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⇢ = ln(m2/p2T )
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Figure 6: Comparison of the unfolded ⇢ distribution with MC predictions. The uncertainty bands include all sources:
data and MC statistical uncertainties, nonclosure, modeling, and cluster or tracking uncertainties where relevant.
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Pile up
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Figure 6: Comparison of the unfolded ⇢ distribution with MC predictions. The uncertainty bands include all sources:
data and MC statistical uncertainties, nonclosure, modeling, and cluster or tracking uncertainties where relevant.
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Difference of parton showers 
larger than exp. uncertainty
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• Track-based measurements are sensitive to hadronization. 

• Instead of hadronization models in parton showers,  
track functions offer systematically improvable framework. 

• Recently extended to            → high precision possible! 

• For energy correlators, track functions are easy to implement 
(only moments)

1. Main message on track-based predictions

6
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[Li, Moult, Schrijnder van Velzen, WW, Zhu]



• Energy correlators probe correlations in energy flow: 

• Theory: energy weights suppress soft radiation → (simpler) 
collinear calculation with different (smaller) uncertainties. 

• Phenomenology: separation of physics at different scales. 

• Applications:      determination, hadronization, dead cone 
effect, quark-gluon plasma, top quark mass, …

1. Some motivations for energy correlators

7
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1. Some pheno applications
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Beautiful and Charming Energy Correlators

Evan Craft,1, ⇤ Kyle Lee,2, 3, † Bianka Meçaj,1, ‡ and Ian Moult1, §
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Understanding the detailed structure of energy flow within jets, a field known as jet substructure,
plays a central role in searches for new physics, and precision studies of QCD. Many applications of
jet substructure require an understanding of jets initiated by heavy quarks, whose description has
lagged behind remarkable recent progress for massless jets. In this Letter, we initiate a study of
correlation functions of energy flow operators on beauty and charm jets to illuminate the e↵ects of the
intrinsic mass of the elementary particles of QCD. We present a factorization theorem incorporating
the mass of heavy quarks, and show that the heavy quark jet functions for energy correlators have
a simple structure in perturbation theory. Our results achieve the very first full next-to-leading-
logarithmic calculation of the heavy quark jet substructure observable at the LHC. Using this
framework, we study the behavior of the correlators, and show that they exhibit a clear transition
from a massless scaling regime, at precisely the scale of the heavy quark mass. This manifests
the long-sought-after dead-cone e↵ect and illustrates fundamental e↵ects from the intrinsic mass of
beauty and charm quarks in a perturbative regime, before they are confined inside hadrons. Our
theoretical framework for studying energy correlators using heavy jets has many exciting applications
for improving the description of mass e↵ects in next generation parton shower event generators,
probing the QGP, and studying heavy flavor fragmentation functions.

Introduction.—Jet substructure is playing an increas-
ingly central role in collider physics [1–3], with applica-
tions ranging from innovative searches for new physics, to
unravelling the nature of the quark-gluon plasma (QGP)
[4–8]. The progressively subtle features of the radia-
tion pattern being exploited have motivated significant
progress in the description of the perturbative substruc-
ture of jets, including the introduction of new theoret-
ically motivated observables [9, 10] and new theoretical
techniques [11–15].

Despite this tremendous progress, many physical ap-
plications require an understanding of the substructure
of jets initiated by massive (beauty or charm) jets. The
most famous examples in the context of beyond the Stan-
dard Model searches, being the search for H ! bb̄, which
initiated the field of jet substructure [16], and recent
searches for H ! cc̄, for which the strongest constraints
come from jet substructure [17–19]. In the context of
QCD, heavy quarks provide direct access to mass e↵ects
of quarks before their confinement into hadrons, and pro-
vide interesting probes of the QGP [20–24]. For a wealth
of other discussions of the importance of heavy quarks,
see e.g. studies of heavy quark production [25–45], frag-
mentation [46–51], massive event shapes [52–55], jet sub-
structure [6, 56–65] and experimental measurements [66–
72].

The theoretical description of the substructure of
heavy quark jets is made di�cult by the presence of the
additional scale, and has seen much less progress than
its massless counterpart. This is true both for perturba-
tive calculations, as well as for parton shower simulations
where large discrepancies with data are often observed
[69–72]. While many beautiful measurements of event
shapes on b-quark jets were made at SLD/LEP [66–68],
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FIG. 1: The EEC measured inside high-pT jets. The
radiation pattern in the jet is modified by the pres-
ence of heavy quarks masses, suppressing small angle

radiation and giving rise to a “dead cone”.

a particular complexity associated with the high energies
of the LHC is that it requires a description of the transi-
tion from a regime where the quark behaves as massless
to one where it behaves as massive. Motivated both by
the wealth of physical applications, and by the develop-
ment of a next generation of parton showers [73–81] that
must incorporate heavy quark e↵ects, we believe that the
study of heavy quark jets requires renewed attention and
a new approach.

In this Letter we initiate a study of heavy
quark jets using correlation functions [82–85]
h |E(~n1)E(~n2) · · · E(~nk)| i of energy flow operators
[11, 86–88], E(~n), allowing us to apply recent theoretical
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FIG. 4: Ratios of heavy/light correlators reveal a sup-
pression of the small-angle gluon radiation at the an-
gular scale of the heavy quark mass. This provides a
calculable observable sensitive to the dead-cone e↵ect.

substructure observable at the LHC at this perturbative
order.

At scales larger than the heavy quark masses, we ob-
serve that the correlators exhibit a scaling behavior iden-
tical to that for massless quarks (We will verify this quan-
titatively in the next section). As RL ! mQ/pT , we
observe an onset of sensitivity to the heavy quark mass
scale. A similar behavior was observed for light quark
jets, but with the turn over at a scale of RL ! ⇤QCD/pT

[116, 154]. An interesting feature of heavy quark jets
is that this turn over is described by perturbation the-
ory, in particular, the heavy quark EEC jet function in
Eq. 3. Using a profile function to match between the
resummation in the scaling and the heavy quark mass
regions, we find good agreement with parton shower sim-
ulations, particularly for b-quark jets, where the turn over
is more in the perturbative region. We believe this turn
over region is particularly interesting for improving the
description of heavy quark dynamics in parton shower
programs. To our knowledge, ours is the first infrared
safe heavy flavor observable (only sensitive to collinear
dynamics) that exhibits such strong sensitivity to the in-
trinsic mass e↵ects. We will now study the UV (large
angle) and IR (small angle) regimes in more detail.

Projected Correlators and Anomalous Dimensions.—A
particularly interesting feature of the high LHC energies
is that we are able to clearly see the transition between
a regime where the heavy quark behaves as massless to a
regime where the mass dominates. To make this quanti-
tative, we can study ratio of projected correlators. This
corresponds to taking the ratio of N > 2 and N = 2
point correlators calculated using Eq. (1). These ra-
tios were designed to remove IR e↵ects and isolate UV
scaling associated with twist-2 anomalous dimensions [9].
Although this was originally intended to eliminate non-

perturbative e↵ects at the scale ⇤QCD, we find that it
also cancels the heavy quark e↵ects, which are also IR.
In Fig. 3 we show the projected correlator ratios up to
six-points for massive quark, which exhibit a clear scaling
behavior, and is identical to the massless calculations pre-
sented in [118].3 We find identical scaling behavior to the
massless case. While this is expected since the anoma-
lous dimensions are a UV e↵ect, we find it remarkable
that we can isolate them in a clean manner.
The Dead-Cone E↵ect.—In the other extreme, we can

isolate infrared e↵ects by taking the ratio of the two-point
correlator on massive and massless jets. Since the scaling
behavior is the same in both cases, this ratio should be
calculable in fixed order perturbation theory, and be re-
flective of the infrared dynamics of the quark mass. This
ratio is shown in Fig. 4, where we find excellent agree-
ment between our fixed order calculation and the Pythia
parton shower, illustrating that the transition region is
under perturbative control.

This shape of the ratio in Fig. 4 is a clean manifesta-
tion of what is commonly referred to as the “dead-cone”
e↵ect, which is a fundamental feature of all gauge field
theories and is a direct signature of the intrinsic mass be-
fore confinement [110]. The dead-cone e↵ect was recently
observed experimentally [114] using an observable based
on a de-clustering procedure [111]. Here we have shown
how it can be seen in the energy-correlators, where the
description of the transition region can be computed sys-
tematically in perturbation theory. We look forward to
real data observation of the dead-cone e↵ect using energy
correlators, and comparison to higher order calculations
of heavy quarks in the near future.
Conclusions.—In this Letter we have initiated a study

of heavy quark jets using energy correlators. While the
study of heavy quarks has long played an important role
in QCD for understanding the mass e↵ects of elementary
particles, much less attention has been devoted to their
study in jet substructure, primarily due to the prohibitive
complexity associated with the additional mass scale.

