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Voltaire (attributed to): Uncertainty is an 
uncomfortable position. But certainty is a 
ridiculous one. 
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HISTORICAL INTRODUCTION 

Information and Statistics in Nuclear Experiment and Theory (ISNET) News Article
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Plato, The Apology of Socrates: Although I do not 
suppose that either of us knows anything really 
beautiful and good, I am better off than he is – for 
he knows nothing, and thinks he knows. I neither 
know nor think I know.

HISTORICAL INTRODUCTION 
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“AB-INITIO” NUCLEAR THEORY
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• Modeling the Hamiltonian and currents is a long-standing problem of Nuclear Physics
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• Modeling the Hamiltonian and currents is a long-standing problem of Nuclear Physics

• Solving the quantum many-body problems entails approximations
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• Modeling the Hamiltonian and currents is a long-standing problem of Nuclear Physics.

• Solving the quantum many-body problems entails approximations.
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K. Hebeler Physics Reports 890 (2021) 1–116

Fig. 4. Contributions to NN, 3N and 4N interactions in chiral EFT at different orders in the chiral expansion within Weinberg’s power counting
without explicit � degrees of freedom for intermediate states. Solid and dashed lines denote nucleon and pion propagators, respectively. In each
panel we give the years when the terms were first derived, with corresponding references and the number of new couplings (in naive dimensional
analysis) in the upper right corner. The low-energy coupling constants that enter the 3N interactions are highlighted by vertices of different colors
and shapes. The following couplings show up first at N2LO: the long-range pion–nucleon couplings ci (l), the intermediate-range coupling cD (⌅)
and the short-range 3N coupling cE ( ). The 3N and 4N interactions at N3LO are parameter-free in the sense that they only depend on short-range
couplings that appear already at lower orders, like, e.g., the leading-order NN couplings CS and CT (u). The derivation of the 3N interactions at N4LO
is still work in progress, in particular the short-range contributions (formally indicated by the couplings ). Higher-order couplings that only enter
NN interactions up to the shown orders are indicated by white vertices. See main text for details.

In Fig. 4 we show the contributions to NN, 3N and 4N interactions from one- or multi-pion exchanges, which govern
the long- and intermediate-range forces, as well as from short-range contact interactions at different orders in the chiral
expansion. The short-range couplings are fit to low-energy data and thus capture all short-range effects relevant at low
energies. The leading-order (LO) contributions were derived by Weinberg [151,152]. These seminal works represent the
foundation of the chiral expansion of nuclear forces that is still being used today. At LO the NN interaction consists of a
long-range pion exchange interaction, which corresponds to the empirically well-known Yukawa interaction [163] and
two short-range interactions parametrized by the coupling CS and CT . In the following years this framework was extended
to higher orders in the expansion. At next-to-leading order (NLO) and next-to-next-to-leading order (N2LO) 2⇡ exchange
interactions and higher-order short-range couplings contribute to NN forces [164,165].1 For 3N interactions it was shown
that contributions at NLO cancel exactly [166–169], while the first nonvanishing contributions to 3N interactions appear at
N2LO [167,170]. The 3N interactions at this order include long-range two-pion exchange interactions V 2⇡

3N , an intermediate-
range one-pion plus contact interaction V 1⇡

3N and a pure contact interaction V contact
3N (see Fig. 5). Since these 3N interactions

play a central role in this work as well as in many recent and current nuclear structure studies, we discuss them in more
detail now. The interactions are given by the following expressions [170]:

V 2⇡
3N =

1
2

✓
gA
2f⇡

◆2 X
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(� i · Qi)(� j · Qj)
(Q 2
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⇡ )
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�
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i � ki denotes the momentum transfers, i.e., the difference between the initial and final single-particle
momenta (ki and k0

i respectively), with i, j and k = 1, 2, 3, � a
i (⌧ a

i ) the Cartesian component a of the spin (isospin) operators
of particle i and
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⇡

f 2⇡
+

2c3
f 2⇡

Qi · Qj

�
+

X

�

c4
f 2⇡

✏↵�� ⌧
�
k �k · (Qi ⇥ Qj) . (2)

1 We note that there exist different schemes to count contributions from relativistic corrections, indicated by the white circles in Fig. 4 (see,
e.g., Ref. [15]).
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• Keep track of both experimental and theory uncertainties 
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• Theory uncertainties dominated by EFT truncation

UQ FOR THE TWO-BODY FORCE
• Bayes’s theorem to include prior information in a transparent way
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I. Svensson et al., Phys.Rev.C 105, 014004 (2022)
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R. Somasundaram, Phys.Rev.C 109 (2024) 3, 3



I. Svensson et al., Phys.Rev.C 105 (2022), 014004

BAYESIAN PARAMETER ESTIMATION IN CHIRAL … PHYSICAL REVIEW C 105, 014004 (2022)

FIG. 2. NLO posterior sampled with HMC. The LECs are shown in units of 104 GeV−2 for the LO LECs and 104 GeV−4 for the NLO
LECs. The inner (outer) gray contour line encloses 39% (86%) of the probability mass. The dot-dashed vertical lines indicate a 68% credibility
interval in the univariate marginals.

