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• Deeper understanding of collider data at high energies requires detailed analysis of 
mass effects from heavy quarks


Include mass effects in perturbative 
calculations

Next generation parton shower 
simulations 

Heavy quarks at the LHC
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Heavy quarks at the LHC
Effort to better understand their hadronization 

• Many interesting processes include heavy quark measurements: 
 

• Monte Carlo work mostly well for light quarks.  

h → bb̄, h → cc̄
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Heavy quarks at the LHC
Effort to better understand their hadronization 

• Many interesting processes include heavy quark measurements: 
 

• Monte Carlo work mostly well for light quarks.  

• Heavy quarks such as b-(beauty) and c-(charm) quarks are less 
understood how they develop in the shower.  

• Their mass is non-negligible and this introduces an extra scale in the 
problem! 

h → bb̄, h → cc̄

4



Introduce an additional scale 

• At the LHC energies there is access to the transition phase from 
massless to massive behavior  more complexity  

• Complexity from transitioning from a massless to a massive regime for 
LHC at high energies 

• Also very interesting!  

• Can probe intrinsic mass effects of quarks before confinement into 
hadrons  

⇒
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Application on Heavy Jets



Heavy quarks at the LHC
Effort to better understand their hadronization 
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Robust Jet substructure observables that capture such effects systematically

⇒
In fact jet substructure was initiated by the studies of Higgs decays to heavy quarks!

[ Butterworth, Davison, Rubin, Salam]



Energy Correlators for Jet Substructure
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Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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Energy Flow Inside the Jet

Any physics dynamics will be imprinted  
in the energy distributions inside the jet.

• Distribution of energy inside the jet is described by correlation 
functions of the energy flow operators  Energy Correlators.  


                                                  
⇒

⟨Ψ ∣ ε( ⃗n1)ε( ⃗n2) . . . ε( ⃗nn) ∣ Ψ⟩

       Defined from first principles in QFT!

[Sterman; Basham, Brown, Ellis, Love]
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Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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Scaling Behavior

• Energy correlators admit an OPE:  

                               ⟨Ψ ∣ ε( ⃗n1)ε( ⃗n2) ∣ Ψ⟩ ∼ ∑ θγi𝒪i( ⃗n1)

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?

t
<latexit sha1_base64="3dz/RxiC1WAJpbh5+C2eyFV8gYA="></latexit>

1010 yr
<latexit sha1_base64="M2YUKL/PwPy6HpVOBY8eRcGXEDE="></latexit>

105 yr
<latexit sha1_base64="SWRV6Pk+9jc3vaiAbxIG9oDZNEg="></latexit>

10�32 s?
<latexit sha1_base64="EZhaTIlj+O4XyIjF6s0orYdbrCQ="></latexit>

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]
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dz
=

X

i,j

Z
d�

EiEj

Q2
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)
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Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?

t
<latexit sha1_base64="3dz/RxiC1WAJpbh5+C2eyFV8gYA="></latexit>

1010 yr
<latexit sha1_base64="M2YUKL/PwPy6HpVOBY8eRcGXEDE="></latexit>

105 yr
<latexit sha1_base64="SWRV6Pk+9jc3vaiAbxIG9oDZNEg="></latexit>

10�32 s?
<latexit sha1_base64="EZhaTIlj+O4XyIjF6s0orYdbrCQ="></latexit>

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

Z
d�

EiEj

Q2
�

✓
z �

1 � cos �ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)

– 2 –

I �

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

Z
d�

EiEj

Q2
�

✓
z �

1 � cos �ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)

– 2 –

[Hofman, Maldacena]

[Chang, Kologlu, Kravchuk, Simmons Duffin, Zhiboedov]

Energy correlators inside high energy jets at the LHC  
small angle limit⇒
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Scaling Behavior

• Energy correlators admit an OPE:  

                               


 

⟨Ψ ∣ ε( ⃗n1)ε( ⃗n2) ∣ Ψ⟩ ∼ ∑ θγi𝒪i( ⃗n1)

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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Energy correlators inside high energy jets at the LHC  
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 Use LHC jets to test the leading QCD operators in this 
expansion