We derived a factorization theorem for projected en-
ergy correlators on heavy quark jets, and showed that
the jet functions, which encode the heavy quark mass
e↵ects can be computed analytically, and take a simple
form. We demonstrated that the scaling of heavy en-
ergy correlators, like that of light energy correlators, is
also governed by the twist-2 anomalous dimensions at
large angles, but shows a turnover at angles of order the
heavy quark mass. This provides an observable that
is simultaneously experimentally measurable, and can
be computed systematically in perturbation theory, that

3
The di↵erence compared to [118] only arises from making the

choice Hq = Hg = 0 in Eq. (1) as discussed, and ratios are

otherwise identical regardless of whether one measures them on

a charm or beauty or massless jet.
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pression of the small-angle gluon radiation at the an-
gular scale of the heavy quark mass. This provides a
calculable observable sensitive to the dead-cone e↵ect.
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titatively in the next section). As RL ! mQ/pT , we
observe an onset of sensitivity to the heavy quark mass
scale. A similar behavior was observed for light quark
jets, but with the turn over at a scale of RL ! ⇤QCD/pT

[116, 154]. An interesting feature of heavy quark jets
is that this turn over is described by perturbation the-
ory, in particular, the heavy quark EEC jet function in
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Projected Correlators and Anomalous Dimensions.—A
particularly interesting feature of the high LHC energies
is that we are able to clearly see the transition between
a regime where the heavy quark behaves as massless to a
regime where the mass dominates. To make this quanti-
tative, we can study ratio of projected correlators. This
corresponds to taking the ratio of N > 2 and N = 2
point correlators calculated using Eq. (1). These ra-
tios were designed to remove IR e↵ects and isolate UV
scaling associated with twist-2 anomalous dimensions [9].
Although this was originally intended to eliminate non-
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In Fig. 3 we show the projected correlator ratios up to
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massless case. While this is expected since the anoma-
lous dimensions are a UV e↵ect, we find it remarkable
that we can isolate them in a clean manner.
The Dead-Cone E↵ect.—In the other extreme, we can

isolate infrared e↵ects by taking the ratio of the two-point
correlator on massive and massless jets. Since the scaling
behavior is the same in both cases, this ratio should be
calculable in fixed order perturbation theory, and be re-
flective of the infrared dynamics of the quark mass. This
ratio is shown in Fig. 4, where we find excellent agree-
ment between our fixed order calculation and the Pythia
parton shower, illustrating that the transition region is
under perturbative control.

This shape of the ratio in Fig. 4 is a clean manifesta-
tion of what is commonly referred to as the “dead-cone”
e↵ect, which is a fundamental feature of all gauge field
theories and is a direct signature of the intrinsic mass be-
fore confinement [110]. The dead-cone e↵ect was recently
observed experimentally [114] using an observable based
on a de-clustering procedure [111]. Here we have shown
how it can be seen in the energy-correlators, where the
description of the transition region can be computed sys-
tematically in perturbation theory. We look forward to
real data observation of the dead-cone e↵ect using energy
correlators, and comparison to higher order calculations
of heavy quarks in the near future.
Conclusions.—In this Letter we have initiated a study

of heavy quark jets using energy correlators. While the
study of heavy quarks has long played an important role
in QCD for understanding the mass e↵ects of elementary
particles, much less attention has been devoted to their
study in jet substructure, primarily due to the prohibitive
complexity associated with the additional mass scale.

We derived a factorization theorem for projected en-
ergy correlators on heavy quark jets, and showed that
the jet functions, which encode the heavy quark mass
e↵ects can be computed analytically, and take a simple
form. We demonstrated that the scaling of heavy en-
ergy correlators, like that of light energy correlators, is
also governed by the twist-2 anomalous dimensions at
large angles, but shows a turnover at angles of order the
heavy quark mass. This provides an observable that
is simultaneously experimentally measurable, and can
be computed systematically in perturbation theory, that

3
The di↵erence compared to [118] only arises from making the

choice Hq = Hg = 0 in Eq. (1) as discussed, and ratios are

otherwise identical regardless of whether one measures them on
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Understanding the detailed structure of energy flow within jets, a field known as jet substructure,
plays a central role in searches for new physics, and precision studies of QCD. Many applications of
jet substructure require an understanding of jets initiated by heavy quarks, whose description has
lagged behind remarkable recent progress for massless jets. In this Letter, we initiate a study of
correlation functions of energy flow operators on beauty and charm jets to illuminate the e↵ects of the
intrinsic mass of the elementary particles of QCD. We present a factorization theorem incorporating
the mass of heavy quarks, and show that the heavy quark jet functions for energy correlators have
a simple structure in perturbation theory. Our results achieve the very first full next-to-leading-
logarithmic calculation of the heavy quark jet substructure observable at the LHC. Using this
framework, we study the behavior of the correlators, and show that they exhibit a clear transition
from a massless scaling regime, at precisely the scale of the heavy quark mass. This manifests
the long-sought-after dead-cone e↵ect and illustrates fundamental e↵ects from the intrinsic mass of
beauty and charm quarks in a perturbative regime, before they are confined inside hadrons. Our
theoretical framework for studying energy correlators using heavy jets has many exciting applications
for improving the description of mass e↵ects in next generation parton shower event generators,
probing the QGP, and studying heavy flavor fragmentation functions.

Introduction.—Jet substructure is playing an increas-
ingly central role in collider physics [1–3], with applica-
tions ranging from innovative searches for new physics, to
unravelling the nature of the quark-gluon plasma (QGP)
[4–8]. The progressively subtle features of the radia-
tion pattern being exploited have motivated significant
progress in the description of the perturbative substruc-
ture of jets, including the introduction of new theoret-
ically motivated observables [9, 10] and new theoretical
techniques [11–15].

Despite this tremendous progress, many physical ap-
plications require an understanding of the substructure
of jets initiated by massive (beauty or charm) jets. The
most famous examples in the context of beyond the Stan-
dard Model searches, being the search for H ! bb̄, which
initiated the field of jet substructure [16], and recent
searches for H ! cc̄, for which the strongest constraints
come from jet substructure [17–19]. In the context of
QCD, heavy quarks provide direct access to mass e↵ects
of quarks before their confinement into hadrons, and pro-
vide interesting probes of the QGP [20–24]. For a wealth
of other discussions of the importance of heavy quarks,
see e.g. studies of heavy quark production [25–45], frag-
mentation [46–51], massive event shapes [52–55], jet sub-
structure [6, 56–65] and experimental measurements [66–
72].

The theoretical description of the substructure of
heavy quark jets is made di�cult by the presence of the
additional scale, and has seen much less progress than
its massless counterpart. This is true both for perturba-
tive calculations, as well as for parton shower simulations
where large discrepancies with data are often observed
[69–72]. While many beautiful measurements of event
shapes on b-quark jets were made at SLD/LEP [66–68],
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FIG. 1: The EEC measured inside high-pT jets. The
radiation pattern in the jet is modified by the pres-
ence of heavy quarks masses, suppressing small angle

radiation and giving rise to a “dead cone”.

a particular complexity associated with the high energies
of the LHC is that it requires a description of the transi-
tion from a regime where the quark behaves as massless
to one where it behaves as massive. Motivated both by
the wealth of physical applications, and by the develop-
ment of a next generation of parton showers [73–81] that
must incorporate heavy quark e↵ects, we believe that the
study of heavy quark jets requires renewed attention and
a new approach.

In this Letter we initiate a study of heavy
quark jets using correlation functions [82–85]
h |E(~n1)E(~n2) · · · E(~nk)| i of energy flow operators
[11, 86–88], E(~n), allowing us to apply recent theoretical
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FIG. 4: Ratios of heavy/light correlators reveal a sup-
pression of the small-angle gluon radiation at the an-
gular scale of the heavy quark mass. This provides a
calculable observable sensitive to the dead-cone e↵ect.

substructure observable at the LHC at this perturbative
order.

At scales larger than the heavy quark masses, we ob-
serve that the correlators exhibit a scaling behavior iden-
tical to that for massless quarks (We will verify this quan-
titatively in the next section). As RL ! mQ/pT , we
observe an onset of sensitivity to the heavy quark mass
scale. A similar behavior was observed for light quark
jets, but with the turn over at a scale of RL ! ⇤QCD/pT

[116, 154]. An interesting feature of heavy quark jets
is that this turn over is described by perturbation the-
ory, in particular, the heavy quark EEC jet function in
Eq. 3. Using a profile function to match between the
resummation in the scaling and the heavy quark mass
regions, we find good agreement with parton shower sim-
ulations, particularly for b-quark jets, where the turn over
is more in the perturbative region. We believe this turn
over region is particularly interesting for improving the
description of heavy quark dynamics in parton shower
programs. To our knowledge, ours is the first infrared
safe heavy flavor observable (only sensitive to collinear
dynamics) that exhibits such strong sensitivity to the in-
trinsic mass e↵ects. We will now study the UV (large
angle) and IR (small angle) regimes in more detail.