2. NLO

Several contact LECs are introduced at NLO and we find
that the LEC posterior exhibits noticeable correlations in cer-
tain directions (see Fig. 2). The presence of such correlations
indicates a level of parameter redundancy in the model. From
a statistical perspective there exist methods, e.g., singular
value decomposition, to identify and retain only the most

important parameters (or linear combinations of parameters)
of a model to explain data, so-called stiff directions in the
parameter space. However, before doing so it is worthwhile
to inspect the model structure from a physics perspective.
In the present case we identify a strong correlation between
the LECs C̃ pp

1S0 and C̃np
1S0. Following conventional counting

of the isospin-breaking effects in χEFT we encounter the
leading isospin-dependent 1S0 contacts at NLO. This is also

014004-9
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FIG. 3. The posterior of cD and cE fitting to all four few-
body observables and marginalizing over c̄2, Q, and the NN
LECs. The black histograms and contours correspond to the
pure MCMC samples. The red curves and ellipses follow from
a fit of a multivariate t distribution t⌫(m,S) as described in
the text. Filled areas in the marginals denote one standard
deviation of the fit distribution, which contains 86% of the
probability mass, not 68% like a Gaussian. Contours rep-
resent the one and two standard deviations of the best fit
t⌫(m,S).

in �EFT and the values of cD and cE that turn out to
be relevant are small. (For another recent discussion of
the benefits of a perturbative treatment of cD and cE see
Ref. [58].)

We fit a parametrized distribution to the cD, cE sam-
ples by maximizing their likelihood given that they are
multivariate t distributed t⌫(m,S). The best fit is ob-
tained with ⌫ ⇡ 2.8 degrees of freedom, a mean vector
m =

⇥
�0.0047 �0.1892

⇤
, and scale matrix of

S =


0.250 0.043
0.043 0.008

�
.

This yields an accurate description of the one-
dimensional cD and cE posteriors and of their joint pdf at
one standard deviation. The two standard deviation con-
tour in the two-dimensional LEC pdf is harder to match.
This distribution has moderately heavy tails—a Gaussian
is not a good approximation.

The parameters cD and cE are strongly correlated.
The covariance matrix is ⌫S/(⌫ � 2), corresponding to a
correlation coe�cient ⇢ ⇡ 0.96. The strength of this cor-
relation is similar to what was found in Baroni et al . [16]
and Kravvaris et al . in Ref. [19]. In contrast, in Ref. [18]
Epelbaum et al . employed SCS potentials and found the

FIG. 4. The posterior predictive distribution from sampling
over the LECs found in Fig. 3, with units as in Table I. The
red distributions come from a fit of a multivariate t distri-
bution to the data (see Appendix A). The filled regions of
the 1d plots represent one standard deviation of the marginal
t distributions. The filled contours of the joint distributions
denote the 1 and 2 standard deviation regions of the multivari-
ate t, and the black contours denote the corresponding HPD
regions from the samples. The markers and black horizontal
and vertical lines denote the experimental values.

triton-binding-energy constraint led to cD and cE being
anti-correlated. The way that this correlation is con-
nected to the wave function of the three-nucleon system
and the short-distance behavior of the NN force is an
interesting subject for future study.
The consistency of our parameter estimation can be

assessed by studying the model posterior predictive dis-
tribution (ppd)

ppd = {yth(~a) : ~a ⇠ pr(~a |yexp, I)}. (24)

The ppd is the set of all predictions computed over likely
values of the LECs, i.e., drawing from the posterior pdf
for ~a. Figure 4 shows the ppd for the target few-nucleon
observables, evaluated from the full posterior (4). In
practice, the ppd is evaluated via sampling and we use
the MCMC samples of the full posterior for this purpose.
The four target experimental values are within one stan-
dard deviation for all of the marginals, while all but one
pair of values are within one standard deviation regions
for the bivariate joint distributions. For the 3H-4He joint
distribution the target is instead within the two standard
deviation region. We reiterate that the probability mass
enclosed in these intervals does not correspond to Gaus-
sian intervals due to the heavy tails of the distribution.

S. Wesolowski et al., Phys.Rev.C 104 (2021) 6, 064001



The mean field ground-state wave function is a Slater determinant

THE MEAN-FIELD APPROXIMATION
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TACKLE LARGER SYSTEMS
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Polynomially-scaling methods reach (much) larger systems with controlled approximations
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The GFMC projects out the lowest-energy state using an imaginary-time propagation

0.000 0.002 0.004 0.006 0.008 0.010
−28.4

−28.2

−28.0

−27.8

−27.6

−27.4

−27.2

−27.0

−26.8

E 
(M

eV
)

Fig. 4 (Pudliner, et al.)