⇒



Scaling Behavior

• Energy correlators admit an OPE:  
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the
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hOO†i
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a
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There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the
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 Can such an OPE be tested for heavy states?⇒



Energy Correlators on Heavy Quarks

                                                 ⟨X ∣ ε( ⃗n1)ε( ⃗n2) . . . ε( ⃗nn) ∣ X⟩

12

Measurement of correlation functions of   between heavy 
quark jet states

ε( ⃗n)
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                                                 ⟨X ∣ ε( ⃗n1)ε( ⃗n2) . . . ε( ⃗nn) ∣ X⟩

13

Measurement of correlation functions of   between heavy quark jet 
states

ε( ⃗n)

  Weighted cross-sections: distribution of outgoing charges⇒

1
σtot

dσ
dz

=
∫ d4xeiq⋅x ⟨𝒪(x)ε ( ⃗n1) ε ( ⃗n2) . . . ε ( ⃗nn) 𝒪†(0)⟩

∫ d4xeiq⋅x ⟨𝒪(x)𝒪†(0)⟩

σEEC(q) = ∑
X

(2π)4δ(4) (q − kX) E{X} |⟨X |O(0) |0⟩ |2



Energy Correlators on Heavy Quarks
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Measurement of correlation functions of   between heavy quark jet 
states

ε( ⃗n)

  Weighted cross-sections:distribution of outgoing 
charges

⇒

1
σtot

dσ
dz

=
∫ d4xeiq⋅x ⟨𝒪(x)ε ( ⃗n1) ε ( ⃗n2) . . . ε ( ⃗nn) 𝒪†(0)⟩

∫ d4xeiq⋅x ⟨𝒪(x)𝒪†(0)⟩

 are different permutations for all  final statesE{Ψ} Ψ Local operator that creates the state  with momentum   |Ψ⟩ kΨ
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Measurement of correlation functions of   between heavy quark jet statesε( ⃗n)

  Weighted cross-sections:distribution of outgoing charges⇒

1
σtot

dσ
dz

=
∫ d4xeiq⋅x ⟨𝒪(x)ε ( ⃗n1) ε ( ⃗n2) . . . ε ( ⃗nn) 𝒪†(0)⟩

∫ d4xeiq⋅x ⟨𝒪(x)𝒪†(0)⟩

σEEC(q) = ∑
Ψ

(2π)4δ(4) (q − kΨ) E{Ψ} |⟨Ψ |O(0) |0⟩ |2

 are different permutations for all  final statesE{Ψ} Ψ Local operator that creates the state  with momentum   |Ψ⟩ kΨ

Calculation for heavy quark final state jets requires 


derivation of a 


factorization theorem that ensures scale separation 



Energy Correlators at the LHC



Factorization theorem

Σ[N] (RL, p2
T, mQ, μ) = ∫

1

0
dxxN ⃗J [N] (RL, x, mQ, μ) ⋅ ⃗H (x, p2

T, μ)

Describes the dependance on the observable
{

{Describes the production of the collinear source

[Craft, Lee, BM, Moult]

Can compute any higher point correlators on massive quarks at LHC at NLL

17



Factorization theorem

Σ[N] (RL, p2
T, mQ, μ) = ∫

1

0
dxxN ⃗J [N] (RL, x, mQ, μ) ⋅ ⃗H (x, p2

T, μ)

μH ∼ pT

μJ ∼ pTRDescribes the dependance on the observable
{

{Describes the production of the collinear source

[Craft, Lee, BM, Moult]

Can compute any higher point correlators on massive quarks at LHC at NLL
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Three scales:

mQ• Factorization theorem derived within soft-collinear effective theory.

