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Introduction

Hadronic vacuum polarisation (HVP) in lattice QCD+QED

Finite-volume effects (FVEs)
@ QED long-range force: FVEs potentially much larger than QCD
(] Analyt|ca”y in [Bijnens, Harrision, Hermansson-Truedsson, Janowski, Jiittner, Portelli 19]

@ Today: Review what is known and extensions
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|. Some preliminaries about FVEs
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QED in a finite volume

o What is difficult about QED?

@ Gauss' law: Difficult to define charged states in finite volume with
periodic boundary conditions

Q:/d3xV-E(t,x): dS -E=0
v oV

Related to the photon propagator:

O
D;W(k) = %

Problem: Photon zero-momentum modes and absence of mass gap

Need to define QED in a finite volume
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QED in a finite volume

@ Several prescriptions

@ QED,;: Photon mass m,

[Endres, Shindler, Tiburzi, Walker-Loud 2016; Bussone, Della Morte, Janowski 2018]

@ QED..: Do the QED part in infinite volume

[Feng, Jin 2018; Christ, Feng, Jin, Sachrajda, Wang 2023]

© QED: Charge-conjugated boundary conditions

[Kronfeld, Wiese 1991-1993; RC* 2019]

o QEDiR': Exclude/redistribute photon zero-mode

[Davoudi, Harrison, Jiittner, Portelli, Savage 2019]

o QED;: Exclude photon zero-mode [Hayakawa, Uno 2008]

o QED,: Redistribute photon zero-mode [Di Carlo, Hansen, NHT, Portelli in prep.]

e Each has advantages/challenges
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Finite-size effects

@ Massless photon + no zero-mode (QED;, QED , QED.)
@ V=Rx L3 = Finite-size effects in observable O(L):

1 1
AO(L) = O(L) — O(0) = ko + Kiog log mpL + k1 ] + Ko (w2 ¥

@ QCD only: e=™L |50 = QED potentially bigger FVEs
@ Derive using EFT methods

@ Scaling in L is observable-dependent: e.g. HVP k¢ = Kiog = 0
@ Coefficients depend on: masses, charges, structure

@ NB: Coefficients are prescription dependent!

[Davoudi, Savage 14; BMW 15; RM-123/Soton 17; Davoudi, Harrison, Jiittner, Portelli, Savage 19; Bijnens, Harrison, NHT

Janowski, Jittner, Portelli 19; Di Carlo, Hansen, NHT, Portelli 22]
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QED prescriptions

@ Photon momentum k = (ko, k)
@ 3-momentum discretised by finite volume extent k = %T“ #0

e QED;,: Propagator (Feynman gauge)
1
Dw/(k) = 5/uz p (1 - 5k,0)

4 QED]I;R WelghtS W|n|2 to tame FVES [Davoudi, Harrison, Jiittner, Portelli, Savage 19]

1+ W\n|2

Dyn(k) = s 3

(1= dko0)
o (2ED1 W|n|2 — 6|n|71/6 [Di Carlo, Hansen, NHT, Portelli In prep.]
L QEDL W\n|2 =0

o We focus on QED; and make comments about other formulations
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Determining the volume effects

Once a QED prescription is fixed, we look at the correlation function

@5@

Cottingham formula: Related to Compton tensor C,...(p, k, q)

@ — Gulp.ko@) = & [ dtxe™ (n.p] T {4, (00} m.p)

This is the object that has to be understood (also for HVP)

@ Example: Pion self-energy

Nils Hermansson-Truedsson (UoE) July 23, 2024 8/42



Skeleton expansion

o Can insert complete set of states and decompose

@@

@ Irreducible vertex functions 'y = I,(p, k) and T2 =T ..(p, k, q)

@ Contain structure dependence through form factors, e.g. (rearing, scherer 04]

Fu(p, k) = (2p + K)u F(K?) + ku G(K?, (p + k), p%)

@ Vertex form governed by Ward identities

@ FVEs: Structure for mass and leptonic decays i carlo, Hansen, NHT, Portelii 22]
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Feynman diagrams

@ Consider observable O at order «, with photon momentum k = (ko, k)

@ Example diagrams

q—k
. . _,éﬁh . .
p P P \fi

(a) Zi(p) () Z2(p) (c) Zs(p, q)

(1 &k dko fo (Ko, |k|,p-k) 1
200 =52~ [ ooy | [ 5 o ip £l
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Do kg integral + expand in L (k =27n/L)

AO(L) = (L13 > —/é’f&) go(lk|,p k)

k40
@ Example: moving frame mass
1 C2(V) C1

A 2 L) = 2 2
mp(L) = e "’P{V(M) a2 mel | 2n(mpl)?
2

o [OOM7-1) (1-2RmatE)
(me L’ 2V 3

+

Structure dependence: (r3) known, C unknown (cut)

o Finite-volume coefficients: Prescription dependent

1
= \S ) e

n#0
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[I. Hadronic vacuum polarisation
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Hadronic vacuum polarisation