4He

0.00 0.02 0.04 0.06 0.08 0.10
τ (MeV−1)

−28.5

−28.4

−28.3

−28.2

−28.1

−28.0

E 
(M

eV
)

B. Pudliner et al., PRC 56, 1720 (1997)

J. Carlson, Phys. Rev. C 36, 2026 (1987)

<latexit sha1_base64="1cBiCLPgIWAYO3NUlkrjCz5zq5U="></latexit>

lim
⌧!1

e�(H�E0)⌧ | V i =
X

n

cne
�(En�E0)⌧ | ni = c0| 0i

<latexit sha1_base64="1cBiCLPgIWAYO3NUlkrjCz5zq5U="></latexit>

lim
⌧!1

e�(H�E0)⌧ | V i =
X

n

cne
�(En�E0)⌧ | ni = c0| 0i

<latexit sha1_base64="dX6DCWaQbNj+X3wI+7wIxq99x50=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqwpKIr2XBjRuhgn1AE8tketsOnUzCzEQsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7TxBzprTjfFtLyyura+uFjeLm1vbOrr1XaqookRQaNOKRbAdEAWcCGpppDu1YAgkDDq1gdD3xW48gFYvEvR7H4IdkIFifUaKN1LVLniZJxZMhvoXmQ3riZsddu+xUnSnwInFzUkY56l37y+tFNAlBaMqJUh3XibWfEqkZ5ZAVvURBTOiIDKBjqCAhKD+d3p7hI6P0cD+SpoTGU/X3REpCpcZhYDpDoodq3puI/3mdRPev/JSJONEg6GxRP+FYR3gSBO4xCVTzsSGESmZuxXRIJKHaxFU0IbjzLy+S5mnVvaie352Va04eRwEdoENUQS66RDV0g+qogSh6Qs/oFb1ZmfVivVsfs9YlK5/ZR39gff4AfsmTZQ==</latexit>

⌧(MeV�1)

<latexit sha1_base64="IX4AvnsK7Qy2WyV5Odx7zIyHqR4=">AAACE3icbVDLSsNAFL3xWesr6tLNYBHERUnE10YouHFZwT6gCWEynbRDJ5MwMxFK7D+48VfcuFDErRt3/o3TNgttPXDhcM693HtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uB77rXsqFUvEnR6m1I9xT7CIEayNFNjHD15dsaDpSSx6nKIr5KksDgQipqaeKLzArjhVZwI0T9yCVKBAPbC/vG5CspgKTThWquM6qfZzLDUjnI7KXqZoiskA92jHUIFjqvx88tMIHRqli6JEmhIaTdTfEzmOlRrGoemMse6rWW8s/ud1Mh1d+jkTaaapINNFUcaRTtA4INRlkhLNh4ZgIpm5FZE+lphoE2PZhODOvjxPmidV97x6dntaqTlFHCXYhwM4AhcuoAY3UIcGEHiEZ3iFN+vJerHerY9p64JVzOzBH1ifP4QxneY=</latexit>

| V i =
X

n

cn| ni

<latexit sha1_base64="Amn7xuJpKRwaICHWW0JLGusAkpw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSZN1HZXdOOygn1AE8pkOmmHTiZxZiKU0J9w40IRt/6OO//G6UNQ0QMXDufcy733hClnSiP0YRVWVtfWN4qbpa3tnd298v5BWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh+Grmd+6pVCwRt3qS0iDGQ8EiRrA2Ute/ZMPcz6f9cgXZtZrrOQgi26171bpriON5LjqDjo3mqIAlmv3yuz9ISBZToQnHSvUclOogx1Izwum05GeKppiM8ZD2DBU4pirI5/dO4YlRBjBKpCmh4Vz9PpHjWKlJHJrOGOuR+u3NxL+8XqajWpAzkWaaCrJYFGUc6gTOnocDJinRfGIIJpKZWyEZYYmJNhGVTAhfn8L/SbtqO+e2d+NVGtVlHEVwBI7BKXDABWiAa9AELUAABw/gCTxbd9aj9WK9LloL1nLmEPyA9fYJiySQRw==</latexit>n
CONTINUUM QUANTUM MONTE CARLO



23

The fermion ground state is (typically) an excited state of the Hamiltonian
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Problem: The variance diverges exponentially
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UQ FOR THE NUCLEAR EQUATION OF STATE NEW EQUATIONS OF STATE CONSTRAINED BY NUCLEAR … PHYSICAL REVIEW C 103, 025803 (2021)
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FIG. 1. Energy per particle E/N (left panel) and pressure P (right panel) of PNM as a function of density n from various many-body
calculations with chiral EFT interactions [6,12–14,38]; see text for details. In the left panel, we also show the low-density quantum Monte
Carlo results by Gezerlis and Carlson [39] as well as the conjectured lower bound given by the energy per particle of a unitary Fermi gas of
neutrons [40].

have larger uncertainties. Further, nuclear theory constrains
the nuclear incompressibility as K = 215(40) [14,34,41].
Many efforts have been devoted to determining the symmetry
parameter Esym and L, which play a crucial role in neutron
star structure and dynamics. In particular, microscopic calcu-
lations of the EOS of PNM put tight constraints on Esym and
L. We discuss these PNM and symmetry energy constraints in
the two paragraphs below.

The temperature dependence of the EOS is key for CCSN
and NSM applications. A very useful characteristic of the
temperature dependence is given by the so-called thermal
index !th, which is defined as [42]

!th(T, n,β ) = 1 + P(T, n,β ) − P(0, n,β )
ε(T, n,β ) − ε(0, n,β )

, (7)

with the internal energy density ε = E/V . The quantity !th is
a measure of thermal contributions to the equation of state. For
a noninteracting nucleon gas with density-dependent effective
mass m∗(n) it is given by [43]

!th(n) = 5
3

− n
m∗(n)

∂m∗(n)
∂n

. (8)

It has been verified in microscopic nuclear-matter calculations
that the form given by Eq. (8) provides a very precise ap-
proximation of !th(T, n,β ) for β ∈ {0, 1}, n ! 2n0, and T !
30 MeV [26,27]. A crucial novelty in our EOS functionals is
therefore the accurate implementation of the effective masses
of neutrons and protons m∗

n,p(n,β ). We discuss this and the
available constraints on m∗

n,p(n,β ) in Sec. III A. Our results
for the thermal index are then examined in Sec. V B.