Projected Correlators and Anomalous Dimensions.—A
particularly interesting feature of the high LHC energies
is that we are able to clearly see the transition between
a regime where the heavy quark behaves as massless to a
regime where the mass dominates. To make this quanti-
tative, we can study ratio of projected correlators. This
corresponds to taking the ratio of N > 2 and N = 2
point correlators calculated using Eq. (1). These ra-
tios were designed to remove IR e↵ects and isolate UV
scaling associated with twist-2 anomalous dimensions [9].
Although this was originally intended to eliminate non-

perturbative e↵ects at the scale ⇤QCD, we find that it
also cancels the heavy quark e↵ects, which are also IR.
In Fig. 3 we show the projected correlator ratios up to
six-points for massive quark, which exhibit a clear scaling
behavior, and is identical to the massless calculations pre-
sented in [118].3 We find identical scaling behavior to the
massless case. While this is expected since the anoma-
lous dimensions are a UV e↵ect, we find it remarkable
that we can isolate them in a clean manner.
The Dead-Cone E↵ect.—In the other extreme, we can

isolate infrared e↵ects by taking the ratio of the two-point
correlator on massive and massless jets. Since the scaling
behavior is the same in both cases, this ratio should be
calculable in fixed order perturbation theory, and be re-
flective of the infrared dynamics of the quark mass. This
ratio is shown in Fig. 4, where we find excellent agree-
ment between our fixed order calculation and the Pythia
parton shower, illustrating that the transition region is
under perturbative control.

This shape of the ratio in Fig. 4 is a clean manifesta-
tion of what is commonly referred to as the “dead-cone”
e↵ect, which is a fundamental feature of all gauge field
theories and is a direct signature of the intrinsic mass be-
fore confinement [110]. The dead-cone e↵ect was recently
observed experimentally [114] using an observable based
on a de-clustering procedure [111]. Here we have shown
how it can be seen in the energy-correlators, where the
description of the transition region can be computed sys-
tematically in perturbation theory. We look forward to
real data observation of the dead-cone e↵ect using energy
correlators, and comparison to higher order calculations
of heavy quarks in the near future.
Conclusions.—In this Letter we have initiated a study

of heavy quark jets using energy correlators. While the
study of heavy quarks has long played an important role
in QCD for understanding the mass e↵ects of elementary
particles, much less attention has been devoted to their
study in jet substructure, primarily due to the prohibitive
complexity associated with the additional mass scale.

We derived a factorization theorem for projected en-
ergy correlators on heavy quark jets, and showed that
the jet functions, which encode the heavy quark mass
e↵ects can be computed analytically, and take a simple
form. We demonstrated that the scaling of heavy en-
ergy correlators, like that of light energy correlators, is
also governed by the twist-2 anomalous dimensions at
large angles, but shows a turnover at angles of order the
heavy quark mass. This provides an observable that
is simultaneously experimentally measurable, and can
be computed systematically in perturbation theory, that

3
The di↵erence compared to [118] only arises from making the

choice Hq = Hg = 0 in Eq. (1) as discussed, and ratios are

otherwise identical regardless of whether one measures them on

a charm or beauty or massless jet.
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substructure observable at the LHC at this perturbative
order.

At scales larger than the heavy quark masses, we ob-
serve that the correlators exhibit a scaling behavior iden-
tical to that for massless quarks (We will verify this quan-
titatively in the next section). As RL ! mQ/pT , we
observe an onset of sensitivity to the heavy quark mass
scale. A similar behavior was observed for light quark
jets, but with the turn over at a scale of RL ! ⇤QCD/pT

[116, 154]. An interesting feature of heavy quark jets
is that this turn over is described by perturbation the-
ory, in particular, the heavy quark EEC jet function in
Eq. 3. Using a profile function to match between the
resummation in the scaling and the heavy quark mass
regions, we find good agreement with parton shower sim-
ulations, particularly for b-quark jets, where the turn over
is more in the perturbative region. We believe this turn
over region is particularly interesting for improving the
description of heavy quark dynamics in parton shower
programs. To our knowledge, ours is the first infrared
safe heavy flavor observable (only sensitive to collinear
dynamics) that exhibits such strong sensitivity to the in-
trinsic mass e↵ects. We will now study the UV (large
angle) and IR (small angle) regimes in more detail.

Projected Correlators and Anomalous Dimensions.—A
particularly interesting feature of the high LHC energies
is that we are able to clearly see the transition between
a regime where the heavy quark behaves as massless to a
regime where the mass dominates. To make this quanti-
tative, we can study ratio of projected correlators. This
corresponds to taking the ratio of N > 2 and N = 2
point correlators calculated using Eq. (1). These ra-
tios were designed to remove IR e↵ects and isolate UV
scaling associated with twist-2 anomalous dimensions [9].
Although this was originally intended to eliminate non-

perturbative e↵ects at the scale ⇤QCD, we find that it
also cancels the heavy quark e↵ects, which are also IR.
In Fig. 3 we show the projected correlator ratios up to
six-points for massive quark, which exhibit a clear scaling
behavior, and is identical to the massless calculations pre-
sented in [118].3 We find identical scaling behavior to the
massless case. While this is expected since the anoma-
lous dimensions are a UV e↵ect, we find it remarkable
that we can isolate them in a clean manner.
The Dead-Cone E↵ect.—In the other extreme, we can

isolate infrared e↵ects by taking the ratio of the two-point
correlator on massive and massless jets. Since the scaling
behavior is the same in both cases, this ratio should be
calculable in fixed order perturbation theory, and be re-
flective of the infrared dynamics of the quark mass. This
ratio is shown in Fig. 4, where we find excellent agree-
ment between our fixed order calculation and the Pythia
parton shower, illustrating that the transition region is
under perturbative control.

This shape of the ratio in Fig. 4 is a clean manifesta-
tion of what is commonly referred to as the “dead-cone”
e↵ect, which is a fundamental feature of all gauge field
theories and is a direct signature of the intrinsic mass be-
fore confinement [110]. The dead-cone e↵ect was recently
observed experimentally [114] using an observable based
on a de-clustering procedure [111]. Here we have shown
how it can be seen in the energy-correlators, where the
description of the transition region can be computed sys-
tematically in perturbation theory. We look forward to
real data observation of the dead-cone e↵ect using energy
correlators, and comparison to higher order calculations
of heavy quarks in the near future.
Conclusions.—In this Letter we have initiated a study

of heavy quark jets using energy correlators. While the
study of heavy quarks has long played an important role
in QCD for understanding the mass e↵ects of elementary
particles, much less attention has been devoted to their
study in jet substructure, primarily due to the prohibitive
complexity associated with the additional mass scale.

We derived a factorization theorem for projected en-
ergy correlators on heavy quark jets, and showed that
the jet functions, which encode the heavy quark mass
e↵ects can be computed analytically, and take a simple
form. We demonstrated that the scaling of heavy en-
ergy correlators, like that of light energy correlators, is
also governed by the twist-2 anomalous dimensions at
large angles, but shows a turnover at angles of order the
heavy quark mass. This provides an observable that
is simultaneously experimentally measurable, and can
be computed systematically in perturbation theory, that

3
The di↵erence compared to [118] only arises from making the

choice Hq = Hg = 0 in Eq. (1) as discussed, and ratios are

otherwise identical regardless of whether one measures them on

a charm or beauty or massless jet.
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Final states in collider experiments are characterized by correlation functions, hE(~n1) · · · E(~nk)i,
of the energy flow operator E(~ni). We show that the top quark imprints itself as a peak in the
three-point correlator at an angle ⇣ ⇠ m2

t/p
2
T , with mt the top quark mass and pT its transverse

momentum, providing access to one of the most important parameters of the Standard Model in
one of the simplest field theoretical observables. Our analysis provides the first step towards a new
paradigm for a precise top mass determination that is, for the first time, highly insensitive to soft
physics and underlying event contamination whilst remaining directly calculable from the Standard
Model Lagrangian.

I. INTRODUCTION

The Higgs and top quark masses play a central role
both in determining the structure of the electroweak vac-
uum [1–3], and in the consistency of precision Standard
Model fits [4, 5]. Indeed, the near-criticality of the elec-
troweak vacuum may be one of the most important clues
from the Large Hadron Collider (LHC) for the nature
of beyond the Standard Model physics [2, 6–10]. This
provides strong motivation for improving the precision
of Higgs and top mass measurements.

While the measurement of the Higgs mass is concep-
tually straightforward both theoretically and experimen-
tally [11], this could not be further from the case for
the top mass (mt). Due to its strongly interacting na-
ture, a field theoretic definition of mt, and its relation
to experimental measurements, is subtle. In e

+
e
� col-

liders, precision mt measurements can be made from the
threshold lineshape [12–19]. However, this approach is
not possible at hadron colliders, where, despite the fact
that direct extractions have measured mt to a remark-
able accuracy [20–23], there is a debate on the theoretical
interpretation of the measured “Monte Carlo (MC) top
mass parameter” [24]. This has been argued to induce
an additional O(1 GeV) theory uncertainty on mt. For
recent discussions, see [25, 26]. It is therefore crucial to
explore kinematic top-mass sensitive observables at the
LHC where a direct comparison of the experimental data
with first principles theory predictions can be carried out.

