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Introduction

Hadronic spectral densities
at low energies dominated by non-perturbative effects
extracted from experiments
extracted from lattice calculations, require solving inverse problems

Integrated hadronic densities relevant for SM phenomenology
Hadronic-Vacuum-Polarization piece of (g − 2)µ
directly in Euclidean space-time [Blum ’02][Bernecker,Meyer ’11]

neutral (EM current) spectral density
inclusive τ decays
(mild) inverse problem [ETMC ’23]

charged (weak current) spectral density

Goal: study relation charged vs neutral densities for (g − 2)µ
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New York Times
Aug 10 2023

Compared with the traditional prediction, the latest g-2 measurement
has a discrepancy of over 5-sigma, which corresponds to a one in 3.5
million chance that the result is a fluke, ...

A newer technique called a lattice calculation, which uses supercomputers
to model the universe as a four-dimensional grid of space-time points,
has also emerged. There’s just one problem: It generates a g-2 prediction
that differs from the traditional approach.

Rarely in physics does an experiment surpass the theory, but this is one
of those times, Dr. Pitts said. “The attention is on the theoretical
community,” he added. “The limelight is now on them.”
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Dispersive approach
Method

aµ = α

π

∫
ds

s
K(s,mµ) ImΠ(s)

π
[Brodsky, de Rafael ’68]

analyticity Π̂(k2) = Π(k2)−Π(0) = k2

π

∫ ∞
0

ds
ImΠ(s)

s(s− k2 − iε)

unitarity

=
∑

X
Im X

2 4π2α

s

ImΠ(s)
π

= σe+e−→γ?→had

v0(s) = ImΠ(s)
π

= s

4πα2σhad(s) spectral function
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Dispersive approach
Breakdown

[White Paper ’20, DHMZ19]
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Dispersive approach
Tensions in π+π− channel

Large tensions among experiments: BaBar, KLOE, CMD3

combination of different
experiments?

error of ππ contribution to aµ?

[CMD3 2302.08834]
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Figure 36: The ⇡+⇡�(�) contribution to ahad,LO
µ from

energy range 0.6 <
p

s < 0.88 GeV obtained from this
and other experiments.

Experiment a⇡
+⇡�,LO

µ , 10�10

before CMD2 368.8 ± 10.3
CMD2 366.5 ± 3.4
SND 364.7 ± 4.9
KLOE 360.6 ± 2.1
BABAR 370.1 ± 2.7
BES 361.8 ± 3.6
CLEO 370.0 ± 6.2
SND2k 366.7 ± 3.2
CMD3 379.3 ± 3.0

Table 4: The ⇡+⇡�(�) contribution to ahad,LO
µ

from energy range 0.6 <
p

s < 0.88 GeV ob-
tained from this and other experiments.

in Table. 4, where the first line in the table corresponds to the combined result of all
measurements before CMD-2 experiment.

The pion formfactor mesuarements from the di↵erent RHO2013 and RHO2018 seasons
of the CMD-3 give the statistically consistent result in the ahad,LO

µ integral as:

a⇡⇡,LO
µ (RHO2013) = (380.06 ± 0.61 ± 3.64) ⇥ 10�10

a⇡⇡,LO
µ (RHO2018) = (379.30 ± 0.33 ± 2.62) ⇥ 10�10

a⇡⇡,LO
µ (average) = (379.35 ± 0.30 ± 2.95) ⇥ 10�10 (18)

Two CMD-3 values are in very good agreement in spite of a very di↵erent data taking
conditions (as was discussed earlier). The combined CMD-3 result was obtained in very
conservative assumption of 100% correlation between systematic errors of two data sets. The
CMD-3 result is significantly higher compared to other e+e� data, both energy scan and ISR.
Although this evaluation was done in the limited energy range only and the full evaluation
of ahad,LO

µ is yet to be done, it is clear that our measurement will reduce tension between
the experimental value of the anomalous magnetic moment of muon and its Standard Model
prediction.

9. Conclusions

The measurement of e+e� ! ⇡+⇡� cross section was performed by the CMD-3 exper-
iment at the VEPP-2000 collider in the energy range

p
s = 0.32 ÷ 1.2 GeV in 209 energy

points. The analysis was based on the biggest ever used collected statistics at ⇢ resonance
region with 34 ⇥ 106 ⇡+⇡� events at

p
s < 1 GeV. The large statistics allows to study the

possible systematic e↵ects in details. The development of the analysis strategy, cross-checks

42

τ decays: more consistent experimental picture
CLEO, OPAL, Aleph, Belle08 [Davier et al][Golterman et al]

5 / 34



Motivations
τ decays
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Isospin Corrections
Status