@ Recall central object is vector 2-point function

q— q—

My (q) = / dx €% (0] T[J,(x)J5(0)] [0)

e Virtuality: ¢°> > 0: g = (qo,0)
e Ward identity g,I1,, =0

n,uu(qz) = (q,uqz/ - qz(s,uz/) n(qz)
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Hadronic vacuum polarisation

@ We want the subtracted quantity

32 & Z (ﬂ (0)>

o Finite-volume effects:

Af(q?, L) = fi(q?, L) — (g%, o0)
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HVP in QCD

@ In QCD only:

#) (G)

@ FVEs studied by [Aubin et al. 16/20; Bijnens, Relefors 17; Hansen, Patella 20]

e Exponentially suppressed e~ mrL

@ Related to Compton amplitude
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HVP including QED

q— q—

@ This is now our object, related to HLbL tensor
nu,ul/l/(q’ a, k) _k)
k2
@ Can calculate QED corrections to HVP this way [sioshyiskyi et a1 23]
— Can avoid powerlike FVEs

MHk2iskt (g, g0, 3, qa) —

o In QED;, and QED(, there will be powerlike FVEs

o We are interested in QED, : Saturate bubble with 7%, ~
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Diagrams including QED
(E)

(E2)

Ay

(C1) (C2) (Cs) (Cs)

@ 7 independent diagrams: A, B, E, C, T, S, X

@ 2-loop diagrams: 2 momenta in finite volume
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Pointlike scalar QED

@ Same 2 vertices appearing from before:

@ = rﬂ(pa ) 4@; ;w p,k q

o Pointlike scalar QED: T',(p, k) = (2p + k), T (ps k, q) = =20,

(E1) (Ty) (S) (X) (C)

@ A and B independent of g: HAB = M4 5( (%) — Map(0)=0

B
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@ 2-loop sum-integral differences for each diagram

S

N=2Mg+207 +Ms+Mx+4l¢

d3k d3£ dko dly .
U: L3Z L3Z / 3 /27‘(2 7-‘-U(qug)

k0

@ Integrand 7y (qg, k,é) contains propagator poles

@ We let pions be in IV

. " d3e o
Poisson: ze: / E +0 <e L)
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d3k d3e dko dty
=53 - / / 2m)? /2w2 Fu (a0 k. f)

k=£0

o Do energy integrals analytically

R dko dlo .
pulk,£,q0) = | 55— 7u (95, k. {)
o Finally gives
d3k de
5 - / / 3 Pulkot,q0)
k0
@ Photon FVEs give rise to coefficients ¢; as before

Pion integrals:

1
Qij(z= 3/ m? :/d 2 i i
J(z = a5/m") XX (1+ x2)i/2[z 4 4(x2 + 1)P
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Finite volume corrections

@ Diagram by diagram:

~ N C1 4 1 4 1
Allg(2) = (ml)? ( 3 Q13+ > Q12+ 3 13 2 Q3,1)
co 8 32 1 10
- | —=Q —Q —Q —Q
(mL)? ( 3 03T 3 0.4t 16 22+ 3 123
32 23 5 2
—— Qs ——Q — Qo —=Q
3 224 7 Jpg 4l + 164273 4,3)
S C1 1
All¢(2) :Wé Q31
Co 8 1 8 1 1
-1 =9 o — =0 — - =0
(mL)? <3 03+ 622 T 3023 + g 41 ¢ 4,2)
S c1 1
Al7(2) :WZ 3,1
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Finite volume corrections

(@)) 1
Afs(z)=— —2 203+ (20,,+ -0
s(2) w(mL)? 4 31 (mL)3 ( 22+ 4 4’1>

~ o 8 8 1
Allx(z) :ﬁ < Q13—Qop— -3z — - Q3,1)

(mL)? \ 3 ’ s 37 4
o 128 16 20
e | -=—Q 04— =0 4Q Q —Q
(m0) ( 3 2,4 3 03+ 6404 — 22+ 3 123

64 29
——0Q Q —Q Q
3 2,4 — 64 41—1-24 42 — 3 4,3)

o We thus see that each diagram contributes starting from 1/L2

e Compare pion mass FVEs: 1/L
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Finite volume corrections

@ However, in total:

. C 16 5 40 3 7 8
Af(?) = ( - ?90,3 - §92,2 + 392,3 - §Q4,1 + 694,2 + 994,3>

1 —myL
+O <L4,e )

Suppression: Leading order is 1/13

Physics: Neutral current and photon far away sees no charge

Also argued by (Eruc 17

@ Check: We find for charged currents it starts at order 1/L2
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Pointlike vs. structure