[Bauer, Fleming, Pirjol, Stewart]



Factorization theorem

Σ[N] (RL, p2
T, mQ, μ) = ∫

1

0
dxxN ⃗J [N] (RL, x, mQ, μ) ⋅ ⃗H (x, p2

T, μ)

{
{

19

⃗H (x, p2
T, μ) =

Hg (x, p2
T, μ)

Hq (x, p2
T, μ)

HQ (x, p2
T, μ) = Hq (x, p2

T, μ)

{
⃗J [N] (RL, x, mQ, μ) =

⃗J [N]
g (RL, x, mQ, μ)
⃗J [N]
q (RL, x, mQ, μ)
⃗J [N]
Q (RL, x, mQ, μ)
{
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{
{

20
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Hg (x, p2
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Hq (x, p2
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HQ (x, p2
T, μ) = Hq (x, p2

T, μ)

{
⃗J [N] (RL, x, mQ, μ) =

⃗J [N]
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q (RL, x, mQ, μ)
⃗J [N]
Q (RL, x, mQ, μ)
{



Heavy Quark Jet Function
Σ[N] (RL, p2

T, mQ, μ) = ∫
1

0
dxxN ⃗J [N] (RL, x, mQ, μ) ⋅ ⃗H (x, p2

T, μ)

21

At  the jet function is describes by the one-loop   splitting of a quark 
 weighted by the energy of each particle in the loop 

𝒪(αs) 1 → 2

J[N]
Q (RL, mQ) = ∑

X
∑

i1,i2,…,iN∈X
⟨0 χ̄n X⟩

Ei1Ei2⋯EiN

pN
T

Θ (max {θij} < RL) ⟨X χn 0⟩



Heavy Quark Jet Function

δ =
imQ

pTRL



Heavy Quark Jet Function

δ =
imQ

pTRL

• Mass regulates IR divergences! 

• The remaining  poles are UV poles regulated by renormalization. 
1
ϵ



Comparison with massless jet functions
The mass should not affect the UV behavior of the jet function. 


This can be seen from comparing the UV poles with the light quark jet function.  


24

JEEC
q = δ(z) +

αsCF

4π [δ(z)(−(γ(0)
qq (3) + γ(0)

gq (3)) 1
ϵUV

−
37
3 ) + 3

Q2

μ2
ℒ0 ( Q2

μ2
z)]

JEEC
Q (z, M, μ) = δ(z) 1 +

αsCF

4π
−(γ(0)

qq (3) + γ(0)
gq (3)) ( 1

ϵUV
+ ln

μ2

M2 ) −
19
6

+ finite terms

Two-point energy-energy correlator (EEC)

z =
1 − cos θij

2

=



Massive two point correlator
First massive jet substructure observable at NLL

• Scaling behaviour identical to massless 
case for larger scales. 

• A turn-over for  

• The change in the slope is perturbative 
effect contrary to massless jets: 

 

• The turn-over region is of interest for 
improving heavy quark description in 
parton shower.

RL → mQ/pT

RL → ΛQCD/pT

[Craft, Lee, BM, Moult]
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Virtuality ∼ pTRL + m2
Q



Heavy and Light Jets 

Virtuality ∼ pTRL + m2
Q



Dead-cone effect in QCD
Fundamental phenomena

• Parton-shower pattern depends on the mass of the emitting parton. 

• Angular suppression . 

                              


• Can we observe the dead-cone with EEC?

∝ M
E

Observable used for the observation of the dead-cone effect in LHC data

27



Intrinsic mass effects 
Dead-cone effect

• Ratios of the massive and massless EEC isolate mass (IR) effects. 

• A transition region related to the quark mass: perturbatively calculable.  

• Excellent agreement with MC. 

• Small angle suppression can be interpreted as a dead-cone effect.

[Craft, Lee, BM, Moult]
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Higher point correlators
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The light-ray OPE
• The leading scaling behavior at the LHC is described by the leading terms in 

the OPE: twist two light-ray operators.


• Light-ray OPE is a rigorous and convergent expansion in CFT.