2. Neutron matter constraints

The modern approach to the description of the strong in-
teraction at nuclear energy scales is based on chiral effective
field theory (EFT) and renormalization group (RG) methods
[44–46]. From general EFT convergence restrictions as well
as regulator and many-body convergence considerations, the
viability of this approach is restricted to densities n ! 2n0.
The theoretical uncertainties in current implementations of
chiral interactions in a given many-body framework arise from
the interplay of finite-regulator artifacts, many-body and EFT
truncation errors, and parameter-fitting ambiguities.

Because nuclear forces are weaker in PNM, the theoretical
uncertainties are under better control there compared to SNM.
In Fig. 1 we compare the results for the energy per particle and
pressure of PNM obtained from several recent nuclear many-
body calculations with chiral EFT interactions. The results
by Hebeler et al. [6], Tews et al. [12], and Drischler et al.
[14,38] are based on many-body perturbation theory, while the
results by Lynn et al. [13] were obtained from auxiliary-field
diffusion Monte Carlo computations using local chiral inter-
actions. In each case, the results include uncertainty estimates,
shown as bands in Fig. 1. These are based on EFT truncation
errors and different regulators in Refs. [13,14,38], while they
are mainly due to uncertainties in the low-energy couplings
that enter three-nucleon forces in Refs. [6,12]. The uncertainty
band of Drischler et al. PRL (2019) [14] is based on simple
EFT truncation errors. The results of Drischler et al. GP-B
(2020) [38] are constructed from the same calculations (from
Ref. [14]) but based on a Bayesian uncertainty analysis using
Gaussian processes, which leads to a very similar band for the
combined GP-B (450) and (500) results. One sees that while

025803-3

S. Huth, et al., Phys. Rev. C, 103, 025803 (2021) 
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We benchmarked three many-body methods using the AV18 and chiral-EFT interactions
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Extended the benchmark calculations to phenomenological and chiral-EFT three-body forces

28AL et al., Phys.Rev.C 105 (2022) 5, 055808

AV18 + UIX NV2 + 3I-a*
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UQ FOR NEUTRINO-OSCILLATION PHYSICS
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Accurate neutrino-nucleus scattering calculations critical for the success of the experimental program
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final state
��Y f

↵
with momentum Pµ

f = (E f ,P f ), and momentum conservation implies qµ =

pµ
e � pe

0µ = Pµ
f �Pµ

i . Furthermore, the interaction proceeds through the exchange of a space-
like virtual photon, for which q2

µ = w2 �q2 < 0†. In electron-induced reactions w and q can
vary independently (provided that |q| > w), as opposed to reactions induced by real photons
where |q|= w . In elastic reactions w = 0 (neglecting the recoil of the nucleus), which implies
|Yii =

��Y f
↵
. Reactions in which w 6= 0 are instead called inelastic. To different values of

w = E f �Ei, correspond different excitation energies of the nucleus. As w increases to a
few MeV, low-lying (discrete) nuclear excited states can be accessed. For energies transferred
of the order of ⇠ 10� 30 MeV, giant resonance modes in the continuum spectrum of the
nucleus are excited, while for values of wq.e. ⇠ q2/(2m) quasi-elastic effects dominate, in
which the reaction is in first approximation well described as if electrons were scattered off
single nucleons. Beyond the quasi-elastic energy region, meson production can be observed.
A schematic representation of the double differential cross section for electron scattering at a
fixed value of momentum transfer q is provided in Figure 7.

Because in inelastic electron scattering w and q can vary independently, for each value
of excitation energy w , one can study the matrix elements’ behavior as a function of the
momentum transfer. In particular, by varying q one changes the spatial resolution of the
electron probe, which is µ 1/|q|. At low values of momentum transfer, electron scattering
reactions probe long ranged dynamics, while at higher values of momentum transfer shorter
distance phenomena are tested, where dynamics from heavier mesons and baryons become
relevant.

Figure 7. (Color online) Schematic representation of the double differential cross section at
fixed value of momentum transfer.

Cross sections for elastic scattering and scattering to discrete excited states, for which
the transferred energy w is fixed, are expressed in terms of longitudinal (or charge) and
transverse (or magnetic) form factors, which are functions of the momentum transferred
q = |q|, and provide information on the e.m. charge and current spatial distributions inside
the nucleus. The double differential cross section for inclusive processes, in which only
the scattered electron is detected, is expressed in terms of the longitudinal and transverse

† The four-vector squared qµ qµ is here denoted with q2
µ .

Image courtesy of S. Pastore
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FIG. 4. MiniBooNE flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties
are from Ref. [41]. The additional 10.7% normalization uncertainty is not shown here.

the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-
crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

IV. CONCLUSIONS

We have reported on an ab initio study, based on re-
alistic nuclear interactions and electroweak currents, of
neutrino (and antineutrino) inclusive scattering on 12C in
the CCQE regime of the MiniBooNE and T2K data. Nu-
clear response functions have been calculated with QMC
methods and, therefore, within the description of nuclear
dynamics that we have adopted here, fully include the
e↵ects of many-body correlations induced by the inter-
actions in the initial and final states, and correctly ac-
count for the important (constructive) interference be-
tween one- and two-body current contributions. This
interference leads to a significant increase in the cross-
section results obtained in impulse approximation, and
is important for bringing theory into much better agree-
ment with experiment.

