOTRFuZX9dNsBjSTzgQqidcOxQ2jGRAGngo0ybqRZSGifdFnDUJ9Ippvx+KoRPjBKG3cCZZ4PeKz+7oiJ1HogPVOZrKxnvUT8z2tE0Ck2Y+6HETCfTgZ1IoEhwElEuM0VoyAGhhCquNkV0x5RhIIJMmNCcGZPnifVQt45y5/cnOZKl9M40mgP7aND5KBzVELXqIwqiKIH9IRe0Kv1aD1bb9b7pDRlTXt20R9YH98wPZ7L</latexit>

|Vu|2latt � 1 = 2.8�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="6dPUrf1iQNIyvIIoC8voa5ORe6c="></latexit>

|Vu|2f+,�PDG20 � 1 = 5.6�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="FJWYrp1BFBa169PCTKzM2BcPvmw="></latexit>

|Vu|2f+,Hardy20
� 1 = 3.1�

<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="rt2VYolT9C+HSZGKMRx8yITl2io=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuFfUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+TdVtxpoNhC4W654rjcDWiZ+TiqQo94tfwW9mKSCSkM41rrje4kJM6wMI5xOSkGqaYLJCA9ox1KJBdVhNrt5gk6s0kP9WNmSBs3U3xMZFlqPRWQ7BTZDvehNxf+8Tmr612HGZJIaKsl8UT/lyMRoGgDqMUWJ4WNLMFHM3orIECtMjI2pZEPwF19eJs1z1790qw8XldptHkcRjuAYTsGHK6jBPdShAQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwBSIJCW</latexit>�1 = 3.3�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="lnKLpim0D6N5g835hDsE0L4JdSA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuivUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+Te+Ww00GwjcLVc815sBLRM/JxXIUe+Wv4JeTFJBpSEca93xvcSEGVaGEU4npSDVNMFkhAe0Y6nEguowm908QSdW6aF+rGxJg2bq74kMC63HIrKdApuhXvSm4n9eJzX96zBjMkkNlWS+qJ9yZGI0DQD1mKLE8LElmChmb0VkiBUmxsZUsiH4iy8vk+a561+5Fw+XldptHkcRjuAYTsGHKtTgHurQAAIJPMMrvDmp8+K8Ox/z1oKTzxzCHzifP1UwkJg=</latexit>�1 = 1.7�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue

FLAG Review 2021. EPJC 82, 869 (2022)

Different tensions in the            plane:
<latexit sha1_base64="o9NDsf2+FmkXs/vAJc3dI6tkGXg="></latexit>

Vus-Vud

with QED corrections 
from lattice calculation

without QED corrections 
from the lattice

FLAG Review 2021. EPJC 82, 869 (2022)FLAG Review 2021. EPJC 82, 869 (2022)
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Charged states in a finite box
Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

<latexit sha1_base64="oQALwZP6v/ST1E8TNElqBWbrNnk="></latexit>

Q =

Z
d3x j0(t,x) =

Z
d3x r ·E(t,x) = 0

<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.
<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDL

M.Hayakawa & S.Uno, PTP 120 (2008)

remove spatial zero-mode 
of the photon field

Possible solutions:

<latexit sha1_base64="R+h8oyLCQRXXhXr23gKmQb7CAwU="></latexit>

⌦0
3 = (2Z3 + n̄)⇡/L

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDC*

employ C* boundary  
conditions

A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) 
B.Lucini et al., JHEP 02 (2016)

use massive photon <latexit sha1_base64="2hqfUdXLxtnt9jE4cPM4hB+6PAk=">AAAB/nicdVBPS8MwHE3nvzn/VcWTl+AQPJV2m9Xdhl48TnCbsJaSptkWlrQlSYVRBn4VLx4U8ern8Oa3Md0mqOiDkMd7vx95eWHKqFS2/WGUlpZXVtfK65WNza3tHXN3ryuTTGDSwQlLxG2IJGE0Jh1FFSO3qSCIh4z0wvFl4ffuiJA0iW/UJCU+R8OYDihGSkuBeeCFCYvkhOsr54E3RJyjaWBWbavu2HXHgbblus1Tp6ZJzW42Gi50LHuGKligHZjvXpTgjJNYYYak7Dt2qvwcCUUxI9OKl0mSIjxGQ9LXNEacSD+fxZ/CY61EcJAIfWIFZ+r3jRxxWSTUkxypkfztFeJfXj9Tg3M/p3GaKRLj+UODjEGVwKILGFFBsGITTRAWVGeFeIQEwko3VtElfP0U/k+6Nctxrfp1o9q6WNRRBofgCJwAB5yBFrgCbdABGOTgATyBZ+PeeDRejNf5aMlY7OyDHzDePgF03JZ6</latexit>m�

M.G.Endres et al., [1507.08916]

<latexit sha1_base64="aY/bE0ckDhZn8mvw0iJJotQPBLQ="></latexit>

⌦4 = 2⇡{Z3/L,Z/T}

QEDm QED∞

infinite-volume 
reconstruction

X.Feng & L.Jin, PRD 100 (2019) 

N.Christ et al., [2304.08026]

<latexit sha1_base64="IQz3cTT3o2/L/BAxXL6XfSbJ0/I=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcDUkddrahVB0484q9gFtLZk0bUMzD5KMUIZu/BU3LhRx62e482/MtBVU9MCFwzn3cu89bii40gh9WKmFxaXllfRqZm19Y3Mru71TV0EkKavRQASy6RLFBPdZTXMtWDOUjHiuYA13dJ74jTsmFQ/8Gz0OWccjA5/3OSXaSN3sXvvSYwPSdeApbHtED103vp7cOt1sDtklVC5gBJGNy9hB2JA8dkqFIsQ2miIH5qh2s+/tXkAjj/maCqJUC6NQd2IiNaeCTTLtSLGQ0BEZsJahPvGY6sTTBybw0Cg92A+kKV/Dqfp9IiaeUmPPNZ3Jjeq3l4h/ea1I9086MffDSDOfzhb1IwF1AJM0YI9LRrUYG0Ko5OZWSIdEEqpNZhkTwten8H9Sz9u4aB9fObnK2TyONNgHB+AIYFACFXABqqAGKJiAB/AEnq1769F6sV5nrSlrPrMLfsB6+wSjdJXT</latexit>

⌦4 = R4
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Charged states in a finite box
Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

<latexit sha1_base64="oQALwZP6v/ST1E8TNElqBWbrNnk="></latexit>

Q =

Z
d3x j0(t,x) =

Z
d3x r ·E(t,x) = 0

<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.
<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDL

M.Hayakawa & S.Uno, PTP 120 (2008)

remove spatial zero-mode 
of the photon field

• Spatial zero-mode of the photon field is removed at each k0
<latexit sha1_base64="CJlac5Qa9ayyw9v0oh62b4/7NZM=">AAACG3icbZDLSgMxFIYzXmu9VV26CRZBQcpMK+pGqLpxWcHWQqeWTJrR0CQzJGfEMvQ93Pgqblwo4kpw4duYXkBt/SHw8Z9zyDl/EAtuwHW/nKnpmdm5+cxCdnFpeWU1t7ZeM1GiKavSSES6HhDDBFesChwEq8eaERkIdhV0zvr1qzumDY/UJXRj1pTkRvGQUwLWauWKPlfgSwK3Wqbt3nVpwEGY3vewj09avkx2YO/H3D12W7m8W3AHwpPgjSCPRqq0ch9+O6KJZAqoIMY0PDeGZko0cCpYL+snhsWEdsgNa1hURDLTTAe39fC2ddo4jLR9CvDA/T2REmlMVwa2s7+kGa/1zf9qjQTCo2bKVZwAU3T4UZgIDBHuB4XbXDMKomuBUM3trpjeEk0o2DizNgRv/ORJqBUL3kGhdLGfL5+O4sigTbSFdpCHDlEZnaMKqiKKHtATekGvzqPz7Lw578PWKWc0s4H+yPn8BicwoXQ=</latexit>Z

d3x Aµ(t,x) = 0
<latexit sha1_base64="PvtMcS3pR5b1k045aOXUEJK2REw="></latexit>

��
µ⌫(x) =

1

V

X

k0

X

k 6=0

��
µ⌫(k) e

ik·x—>

• Long-distance interaction translates into power law finite-size effects

<latexit sha1_base64="UeH4xLU+SEKG/riMLcnrgHlKBxY="></latexit>

O(L) = O(1) + 0 +
1

L
+

2

L2
+

3

L3
+ . . .