Significant progress has been made in this regard from
multiple directions. A unique feature of the LHC is
that large numbers of top quarks are produced with
sufficient boosts that they decay into single collimated
jets on which jet shapes can be measured. In [27, 28]
it was shown using effective fields theories (SCET and
bHQET) [29–38] that factorization theorems can be de-
rived for event shapes measured on boosted top quarks,
enabling these observables to be expressed in terms of
mt in a field theoretically well defined mass scheme [39–
46]. Additionally, there has been substantial progress

FIG. 1. A boosted top quark imprints its short lived existence
onto the three-point correlator with a characteristic angle,
⇣ ⇠ (1� cos ✓)/2 ⇠ m2

t/p
2
T .

in parton shower algorithms capable of accurately sim-
ulating QCD radiation in fully exclusive top quark de-
cays [47–66]. In Ref. [67], the groomed [68, 69] jet mass
was proposed as a mt sensitive observable, realizing the
factorization based approach of [27, 28]. For measure-
ments, see [70, 71]. While jet grooming significantly im-
proves the robustness of the observable, the complicated
residual non-perturbative corrections [72] continue to be
limiting factors in achieving a precision competitive with
direct measurements, thereby motivating the exploration
of observables not reliant on grooming.

In recent years, there has been a program to re-
think [73] jet substructure directly in terms of correla-
tion functions, hE(~n1) · · · E(~nk)i, of the energy flow in a
direction ~n [74–81], E(~n), motivated by the original work
in QCD [82–91] and recent revival in conformal field the-
ories (CFTs) [78–81, 92–99]. These correlators have a
number of unique and remarkable properties. Most im-
portantly for phenomenological applications, correlators
are insensitive to soft radiation without the application
of grooming. Additionally they can also be computed
on tracks [73, 100, 101], using the formalism of track
functions [102, 103], allowing for higher angular resolu-

ar
X

iv
:2

20
1.

08
39

3v
2 

 [h
ep

-p
h]

  1
7 

Ju
l 2

02
3

2

theoretical elegance of this approach, the jet pT has large
experimental uncertainties, making a precise determina-
tion of mt challenging in practice. We therefore believe
that identifying a top-mass-sensitive observable that is
simultaneously experimentally feasible at the LHC, com-
pletely robust to hadronization and UE, and calculable
to high perturbative orders remains an important open
problem.

In this Letter, we introduce an EEC-based observable
for precision top quark mass measurements, which over-
comes previous experimental difficulties. Our observable
is inspired by cosmology, where it is common that pre-
cisely measured observables, such as luminosity, are not
directly related to quantities of interest, such as dis-
tances. The use of standard candles then plays a cru-
cial role, providing a methodology for converting between
two independent dimensionful quantities. This is similar
to the present case of extracting masses from measure-
ments of high-multiplicity hadronic states: the dimen-
sionless angular scales [42] are robust observables, neces-
sitating the development of standard candles to enable
their use for precision mass measurements. Crucially,
the top quark predominately decays into an electroweak
scale particle whose mass has been measured with spec-
tacular accuracy, the W boson. This particle provides
the needed standard candle by introducing another di-
mensionless parameter, mt/mW , into the observable. In
this Letter, we study a hadronization and UE insensitive
standard candle constructed from EECs measured on the
W boson, allowing us to build a distance ladder all the
way back through the complicated QCD dynamics to the
time scales of the top quark. The outcome is a mea-
surement of the top mass in terms of the W mass. We
emphasize that this approach is distinct from current top
mass extractions [43, 44], which reconstruct the W decay
only to achieve a fine-grained calibration of the jet energy
scale to reduce experimental uncertainties. We demon-
strate the feasibility and properties of our approach at
the LHC through a Monte Carlo study and lay out a
roadmap for an experimental and theoretical program to
achieve a record top mass measurement.

Energy Correlators on Top Decays.—EECs map out
the angular scales of the asymptotic energy flux. There
has been rapid progress in our understanding of multi-
point energy correlators and their application to jet sub-
structure (see e.g. [32, 45–60]). Following their first cal-
culation in the collinear limit in [49], they have since been
calculated for generic angles [61, 62], analyzed theoret-
ically [63, 64], and measured on QCD jets [45, 51]. In
Ref. [32], the three-point correlator was applied to detect
the angular scale associated with the top decay. Since
at the leading order this is a hard three-body decay, it
was proposed that this could be detected in an equilat-
eral configuration for the correlator. However, the full
three-point correlator on top decays is a rich function of
three angles whose shape has not yet been explored.

(a) The shape of the three-point correlator on boosted top quark
jets, eq. (1). A large value of ⇣S selects the hard top decay process,
but by lowering ⇣S , the W peak emerges. Slices for specific values
of ⇣S are shown on the boundaries of the plot.

(b) Slices for specific values of ⇣S which emphasize the sharpness
of the W and top peaks. The green line with the small bump
corresponds to the equilateral projection considered in [32].

FIG. 1: Illustrative plots produced from Pythia showing
the imprint of top quark and W boson on the 3-point
EEC in eq. (1).

The key object of our analysis is the following inte-
grated EEC (weighted cross-section) which enables the
simultaneous extraction of the top and W character-
istic angular scales. We express the angles between
the momenta of the correlated final state particles as
⇣ij = �⌘2ij + ��2

ij in terms of the standard rapidity-
azimuth coordinates. The observable we define is

T (⇣, ⇣S , ⇣A) ⌘
X

hadrons
i,j,k

Z
d⇣ijk

pT,i pT,j pT,k�
pT,jet

�3
d3�i,j,k

d⇣ijk

⇥⇥(⇣ij � ⇣jk � ⇣ki > ⇣S) �

 
⇣ �

(
p

⇣ij +
p

⇣jk)2

2

!

⇥⇥
⇣
⇣A > (

p
⇣ij �

p
⇣jk)

2
⌘
. (1)

Here the sum is over all (not necessarily distinct) triplets

[Holguin, Moult, Pathak, Procura, Schöfbeck, Schwarz]
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• Top quark mass



•              describes total momentum fraction    of initial parton  
converted to tracks, i.e. 

• Nonperturbative, process-independent function.

1. Calculations require track functions
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•              describes total momentum fraction    of initial parton  
converted to tracks, i.e. 

• Nonperturbative, process-independent function. 

• Conservation of probability: 

• Definition in light-cone gauge

1. Calculations require track functions
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•           cancels against IR pole in partonic cross section.         

•            is renormalized, leads to evolution of track function.

1. Track function at order ⍺s
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1. Track function evolution at LO

• Consistent with extraction from Pythia at different energies.
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1. Track function evolution at LO

• Consistent with extraction from Pythia at different energies. 

• Simplifies for integer moments: 
14
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• Angular resolution of tracks is essential at small . 

• Conversion to tracks is simple: 

•  involves         , enters resummation of         for   

• N-point energy correlators involve at most the Nth moment
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1. Track-based energy correlators
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• Beyond LO, there is a cancellation of IR poles between 
perturbative calculation and partonic track functions. 

• Result is pretty simple. E.g. for finite part of gluon jet function 

• Result on all particles is given by                 . 

1. Track-based energy correlators beyond LO
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• Lets take the example of PDFs, which we can write as: 

• Because            holds independent of the states, we can 
calculate it by replacing                      .

1. How to match onto track functions
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|P i ! |qi, |gi

<latexit sha1_base64="iCJQlqfTYSNHoD9/50Lluu5jgD8="></latexit>

hP |O(Q)|P i = Ci(Q)⌦ hP |Oi|P i
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Ci(Q)



• Lets take the example of PDFs, which we can write as: 

• Because            holds independent of the states, we can 
calculate it by replacing                      . 

• Equivalently, we can calculate the LHS by “attaching” a tree-
level PDF        (partonic state). Using that in dim. reg.  
 
 
the poles from     must cancel against IR poles to give          . 

• For track functions, you need to attach a         to each parton

1. How to match onto track functions
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|P i ! |qi, |gi
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C(Q)
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Z

<latexit sha1_base64="iCJQlqfTYSNHoD9/50Lluu5jgD8="></latexit>

hP |O(Q)|P i = Ci(Q)⌦ hP |Oi|P i
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Ci(Q)

<latexit sha1_base64="gK6YJODcBkh9al0l9KZ7F7TLJk8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kP4mJbd82mf9Yslt+LOgVaJl5ESZGj0i1+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjo/eIrOrDJAYaRsSYPm6u+JFAutJyKwnQKbkV72ZuJ/Xjcx4ZWfMhknhkqyWBQmHJkIzb5HA6YoMXxiCSaK2VsRGWGFibEZFWwI3vLLq6R1UfFqldpdtVS/zuLIwwmcQhk8uIQ63EIDmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AH7Io/k</latexit>

f (0)
i

<latexit sha1_base64="rbhmJRLxDpeZYCnyN8PPHzbDeA0=">AAACInicbZDLSgMxFIYzXmu9VV26CRahbsqMSNWFUHTjsoK9YFuHTHqmTZvJDElGKMM8ixtfxY0LRV0JPozpZaGtBwIf/38OJ+f3Is6Utu0va2FxaXllNbOWXd/Y3NrO7ezWVBhLClUa8lA2PKKAMwFVzTSHRiSBBB6Huje4Gvn1B5CKheJWDyNoB6QrmM8o0UZyc+e+y+6Tgn2U4gs85pYMsEckjIQ7N2H9FLdCzQJQxu9PfAkidXN5u2iPC8+DM4U8mlbFzX20OiGNAxCacqJU07Ej3U6I1IxySLOtWEFE6IB0oWlQELOynYxPTPGhUTrYD6V5QuOx+nsiIYFSw8AznQHRPTXrjcT/vGas/bN2wkQUaxB0ssiPOdYhHuWFO0wC1XxogFDJzF8x7RFJqDapZk0IzuzJ81A7LjqlYunmJF++nMaRQfvoABWQg05RGV2jCqoiih7RM3pFb9aT9WK9W5+T1gVrOrOH/pT1/QO4VaM+</latexit>

f (0)
i = fbare

i = Zij ⌦ f ren
j

<latexit sha1_base64="RjkLuv5yqaPVTlo3GZcUg4VWqyo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxQr+kXUs2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvp357SeqNItkw0xi6gs8lCxkBBsrPTT67DEtu+fTfrHkVtw50CrxMlKCDPV+8as3iEgiqDSEY627nhsbP8XKMMLptNBLNI0xGeMh7VoqsaDaT+cHT9GZVQYojJQtadBc/T2RYqH1RAS2U2Az0sveTPzP6yYmvPZTJuPEUEkWi8KEIxOh2fdowBQlhk8swUQxeysiI6wwMTajgg3BW355lbQuKl61Ur2/LNVusjjycAKnUAYPrqAGd1CHJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwDgTI/S</latexit>