The nucleon and nucleon-to-� electroweak form fac-
tors entering the currents have been taken from mod-
ern parameterizations of elastic electron scattering data
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FIG. 1: Schematic overview of the Ent-NN architecture.

we then partition into training (T), validation (V), and
test/out-of-sample (O) datasets. The one-peak and two-
peak test datasets comprise 1, 000 pairs each; the com-
bined test dataset is just the union of these two sets. We
use 80% and 20% of the remaining data for training the
network and validation, respectively.

The optimal values for the parameters ✓ are found by
the standard supervised learning approach of approxi-
mately solving

min
✓

1

|T|
X

k2T

`

⇣
Ek,Rk, R̂k(✓)

⌘
(15)

by using a minibatch-based stochastic gradient descent
procedure to minimize an empirical loss function. Our
overall objective in the above equation is the average loss
over the |T| points in the training set. Taking inspiration
from MaxEnt, for each data and model output, we em-
ploy a loss function that is the sum of a response and a
Euclidean cost

`(Ek,Rk, R̂k(✓)) =

�R|S(Rk, R̂k(✓))| + �E�
2(Ek, R̂k(✓)) .

As discussed below, the positive-definite constants �R

and �E are chosen to compensate for the fact that

�
2(Ek, R̂k(✓)) is typically much larger than the entropy

SR(Rk, R̂k(✓)). The response cost — closely related to
the Kullback–Leibler divergence [40] — ensures that the
reconstructed response functions are close to the original
ones. The absolute value ensures that the response cost
has a minimum value of 0 when Rk = R̂k(✓) and is pos-
itive otherwise. The Euclidean cost is aimed at aligning
the Laplace transform Ê(✓) of the reconstructed response
functions with the original Euclidean responses.

Since the inversion of the Laplace transform is an ill-
posed problem, there are many response functions, pos-
sibly wildly di↵erent among each other, whose Laplace
transform are compatible with the original Euclidean re-
sponses within statistical uncertainties. Consequently,
there are instances in which �

2
E

is small even when the
reconstructed response is not similar to the original one,
leading to potential instabilities in the minimization pro-
cedure. To tame this behavior, we split the training into
two phases.

In the first phase, we take �R = 107 and �E = 10�7 and
optimize the network using the Adam [41] optimizer with
a learning rate of 10�4. Since �R � �E , the entropy re-
sponse cost dominates the loss function and drives the re-
constructed response functions close to the original ones.
Once the entropy cost has reduced significantly, we en-
ter the second phase of the optimization, where we keep
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Specifically, too small ↵ results in overfitting E(⌧) and
uncontrolled oscillations in the reconstructed responses.

The key point in the inversion of the Laplace trans-
form resides in the minimization of Q[R, Ē,M], defined
in Eq. 6 for given Ē and M. An e�cient way to ac-
complish this task was first discussed in Ref. [24], and it
entails performing a singular value decomposition (SVD)
of the kernel

K = V ⌃U
T

. (7)

In the above equation, U and V are n! ⇥n! and n⌧ ⇥n⌧

orthogonal matrices, while ⌃ is a n⌧ ⇥n! rectangular di-
agonal matrix. Since the kernel is e↵ectively singular, the
smallest elements on the diagonal are essentially zero for
the numerical precision. Hence, without loss of accuracy,
we keep only the ns largest eigenvalues and disregard the
others so that only the first ns columns of U are relevant
for representing the kernel.

The gradient of the log-likelihood is given by

@�
2

@Ri

=
X

j

@�
2

@Ej

@Ej

@Ri

= K
T

ij

@�
2

@Ej

. (8)

Since the columns of K
T are linear combinations of the

ones of U , all the search directions for the minimum
are spanned, within machine precision, by the first ns

columns of U . In this singular space, the stationary con-
dition of Q[R] reads

0 =
@Q

@Ri

= ↵
@S

@Ri

� 1

2

@�
2

@Ri

= 0 , (9)

which implies

�↵ ln(Ri/Mi) =
1

2

X

j

K
T

ij

@�
2

@Ej

. (10)

Thus, the solution can be represented in terms of the
vector u

ln
⇣

Ri

mi

⌘
= K

T

ij
uj . (11)

Since only the first ns elements of ⌃ are di↵erent from
zero, not all the components of u are independent. Since
K

T and U share the same vector space and since most
of the relevant search directions lie in the singular space,
the solution can be written in the form

Ri = Mi exp
⇣ nsX

j=1

Uijuj

⌘
. (12)

Therefore, to the machine-precision level, the most gen-
eral solution of Eq. (10) only depends on the ns coordi-
nates uj . In MaxEnt applications, owing to the ranges
of ! and ⌧ in GFMC calculations, ns ' 30 ⌧ n! =
2000. Hence, a standard Newton procedure to minimize
Q[R, Ē,M] converges much faster for finding uj than for
the original Ri.