30

⟨Ψ ∣ ε( ⃗n1)ε( ⃗n2) ∣ Ψ⟩ = ∑ ciθγi𝒪i( ⃗n1)

⟨ε ( ⃗n1) ε ( ⃗n2)⋯ε ( ⃗nk)⟩ =
1

R2
L

{f [k]
q (ui, vi) 𝕆[k+1]

q ( ⃗n1) + f [k]
g (ui, vi) 𝕆[k+1]

g ( ⃗n1)} + 𝒪 (R0
L)

ui = (
xi1i2xi3i3

xi1i3xi2i4 )
2

vi = (
xi1i2xi3i4

xi1i4xi2i3 )
2

𝕆[J] = (𝕆[J]
q , 𝕆[J]

g )
T

= lim
r→∞

r2 ∫
∞

0
dt𝒪[J](t, r ⃗n)

𝒪[J]
q =

1
2J

ψ̄γ+ (iD+)J−1 ψ,

𝒪[J]
g = −

1
2J

Fμ+
a (iD+)J−2 Fμ+

a



Leading twist light-ray OPE
Control scaling at leading power

• Twist-2 operators in QCD are characterized by a spin J and transverse spin j=0,2. 

• They can be transformed to a twist-2 light-ray operator vector parametrized by J

31

𝒪[J]
q =

1
2J

ψ̄γ+ (iD+)J−1 ψ,

𝒪[J]
g = −

1
2J

Fμ+
a (iD+)J−2 Fμ+

a

𝒪[J]
ḡ,λ = −

1
2J

Fμ+
a (iD+)J−2 Fν+

a ϵλ,μϵλ,ν

lim
r→∞

r2 ∫
∞

0
dt

𝕆[J]( ⃗n) =

𝕆[J]
q ( ⃗n)

𝕆[J]
g ( ⃗n)

𝕆[J]
ḡ,+( ⃗n)

𝕆[J]
ḡ,−( ⃗n)

[]



Leading twist light-ray OPE
Control scaling at leading power

• Twist-2 operators in QCD are characterized by a spin J and transverse spin j=0,2. 

• They can be transformed to a twist-2 light-ray operator vector parametrized by J

32

𝒪[J]
q =

1
2J

ψ̄γ+ (iD+)J−1 ψ,

𝒪[J]
g = −

1
2J

Fμ+
a (iD+)J−2 Fμ+

a

𝒪[J]
ḡ,λ = −

1
2J

Fμ+
a (iD+)J−2 Fν+

a ϵλ,μϵλ,ν

lim
r→∞

r2 ∫
∞

0
dt

𝕆[J]( ⃗n) =

𝕆[J]
q ( ⃗n)

𝕆[J]
g ( ⃗n)

𝕆[J]
ḡ,+( ⃗n)

𝕆[J]
ḡ,−( ⃗n)

[] Unpolarized

Polarized



Unpolarized Scaling
LHC scenario

• Probe the unpolarized spin  operators 

• The leading scaling behavior is determined by the anomalous dimension 
 for an operator of spin .  

 can isolate the anomalous dimensions! 

j = 0

γ(N + 1) N + 1

→
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The jet spectrum

[Lee, BM, Moult]

Higher-point correlators

[Chen, Moult, Zhang, Zhu]
34

• Asymptotic energy flux directly probes the 
spectrum of (twist-2) lightray operators at 
the quantum level 

• Ratio of the higher-point correlators with 
the two-point isolates anomalous scaling! 

• The anomalous scaling behavior depends 
on N (slope increases with N)  

                               


• First hand probe of the anomalous 
dimensions of QCD operators. 



The jet spectrum

[Lee, BM, Moult]

Higher-point correlators

[Chen, Moult, Zhang, Zhu]
35

• Non-perturbative effects cancel in the ratio 

• A clean measurement of strong coupling 

• Can be observed at the high energies at 
the LHC at high precision 

θγ → exp(
̂γ

2β0
ln

αs(θQ)
αs(Q)

)



Heavy Projected Energy Correlators 
Resolve the UV scaling behaviour 

• Ratios of higher point correlators with 
the two point EEC are independent of 
IR effects, including quark mass. 

• The exact behavior as the massless 
case. 

• Non-trivial cross check of the 
factorization theorem! 

• Anomalous dimensions should not be 
affected by the IR physics. 