Restriction to e+e− → π+π− and τ− → π−π0 ντ

v0(s) = s

4πα2σπ+π−(γ)(s)

v−(s) = m2
τ

6|Vud|2
Bππ0

Be
1

Nππ0

dNππ0

ds

(
1− s

m2
τ

)−1(
1 + 2s

m2
τ

)−1 1
SEW

Isospin correction v0 = RIBv− RIB = FSR
GEM

β3
0 |F 0

π |2

β3
−|F−π |2

[Alemani et al. ’98]

0. SEW electro-weak radiative correct. [Marciano, Sirlin ’88][Braaten, Li ’90]

1. Final State Radiation of π+π− system [Schwinger ’89][Drees, Hikasa ’90]

2. GEM (long distance) radiative corrections in τ decays
Chiral Resonance Theory [Cirigliano et al. ’01, ’02]
Meson Dominance [Flores-Talpa et al. ’06, ’07]

3. Phase Space (β0,−) due to (mπ± −mπ0)
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Radiative corrections
Long-distance effects

At low energies relevant degrees of freedom are mesons
Chiral Perturbation Theory [Cirigliano et al. ’01, ’02]

Meson dominance model [Flores-Talpa et al. ’06, ’07]

Corrections casted in one function v−(s)→ v−(s)GEM(s)

Real photon corrections

τ−

ντ
π0

π− τ−

ντ
π0

π− τ−

ντ
π0

π−

Virtual photon corrections

τ−

ντ
π0

π− τ−

ντ
π0

π− τ−

ντ
π0

π−

Real + virtual
→ IR divergences cancel
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Form factors
Pheno models

F 0
π (s) ∝

m2
ρ

Dρ(s)
π+

π−

ρ0γ [Gounaris, Sakurai ’68]
[Kühn, Santamaria ’90]

×
[
1 + δρω

s

Dω(s)

]
ρ0γ

π+

π−

γωρ0γ

π+

π−

ω

+ m2
X

DX(s) X = ρ′ , ρ′′

π+

π−

ρ′ , ρ′′γ

F−π (s) ∝
m2
ρ−

Dρ−(s) + (ρ′ , ρ′′)
π0

π−

ρ−
W −

Sources of IB breaking in phenomenological models
mρ0 6= mρ± , Γρ0 6= Γρ± , mπ0 6= mπ±

ρ− ω mixing δρω ' O(mu −md) +O(e2)
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Status

From the (g − 2) White Paper

“ ... it appears that, at the required precision to match the e+e− data,
the present understanding of the IB corrections to τ data is unfortunately
not yet at a level allowing their use for the HVP dispersion integrals. ”

“The ratio |F0(s)/F−(s)|2 is the most difficult to estimate reliably, since
a number of different IB effects may contribute.”
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Roadmap

1. EM corrections to hadronic τ decays

2. connect differential rates w/ Euclidean correlators

3. charged vs neutral correlators in Lattice QCD+QED
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Definitions

Hadronic currents
J γµ = Quuγµu+Qddγµd

J−µ = uγµd , J 1
µ = Qu−Qd√

2 uγµd

Hadronic phase-space factor, i labels hadrons

dΦf (p) ≡ (2π)4δ4(p−
∑
i

pi)Sf
∏
i

d3pi
(2π)32ωi

Charged spectral densities

ρw
µν(p) = 1

2π

∫
d4x eipx 〈0|J +

µ (x)J−ν (0)|0〉

= 1
2π
∑
f

∫
dΦf 〈0|J +

µ (0)|p1 · · · , out〉〈p1 · · · , out|J−ν (0)|0〉

= (gµν − pµpν) ρw(s) [s = p2]
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Hadronic τ decays
Fermi theory

Mf (P, q, p1 · · · pnf ) = GFVud√
2

ūν(−q)γLµuτ (P ) 〈out, p1 · · · pnf |J−µ (0)|0〉

dΓ = 1
4mdΦq

∑
f

dΦf
∑
spin
|Mf |2

= 1
4mdΦq

G2
F|Vud|2

2 Lµν(P, q) ρw
µν(p)

Charged spectral density isospin limit = ρw,0
[
dΦq = d3q

(2π)32ωq

]
dΓ(s)
ds

=G2
F|Vud|2

m3

16π2

(
1 + 2s

m2

)(
1− s

m2

)2
ρw,0(s)

=G2
F|Vud|2

m3

16π2 κ(s) ρw,0(s)
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Electronic rate
Eliminating GF

Γe = Γ(τ → eνν) = BeΓ
B

= G2
Fm

5
τ

192π3

conventionally ρw,0(s) = m2
τ

12π2|Vud|2κ(s)
B
Be

1
Γ
dΓ
ds

O(α) correction finite in Fermi theory [Kinoshita, Sirlin ’59]