@ This was obtained in a pointlike approximation
o Universality: arguing from HLbL tensor the 1/L? also cancels

@ Recall QED effects to HVP ~ HLbL in forward kinematics

A d*k (g, 9, k, —k)
o\ ppvv\Y, 4, K,
n(q ) - / (271')4 k2

(] From [Colangelo et al. 15] W€ knOW

54
|‘|M1M2M3M4(q1’ 9. g3, CI4) — Z Tfmuzuam n,
i=1

@ Structure-dependence in form factors I1;
@ 1/12 cancels regardless of structure
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Other QED prescriptions

e QED;: Starts at 1/L3 with structure dependence

QEDy, ¢
X

Af(g? =1
(q ) (mﬂ-L)3 ) (€))
e QEDc:
N QED:  c¢f
AR(q? g 5=0
(q ) (mﬂ-L)3 ) =)

e So QED( expected to have smaller FVEs than QEDy, here
(] QEDI‘ [Di Carlo, Hansen, NHT, Portelli In prep.]: DeSIgned to remove ()]

~ ED C
Afi(q?) & -2

o Leading scaling the same in QED, as QED

@ Approach of [sieshyisiyi et a1 231: Exponentially suppressed
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lla. Numerical validation in scalar QED

Nils Hermansson-Truedsson (UoE) Mainz July 23, 2024 26 /42



Numerical validation

Lattice scalar QED simulations:

e Eight different volumes with L/a between 16 and 64;
Time extent T/a = 128

0 z= q2/m2 =0.964, am = 0.2
Lattice perturbation theory (LPT): k,, ¢, € (—7/a,m/a)
@ Cuba VEGAS Monte Carlo integration for both FV and IV pions
d3k d3£ dko dlg
G g G Z | ey ) [ 52 o

@ We do this for several lattice spacings and then make a continuum
extrapolation
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Numerical validation

Sum of Diagrams, z = 0.964
4X10-6 T T T T T T T

2x10° } .

2x10° |

Continuum
Ax108 | —— 13412
fffffff 1/L2

LPT, FV Pion
6 —e—i Lattice
6x10° . . . .

0 005 01 015 02 025 03 035 0.4

1/mL
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Numerical validation

o For m,L > 4 agreement with our scalar QED expectation: 1/3
@ One has 1/4% ~ 1.6% and e~* ~ 1.8%, so naively similar size
o 1/(m;L)3 < 1.6% on O(a) ~ 1% corrections to the HVP

@ This was for pointlike scalar QED

In QCD—I—QEDLZ [RBC/UKQCD 18; ETMC 19; BMW 21; Mainz 22]

@ More work expected in future in also non-QEDy, (siioshyiski et ol ke

What about determining the leading structure dependence?
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lIb. Leading structure dependence
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Diagrams including QED

@ What about determining the leading structure dependence in QEDy,?
@ Should see 1/L? cancellation and get estimate of 1/L3 coefficient

@ NB: Preliminary

Nils Hermansson-Truedsson (UoE) July 23, 2024 31/42



Structure dependence

@ Structure-dependent vertex functions:

@ Pk, @ — Culp. k. 0)

@ Now we need form factor decompositions [Fearing, Scherer 94/96):

(p+ k)* - p?

Cu(p, k) = (2p + K)u F(K?) + ki ™——5 [1 - F(k)]
N 2
Cw(p,k, q) = 20,,[1 — F(K*) — F(¢°)] — 2 kuky 1:2(“

1— F(q?
-2 q,qu (72() + rEI/(p7 k7 q)

° I'E (p, k, q) depends on 5 form-factors: El, 5 E F, G

v

@ Physically: EM polarisabilities o, 8 + ...
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Structure dependence

@ Now we have 7 diagram topologies:

@ A and B depend on g: IQIAVB(q2) =MNag(¢?) —MNag(0) #0

1— F(k?
(. ke @) = 20,01 F(KZ) — F(a)] ~ 2k, * )

1—F(q°)

T
-2 unIu T + rul/(p7 k7 q)
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Structure dependence

(4) (B)

N 1 d*k d3e dko dlo A
Allg = <L3 > - /(271') ) (2r)3 / o 2 78 (%K 0)
o Example: Diagram B

Fu(l KT u(k+¢,-0)

(qO’ k g) 3R K22 + m22 [(k + £)2 + m?]