[Craft, Lee, BM, Moult]
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Massive three-point 
EEC for  splittings1 → 3

Fixed by kinematics and 
dimension analysis

All-order factorization for z→0

• Cumulant ⌦(z, ln
Q2

µ2
, µ) =

Z z

0
dz0 ⌃(z0, ln

Q2

µ2
, µ)

⌦(z, ln
Q

2

µ2
, µ) =

Z 1

0
dxx

2 ~J
T (ln

zx
2
Q

2

µ2
, µ) · ~H(x, ln

Q
2

µ2
, µ)

• Both jet and hard function are vector in flavor space


• Hq (Hg) : probability of finding a quark (gluon) with 
momentum fraction x


• Jq (Jg) : probability of finding two parton with 
momentum fraction y1, y2 and relative transverse 
momentum qT in quark (gluon) initiated jet, 
weighted by y1*y2

Full interference 
effects retained in H 

and J, separately

z =
q2T

x2Q2

7



Higher point correlators in  splittings1 → 3
Shape dependance

• Different “shapes” for higher point functions are 
distinguished by different physics.


• It is interesting to probe such shape dependance. 


• First time calculated in the context of cosmological 
three point function.
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[Maldacena and Pimentel]



Higher Point Splittings

1
σtot

dσ
dz

=
∫ d4xeiq⋅x ⟨𝒪(x)ε ( ⃗n1) ε ( ⃗n2) ε ( ⃗n3) 𝒪†(0)⟩

∫ d4xeiq⋅x ⟨𝒪(x)𝒪†(0)⟩

1
σtot

d3Σ
dx1dx2dx3

= ∑
i,j,k

∫
EiEjEk

Q3
dσδ (x1 −

1 − cos θij

2 ) δ (x2 −
1 − cos θjk

2 ) δ (x3 −
1 − cos θkl

2 ) .

• Presence of a mass term: analytic integration becomes more complex. 

• At the same time more interesting analytic structures to study.

Fixed by kinematics and 
dimension analysis

All-order factorization for z→0

• Cumulant ⌦(z, ln
Q2

µ2
, µ) =

Z z

0
dz0 ⌃(z0, ln

Q2

µ2
, µ)

⌦(z, ln
Q

2

µ2
, µ) =

Z 1

0
dxx

2 ~J
T (ln

zx
2
Q

2

µ2
, µ) · ~H(x, ln

Q
2

µ2
, µ)

• Both jet and hard function are vector in flavor space


• Hq (Hg) : probability of finding a quark (gluon) with 
momentum fraction x


• Jq (Jg) : probability of finding two parton with 
momentum fraction y1, y2 and relative transverse 
momentum qT in quark (gluon) initiated jet, 
weighted by y1*y2

Full interference 
effects retained in H 

and J, separately

z =
q2T

x2Q2

7



Higher Point Splittings

• Compute first the massive  QCD splitting functions  

• There are four distinct denominator dependencies on the kinematics

1 → 3

[Craft, Gonzales, Lee, BM, Moult]
[Dhani, Rodrigo, Sborlini]

1
sijsik

,
1

sijsjk
,

1
siksjk

,
1

sijk
sijk = (pi + pj + pk)2



Higher Point Splittings

• Compute first the massive  QCD splitting functions  

• There are four distinct denominator dependencies on the kinematics

1 → 3

[Craft, Gonzales, Lee, BM, Moult]
[Dhani, Rodrigo, Sborlini]

1
sijsik

,
1

sijsjk
,

1
siksjk

,
1

sijk
sijk = (pi + pj + pk)2

Source of non-trivial elliptic structure
Other cases are multi-polylogs!



Higher Point Splittings

• The integrant can be written in the compact form 

G (z, z̄, xL, m/p) = ∫
dξ1dξ2dξ3 (ξ1ξ2ξ3)2

[ξ1ξ2 + ξ1ξ3(1 − z)(1 − z̄) + ξ2ξ3zz̄ + m2

4p2xL ( ξ1 + ξ2

ξ3 )]
2 Pijkδ (1 − ∑

i

ξi)

ξi =
Ei

p

1 − cos θ23

1 − cos θ12
= zz̄

1 − cos θ23

1 − cos θ13
= (1 − z)(1 − z̄)

• Integration of any two of the energy fractions reveals a square root of 
a quartic polynomial in the third variable in the denominator 

P4(ξ3; z, z̄, α) = x2
L[(z − z̄)2 ξ4

3 + 2 (2zz̄ − z − z̄) ξ3
3 + (1 − α) ξ2

3 + α ξ3]



