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= QCD + QED is needed for sub-percent accuracy. Already very relevant at present.
= Possible approaches:

— QCD + QED simulations: QED,, massive photon, C* boundary condition.
— Perturbatively adding QED (RM123 approach): QED,, massive photon, QED..

= Our overall strategy (RM123 with QED):

— Calculate the pure QCD matrix elements of local vector currents.

— Combine with analytical photon propagator in infinite volume.

D L0
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» One may analytically (and perturbatively) treat the QED part of the diagram in the
infinite volume (and in the continuum) to eliminate the power-law suppressed finite

volume effects due to the massless photons.

— Hadronic vacuum polarization (HVP) contribution to muon g — 2:

—+o0

VP Lo :(%)2 /OOO dK2F(KD)(K?) = ; w(t)C(t) (1)
CH =33 3 (" F 0 (0))aco )

X Jj=0,1,2

T. Blum (2003) D. Bernecker, H. Meyer (2011)
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» One may analytically (and perturbatively) treat the QED part of the diagram in the
infinite volume (and in the continuum) to eliminate the power-law suppressed finite

volume effects due to the massless photons.

— QED corrections to the hadronic vacuum polarization (HVP):

O O
& O @@@G@@Q

(a) V (b) S () T (d) D1 ) F (g) D3

 4m2x2 (3)

T. Blum et al (2018)
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» One may analytically (and perturbatively) treat the QED part of the diagram in the
infinite volume (and in the continuum) to eliminate the power-law suppressed finite

volume effects due to the massless photons.

— Hadronic light-by-light (HLbL) contribution to muon g — 2:

p QED Box
q=p —pV
QCD Box
/
p p N T
— - C -l

N. Asmussen et al (2016) T. Blum et al (2017)
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» One may analytically (and perturbatively) treat the QED part of the diagram in the
infinite volume (and in the continuum) to eliminate the power-law suppressed finite

volume effects due to the massless photons.

» Does NOT work for calculating the QED correction to the mass of a stable hadron.

x,p
) 0,v
MM =T=2 / dx Hyy (X)ST (), (4)
M) =5 (NIT LGOI, S1,00) = )

— The hadronic function does not always fall exponentially in the long distance region.

When t > |X]:
M, (1, %) ~ e MIVETT=0) | M L O(1) (6)

— Truncate the integral: [ d*x — f—Lij d*x & Approx the H(x): H(x) — HE(x)

— Power-law suppressed finite volume errors.
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AM =T :% / d*x Huw(x)S),(x) X,
P () =31 (MIT () L O)IN)
Ouw

Spu(x) =

42 x2 0,v
» Evaluate the QED part, the photon propagator, in infinite volume.

» The hadronic function does not always fall exponentially in the long distance region
— Separate the integral into two parts (ts S L):

1 ts
7() =5 /tdt/d3x HM,U(X)SZ,,,(X)
70 _ / dt / Px Hyo (¥)S) (%)
ts

= For the short distance part, Z(*) can be directly calculated on a finite volume lattice:

L)2
76) o 7L — / dt/ d*x H, ,()S],(x)
L/2

AM =T =1 410

» For the long distance part, Z(0) 3 different treatment is required.
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,

0,v

= For the long distance part, we can evaluate H, ,(x) indirectly in the infinite volume.
70 = / dt / X Hy o (3)ST ()
ts

» Note that when t is large (t > t.), the intermediate states between the two currents are

dominated by the single particle states (possibly with small momentum). Therefore:

Hos) = [ 55 {22 507 (N (O)IN(E) (N(5) (0N | &7 (B

— We only need to calculate the form factors: (N(p)|J,(0)|N)!

— Values for all p are needed. Inversely Fourier transform the above relation at t!

1

[ 5l 21 PHEI & SOOI N() (V)L O)IN)
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» The final expression for QED correction to hadron mass is split into two parts:

MM =T =1 + 10

ts L/2
» For the short distance part:  7(s) o 7(s.L) — ;/ dt/ d®x Hﬁ,,(X)SZ,,(X)
—t L/2 ' '
_ L/2
= For the long distance part: T ~ 7L — /L/z d®x Ht,u(t& X)Ly (ts, X)

» For Feynman gauge:

5 bus [* 0 SnpIR)
5 _ Oy %) =Y pts
SI»L,U(X) 47T2X2 Lu'”(ts’ X) 27['2 /0 dp2(p + Ep - M)|)?‘ ¢

= Only use Hf ,(t, X) within —t, <t < t,.