<latexit sha1_base64="UeH4xLU+SEKG/riMLcnrgHlKBxY="></latexit>

O(L) = O(1) + 0 +
1

L
+

2

L2
+

3

L3
+ . . .

<latexit sha1_base64="GCjFa7XonfOTVh24xyp6HI5thX0="></latexit>

3 / c0 =

 
X

n 6=0

�
Z

d3n

!
= �1

S.Borsanyi et al., Science 347 (2015) 

Z.Davoudi & M.Savage, PRD 90 (2014)

V.Lubicz et al., PRD 95 (2017)

N.Tantalo et al., [1612.00199]

Z.Davoudi et al., PRD 99 (2019) 

MDC et al., PRD 105 (2022)
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<latexit sha1_base64="eQdPw4Mc5YL/IMTVmXKtmd53KFU=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQq6kYounFZwT6gCWUymbRDJzNhZiKUENz4K25cKOLWr3Dn3zhps9DWC8MczrmXe+4JEkaVdpxva2FxaXlltbJWXd/Y3Nq2d3bbSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoptA7D0QqKvi9HifEj9GA04hipA3Vt/e9GOlhEGWj/MoLBAvVODZf5uR9u+bUnUnBeeCWoAbKavbtLy8UOI0J15ghpXquk2g/Q1JTzEhe9VJFEoRHaEB6BnIUE+VnkxNyeGSYEEZCmsc1nLC/JzIUq8Ka6SwMq1mtIP/TeqmOLv2M8iTVhOPpoihlUAtY5AFDKgnWbGwAwpIarxAPkURYm9SqJgR39uR50D6pu+f107uzWuO6jKMCDsAhOAYuuAANcAuaoAUweATP4BW8WU/Wi/VufUxbF6xyZg/8KevzBwRdl9Y=</latexit>

k = 0

<latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>) <latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>)

The spatial zero mode is not removed but redistributed over the neighbouring modes on a 

shell of radius 

Special case of "IR-improvement"

Z.Davoudi et al., PRD 99 (2019) 

MDC, PoS LATTICE2023 (2024) [2401.07666]
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�k2,p2

n(p2)

�µ⌫

k20 + p2
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P+

�

`+

⌫`

q1

q2

real photon emission 
leptonic decays

P+

`0+
`0�

`+

⌫`

q1

q2

virtual photon emission 
leptonic decays

P+

`+

⌫`

q1

q2

leptonic decays

N. Carrasco et al., PRD 91 (2015) 
V. Lubicz et al., PRD 95 (2017) 
N.Tantalo et al., [1612.00199v2] 
D. Giusti et al., PRL 120 (2018) 
MDC et al., PRD 100 (2019) 
MDC et al., PRD 105 (2022) 
P.Boyle, MDC et al., JHEP 02 (2023) 
N.Christ et al., [2304.08026]

G.M. de Divitiis et al., [1908.10160] 
C. Kane et al., [1907.00279 & 2110.13196] 
R. Frezzotti et al., PRD 103 (2021) 
A.Desiderio et al., PRD 102 (2021) 
D. Giusti et al., [2302.01298] 
R.Frezzotti et al., [2306.05904]

G.Gagliardi et al., Phys. Rev. D 105 (2022) 
R.Frezzotti et al., [2306.07228]

K0 ⇡�

`+

⌫`

semileptonic decays

C.Sachrajda et al., [1910.07342] 
N.Christ et al., [2304.08026]

K ⇡

⇡

hadronic decays

R.Abbott et al., PRD 102 (2020) 
Z.Bai et al., PRL 115 (2015) 
N.Christ et al., PRD 106 (2022) 
N.Christ & X.Feng, EPJ Web Conf. 175 (2018) 
Y.Cai & Z.Davoudi, [1812.11015]

rare FCNC decays

R.Frezzotti et al., [2402.03262]

Weak decays — some recent works
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leptonic decays of light pseudoscalar mesons

1904.08731 2211.12865  



Leptonic decays of pseudoscalar mesons
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1/a ⌧ mW