T (0)
i

<latexit sha1_base64="/cnyKmxVdU7M8ID6ozQbNE+/OJU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq8H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A0w+M+A==</latexit>

i



• Kernels are lengthy but available electronically. 

• Projects onto DGLAP, also yields evolution of multi-hadron 
fragmentation functions

1. Track function evolution at NLO
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<latexit sha1_base64="QioAbp4TU4+rodJZLOrBXyDLmyQ="></latexit>

d

d lnµ2
T (x, µ) = as

h
K(0)

1!1 ⌦ T (x, µ) +K(0)
1!2 ⌦ TT (x, µ)

i

+ a2s

h
K(1)

1!1 ⌦ T (x, µ) +K(1)
1!2 ⌦ TT (x, µ) +K(1)

1!3 ⌦ TTT (x, µ)
i

[Chen, Jaarsma, Li, Moult, WW, Zhu]



1. Track function evolution at NLO for moments

• Energy conservation implies evolution has symmetry 

• Make manifest by using shift-invariant central moments 

 
leading to compact expressions:
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2, . . .
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[Li, Moult, Schrijnder van Velzen, WW, Zhu]



• First           result for track-based measurement: 

• Uncertainty reduced at NLO, good agreement with data.

1. Track-based EEC
<latexit sha1_base64="5QZFsUjuaQ65pVHElScplCb88SM=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqJuSVFGXFTfurGAf0MRwM520QycPZiZCCdn4K25cKOLWz3Dn3zhps9DWAxcO59zLvfd4MaNCmua3VlpaXlldK69XNja3tnf03b2OiBKOSRtHLOI9DwRhNCRtSSUjvZgTCDxGut74Ove7j4QLGoX3chITJ4BhSH2KQSrJ1Q/sAOQIA0tvs5oNLB6BKx4aJ65eNevmFMYisQpSRQVarv5lDyKcBCSUmIEQfcuMpZMClxQzklXsRJAY8BiGpK9oCAERTjp9IDOOlTIw/IirCqUxVX9PpBAIMQk81ZmfK+a9XPzP6yfSv3RSGsaJJCGeLfITZsjIyNMwBpQTLNlEEcCcqlsNPAIOWKrMKioEa/7lRdJp1K3z+undWbV5VcRRRofoCNWQhS5QE92gFmojjDL0jF7Rm/akvWjv2sestaQVM/voD7TPHzoslio=</latexit>
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AEEC(cos�) = EEC(cos�)� EEC(� cos�)

resummation needed

[Li, Moult, Schrijnder van Velzen, WW, Zhu]



1. Projected N-point energy correlator
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• All vs. charged particles are qualitatively similar, e.g. slope 
increases with N 

• Quantitative difference is calculable with track functions!

[Jaarsma, Li, Moult, WW, Zhu]



• Ratio of charged to all particles is constant for 2-point, but 
not higher point. 

• In perturbative region ratio is  

• In nonperturbative region ratio is                               for all N.

1. Projected N-point energy correlator

23
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[Jaarsma, Li, Moult, WW, Zhu]
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xL = (1� cos ✓L)/2

<latexit sha1_base64="doUPEI6MZehEguN0M+yvN02QmM4="></latexit>

⇡ (2/3)2 ⇡ Ti(1)
2

<latexit sha1_base64="smvz1Ut4+Jx6cdQl/YW9FieX80I="></latexit>

⇡ T (m)T (N �M) ⇡ T (1)N



• The momentum fraction of charged particles in a jet is at LO 
the track function → use this to extract it!  

• There are effects of hard scattering (quark vs. gluon) and jet 
formation:

1. Bonus: how to extract the track function

24[Lee, Moult, Ringer, WW]
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<latexit sha1_base64="JLPgmDEFGLhgrfT6Esv3rEiYdcg=">AAACK3icbVDLSsNAFJ3UV42vVpdugkVwVRIRdVkVocsq9gFtKJPJpB06yYSZG2kJ/Qy3+gV+jSvFrf/hpM3Cth4YOJxzL/fM8WLOFNj2p1FYW9/Y3Cpumzu7e/sHpfJhS4lEEtokggvZ8bCinEW0CQw47cSS4tDjtO2N7jK//UylYiJ6gklM3RAPIhYwgkFL3R7QMaT1+8ebab9Usav2DNYqcXJSQTka/bJh9nxBkpBGQDhWquvYMbgplsAIp1OzlygaYzLCA9rVNMIhVW46yzy1TrXiW4GQ+kVgzdS/GykOlZqEnp4MMQzVspeJ/3rj+YEFzVfZkUXNC5cSQnDtpiyKE6ARmQcMEm6BsLLiLJ9JSoBPNMFEMv1HiwyxxAR0vaZuz1nuapW0zqvOZfXi4aJSu817LKJjdILOkIOuUA3VUQM1EUECvaBX9Ga8Gx/Gl/E9Hy0Y+c4RWoDx8wv+v6fa</latexit>

HERA

<latexit sha1_base64="GNg1wZ516bMS91H1QB8MH6c/tAw=">AAACKnicbVDLSsNAFJ3UV42vVpdugkVwVRIRdVksgu4q2Ae2oUwmk3boZBJmbqQl9C/c6hf4Ne6KWz/ESZuFbT0wcDjnXu6Z48WcKbDtmVHY2Nza3inumnv7B4dHpfJxS0WJJLRJIh7JjocV5UzQJjDgtBNLikOP07Y3qmd++5VKxSLxDJOYuiEeCBYwgkFLLz2gY0jvH+vTfqliV+05rHXi5KSCcjT6ZcPs+RFJQiqAcKxU17FjcFMsgRFOp2YvUTTGZIQHtKupwCFVbjqPPLXOteJbQST1E2DN1b8bKQ6VmoSengwxDNWql4n/euPFgSXNV9mRZc0LVxJCcOumTMQJUEEWAYOEWxBZWW+WzyQlwCeaYCKZ/qNFhlhiArpdU7fnrHa1TlqXVee6evV0Vand5T0W0Sk6QxfIQTeohh5QAzURQQK9oXf0YXwaX8bM+F6MFox85wQtwfj5BUxxp4E=</latexit>

EIC

<latexit sha1_base64="3tnGAY9IcZte7ilw6m6yTRSVacs=">AAACLnicbVDLSgMxFM3UV62vVpdugkVwVWakqMtiERSKVLAPaGvJZDJtaOZBckdahv6HW/0Cv0ZwIW79DDPtLGzrgcDhnHu5J8cOBVdgmp9GZm19Y3Mru53b2d3bP8gXDpsqiCRlDRqIQLZtopjgPmsAB8HaoWTEswVr2aNq4reemVQ88B9hErKeRwY+dzkloKWnLrAxxDd3VXxfq037+aJZMmfAq8RKSRGlqPcLRq7rBDTymA9UEKU6lhlCLyYSOBVsmutGioWEjsiAdTT1icdUL57FnuJTrTjYDaR+PuCZ+ncjJp5SE8/Wkx6BoVr2EvFfbzw/sKA5KjmyqNneUkJwr3ox98MImE/nAd1IYAhw0h12uGQUxEQTQiXXf8R0SCShoBvO6fas5a5WSfO8ZF2Uyg/lYuU67TGLjtEJOkMWukQVdIvqqIEokugFvaI34934ML6M7/loxkh3jtACjJ9fuMeorw==</latexit>