III. ARTIFICIAL NEURAL NETWORK
INVERSION ALGORITHM

In a recent work [32], a physics-informed artificial neu-
ral network (Phys-NN) was introduced to approximating
the inverse of the Laplace transform. Phys-NN employs
a Gaussian kernel basis to capture its structure of the
Laplace kernel. In this work we utilize instead the more
advantageous parameterization of Eq. (12), using arti-
ficial neural-networks to determine the coe�cients uj .
Formally, the reconstructed response is given by

R̂i(✓) = mi exp
⇣ nsX

j=1

Uijuj(✓)
⌘

, (13)

where ✓ denotes the collection of training parameters.
This entails a critical reduction of the artificial neural
network output dimension compared to Phys-NN, whose
outputs where directly the n! values R̂i.

A. Entropy Neural Network (Ent-NN)

The first architecture discussed in this work, dubbed
“Ent-NN”, takes as input the n⌧ discrete Euclidean re-
sponse values and provides the corresponding response
functions.

uj(✓) = f(E;✓). (14)

The architecture of Ent-NN, displayed in Fig. 1, is
comprised of three central elements: i) the attention
mechanism comprised of two feed-forward layers with
one skip connection that takes as input Ei and gener-
ates the coe�cients ui(✓), ii) the fixed basis function
Uij , used to estimate R̂(✓) from Eq. (13), and iii) the
discrete Laplace transform of Eq. (3) for computing the
Euclidean Ê(✓) associated to the reconstructed response
function as Êi(✓) =

P
n!

j=1 KijR̂j(✓).

1. Training

As in Ref. [32], Ent-NN is trained on two distinct
datasets comprising pairs of physically relevant R(!),
E(⌧). The responses belonging to the first dataset are
characterized by a single broad asymmetric peak, cor-
responding to the QE reaction mechanism, modeled by
a skew-normal distribution. The responses belonging to
the second dataset exhibit a sharper elastic (EL) peak
at low energy, in addition to the QE one. The corre-
sponding Euclidean responses are obtained by applying
the discrete Laplace transform of Eq. (3). Since the sim-
ulated responses are smooth functions of !, the numeri-
cal integration error on the Euclidean responses is about
10�5

. For each of the one-peak and two-peaks cases, we
generate a total of 500, 000 pairs (Rk,Ek) 2 R

n!+n⌧ of
responses and corresponding Euclidean responses, which
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FIG. 6: Top row: one-peak responses obtained via the UQ-NN architecture (green band), compared to Ent-NN
(dashed orange line) and the original response (blue solid line). Bottom row: corresponding Euclidean responses

with varying noise level.

FIG. 7: Same as Fig. 6 for the two-peaks dataset.

emerge in the low-! region, despite no response func-
tions in the training dataset have more than two peaks.
We ascribe the origin of this rich structure to the noise
added to the Euclidean, which may yield a three-peak
structure in some of the reconstructed R̂(✓). Secondly,
for the lowest noise level, � = 10�4, UQ-NN fails to pre-
cisely capture the ! dependence of the original response
function, even in the QE peak region. We checked that
Ent-NN (and even Phys-NN) su↵ers from similar limi-
tations. One possible reason for this behavior are nu-
merical errors associated with numerically computing the
Laplace transform — see Eq. (3) — when generating the
training data set. The latter could be larger than the

estimated 10�5 value, especially for responses with two
peaks. Another possibility is the uncertainty inherent to
the neural-network model, which includes the set of opti-
mal parameters found in the training procedure and the
training itself. To better estimate the latter, we plan on
using deep Bayesian Neural Network [45, 46], which in
the context on Nuclear Physics, have proven reliable in
predicting masses and radii of several nuclei across the
nuclear chart, with quantified uncertainties.
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mal parameters found in the training procedure and the
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predicting masses and radii of several nuclei across the
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We employed z-expansion parameterizations of axial form factors, consistent with experimental or 
LQCD data

UQ IN THE INPUT CURRENT
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FIG. 2. The nucleon axial form factor FA(Q
2) determined us-

ing fits to neutrino-deuteron scattering data using the model-
independent z expansion from Ref. [65] (D2 Meyer et al.)
are shown as a blue band in the top panel. LQCD results
are shown for comparison from Ref. [30] (LQCD Bali et al.,
green), Ref. [34] (LQCD Park et al., red) and Ref. [35] (LQCD
Djukanovic et al., purple). Bands show combined statistical
and systematic uncertainties in all cases, see the main text
for more details. A dipole parameterization with MA = 1.0
GeV and a 1.4% uncertainty [107] is also shown for compari-
son (black). The lower panel shows the absolute value of the
di↵erence between D2 Meyer et al. and LQCD Bali et al.
results divided by their uncertainties added in quadrature,
denoted �FA/�; very similar results are obtained using the
other LQCD results.

factor results determined from experimental neutrino-
deuteron scattering data in Ref. [65]. Fits were performed
using results with Q

2
 1 GeV2 in Refs. [30, 34, 65] and

with Q
2
 0.7 GeV2 in Ref. [35] with the parameteri-

zation provided by the z expansion used to extrapolate
form factor results to larger Q

2. Clear agreement be-
tween di↵erent LQCD calculations can be seen. However,
the LQCD axial form factor results are 2-3� larger than
the results of Ref. [65] for Q

2 & 0.3 GeV2. The e↵ects of
this form factor tension on neutrino-nucleus cross section
predictions is studied using nuclear many-body calcula-
tions with the GFMC and SF methods in Sec. IV below.
The LQCD results of Refs. [30, 34] lead to nearly in-
distinguishable cross-section results that will be denoted
“LQCD Bali et al./Park et al.” or “LQCD” below and
used for comparison with the deuterium bubble-chamber
analysis of Ref. [65], denoted “D2 Meyer et al.” or “D2”
below.