Can be studied in an effective Fermi theory with the W-boson 
integrated out and the local interaction described by
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2
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⇥
q̄2 �µ(1� �5) q1

⇤⇥
⌫̄` �

µ(1� �5) `
⇤
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8⇡
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`

✓
1� m2

`

m2
P

◆2

mP

⇥
fP,0

⇤2
= K |L|2

|L0|2

✓
mP

mP,0

◆2

|M0|2

In the PDG convention, the tree-level decay rate takes the form

with the non-perturbative dynamic encoded in the decay constant
<latexit sha1_base64="+TWcaaLB2Fkzyid2t1G/VFeD7Mw="></latexit>

Z0h0|q̄2 �0�5 q1|P,0i(0) = imP,0 fP,0
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IR divergences appear in intermediate steps of the calculation 
 
 
 

UV divergences: need to include QED corrections to the renormalization of the weak Hamiltonian

F. Bloch & A. Nordsieck, PR 52 (1937) 54 
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IR divergent IR divergentIR finite

A.Sirlin, NPB 196 (1982) 

E.Braaten & C.S.Li, PRD 42 (1990)

• perturbative @ 2 loops in QCD+QED

• non-perturbative in lattice QCD+QED

MDC et al., PRD 100 (2019)

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>
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The decay constant   becomes an ambiguous and unphysical quantityfP,0
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M̂j
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�2
(g, e�, m̂�) =
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m̂�(g)

• The full QCD+QED theory is unambiguously defined 
after matching a set of observables to the real world

• The definition of QCD or isoQCD requires a prescription, 
i.e. some renormalization conditions to fix the bare 
parameters of the action
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�QCD = (gQCD, 0, m̂QCD)
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�(0) = (g(0), 0, m̂(0))
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j = 1, . . . , Nf
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m̂QCD = (m̂QCD
ud , �m̂QCD, m̂QCD

s )
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m̂(0) = (m̂(0)
ud , 0, m̂

(0)
s )
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, . . . )
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, . . . )

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>
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BMW hadronic scheme in RBC-UKQCD (2022) compatible with GRS quark mass scheme in RM123S (2019)

BMW, PRL 111 (2013), PRL 117 (2016) Gasser, Rusetsky & Scimemi, EPJC 32 (2003)
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F. Bloch & A. Nordsieck, PR 52 (1937) 
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N. Carrasco et al., PRD 91 (2015) 
       D. Giusti et al., PRL 120 (2018) 

     MDC et al., PRD 100 (2019) 
P.Boyle, MDC et al., JHEP 02 (2023)

The RM123+Soton approach

Leptonic decay rate at 
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P.Boyle, MDC et al., JHEP 02 (2023)
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in perturbation theory

on the lattice

on the lattice

enough for Kμ2 and 𝛑μ2 relevant for Ke2 and 𝛑e2  
& decays of heavier mesons

leading finite-volume scaling well studied

V.Lubicz et al., PRD 95 (2017)   N.Tantalo et al., [1612.00199v2] 
                      MDC et al., PRD 105 (2022)

G.M. de Divitiis et al., [1908.10160]    C. Kane et al., [1907.00279 & 2110.13196] 
              R. Frezzotti et al., PRD 103 (2021)           D. Giusti et al., [2302.01298] 
             A. Desiderio et al., PRD 102 (2021)         R.Frezzotti et al., [2306.05904]

The RM123+Soton approach

Leptonic decay rate at 
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N. Carrasco et al., PRD 91 (2015)
Calculation at O(p4) in PTχ
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A. Desiderio et al., PRD 102 (2021)
R. Frezzotti et al., PRD 103 (2021) 

Confirmed by numerical 
lattice calculation

<latexit sha1_base64="DGh/rxZNsznYKT0SvumxKcYC2+I="></latexit>

⇡e2[�] ⇡µ2[�] Ke2[�] Kµ2[�]

�R0
(⇤) 0.0411 (19) (⇤) 0.0341 (10)