EIC NLL

<latexit sha1_base64="2qSko/vmKKD7gq+ixGEaaB6bsss=">AAACMXicbVDLTgIxFO3gC8cHoEs3jcTEFZkxRl2ixoQFMWjkkcCEdEqBhs4j7R0DmfAlbvUL/Bp2xq0/YQdmIeBJmpycc2/u6XFDwRVY1szIbGxube9kd829/YPDXL5w1FBBJCmr00AEsuUSxQT3WR04CNYKJSOeK1jTHd0nfvOVScUD/wUmIXM8MvB5n1MCWurmcx1gY4grD8+3+LFanXbzRatkzYHXiZ2SIkpR6xYMs9MLaOQxH6ggSrVtKwQnJhI4FWxqdiLFQkJHZMDamvrEY8qJ58mn+EwrPdwPpH4+4Ln6dyMmnlITz9WTHoGhWvUS8V9vvDiwpPVUcmRZc72VhNC/cWLuhxEwny4C9iOBIcBJfbjHJaMgJpoQKrn+I6ZDIgkFXbKp27NXu1onjYuSfVW6fLoslu/SHrPoBJ2ic2Sja1RGFVRDdURRhN7QO/owPo2Z8WV8L0YzRrpzjJZg/PwC6wSpOQ==</latexit>

HERA NLL
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<latexit sha1_base64="kjxgs53srJK4fN3eVOiWArR190Y="></latexit>

Track Energy Fraction Inside Jets in DIS<latexit sha1_base64="NVuib/u/gZjgXjRsR5NvOHkjt/w="></latexit>

Track Energy Fraction Inside Jets at the LHC

<latexit sha1_base64="fHVb4fVH05lv4Yj+5HtzSUSzYy0="></latexit>p
s = 320GeV, 60 > Q > 40GeV, R = 0.8, 0.8 > z > 0.3, 0.7 > y > 0.2
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<latexit sha1_base64="iifLLVpDD61PIiPGMz2hxGWRct4=">AAACUHicbZHNSgMxEMdn6/f6VfXoJVgET8uuiHoUBRFPClYFW0o2nWowm12SWbEsfQufxqs+gTffxJtm2yq2OhDy5zcTZuafOFPSUhi+e5WJyanpmdk5f35hcWm5urJ6adPcCKyLVKXmOuYWldRYJ0kKrzODPIkVXsX3R2X+6gGNlam+oG6GzYTfatmRgpNDrWrQIHyk4sJwcc9OkdhxrkWZsuzBBmzAf1ivVa2FQdgP9ldEQ1GDYZy1Vjy/0U5FnqAmobi1N1GYUbPghqRQ2PMbucXMNeG3eOOk5gnaZtFfrMc2HWmzTmrc0cT69PeLgifWdpPYVSac7ux4roT/5h4HDUZY25ZNRlmcjE1Inf1mIXWWE2oxGLCTK0YpK91lbWlQkOo6wYWRbkcm7rgzkdwf+M69aNyrv+JyO4h2g53zndrB4dDHWViHDdiCCPbgAE7gDOog4Ame4QVevTfvw/useIPS7xvWYCQq/heo8bSB</latexit>

Track Jet Functions vs. Track Functions <latexit sha1_base64="LT2hqRt0pcBQbaqWErUADsYf8as="></latexit>

Quark and Gluon Track Jet Functions

<latexit sha1_base64="X1vNYrt7HZxDe7aA3LGI6LDCpRw="></latexit>

1 �

d� dx
tr
k

<latexit sha1_base64="X1vNYrt7HZxDe7aA3LGI6LDCpRw="></latexit>

1 �

d� dx
tr
k

<latexit sha1_base64="VFmXInPwZAYzkifOUOqMCdMViBY=">AAACN3icbVBLS0JBGJ1rL7OXFq3aDEnQIuTekGoptYmIUsgHqMjc8VMH5z6Y+W4oF39M2/oF/ZRW7aJt/6DxsUjtwMDhnO/jO3PcUAqNtv1hJVZW19Y3kpupre2d3b10Zr+ig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9m7FefQWkR+E84DKHpsa4vOoIzNFIrfdhAGGBcipjq0zvAM/pw/zhqpbN2zp6ALhNnRrJkhmIrY6Ua7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M57kH9ETo7RpJ1Dm+Ugn6t+NmHlaDz3XTHoMe3rRG4v/eoPpgTmtrcdH5jXXW0iInatmLPwwQvD5NGAnkhQDOi6RtoUCjnJoCONKmD9S3mOKcTRVp0x7zmJXy6RynnMucvlSPlu4nvWYJEfkmJwSh1ySArklRVImnMTkhbySN+vd+rS+rO/paMKa7RyQOVg/vwUnq8s=</latexit>

Quark Jet, NLO
<latexit sha1_base64="gGJFcoKpPbKtjLwGlayO0HxaxqE=">AAACN3icbVDLSgMxFM3Ud321iis3wSK4kDIjoi6LLhQRH2BbwQ4lk962wUxmSO6IZejHuNUv8FNcuRO3/oFpOwtbPRA4nHMv9+QEsRQGXffdyU1Nz8zOzS/kF5eWV1YLxbWaiRLNocojGem7gBmQQkEVBUq4izWwMJBQDx5OBn79EbQRkbrFXgx+yDpKtAVnaKVmYaOB8ITpqUwiRc8Bd+nlxVW/WSi5ZXcI+pd4GSmRDNfNopNvtCKehKCQS2bMvefG6KdMo+AS+vlGYiBm/IF14N5SxUIwfjrM36fbVmnRdqTtU0iH6u+NlIXG9MLAToYMu2bSG4j/ek+jA2NaywyOjGtBOJEQ20d+KlScICg+CthOJMWIDkqkLaGBo+xZwrgW9o+Ud5lmHG3VedueN9nVX1LbK3sH5f2b/VLlOOtxnmySLbJDPHJIKuSMXJMq4SQlz+SFvDpvzofz6XyNRnNOtrNOxuB8/wAG0KvM</latexit>

Gluon Jet, NLO

<latexit sha1_base64="PQPNm4vWthLANnBgkYpkiEoBDak=">AAACNnicbVDLSgMxFM3Ud3216s5NsAgupMyIqEvRhSKCClYL7VAy6a0NzWSG5I60Dv0Xt/oF/oobd+LWTzBtZ2GrBwKHc+7lnpwglsKg6747uanpmdm5+YX84tLyymqhuHZnokRzqPBIRroaMANSKKigQAnVWAMLAwn3Qed04N8/gjYiUrfYi8EP2YMSLcEZWqlR2KgjdDE9k0mk6AXgLr286jcKJbfsDkH/Ei8jJZLhulF08vVmxJMQFHLJjKl5box+yjQKLqGfrycGYsY77AFqlioWgvHTYfw+3bZKk7YibZ9COlR/b6QsNKYXBnYyZNg2k95A/Nfrjg6MaU0zODKuBeFEQmwd+alQcYKg+ChgK5EUIzrokDaFBo6yZwnjWtg/Ut5mmnG0Tedte95kV3/J3V7ZOyjv3+yXjk+yHufJJtkiO8Qjh+SYnJNrUiGcPJFn8kJenTfnw/l0vkajOSfbWSdjcL5/AFKvq3Q=</latexit>

Gluon Jet, LO

<latexit sha1_base64="o686lyUT2skYkdMEykuNHn1NMl0=">AAACNnicbVBLS0JBGJ1rL7OXVrs2QxK0CLk3pFpKbSKCFPIBKjJ3/NTBuQ9mvhvaxf/Stn5Bf6VNu2jbT2h8LFI7MHA45/v4zhw3lEKjbX9YiZXVtfWN5GZqa3tndy+d2a/oIFIcyjyQgaq5TIMUPpRRoIRaqIB5roSq278Z+9UnUFoE/iMOQ2h6rOuLjuAMjdRKHzYQBhiXIqb69A7wjN4/jFrprJ2zJ6DLxJmRLJmh2MpYqUY74JEHPnLJtK47dojNmCkUXMIo1Yg0hIz3WRfqhvrMA92MJ/FH9MQobdoJlHk+0on6dyNmntZDzzWTHsOeXvTG4r/eYHpgTmvr8ZF5zfUWEmLnqhkLP4wQfD4N2IkkxYCOO6RtoYCjHBrCuBLmj5T3mGIcTdMp056z2NUyqZznnItcvpTPFq5nPSbJETkmp8Qhl6RAbkmRlAknz+SFvJI36936tL6s7+lowprtHJA5WD+/UQercw==</latexit>

Quark Jet, LO

<latexit sha1_base64="iTctbwYXMq+HFzyd7pLc6wdhARE=">AAACOXicbVDLTgIxFO3gC/EFunDhppGYuDBkxhB1SXTjwigkvBIgpFMKNHQ6k/aOgUz4Grf6BX6JS3fGrT9gB2Yh4EmanJxzb++9xw0E12DbH1ZqbX1jcyu9ndnZ3ds/yOYO69oPFWU16gtfNV2imeCS1YCDYM1AMeK5gjXc0V3sN56Z0tyXVZgErOORgeR9TgkYqZs9bgMbQ1QJiRrhqiJ0dIEfH56m3WzeLtgz4FXiJCSPEpS7OSvT7vk09JgEKojWLccOoBMRBZwKNs20Q80C8z8ZsJahknhMd6LZBVN8ZpQe7vvKPAl4pv7tiIin9cRzTaVHYKiXvVj81xvPByxoPR0PWdRcb2lD6N90Ii6DEJik8wX7ocDg4zhG3OOKURATQwhV3NyI6ZCY/MCEnTHpOctZrZL6ZcG5KhQrxXzpNskxjU7QKTpHDrpGJXSPyqiGKJqiF/SK3qx369P6sr7npSkr6TlCC7B+fgHOSKyx</latexit>