IV. FLUX-AVERAGED CROSS SECTION
RESULTS

To evaluate both the nuclear model and nucleon axial
form factor dependence of neutrino-nucleus cross-section
predictions and their agreement with data, the GFMC
and spectral function methods are used to predict flux-
averaged cross sections that can be compared with data
from the T2K and MiniBooNE experiments. The Mini-
BooNE data for this comparison is a double di↵eren-
tial CCQE measurement where the main CC1⇡+ back-
ground has been subtracted using a tuned model [13],
and the T2K data is a double di↵erential CC0⇡ measure-
ment [114]. Muon neutrino flux-averaged cross sections
were calculated from

d�

dTµd cos ✓µ

=

Z
dE⌫�(E⌫)

d�(E⌫)

dTµd cos ✓µ

, (43)

where �(E⌫) are the normalized ⌫µ fluxes from Mini-
BooNE and T2K. Details on the neutrino fluxes for
each experiment can be found in the references above.

d�(E⌫)
dTµd cos ✓µ

are the corresponding inclusive cross sections

computed using the GFMC and SF methods as described
in Sec. II.

The fractional contribution of the axial form factor
to the one-body piece of the MiniBooNE flux-averaged
cross section is determined by including only pure axial
and axial-vector interference terms in the cross section
and shown in Fig. 3. These pure axial and axial-vector
interference terms account for half or more of the to-
tal one-body cross section for most Tµ and cos ✓µ, which
emphasizes the need for an accurate determination of the
nucleon axial form factor.

Figures 4 and 5 show the GFMC and SF predictions for
MiniBooNE and T2K, respectively, including the break-
down into one-body and two-body contributions. For
these comparisons we use the D2 Meyer et al. z expan-
sion for FA. Two features of the calculations should be
noted before discussing the results of these comparisons.
First, the uncertainty bands in the SF come only from the
axial form factor, while the GFMC error bands include
axial form factor uncertainties as well as a combination
of GFMC statistical errors and uncertainties associated
with the maximum-entropy inversion. Secondly, the axial
form factor enters into the SF only in the one-body term,
in contrast to the GFMC prediction where it enters into
both the one-body and one and two-body interference
term.

Below in Table I we quantify the di↵erences between
GFMC and SF predictions for both MiniBooNE and
T2K. The percent di↵erence in the di↵erential cross sec-
tions at each model’s peak are shown. The GFMC predic-
tions are up to 20% larger in backwards angle regions for
MiniBooNE and 13% larger for T2K in the same back-
ward region. The agreement between GFMC and SF
predictions is better at more forward angles but a 5-10%
di↵erence persists.
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axial form factor uncertainties as well as a combination
of GFMC statistical errors and uncertainties associated
with the maximum-entropy inversion. Secondly, the axial
form factor enters into the SF only in the one-body term,
in contrast to the GFMC prediction where it enters into
both the one-body and one and two-body interference
term.

Below in Table I we quantify the di↵erences between
GFMC and SF predictions for both MiniBooNE and
T2K. The percent di↵erence in the di↵erential cross sec-
tions at each model’s peak are shown. The GFMC predic-
tions are up to 20% larger in backwards angle regions for
MiniBooNE and 13% larger for T2K in the same back-
ward region. The agreement between GFMC and SF
predictions is better at more forward angles but a 5-10%
di↵erence persists.
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dipole parameterization of FA as well as modified dipole
parameterizations of C

A

5 , and therefore it is possible that
these uncertainties are still underestimated. Even less is
known about the uncertainty in determining ⇤R [89]. A
15% variation in either C

A

5 (0) or ⇤R changes the flux-
averaged cross section by roughly 5%, and it will there-
fore be important to obtain more information on these
parameters in order to achieve few-percent precision on
cross-section predictions.

Focusing now on FA, Figs. 7 and 8 compare flux-
averaged cross sections with di↵erent axial form factor
determinations: a dipole form factor with MA = 1.0
GeV, the D2 Meyer et al. z expansion, and the LQCD
Bali et al./Park et al. z expansion. One can see that

the LQCD z expansion increases the normalization of
the cross section across the whole phase space, with sig-
nificantly more enhancement in the bins of low cos ✓µ

corresponding to backward angles and higher Q
2. This

is quantified in Table II, which shows the percentage dif-
ference in the peak values of d�

dTµd cos ✓µ
for the LQCD

and D2 z expansion results. The LQCD prediction in-
creases the peak cross section between 10-20%, with the
discrepancy growing at backwards angles.

To investigate the sensitivity of the flux-averaged dif-
ferential cross section to variations in the axial form fac-
tor, derivatives of the MiniBooNE cross section with re-
spect to the model-independent z expansion parameters
ak are computed as described in Sec. III A. Figure 9
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• Lepton number not conserved.


• Neutrino mass has a Majorana 
component.


• Provide crucial information about 
neutrino mass generation.