Γe = G2
Fm

5
τ

192π3

[
1 + α

2π

(25
4 − π

2
)][

1 +O(m2
W /m

2
τ ) +O(m2

e/m
2
τ )
]

→ 0.4% correction
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W regularization
Short-distance effects

[Sirlin ’82][Marciano, Sirlin ’88][Braaten, Li ’90]
Effective Hamiltonian HW ∝ GFOµν

GF low-energy constant; 4-fermion operator Oµν

At O(α) new divergences in EFT → need regulator, Z factors

q

q̄′

γ, Z
q

q̄′

γ
q

q̄′

γ
q

q̄′

1
k2 = 1

k2 −m2
W

− m2
W

k2(k2 −m2
W ) [Sirlin ’78]

1. universal UV divergences re-absorbed in GF
2. process-specific corrections in SEW , like a Z factor

Effective Hamiltonian at O(α): HW ∝ GFS
1/2
EWOµν

matching required as noted by [Carrasco et al ’15][Di Carlo et al ’19]
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IR divergences
Book-keeping tool

Collect Feynman graphs in 3 classes which are individually IR safe:
Factorizable leptonic corrections (initial state)
Factorizable QCD corrections (final state)
Non-factorizable corrections (initial-final state)
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Isospin breaking
Initial state

Wave-function renormalization

Zτ = 1 + α
2π

[
log mτ

µ + 2 log mγ
mτ

+ · · ·
]

dΓ
ds ' 2× 1

2 [Zτ − 1]|M|2

δZτ ≡ α
2π log(mW /mτ ) [Sirlin ’82]

τ Bremsstrahlung [Cirigliano et al ’00, ’01][MB et al, in prep]

dΓ
ds

α
π [Glog(s,mγ) +G1(s) +G2(s)]

Glog(s,mγ) = log mγ
mτ

+ · · ·
δκ(s) ≡ Glog(s,mτ ) +G1(s) +G2(s)

dΓ
ds

+= G2
F|Vud|2

m3

16π2 κ(s) ρw,0(s)
[
δZτ + δκ(s)

]
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Isospin breaking
Initial-final state

Virtual photon loop
[Sirlin ’82]

δZκρ = 2α
π (1 + 3

2 Q̄) log(mW /mτ )
[Cirigliano et al ’01]

Finite parts EFT and 2π

Lepton-Hadrons bremsstrahlung interfence
From EFT and 2π [Cirigliano et al’ 00, ’01]

Structure-independent captured by EFT
Structure-dependent meson dominance

[Flores-Talpa et al. ’06, ’07]

dΓ
ds

+= G2
F|Vud|2

m3

16π2 κ(s) ρw,0(s)
[
δZκρ + ∆κρ(s)

]
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Long-distance corrections
Let’s take a look
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s [m2
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δκ is channel and mγ independent [MB et al, in prep]
∆κρ → 2π, point-like, mγ independent [Cirigliano et al ’01, ’02]
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Intermezzo
Capitano

A numerical n-particle phase-space integrator
Grid/GPT backend, support for several parallelization schemes
partial support for 1-loop Passarino-Veltman functions
no support for MCMC yet (needed for >=6 particles)
currently private, soon public github.com/mbruno46
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Used to cross-check analytic formulae

Example: Dalitz plot τ Bremsstrahlung
→ wrong boundary: finite mγ effects
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aµ on the lattice
Window fever

Hadronic Vacuum Polarization (HVP) contribution to aµ

Time-momentum representation [Bernecker, Meyer, ’11]

Gγ(t) = 1
3

∑
k

∫
d~x 〈jγk (x)jγk (0)〉 → aµ = 4α2

∑
t

wtG
γ(t)

Windows in Euclidean time [RBC/UKQCD ’18]

aWµ = 4α2∑
t wtG

γ(t) [Θ(t, t0,∆)−Θ(t, t1,∆)]
t0 = 0.4 fm t1 = 1.0 fm ∆ = 0.15 fm

allow for in-depth cross-checks
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Tensions
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aW
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Colangelo et al 22
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Towards aWµ
2π error breakdown

0.99 1.00 1.01 1.02 1.03

rel. aWµ [ππ, τ ]

ALEPH 13
SEW
dκ
dκ2

∆κρ

0.99 1.00 1.01 1.02 1.03
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ALEPH 13
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dκ

∆κρ
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Towards aWµ
2π error breakdown

ALEPH13

38.0
other

2.0Be
12.0

Bππ

48.0
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Isospin breaking
Final state

+ ...