[I—Jli(ga q, q) - rJ'J'(& 0, O)]

@ Not only poles from propagators in kg, £p: Cuts in form factors
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@ Let us go back to the HLbL tensor

. 1 d*k dko F1#97V (q, q, k, —k)
2\ 0 q,q, K,
)= (53 - [ | [

@ Analytical structure: Dispersion relations [coiangelo et al. 2015; Biloshytskyi et al. 23]
o Relation between 27 intermediate state and Feynman diagrams

@ Need to figure out cut contributions from dispersive representation
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@ Structure dependent vertex functions

@ Separate

Aﬁ(qg) = Apolesﬁ(q(z)) + A(:utsﬁ(q(z))

Should analytically see universality of 1/L2 cancellation

Should estimate 1/L3

For now focus on Apolesﬁ(qg)
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o Old integrals:

1
Qij(z = G/ m”) = /dXX2(1 + x2)i/2[z + 4(x2 + 1)J

o New integrals for 1/L3:

- Al X
Gtz = i) = [ ey xz)'/2<[ﬂ>><2 )

arctanh(x)
X

Ai(x) =

@ Can do whole calculation now: Preliminary
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Preliminary results

(A) (B)

A C ~
ApoleSI'IAB(qg) = 1671'27(1177L)2 {8 C1 m4z (2 ngo - Q5’o) + 12 Q5’0 F (m2z)

+3Qs50 (Go m*z — 4) } +0 {1/(mL)3, e*’"L]

@ Form factors

@ Pointlike limit gives zero again
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Preliminary results

(C1)

S C
ApolcsnTSC(qg) = 127‘(‘27(1H7L)2 {3 |:8(3Z - 8) 91,2 + 2(32 — 32) 9372

— 4229572 + 489_172] —4 {(Z — 48)9172 —4z Q372
+36 Q_l,z} F (m22)2} +0 [1/(mL)3, et

@ Form factors

o Pointlike limit gives back old result
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Preliminary results

(E1) (69)

~ C
ApolesI_IEX(q(%) = m {4[422 91,3 — 722 93,3 + 322 Q5,3 — 96z 9173

+402 Q33+ 8(7z — 66) Q_y.3 + 288Q_3 3 + 240 Qm] F (mz)?

-3 |:6Z3 Q3,3 — 1123 9573 + 523 9773 + 7222 9173 — 13222 Q3,3
+ 6022 Q53 — 5282 Q1 3 + 2402 Q33 +32(92 —22) Q13

+384€)_33+ 320 Q1,3} } +0 [1/(’”L)3, e_"’L}

@ Form factors

@ Pointlike limit gives back old result

2

o 1/13 depends on charge radius (r2) as well, and Q;
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Preliminary results

@ Have done pole part Apolesﬁ(qg)

@ Recall
AN(q8) = Apotesl1(a8) + Acutsl1(a3)
o Can be cancellations between Ap1esl1(g3) and Acusl1(g3)

@ Very intricate cancellations between diagrams in Apolesﬁ(qg)
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Conclusions and outlook

o QED;: HVP starts at order ¢p/(mL)3

@ Proven in [Binens, Harrision, Hermansson- Truedsson, Janowski, Jittner, Portelli 1]

@ Physics: Photon far away does not see charge of w7 pair

o New steps towards evaluating structure-dependent ¢ /(mL)3
@ Should see cancellation and estimate 1/L3

o Finite-volume scaling depends on QED formulation

e QED,/QED: Starts at order 1/(mL)*
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Backup slides
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Numerical validation

e Action S[g, Al = Sy[¢, A] + SalA]

4
Sl Al = % Z 6 (x)Ad(x
SalA] = ZAM(X )82 A, (

A=m —ZDD
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Numerical validation

Diagrams 2E+2T, z = 0.964

2x10° .
0 =y % 1
—
o -6 | i
F -2x10
; }
-4x10°° | 1
X —— LPT
— 1/341/L2
fffffff 1.2
-6x10° LPT, FV pion .
}—.I—{ 1 1 Lattl?e 1 1
0 005 01 015 02 025 0.3 035 0.4
1/mL
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Numerical validation

Diagrams S+X+4C+2L, z = 0.964

5X10-6 T T T T T T 7T
s LPT
— 134172 [/
sl /L2 /
410”1 LPT, FV Pion i
—e— Lattice
3x10°® .
NA /|
=
<= / }
< ox10° t 1
1x10° F
s
0 —_/I’It 1 1 1 1 1 1 1

0 005 0.1 015 02 025 03 035 04
1/mL

Nils Hermansson-Truedsson (UoE) July 23, 2024 4/6



Charged currents

AIclcharged (qz) :W Qoo + 792,3 - 64

247 T g

1 13 20 15
9

7 4
Q —Q -Q
41+ 5g- 42 + 4,3)

a 8 8 1
——— | === Q =Q -Q
m212n ( 3 -3 TR st g 3,1)

1 —mL
+0<L4’e )
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Minimal choice: QED,

@ Want ¢’ =0

k,
o = o +ZW|“\2 1
-1 |In|
ky
e Solution: wjpp2 = djn|1/6 | /!
/
co=0
o Why it works: |k o 1/L - Tk
o Generally: /
1 1 d |
ci(v) = g(v) +2 D =
~~— 6 =1 (1 —V n) |
QEDy,
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