�Rpt(�Emax
� ) �0.0651 �0.0258 �0.0695 �0.0317

�RSD
1 (�Emax

� ) 5.4 (1.0)⇥ 10�4 2.6 (5)⇥ 10�10 1.19 (14) 2.2 (3)⇥ 10�5

�RINT
1 (�Emax

� ) �4.1 (1.0)⇥ 10�5 �1.3 (1.5)⇥ 10�8 �9.2 (1.3)⇥ 10�4 �6.1 (1.1)⇥ 10�5

�Emax
� (MeV) 69.8 29.8 246.8 235.5

(⇤) Not yet evaluated by numerical lattice QCD+QED simulations.
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`

✓
1� m2

`

m2
P

◆2

mP

⇥
fP,0

⇤2
= K |L|2

|L0|2

✓
mP

mP,0

◆2

|M0|2
<latexit sha1_base64="5dmZBbjKckgwSeeq0S25sGQy7Xs="></latexit>

�RP = 2

✓
�AP

AP,0
� �mP

mP,0
+

�Z
Z0

◆

PDG convention

Virtual decay rate
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on the lattice

•             from the correction to the (bare) matrix element  

•             correction to the meson mass 

•             correction to the renormalization of the weak operator                                   
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Tree-level decay amplitude:
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= AP,0 = h0|A0|P i0 = imP,0 [fP,0]
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Both RM123S and RBC-UKQCD calculations are performed in the electro-quenched approximation: 
sea quarks electrically neutral

RM123 perturbative method: expand lattice path-integral around isosymmetric point

G.M.de Divitiis et al. [RM123], PRD 87 (2013)
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IB corrections to the decay amplitude

MDC et al., PRD 100 (2019) 
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P.Boyle, MDC et al., JHEP 02 (2023)  
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RM123 perturbative method: expand lattice path-integral around isosymmetric point

G.M.de Divitiis et al. [RM123], PRD 87 (2013)
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RM123 perturbative method: expand lattice path-integral around isosymmetric point

G.M.de Divitiis et al. [RM123], PRD 87 (2013)
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The lepton in a finite volume
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The lepton in a finite volume

We can select specific components using projectors:



Non-factorisable QED corrections
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without projection with projection
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<latexit sha1_base64="WeO5LXlvxkxV37pzUCiWUODoWZ0="></latexit>

! �non-factAP

AP,0
fP`(t, T )



Results for 

20

<latexit sha1_base64="FmiIIHEosINVYHrAIMoppNO/yv0="></latexit>

�RK⇡ MDC et al., PRD 100 (2019) 

V. Cirigliano et al., PLB 700 (2011)

(w/o FVE)

RBC-UKQCD (2023)

RM123S (2019)

�PT (2011)

�0.016 �0.012 �0.008 �0.004 0

�RK⇡

P.Boyle, MDC et al., JHEP 02 (2023) 

<latexit sha1_base64="0baSG7XFfA6Ny5N38j5c5s7pH+Y="></latexit>

�(K ! `⌫`)

�(⇡ ! `⌫`)
/

|Vus|2

|Vud|2

✓
fK
f⇡

◆2�
1 + �RK⇡

�
<latexit sha1_base64="4XRsdwnon/hdSGXCzk8f679HHrs="></latexit>

�RK⇡ = �0.0126 (14)

<latexit sha1_base64="o0CTwh+lBa+GjvLgrtvrj8Ntkg0="></latexit>

�RK⇡ = �0.0112 (21)

<latexit sha1_base64="P7UhoVih/CrcoY86XmbEKvR3cC4="></latexit>

�RK⇡ = �0.0086 (13)(39)vol.

• Strong evidence that          can be computed from 
first principles non-perturbatively on the lattice! 

• RBC-UKQCD error dominated by a large systematic 
uncertainty related to finite-volume effects 

• Errors on  from theoretical inputs can 
become comparable with those from experiments
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In finite-volume (massless) QED the photon zero modes require a regularisation 
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using the notation of 
B.Lucini et al., JHEP 1602 (2016)

Hadron masses

<latexit sha1_base64="hVGj8eLA31EzTWGOQZkd5VqUnmc="></latexit>

�mP (L) = mP (L)�mP (1) =
e2

4mP
�k

Mµµ(�i|k|,k)
|k|

Mass corrections can be obtained from Compton amplitude using Cottingham formula
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QED finite-volume effects
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Hadron masses
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V. Lubicz et al., PRD 95 (2017) 

N. Tantalo et al., [1612.00199v2] 

MDC et al., PRD 105 (2022) 

MDC et al., [2310.13358]
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• Collinear divergent terms as               and   

• Dependence on the direction     due to rotational symmetry breaking
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v̂

can QEDr help removing this unknown term?