» Choose t; = L /2, finite volume errors and the ignored excited states contribution to
Z() are both exponentially suppressed by the spatial lattice size L.
T, [

X. Feng, L. Jin. PRD [arXiv:1812.09817]
N. H. Christ, et al. PRD [arXiv:2304.08026]
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48l 641

= Domain wall fermion action (preserves Chiral symmetry, no O(a) lattice artifacts).

» lwasaki gauge action.

» M, =139 MeV, L =5.5 fm box, 1/as = 1.73 GeV, 1/ags = 2.359 GeV.

RBC/UKQCD, PRD [arXiv:1411.7017]
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0 T K T K

HS) (xe, %) = HE)(x) = <W(0)|T{JEM(X)JEM(0)}I7T( ) (7)
= Calculated with the 48| ensemble.

» Coulomb gauge fixed wall sources propagator at all time slices and point source
propagators at randomly selected 2048 locations. We save these propagators after

sparsening (1/16 ratio).
» Wall sources to interpolate the meson state.

» Keep the time separation between the wall sources and its closest JEM operator fixed at a

large enough distance (~ 1.5 fm) to control the excited state effects.

» Use point sources at one JEM location, perform contraction at the other J®M location after

sparsening.
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0 T K T K

H) (e, %) = HE)(x) =ﬁ<w<6>|T{JEM<x>J£M<o>}|7r<6>>

HE)(t, r) _/d3>?6(|>?| — NHEL(,%) = Y HEL(t,%)

X, |X|=r

1 /d3>‘<’6(|>‘<’| — rHE) (£, %)

HE(t,r) =
12 Tup
4m|] /d3>?6(|>?| _)
HE) (L, %)
. X,|X|=r
1

X,|X|=r

(8)

(10)

(11)
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QED correction to 7 mass matrix elements
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E r=1.0
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QED correction to meson mass
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= Integrate over t (from —oo to +00) give the meson mass shift.
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24D Feynman Gauge Total (Z(51) 4 (L)) —o—
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» The difference between 32D and 24D is —0.035(16)MeV. This is consistent with a scalar
QED calculation, which yields —0.022MeV.
X. Feng, et al, PRL [arXiv:2108.05311]
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Feynman Gauge +—&—
Coulomb Gauge +——i
Physical Mass Shift

T T T T T T
4.6 s
4.55
=45
S 445
T 44
5 435
4.3
4.25
4.2 | | | | | | |
0 0.05 0.1 0.150.2 0.25 0.3 0.35 04
a? (GeV)™2
Disc (MeV) Conn (MeV) Total (MeV)
Feyn | 0.051(9)(22) | 4.483(40)(28) | 4.534(42)(43)
Coul | 0.052(2)(13) | 4.508(46)(42) | 4.560(46)(41)
Coul-t | 0.018(1)(4) | 1.840(22)(39) | 1.858(22)(41)

Finite volume corrections (the differences between the 32D and 24D ensembles) are included in table.

X. Feng, et al, PRL [arXiv:2108.05311]



Coulomb potential in pion mass difference 17 /38

Iwasaki continuum limit ——+—
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» The Coulomb potential contribution to the pion mass difference. The curve is the partial

sum respect to the spatial separation of the two equal-time current operators.

» This plot provide some interesting pion shape information.

X. Feng, et al, PRL [arXiv:2108.05311]
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» Logarithmic divergences will arise in the integral when x (and y) is close to 0.

= Need renormalization to accomodate these divergences, and match lattice results to MS

results.

» The short distance behaviour can be obtained via operator product expansion (OPE).
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g

o /xﬁm B

\_‘_/

= Consider the self-energy diagram. Logarithmic divergences will arise in the integral when x

/T

is close to 0. Use OPE relation:
s f s _f — 2 <
AVG x DIR {7 Ju(2)Ju( 2)} Cm(x“)ms5(0)s(0) + (12)

where J;(x) = 5(x)y,s(x), relation — implies after average over x directions.