24 / 34



Isospin breaking
Strategy

1. take experimental dΓ/ds (e.g. Aleph13, Belle08)

2. δκ initial state corrections: analytic, under control

3. ∆κρ initial-finite mixed rad. corr:
analytically known for intermediate two-pion channel

effective field theory [Cirigliano et al ’01, ’02]
meson dominance models [Flores-Talpa et al. ’06, ’07]

new results from phenomenological models [Roig et al ’23]

4. define δΓEM ≡ δκ(s) + ∆κρ(s) and calculate:

m2
τ

12π2G2
F|Vud|2κ(s)

1
SEW

1
1 + α

π δΓEM (s)

[Be
B

1
Γ
dΓ
ds

]
exp

= ρw,0(s) + δρ(s)

5. Laplace transfrom to Euclidean time

6. add difference ee− τ evaluated from LQCD+QED
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Synergy

from QCD we need a 4-point function f(x, y, z, t):
known kernel with details of photons and muon line
1 pair of point sources (x, y), sum over z, t exact at sink
stochastic sampling over (x, y) (based on |x− y|)
Successfull strategy: x10 error reduction [RBC ’16]

from QCD we need a 4-point function f(x, y, z, t):
(g − 2)µ kernel + photon propagator
Similar problem → re-use HLbL point sources!
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Contribution to aµ

Time-momentum representation [Bernecker, Meyer, ’11]

Gγ(t) = 1
3

∑
k

∫
d~x 〈jγk (x)jγk (0)〉 → aµ = 4α2

∑
t

wtG
γ(t)

Isospin decomposition of u, d current

jγµ = i
6
(
ūγµu+ d̄γµd

)
+ i

2
(
ūγµu− d̄γµd

)
= j

(0)
µ + j

(1)
µ

i
2
(
ūγµu− d̄γµd

)
,

[
I = 1
I3 = 0

]
→ j

(1,−)
µ = i√

2

(
ūγµd) ,

[
I = 1
I3 = −1

]
Isospin 1 charged correlator GW11 = 1

3

∑
k

∫
d~x 〈j(1,+)

k (x)j(1,−)
k (0)〉

GγII′ ≡
1
3
∑
k

∫
d~x〈j(I)

k (x) j(I′)
k (0)〉 , δG11 ≡ Gγ11 −GW11
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Sampling strategy

ṼΓ(x0, z0, r) =
∑
~x,~z

tr
[
ΓD−1(x, 0)γνD−1(0, z)ΓD−1(z, r)γνD−1(r, x)

]
VΓ(|x0 − z0|) =

∑
r

∆(r)ṼΓ(x0, z0, r)

O(103) points → O(106) pairs
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P
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contract photon offline
→ study QEDL vs QED∞
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Sparse propagators
Vector effective mass

observable dependent, low stat. but good guidance
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Example
Diagram V

IB corrections for charged (τ) and neutral (ee) [MB et al PoS’18]
difference of τ and ee spectral densities in Euclidean time

many (quark) diagrams involved:

V S M

F O

D3 and more ...

plot = cumsum[win × µ-kernel ×V ]
64I phys.pion mass ensemble

[preliminary]

0.0 0.5 1.0 1.5 2.0
fm

0.0

0.2

0.4

0.6

0.8

1.0 V

first calculations of all diagrams [BMWc ’20,’24]
ongoing RBC/UKQCD effort

significant stat. improvement for leading-diagrams
first results for sub-leading diagrams
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Inclusivity problem

Take ∆κρ from EFT → restrict to two-pion channel
discard Gγ00, keep G

γ
01

Lattice calculation fully inclusive in energy (cut at mτ ) and channels
G01 mostly dominated by ππ. Is it correct?
simple estimate aW [3π] ≤ 20% of aW [2π] [MB Edinburgh ’22]

Isospin-breaking in 2π and 3π from [Colangelo et al 22][Hofericther et al ’23]
IB correction of aW [3π] ≈ −1 · 10−10

IB correction of aW [2π] ≈ +1 · 10−10

warning if precision from Lattice � 2 · 10−10
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Long-distance
Final dream

Infrared divergences cancel out in total rate
cancellations occur in subset of diagrams

+ = IR safe

Intermediate two-pion channel
effective field theory [Cirigliano et al ’01, ’02]
meson dominance models [Flores-Talpa et al. ’06, ’07]

Full estimate in LQCD+QED
integral of inf.vol. kernel w/ 3-point QCD correlators
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Conclusions

Windows very powerful quantities: intermediate window aWµ
hadronic τ -decays can shed light on tension lattice vs e+e−

τ data very competitive on intermediate window
historic tension w/ ee data and in IB τ effects
ongoing blinded analysis of Aleph < 1% accuracy on aWµ

Work in progress to finalize full formalism [MB et al, in prep]
W-regularization and short-distance corrections
(re-)calculation of initial state rad.cor.
numerical calculation of final state IB corrections

relevant also for QED correction to HVP

Thanks for your attention
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