QED finite-volume effects



<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.999|v| = 0.95

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.40

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

Velocity-dependent coefficients in QEDr
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<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.999|v| = 0.95

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.40

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

Velocity-dependent coefficients in QEDr

<latexit sha1_base64="V5gbYrQakX/fDGNA7K/X8wJVzVI=">AAACHnicbVDLSsNAFJ34rPVVdekmWIS6KYlatQuh6MZlBfuAJoTJZNIOnWTSmUmxpPkSN/6KGxeKCK70b5w+QG09cOFwzr3ce48bUSKkYXxpC4tLyyurmbXs+sbm1nZuZ7cuWMwRriFGGW+6UGBKQlyTRFLcjDiGgUtxw+1ej/xGH3NBWHgnBxG2A9gOiU8QlEpyciXLZffYSywX8gSljlGwAig7rp/00yOr14uhN/xRhpdGsVwupU4ubxSNMfR5Yk5JHkxRdXIflsdQHOBQIgqFaJlGJO0EckkQxWnWigWOIOrCNm4pGsIACzsZv5fqh0rxdJ9xVaHUx+rviQQGQgwCV3WOLhWz3kj8z2vF0r+wExJGscQhmizyY6pLpo+y0j3CMZJ0oAhEnKhbddSBHCKpEs2qEMzZl+dJ/bhonhVPbk/zlatpHBmwDw5AAZjgHFTADaiCGkDgATyBF/CqPWrP2pv2Pmld0KYze+APtM9vNuGjIQ==</latexit>

c̄0(v) |v| = 0.995for

26

c̄0(v) = 0
same volumes
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Out[!]=

Number of random directions

<latexit sha1_base64="C8Z0VeEWv7iKAx9wF2830JBy3/c=">AAACF3icZVDJSgNBEO2JW4xb1KOXwSBECGFGXHIMePEYwSyQCUNNpyZp0rPQ3RMIw3yH+DHiLXoTj/6NnQXRpKDox6suXr3nxZxJZVnfRm5jc2t7J79b2Ns/ODwqHp+0ZJQIik0a8Uh0PJDIWYhNxRTHTiwQAo9j2xvdz+btMQrJovBJTWLsBTAImc8oKE25RdvxBIxQpY4HIqWZa5WdANTQ89Nxdpm5qTMEPfylsswtlqyqNS9zHdhLUCLLarjFT6cf0STAUFEOUnZtK1a9FIRilGNWcBKJMdARDLCrYQgByl46t5aZF5rpm34kdIfKnLN/N1II5Oy4in7lJPAqCzsVqZWG2K/MZkL6ckVG+bVeysI4URjShYqfcFNF5iwks88EUsUnGgAVTB9q0iEIoEpHWdAJ2Kt+10HrqmrfVm8er0v12jKLPDkj56RMbHJH6uSBNEiTUPJMXsmUvBsvxpsxNT4WX3PGcueU/Cvj6wfGcKG2</latexit>

hc̄0(v)iv̂

"magic angles" Stochastic direction average

<latexit sha1_base64="QjZsxRzWxCTFeHeaufxG599EICw="></latexit>

1

4⇡

Z
d⌦v Pl(v̂ · n̂) = �l,0 ) 1

4⇡

Z
d⌦v c̄0(v) = 0

<latexit sha1_base64="7EVF/p/QlT8DZ9Ww2ZzNqS8dexE=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyVRUTdC0Y3LCvYBbSiTyaQdOpmEmYlQQ77EjQtF3Pop7vwbp2kW2nrgwuGce+fOPV7MmdK2/W2VVlbX1jfKm5Wt7Z3dam1vv6OiRBLaJhGPZM/DinImaFszzWkvlhSHHqddb3I787uPVCoWiQc9jakb4pFgASNYG2lYq16ng/yVVFI/s7NhrW437BxomTgFqUOB1rD2NfAjkoRUaMKxUn3HjrWbYqkZ4TSrDBJFY0wmeET7hgocUuWm+coMHRvFR0EkTQmNcvX3RIpDpaahZzpDrMdq0ZuJ/3n9RAdXbspEnGgqyHxRkHCkIzRLAflMUqL51BBMJDN/RWSMJSbaZFUxITiLJy+TzmnDuWic3Z/XmzdFHGU4hCM4AQcuoQl30II2EEjgGV7hzXqyXqx362PeWrKKmQP4A+vzBw88k1w=</latexit>

= 0

work in progress 
in both directions

A.Portelli, Lattice 2023

Velocity-dependent coefficients in QEDr
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Take home messages on finite-volume effects?