Quark Track, NLO
<latexit sha1_base64="IvrCx8DoWWwnwvP62MF+dkn3ZKk=">AAACOXicbVDLTgIxFO3gC/EFunDhppGYuDBkxhB1SXShC6OY8EqAkE4p0NDpTNo7BjLha9zqF/glLt0Zt/6AHZiFgCdpcnLOvb33HjcQXINtf1ipldW19Y30ZmZre2d3L5vbr2k/VJRVqS981XCJZoJLVgUOgjUCxYjnClZ3hzexX39mSnNfVmAcsLZH+pL3OCVgpE72sAVsBNGtCH2JK4rQ4Rl+uH+cdLJ5u2BPgZeJk5A8SlDu5KxMq+vT0GMSqCBaNx07gHZEFHAq2CTTCjULzP+kz5qGSuIx3Y6mF0zwiVG6uOcr8yTgqfq3IyKe1mPPNZUegYFe9GLxX280GzCndXU8ZF5zvYUNoXfVjrgMQmCSzhbshQKDj+MYcZcrRkGMDSFUcXMjpgNi8gMTdsak5yxmtUxq5wXnolB8KuZL10mOaXSEjtEpctAlKqE7VEZVRNEEvaBX9Ga9W5/Wl/U9K01ZSc8BmoP18wvP86yy</latexit>

Gluon Track, NLO

<latexit sha1_base64="VFmXInPwZAYzkifOUOqMCdMViBY=">AAACN3icbVBLS0JBGJ1rL7OXFq3aDEnQIuTekGoptYmIUsgHqMjc8VMH5z6Y+W4oF39M2/oF/ZRW7aJt/6DxsUjtwMDhnO/jO3PcUAqNtv1hJVZW19Y3kpupre2d3b10Zr+ig0hxKPNABqrmMg1S+FBGgRJqoQLmuRKqbv9m7FefQWkR+E84DKHpsa4vOoIzNFIrfdhAGGBcipjq0zvAM/pw/zhqpbN2zp6ALhNnRrJkhmIrY6Ua7YBHHvjIJdO67tghNmOmUHAJo1Qj0hAy3mddqBvqMw90M57kH9ETo7RpJ1Dm+Ugn6t+NmHlaDz3XTHoMe3rRG4v/eoPpgTmtrcdH5jXXW0iInatmLPwwQvD5NGAnkhQDOi6RtoUCjnJoCONKmD9S3mOKcTRVp0x7zmJXy6RynnMucvlSPlu4nvWYJEfkmJwSh1ySArklRVImnMTkhbySN+vd+rS+rO/paMKa7RyQOVg/vwUnq8s=</latexit>

Quark Jet, NLO
<latexit sha1_base64="gGJFcoKpPbKtjLwGlayO0HxaxqE=">AAACN3icbVDLSgMxFM3Ud321iis3wSK4kDIjoi6LLhQRH2BbwQ4lk962wUxmSO6IZejHuNUv8FNcuRO3/oFpOwtbPRA4nHMv9+QEsRQGXffdyU1Nz8zOzS/kF5eWV1YLxbWaiRLNocojGem7gBmQQkEVBUq4izWwMJBQDx5OBn79EbQRkbrFXgx+yDpKtAVnaKVmYaOB8ITpqUwiRc8Bd+nlxVW/WSi5ZXcI+pd4GSmRDNfNopNvtCKehKCQS2bMvefG6KdMo+AS+vlGYiBm/IF14N5SxUIwfjrM36fbVmnRdqTtU0iH6u+NlIXG9MLAToYMu2bSG4j/ek+jA2NaywyOjGtBOJEQ20d+KlScICg+CthOJMWIDkqkLaGBo+xZwrgW9o+Ud5lmHG3VedueN9nVX1LbK3sH5f2b/VLlOOtxnmySLbJDPHJIKuSMXJMq4SQlz+SFvDpvzofz6XyNRnNOtrNOxuB8/wAG0KvM</latexit>

Gluon Jet, NLO



2. Fast evaluation of energy correlators



• Evaluating the (projected) N-point correlator for M particles, 
requires              time. Prohibitive for N > 6.

2. The challenge

26

<latexit sha1_base64="wvVhkTUzkg+ffo19/QJxMocxF5M="></latexit>

d�

dRL
=

X

i1,...,iN

Z
d�

pT,i1 . . . pT,iN

PN
T

�(RL �max{Rijik})

<latexit sha1_base64="NfLf7vsKqJm+KGVVIXss27/Hrr0="></latexit>

O(MN )



• Evaluating the (projected) N-point correlator for M particles, 
requires              time. Prohibitive for N > 6. 

• A simple solution is to (re)cluster using a (sub)jet radius .  

✓This speeds things up and gives reliable results for             . 

x No results for            , and reducing  increases time. 

• Our solution: use a dynamic subjet radius set by actual 
distances between particles in the event.

<latexit sha1_base64="HMO145ndnZFjERTgAqy6yY4v5oQ="></latexit>r

<latexit sha1_base64="HMO145ndnZFjERTgAqy6yY4v5oQ="></latexit>r

2. The challenge

27

<latexit sha1_base64="wvVhkTUzkg+ffo19/QJxMocxF5M="></latexit>

d�

dRL
=

X

i1,...,iN

Z
d�

pT,i1 . . . pT,iN

PN
T

�(RL �max{Rijik})

<latexit sha1_base64="NfLf7vsKqJm+KGVVIXss27/Hrr0="></latexit>

O(MN )

<latexit sha1_base64="RHI1IWW0FImF5GUgvGJ8j0WkhC8="></latexit>

RL � r
<latexit sha1_base64="wyjXGbs+U0WV4kwd7gGqRllN2mw="></latexit>

RL . r



• Recluster jet with C/A

2. Our solution

28[Budhraja, WW]



• Recluster jet with C/A 

• Take first split, separation 
<latexit sha1_base64="Y1LddsuiYlJllc0QDV+y8KMyByQ="></latexit>

�R

2. Our solution

29[Budhraja, WW]



• Recluster jet with C/A 

• Take first split, separation  

• Decluster until subjets with  
radius 

<latexit sha1_base64="Y1LddsuiYlJllc0QDV+y8KMyByQ="></latexit>

�R

2. Our solution

30

<latexit sha1_base64="voHeNDcgaxu8TeBTk+Vt/OiMzYc="></latexit>

r = �R/
p
f

[Budhraja, WW]



• Recluster jet with C/A 

• Take first split, separation  

• Decluster until subjets with  
radius  

• Obtain correlator for terms  
involving both sides of the split:

<latexit sha1_base64="Y1LddsuiYlJllc0QDV+y8KMyByQ="></latexit>

�R

2. Our solution

31

<latexit sha1_base64="voHeNDcgaxu8TeBTk+Vt/OiMzYc="></latexit>

r = �R/
p
f

[Budhraja, WW]

<latexit sha1_base64="qrLb1bmRT4MbJwF3LhuJFz6Mh0A="></latexit>X

i

pT,i

X

j

pT,j �(RL �Rij)



• Recluster jet with C/A 

• Take first split, separation  

• Decluster until subjets with  
radius  

• Obtain correlator for terms  
involving both sides of the split: 
 

• Recurse on each branch to get 
correlations at smaller scales. 

<latexit sha1_base64="Y1LddsuiYlJllc0QDV+y8KMyByQ="></latexit>

�R

2. Our solution

32

<latexit sha1_base64="voHeNDcgaxu8TeBTk+Vt/OiMzYc="></latexit>

r = �R/
p
f

[Budhraja, WW]

<latexit sha1_base64="qrLb1bmRT4MbJwF3LhuJFz6Mh0A="></latexit>X

i

pT,i

X

j

pT,j �(RL �Rij)



• These approximations preserve the sum rule exactly. 

• Our default is to cluster with C/A with fixed resolution  . 
Surprisingly, kT with                   works well. 

• We use MIT Open Data that utilizes CMS 2011A reprocessed 
data on jets. This is a sample of jets with 

2. Some comments

33

<latexit sha1_base64="pSBudp5iVhqF4pDffW9wsD/EtcM="></latexit>

f

<latexit sha1_base64="YjIlHJMXbZyxE7P6rWHZhQDIF/0="></latexit>

pT 2 [500, 550]GeV, |⌘| < 1.9

<latexit sha1_base64="qL1OJc2H9god/9O9Fkt07OQ/HU4="></latexit>

f = k2T,min



• Up to several orders of magnitude speed up over Komiske’s 
code, depending on desired accuracy. 

• Time per event using single core on MacBook Air M1.

2. Performance: computation time

34

[Budhraja, WW]



• Going from 3- to 6-point increases error from 2 to 5% for 

• kT method has sub-permille accuracy across most of range. 

• All methods perform less well at jet boundary.