3
2m2x2

at tree level [M. A. Shifman et al, Nucl.Phys.B 147 (1979) 385-447].

Cm(x?) =

(13)

= Renormalization strategy for ms is to match the following matrix elements:

HES () = (K mes(0)s(0) + € [

dx STOAT L) E(-2)KY)  (14)
Ix|<1/A 2 2

between lattice and MS.
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g

o A B

\_‘_/

» Renormalization strategy for ms is to match the following matrix elements:

/T

HES () = (K |mes(0)s(0) + € |

d*x SO T L(S)E(-2)KY)  (15)
Ix|<1/A 2 2

between lattice and MS.

» For MS

H<S(0) ~ (1 + e_f/

Ix|<1/A

d*x ST(*)Co(x) ) (K*[5(0)s(0)| K )™ (16)
= For lattice

(KHT (5 (= $)IK)=
e (K [5(0)s(0) K )=

HK'S(/\) o mlsatt (1 + esz Z S'y,latt(XQ)

[x]<1/A

><K+|§(0)S(0)IK+>'att

(17)
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g

o /xﬁm B

\_‘_/

/T

» For MS

HK'S(/\) ~ m <1 + e / d*x S”(Xz)Cm(X2)> (K’L|§(O)s(0)|K+>m (18)
Ix|<1/A
= For lattice

(KT L ()i (=3) k)=
mlsatt<K+ |§(0)5(0)|K+>|att

HK'S(/\) ~ mlsatt (1 + es2 Z S’Y,Iatt(X2)

[x]<1/A

><K+’|§(0)5(0)IK+>Iatt

(19)
= Define Z3P via Z2P(K*|5(0)s(0)|K*)tt = (K*|5(0)s(0)|K*)MS and obtain:

e 1
mi> = —gemt| 1 - esz/ d*x S7(x*)Cm(x?)
Zs IxI<1/A

2 7y latt (2 <K+|TJZ(%)JEL(—§)|K+>'3“
+ € X;AS (x%) Mt (K+5(0)s(0)| K +)att ) (20)
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g

o A B
\-‘/

= Define Z3P via Z2P(K+|5(0)s(0)|K+)" = (K*|5(0)s(0)|K*)MS and obtain:

/T

__ 1 ,
my® = QCD met 1 — e_f/ d*x S7(x*)Cn(x?)
Z2 Ix|<1/A

+es2 Z Sw,latt(X2)<

Ix|<1/A

KT (5) (=5 K=
mlsatt<K+|§(O)5(O)|K+>Iatt ) (21)

» Require a window |x| ~ 1/A where:

latt 2\ <K+|TJE(§)JZ(_%)|K+>|att
mg Cm(X ) ~ AVG x DIR { <K+|§(O)S(O)|K+>|att } (22)
= Similarly:
att o\ <7T+|TJ3(§)J3(_§)|7I-+>|att
mld Cm(x?) = AVG x DIR { <7r+‘C7(O)d(O)|7r+>'3tt } (23)
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(T3 =3 (KT () (=)
(| d(0)d(0) -+ ESIEQROL
ml;ttCm(X2) mlsattcm(XQ)

AVG x DIR { } AVG x DIR {

(24)

Hilo(2)/HS ) (myCrl(22))

17.5 1
15.0 1
12.5 1
10.0 1 i S—

7.5

5.0 1
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(KT J5 (%) J5 (= %) Kty
(K*|5(0)s(0)| K +)latt } — AVG x DIR {
mlsattCm(Xz) _ mI;ttCm(X2)

<W+|TJS(§)J5(—§)I7T+>""“}

AVG x DIR { (1 1d(0)d(0)|mrt)ate

(25)

(LS () i), = HS (0) () (s = ma) ()

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
|z|/fm
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» xPT: V. Cirigliano and H. Neufeld. PLB [arXiv:1102.0563]

§Rk = 0.0064(24) (26)
§Ry = 0.0176(21) (27)
§Rkr = 6Rx — 6Ry = —0.0112(21) (28)

= Lattice ETMC: M. Di Carlo, et al. PRD [arXiv:1904.08731]