‣ Finite-volume expansions studied for masses and leptonic decays 

‣ Unknown structure-dependent contributions start at O(1/L3) 

‣ QEDr regularisation could help pushing unknown effects to O(1/L4)? 

‣ Velocity-dependent effects potentially problematic for heavy meson decays 

‣Asymptotic series need further study: up to what order subtracting FV effects is beneficial?



Infinite volume reconstruction
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QED  ∞

<latexit sha1_base64="E6EuhkKoR4b4kPkR7LiVA88ARgw=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuSqKiLotuXFawD2hDmEwm7dDJJMzcFErsn7gSFMStf+LKv3HSZqGtB4Y5nHMvc+YEqeAaHOfbWlldW9/YrGxVt3d29/btg8O2TjJFWYsmIlHdgGgmuGQt4CBYN1WMxIFgnWB0V/idMVOaJ/IRJinzYjKQPOKUgJF82+4HiQj1JDZXDr6e+nbNqTsz4GXilqSGSjR9+6sfJjSLmQQqiNY910nBy4kCTgWbVvuZZimhIzJgPUMliZn28lnyKT41SoijRJkjAc/U3xs5iXURzkzGBIZ60SvE/7xeBtGNl3OZZsAknT8UZQJDgosacMgVoyAmhhCquMmK6ZAoQsGUVa2aFtzFPy+T9nndvapfPFzWGrdlHxV0jE7QGXLRNWqge9RELUTRGD2jV/RmPVkv1rv1MR9dscqdI/QH1ucP5aqUNA==</latexit>

ts
<latexit sha1_base64="fHat+lRnelKqVHn7+4C9QhxB888=">AAAB9nicbVDLSgMxFL3js9ZX1aWbYBFclRkVdVl047KCfUA7lkwm04ZmkiHJiGXof7gSFMSt/+LKvzHTzkJbD4QczrmXnJwg4Uwb1/12lpZXVtfWSxvlza3tnd3K3n5Ly1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjd5H77kSrNpLg344T6MR4IFjGCjZUeeoHkoR7H9srcSb9SdWvuFGiReAWpQoFGv/LVCyVJYyoM4Vjrrucmxs+wMoxwOin3Uk0TTEZ4QLuWChxT7WfT1BN0bJUQRVLZIwyaqr83MhzrPJqdjLEZ6nkvF//zuqmJrvyMiSQ1VJDZQ1HKkZEorwCFTFFi+NgSTBSzWREZYoWJsUWVy7YFb/7Pi6R1WvMuamd359X6ddFHCQ7hCE7Ag0uowy00oAkEFDzDK7w5T86L8+58zEaXnGLnAP7A+fwBcLKS2Q==</latexit>

0
<latexit sha1_base64="waaYMb/oVMwD6UgCCCU1cZVfRB0=">AAAB/XicbVDNS8MwHE39nPWruqOX4BA8jVZFPQ69eJzgPmAtI03TLSxNSpIKpQz/FE+Cgnj1D/Hkf2O69aCbD0Ie7/1+5OWFKaNKu+63tbK6tr6xWduyt3d29/adg8OuEpnEpIMFE7IfIkUY5aSjqWakn0qCkpCRXji5Lf3eI5GKCv6g85QECRpxGlOMtJGGTt0PBYtUnpir8CmPdT4dOg236c4Al4lXkQao0B46X34kcJYQrjFDSg08N9VBgaSmmJGp7WeKpAhP0IgMDOUoISooZuGn8MQoEYyFNIdrOFN/bxQoUWU+M5kgPVaLXin+5w0yHV8HBeVppgnH84fijEEtYNkEjKgkWLPcEIQlNVkhHiOJsDZ92bZpwVv88zLpnjW9y+b5/UWjdVP1UQNH4BicAg9cgRa4A23QARjk4Bm8gjfryXqx3q2P+eiKVe3UwR9Ynz9QoJWS</latexit>1