Higher Point Splittings

• The integrant can be written in the compact form 

G (z, z̄, xL, m/p) = ∫
dξ1dξ2dξ3 (ξ1ξ2ξ3)2

[ξ1ξ2 + ξ1ξ3(1 − z)(1 − z̄) + ξ2ξ3zz̄ + m2

4p2xL ( ξ1 + ξ2

ξ3 )]
2 Pijkδ (1 − ∑

i

ξi)

ξi =
Ei

p

1 − cos θ23

1 − cos θ12
= zz̄

1 − cos θ23

1 − cos θ13
= (1 − z)(1 − z̄)

• Integration of any two of the energy fractions reveals a square root of 
a quartic polynomial in the third variable in the denominator 

P4(ξ3; z, z̄, α) = x2
L[(z − z̄)2 ξ4

3 + 2 (2zz̄ − z − z̄) ξ3
3 + (1 − α) ξ2

3 + α ξ3]

Elliptic Integrals! 



Elliptic Structure 

• The final result for the three-point massive EEC takes the compact form:


• Can use a basis of kernels to rewrite the result in terms of eMPLs. 


• Similar analogy to the higher loop massive amplitudes structure, but for 
a jet observable

∫
1

0
dξ3 [R1 (ξ3) +

R2 (ξ3)
P4

+ ∑
i (Ri

3 (ξ3) +
Ri

4 (ξ3)
P4 ) log (Ri

5 (ξ3) +
Ri

6 (ξ3)
P4 )]



Elliptic Structure 

• Can use a basis of kernels to rewrite the result in 
terms of eMPLs.  

• Similar analogy to the higher loop massive 
amplitudes structure, but for a jet observable. 

• Kernel Basis:

∫
1

0
dξ3 [R1 (ξ3) +

R2 (ξ3)
P4

+ ∑
i (Ri

3 (ξ3) +
Ri

4 (ξ3)
P4 ) log (Ri

5 (ξ3) +
Ri

6 (ξ3)
P4 )]

[Broedel, Duhr, Dulat, Penante, Tancredil]

∫
1

P4
, ∫

ξ

P4
, ∫

ξ2

P4
, ∫

1
(ξ − p) P4



Numerical results
Non-Gaussianity for the massive case

• Probe effects of the 
splitting functions for 
massive particles.  

• Small angle: little difference 
between  and  
splitting 

• Non-Gaussianity more 
pronounced for larger 

1 → 2 1 → 3

ξ

ϕξ

E3C(m)



Isolating mass effects

• Different types of detector combinations 

• We isolate the case with two identical detectors and one massive one 



Numerical results
Dead-cone in the triple collinear splitting

• Ratios of the massive and 
massless EEC isolate mass 
(IR) effects. 

•

[Work in progress Craft, Gonzalez, Lee, BM, Moult ]



Numerical results
Dead-cone in the triple collinear splitting

• Ratios of the massive and 
massless EEC isolate mass (IR) 
effects. 

• A transition region related to the 
quark mass at small angles is 
also visible for the 3-point 
function.  

• Small angle suppression can be 
interpreted as a dead-cone 
effect.

[Work in progress Craft, Gonzalez, Lee, BM, Moult ]



Future Prospects
• Jet modeling in MC simulations: heavy flavours 

• Precision in parton showers: “reference resummation” 
for testing DGLAP finite moments. 

• Understand properties of the QGP: multi-scale problem 
too, global properties of plasma. 

50

[Andres, Dominguez, Kunnawalkam Elayawalli, Holguin, Marquet, Moult,…]



Conclusions
• Factorization formula for calculating energy correlators for heavy jets at the LHC. 




• Intrinsic mass effects of strongly interacting elementary particles.  

• Higher-point correlators can be calculated for LHC and                                                       
probe anomalous scaling dimension of QCD operators.  

Σ[N] (RL, p2
T, mQ, μ) = ∫

1

0
dxxN ⃗J [N] (RL, x, mQ, μ) ⋅ ⃗H (x, p2

T, μ)
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Thank You!