2. Performance: accuracy

35

<latexit sha1_base64="CE2oqnejxDrEDN5FphCzlSWu5VQ="></latexit>

N = 3
<latexit sha1_base64="8Z5ZlUCxahuvZMya2VrIehZGKvI="></latexit>

N = 6

<latexit sha1_base64="fIbnZdvDvjksKQUQOxTtoIQPswU="></latexit>

f = 8



• Available at: 

https://github.com/abudhraj/FastEEC/releases/tag/0.1 

• Includes: 
- C++ code, only dependency is FastJet (for reclustering). 
- Example input and output files. 
- Mathematica notebook that converts output into a plot of 

our paper.

2. FastEEC public code

36

https://github.com/abudhraj/FastEEC/releases/tag/0.1


3. & beyond



• Coming from Soft-Collinear Effective Theory/Jet Substructure, 
energy correlators are actually quite special. 

• Most observables (e.g. jet mass) are sensitive to soft radiation  
→ messy, grooming, …

3. The space of observables

38

The Space of Detectors

Kyle Lee 1/32

SPACE OF OPERATORS
<latexit sha1_base64="rG+saEgFRN8O5YfI5VXIr6+ZoHM=">AAACOHicbVDJSgNBEO1xjeOWKHjx0hgET2FGgnqMevEYwSyQhNDTqUma9Cx014SEMT/jVb/AP/HmTbz6BXaWg0l8UPB4r4qqel4shUbH+bDW1jc2t7YzO/bu3v7BYTZ3VNVRojhUeCQjVfeYBilCqKBACfVYAQs8CTWvfz/xawNQWkThE45iaAWsGwpfcIZGamdPmghDTG+lpJGnQQ2YmdTjdjbvFJwp6Cpx5yRP5ii3c5bd7EQ8CSBELpnWDdeJsZUyhYJLGNvNREPMeJ91oWFoyALQrXT6wJieG6VD/UiZCpFO1b8TKQu0HgWe6QwY9vSyNxH/9YazBQtaR0+WLGpesHQh+jetVIRxghDy2YF+IilGdJIi7QgFHOXIEMaVMD9S3mOKcTRZ2yY9dzmrVVK9LLhXheJjMV+6m+eYIafkjFwQl1yTEnkgZVIhnDyTF/JK3qx369P6sr5nrWvWfOaYLMD6+QWGPq0q</latexit>
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• Details of the hadronization process are encoded in the quantum
numbers (charge, flavor, ...): By definition, energy flux is insensitive!

• What is the space of detectors over which we can gain theoretical
control?
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• Observables that are only sensitive to collinear radiation are 
usually associated with nonperturbative effects: PDFs, FFs… 

• Momentum fractions of (sub)jets instead of hadrons can be 
considered [Dasgupta, Dreyer, Salam, Soyez; Kang, Ringer, Vitev; …]

3. Collinear sensitive observables
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• Observables that are only sensitive to collinear radiation are 
usually associated with nonperturbative effects: PDFs, FFs… 

• Momentum fractions of (sub)jets instead of hadrons can be 
considered [Dasgupta, Dreyer, Salam, Soyez; Kang, Ringer, Vitev; …] 

• Recoil-free jet axes also work, e.g. jet shape with respect to 
the winner-take-all axis [Neil, Scimemi, WW]
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considered [Dasgupta, Dreyer, Salam, Soyez; Kang, Ringer, Vitev; …] 

• Recoil-free jet axes also work, e.g. jet shape with respect to 
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• Weights           further suppress soft radiation and can be 
treated using the track function framework.
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3. Collinear sensitive observables
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• Observables that are only sensitive to collinear radiation are 
usually associated with nonperturbative effects: PDFs, FFs… 

• Momentum fractions of (sub)jets instead of hadrons can be 
considered [Dasgupta, Dreyer, Salam, Soyez; Kang, Ringer, Vitev; …] 

• Recoil-free jet axes also work, e.g. jet shape with respect to 
the winner-take-all axis [Neil, Scimemi, WW] 

• Weights           further suppress soft radiation and can be 
treated using the track function framework. 

• What about correlations in observables other than angle?
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3. Energy Weighted Observable Correlations

43

• Motivation: instead of correlations in angle, we may prefer 
mass (of a resonance), formation time (QGP), … 

• Challenge: collinear unsafe → regularize using (sub)jet radius. 

• Example: mass EWOC
<latexit sha1_base64="QM6ycqeRndMcfPIXp/yO40tZwRc="></latexit>

d�

dm
=

X

subjets i,j

Z
d�

EiEj

Q2
�(m�mij)



3. Mass EWOC for hadronic W decay
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Figure 2: (Put tikz back in! Need links –Sam) WW[WW: This plot is not discussed in the

text] Visualization of the hadronic decay of a W boson jet (the blue cone) containing a pair of

quark subjets (whose particles leave calorimeter energy deposits, in blue and red) as probed

by (a) the EEC, (b) subjet EEC, and (c) mass EWOC. Below each visualization is a plot for

the associated observable on LHC data simulated with Pythia 8.309 at
p

s = 14 TeV ((d),

(e), and (f), respectively). The EEC ((a) and (d)) captures angular correlations between all

particles in the jet, though only one pair of particles (shown in red) are separated at the

angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets

within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters

subjets within the W jet and captures the mass of the W boson directly from the pairwise

mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and

subjet EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two

subjets associated with the W decay; we show results for more subjet radii for EWOCs at

the LHC in section 3.3.

More precisely, the EEC is defined as6
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6The definition of eq. (2.1) is common in particle phenomenology. When all particles are massless, there is

an equivalent definition of the EEC in terms of light-ray operators: integrals of the stress energy tensor along

light rays travelling from the location of the particle collision WW[WW: add ref]. The light-ray definition of the

EEC may even be applied in the context of conformal field theory, when the concept of a single particle no

longer makes sense.
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rsub > 0

3. Choice of subjet radius
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• Choosing               is crucial for identifying W mass peak.
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m [GeV] [Alipour-Fard, WW]

• Choosing               is crucial for identifying W mass peak. 

• Mass EWOC similar to jet mass, but much robuster to MPI.
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Conclusions and outlook

• Tracks & energy correlators are perfect match: 
- Superior angular resolution essential. 
- Only track function moments enter. 

• FastEEC: orders of magnitude speed up 
for higher-point energy correlator. 

• Correlations in other observables are 
possible and promising (using subjets).
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Figure 2: (Put tikz back in! Need links –Sam) WW[WW: This plot is not discussed in the

text] Visualization of the hadronic decay of a W boson jet (the blue cone) containing a pair of

quark subjets (whose particles leave calorimeter energy deposits, in blue and red) as probed

by (a) the EEC, (b) subjet EEC, and (c) mass EWOC. Below each visualization is a plot for

the associated observable on LHC data simulated with Pythia 8.309 at
p

s = 14 TeV ((d),

(e), and (f), respectively). The EEC ((a) and (d)) captures angular correlations between all

particles in the jet, though only one pair of particles (shown in red) are separated at the

angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets

within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters

subjets within the W jet and captures the mass of the W boson directly from the pairwise

mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and

subjet EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two

subjets associated with the W decay; we show results for more subjet radii for EWOCs at

the LHC in section 3.3.

More precisely, the EEC is defined as6

1

�

d⌃EEC

d�
=

1

�

Z
d�

X

particles i, j

zizj �

✓
� �

1 � cos(✓ij)

2

◆
, (2.1)

6The definition of eq. (2.1) is common in particle phenomenology. When all particles are massless, there is

an equivalent definition of the EEC in terms of light-ray operators: integrals of the stress energy tensor along

light rays travelling from the location of the particle collision WW[WW: add ref]. The light-ray definition of the

EEC may even be applied in the context of conformal field theory, when the concept of a single particle no

longer makes sense.
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Conclusions and outlook

• Tracks & energy correlators are perfect match: 
- Superior angular resolution essential. 
- Only track function moments enter. 

• FastEEC: orders of magnitude speed up 
for higher-point energy correlator. 

• Correlations in other observables are 
possible and promising (using subjets).
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Figure 2: (Put tikz back in! Need links –Sam) WW[WW: This plot is not discussed in the

text] Visualization of the hadronic decay of a W boson jet (the blue cone) containing a pair of

quark subjets (whose particles leave calorimeter energy deposits, in blue and red) as probed

by (a) the EEC, (b) subjet EEC, and (c) mass EWOC. Below each visualization is a plot for

the associated observable on LHC data simulated with Pythia 8.309 at
p

s = 14 TeV ((d),

(e), and (f), respectively). The EEC ((a) and (d)) captures angular correlations between all

particles in the jet, though only one pair of particles (shown in red) are separated at the

angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets

within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters

subjets within the W jet and captures the mass of the W boson directly from the pairwise

mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and

subjet EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two

subjets associated with the W decay; we show results for more subjet radii for EWOCs at

the LHC in section 3.3.

More precisely, the EEC is defined as6
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6The definition of eq. (2.1) is common in particle phenomenology. When all particles are massless, there is

an equivalent definition of the EEC in terms of light-ray operators: integrals of the stress energy tensor along

light rays travelling from the location of the particle collision WW[WW: add ref]. The light-ray definition of the

EEC may even be applied in the context of conformal field theory, when the concept of a single particle no

longer makes sense.
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