§Rk = 0.0024(10) (29)
§Ry = 0.0153(19) (30)
§Rir = 6RK — 6Ry = —0.0126(14) (31)
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14 v
Tt w T wt z ot
Y
p w
A B
v v
at T at 7
Y
NG u
D E

» Lattice ETMC: M. Di Carlo, et al. PRD [arXiv:1904.08731]

§Rk = 0.0024(10) (32)
§Ry = 0.0153(19) (33)
§Rkr = 6Rx — 6Ry = —0.0126(14) (34)

» Lattice RBC-UKQCD: P. Boyle, et al. JHEP [arXiv:2211.12865]

5RK1r = _0-0086(3)stat( +_141 )fit(5)disc.(5)quench.(39)vol. (35)

Also use 48l ensemble (physical pion mass). Major systematic error from finite volume

effects.
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FCAG2023
0.228 A
0.226 -
02244 _.__________— o s
%]
S
> ___________________________
0.222

lattice results for £, (0), N, =2+1+1
lattice results for fig+/fr+, N, =2 +1+1
lattice results for f, (0), N, =2 +1
lattice results for fx=/fp=, N, =2+ 1
lattice results for N,.=2 + 1 + 1 combined
lattice results for Nr,.=2 + 1 combined
nuclear B decay, PDG 20
nuclear B decay, Hardy 20

. T
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0.220 A

A0ORCND
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14 v
Tt w T t z T
Y
p w
A B
v v
t T 't !
Y
NG u
D E

H©® =(0|J% (0)|(0)) (36)
HO (x) = HO (xe, X) =(0|T{JY (0) SSM(x) 7 (0)) (37)
HO, (1, £, %) :/d3w<0|T{JgV(0)J§M(t1, W+ 2) M (b, WY@ (38)

= Calculated with the 48l ensemble.

» Coulomb gauge fixed wall sources propagator at all time slices and point source
propagators at randomly selected 2048 locations. We save these propagators after

sparsening (1/16 ratio).

» This is the same set of propagators as the meson mass calculation.
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v v
Tt w T t z T
Y
ut W
A B
v v
t T 't !
Y
NG u
D E

H® =(0]4, (0)|m(0)) (39)
Hb(x) = H (e, X) =(0I T {4 (0) S ()} (D)) (40)

HP) (t1, 1, X) = /d3vv<0|T{J,ZV(0)J§M(t1, W+ X) JEM(t,, W)} (0)) (41)

= Wall sources to interpolate the meson state.

= Keep the time separation between the wall sources and its closest JEM or J operator

fixed at a large enough distance (~ 1.5 fm) to control the excited state effects.

o S = VY — VA = dy,u+ Syuu — dyYsu — S YsU.
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14 v
Tt w T t z T
Y
p w
A B
v v
t T 't !
Y
NG u
D E

H =(0]J% (0)| (D)) (42)
HO (%) = HO (%, %) =(0|T{JY (0)JE™ (x)} 7 (D)) (43)
HE) (1, 1, %) = / dPw(O|T{LY (0)S™M(t, W + ) JEM(t, W) (D)) (44)

= For diagram B and D, use point sources at one JEM location, perform contraction at the

other JEM |ocation after sparsening.

= For diagram A, use point sources at one JEM location and the JV location, perform
contract at the other JEM location. Use aggresive sparsening to reduce the contraction

cost.
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14 v v
Tt w T t z Tr‘ T
Y Y
+ + P
1 1z 4 i
A B C
v v
s
t T 't
Y
NG u
D E

H =(0]J% (0)| (D)) (45)
HO (%) = HO (%, %) =(0|T{JY (0)JE™ (x)} 7 (D)) (46)
HE) (1, 1, %) = / PwWO|T{JY (0)S™M(t, W + ) JEM(t, W) (D)) (47)
= For H©:
H[,(LO) == 6u,t<O|J¥V'A(O)|7T(6)> = —0u,tiMyfy (48)

where f; ~ 130 MeV
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14 v v
Tt w T t z Tr‘ T
Y Y
+ + P
& 1z z ut
A B C
v v
s
t T 't
Y
NG u
D E

H® =(0]4, (0)|m(0)) (49)
Hb(x) = H (e, X) =(0I T {4 (0) S ()} (D)) (50)