<latexit sha1_base64="F0e3qfx9ZvvmwNvFziRFxNh+yAU="></latexit>

�O =

Z
dt

Z
d3x H(t,x) fQED(t,x)

<latexit sha1_base64="pK5CI/NXxLvKOJ+nlC7jP1FjUWU=">AAACL3icbVDLSsNAFJ34rPEVdelmsAgtQklU1I1QfIA7K9gHNLFMppN26OTBzEQoIV/kyk8RF6KCuPUvnLRZaNsDFw7n3Mu997gRo0Ka5rs2N7+wuLRcWNFX19Y3No2t7YYIY45JHYcs5C0XCcJoQOqSSkZaESfIdxlpuoPLzG8+Ei5oGNzLYUQcH/UC6lGMpJI6xrV9RZhEto9kHyOW3KbwHE5pD0lJlFN4MNNh5bRjFM2KOQKcJlZOiiBHrWO82t0Qxz4JJGZIiLZlRtJJEJcUM5LqdixIhPAA9Uhb0QD5RDjJ6N0U7iulC72QqwokHKl/JxLkCzH0XdWZHSomvUyc5bVj6Z05CQ2iWJIAjxd5MYMyhFl2sEs5wZINFUGYU3UrxH3EEZYqYV1XKViTP0+TxmHFOqkc3R0Xqxd5HgWwC/ZACVjgFFTBDaiBOsDgCbyAD/CpPWtv2pf2PW6d0/KZHfAP2s8vAqio0w==</latexit>

�O = �O
(s) +�O

(l)

X.Feng & L.Jin, PRD 100 (2019)

Separate correlator into short and long distance parts:

Exponentially suppressed   (a) finite-volume effects    (b) contributions of states with higher energy

single-hadron state dominance

• An alternative approach is to compute radiative corrections as a convolution of hadronic 
correlators with infinite-volume QED kernels

<latexit sha1_base64="aRaSa2mSTPr3RfK80iPXD+tQX5M="></latexit>

�O(l) =

Z 1

ts

dt

Z
d3x H(t,x)fQED(t,x) ⇡

Z

L3

d3x HL(ts,x)FQED(ts,x)

<latexit sha1_base64="WuXLo6gqylJz5vtvHmL3r2rECFQ="></latexit>

�O(s) =
1

2

Z ts

�ts

dt

Z
d3x H(t,x)fQED(t,x) ⇡

1

2

Z ts

�ts

dt

Z

L3

d3x HL(t,x)fQED(t,x)

<latexit sha1_base64="WuXLo6gqylJz5vtvHmL3r2rECFQ="></latexit>

�O(s) =
1

2

Z ts

�ts

dt

Z
d3x H(t,x)fQED(t,x) ⇡

1

2

Z ts

�ts

dt

Z

L3

d3x HL(t,x)fQED(t,x)

<latexit sha1_base64="aRaSa2mSTPr3RfK80iPXD+tQX5M="></latexit>

�O(l) =

Z 1

ts

dt

Z
d3x H(t,x)fQED(t,x) ⇡

Z

L3

d3x HL(ts,x)FQED(ts,x)



Infinite volume reconstruction

30

QED  ∞

N.Christ et al., [2304.08026]

Strategy proposed for leptonic decay rates: 

• Logarithmic IR divergences appear 

• but they cancel analytically between diagrams 

• Numerical calculation still ongoing… 

                                          … systematics under control?

from Luchang Jin's talk @ Edinburgh May 30, 2023
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• Current tensions in CKM unitarity require a combined effort of theory and experiments 

• Two lattice calculations of IB and QED corrections to light-meson leptonic decay rates 

• Finite volume QED effects have to be carefully investigated

K0 ⇡�

`+

⌫`

tackle different weak 
processes

develop and apply 
new techniques

P+

`+

⌫`

q1

q2

move to unquenched 
calculations

QED∞

?

Hansen,Lupo,Tantalo, PRD 99 (2019)

Where do we stand

… and where to go?
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