HZ ot t2,X) =/d3W<0|T{JXV(0)JEM(t1, W+ X) g (t2, W) }|m (D)) (51)

M.p,0
» For H®:

Hi ot t2, %) = = 8 | ®W(OIT{IA(0) 5 (1, W + ) JEM (12, W)} (D)) (52)

HO, (b1, o, r) = / F26(1%) — NHE, (1, 1, %) (53)



Hadronic matrix elements - leptonic decay 33/38

HO =(0]J%(0)|(G)) (54)
HID () = HE) (e, %) =(0[T{J%(0) JEM ()} | (0) (55)
HR) (t, 1, X) = / dPw(O|T{JY (0)J™M(tr, W + %) JEM(t, W) (D)) (56)
» For HD:
HELY) () = (0] T (U2 (0) JE™ ()} | (G)) (57)
HELA (x) = (0T {J¥A(0) JEM ()} (0)) (58)
HP(t,r) = % / PRE(X] = r)ein %Hﬁ'v)(t,i) (59)
H2e ) = [ PRo(51 - R 2 R) (60)
HY. (8, 1) = / RO 1) H (6.5 (61)
HEL () = [ R0 = ) HE (1. 5) (62)
H(e ) = [ %6071 - g HE(2.5) (63)
HL(er) = [ 28071 = )3 (e = 385)HEA e (64)
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/ drS™(t,r)Hyp) (tr. t,7) /H” /(MeV /fm)

QED correction to meson leptonic decay (diagram A)

10 - I I Tt
FITy Yiy ET i!:_ K+
5
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: e
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. ==
—5- : x
P E
1 ¥
—10 A t
-2 —1 0 1 2

34 /38

» Horizontal band represent the corresponding value from the mass shift calculation.

H(Q)

tup

(t1 ta, 1)/HO ~ HE) (t — to, 1)

(t;, t, < 0)

(65)
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QED correction to meson leptonic decay (diagram A)

I at

K+

S SR .
3 :

'--_T.T.--“"*""'"-"-.‘.‘ e e e
1)
¢

=~ |

% / drS(t,r)HE) (b, ta,r) /HY /(MeV /fm)
(e

-2 -1 0 1 2 3
ty/fm (ty = t; — 0.23 fm)

» Horizontal band represent the corresponding value from the mass shift calculation.

H(Q)

@ (tito, r)/HO =~ HO(t — to, 1) (tp, t, < 0) (66)
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QED correction to meson leptonic decay (diagram A)

1.0 1

]
. x : I at
2 S i Sininia i ]
£ 08 : : K*
% 1
S ]
< 0.6 !
- 1
S. I
c 3
T 047 :
[ 1
= 02 :
B it
a3 o
= 0.0 * ._: P
o R Pt
= 1 -
= 0.2 1 -
n r -
5 I #.‘
— 041 s
— N 1
L
—0.6 1 . h . .
-2 —1 0 1 2 3

t/fm (ty = t; — 0.46 fm)

» Horizontal band represent the corresponding value from the mass shift calculation.

H(Q)

ot o, )/ HO ~ HE) (6 — 1, 1) (t1, & < 0) (67)
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QED correction to meson leptonic decay (diagram A)

1
E 'Th"}TLF (k52 SRR S S i KT
Dy hd e x 1
- 0.125 1 : 1
S 1
= 1
=~ 0.1001 I
2 i
/; 0.075 :
- 1
£ 0.050- |
a3 !
a3 1
T 0.0251 :
= 33
= 311 i
s 0.000 5 3 ——srrs
= ? .:’"'"
T —0.025 L oo
— ™ :'._.1
1 s
—0.050 1 , L ,
-2 —1 0 1 2 3

» Horizontal band represent the corresponding value from the mass shift calculation.

H(Q)

@ (tito, r)/HO =~ HO(t — to, 1) (tp, t, < 0) (68)
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Infinite volume reconstruction method (IVR) can be used to control the finite volume
effects in many QED + QCD lattice calculations.

= We calculate the QED corrections to meson masses.
= We studied the operator renormalization via operator product expansion (OPE).

» We calculate the matrix elements related to QED corrections to meson leptonic decay.



Thank You!
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