• Suggest that the matter-antimatter 
asymmetry in the universe originated 
in leptogenesis.
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NEURAL-NETWORK QUANTUM STATES
NQS are now widely and successfully applied to study condensed-matter systems

<latexit sha1_base64="PLfQLqrrBxMj/9bYUmMXPT9YLeA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/VPP65XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHiXlepdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx8IAI2T</latexit>x1

<latexit sha1_base64="px5yU4uOiFh/gUFAGz8QCF0szW4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOox4MVjRPOAZAmzk95kyOzsMjMrhpBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9y3L1rlqqXWRx5OEETuEcPLiCGtxCHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHCYSNlA==</latexit>x2

<latexit sha1_base64="tibUHP4b5HsG/Q6j06Y+p+CyDPU="></latexit>

EV ⌘ h V |H| V i
h V | V i

> E0

<latexit sha1_base64="NxMWA77C5scpL2CwVTQNBcTEHOg="></latexit>

EV ' 1

N

X

X2| V (X)|2

hX|H| V i
hX| V i

<latexit sha1_base64="FlxpXv6lcQXcx5M7UOntjdTnnnI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8eAF08S0TwgWcLsZDYZMju7zPSKIeQTvHhQxKtf5M2/cZLsQaMFDUVVN91dYSqFQc/7cgpLyyura8X10sbm1vZOeXevYZJMM15niUx0K6SGS6F4HQVK3ko1p3EoeTMcXk395gPXRiTqHkcpD2LaVyISjKKV7h67N91yxXO9Gchf4uekAjlq3fJnp5ewLOYKmaTGtH0vxWBMNQom+aTUyQxPKRvSPm9bqmjMTTCenTohR1bpkSjRthSSmfpzYkxjY0ZxaDtjigOz6E3F/7x2htFlMBYqzZArNl8UZZJgQqZ/k57QnKEcWUKZFvZWwgZUU4Y2nZINwV98+S9pnLj+uXt2e1qpunkcRTiAQzgGHy6gCtdQgzow6MMTvMCrI51n5815n7cWnHxmH37B+fgGNOCNsw==</latexit>xN

<latexit sha1_base64="ny4kD5hfDkmYR9/GFb8REFGuxpI=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFchUR8LQtuXFawD2hDmUwn7djJJMzcCCX0H9y4UMSt/+POv3HaZqGtBwYO59zD3HvCVAqDnvftrKyurW9slrbK2zu7e/uVg8OmSTLNeIMlMtHtkBouheINFCh5O9WcxqHkrXB0O/VbT1wbkagHHKc8iOlAiUgwilZqdvsJGtKrVD3Xm4EsE78gVShQ71W+bJBlMVfIJDWm43spBjnVKJjkk3I3MzylbEQHvGOpojE3QT7bdkJOrdInUaLtU0hm6u9ETmNjxnFoJ2OKQ7PoTcX/vE6G0U2QC5VmyBWbfxRlkmBCpqeTvtCcoRxbQpkWdlfChlRThragsi3BXzx5mTTPXf/Kvby/qNbcoo4SHMMJnIEP11CDO6hDAxg8wjO8wpuTOC/Ou/MxH11xiswR/IHz+QNGNY7i</latexit> ..
.

<latexit sha1_base64="IaDI4M2foQW/fmU1bblOST/eT9E=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5IUX+Cm4MZlBfuAJoTJdNIOnUzCzESoofgrblwo4tb/cOffOGmz0NYDA4dz7uWeOUHCqFS2/W0sLa+srq2XNsqbW9s7u+beflvGqcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wegm9zsPREga83s1TogXoQGnIcVIack3D92mpH672r12I6SGQZglk1PfrNg1ewprkTgFqUCBpm9+uf0YpxHhCjMkZc+xE+VlSCiKGZmU3VSSBOERGpCephxFRHrZNP3EOtFK3wpjoR9X1lT9vZGhSMpxFOjJPKKc93LxP6+XqvDKyyhPUkU4nh0KU2ap2MqrsPpUEKzYWBOEBdVZLTxEAmGlCyvrEpz5Ly+Sdr3mXNTO784qjXpRRwmO4Biq4MAlNOAWmtACDI/wDK/wZjwZL8a78TEbXTKKnQP4A+PzB8oHlMQ=</latexit>

 V (X;p)



q

b

| S
ANN i

| D
ANN i

W(1) W(2)

Hidden
layer

Input
layer

Output
layer

Figure 1: ANN architecture used in this work. The input is a single
value of momentum, q, and the wavefunctions are modelled in terms
of a minimal single-layer network. In the example above, the number
of hidden nodes is Nhid = 4. The ANN has two outputs, one for the
S and one for the D state.

2. Methods

Our solution for the deuteron is variational. We set
up a minimal trial wavefunction. Our ANN has a single
input node: a value of relative momentum, q, between the
neutron and the proton in the deuteron. The ANN has
two output nodes, one for the L = 0 (S) and one for the
L = 2 (D) state. In between, we set up a single layer
with Nhid hidden nodes. The architecture of the network
is shown in Fig. 1, which translates mathematically into a
wavefunction ansatz

 
L
ANN(q) =

NhidX

i=1

W(2)
i,L �

⇣
W(1)

i q + bi

⌘
, (1)

where �(x) represents a non-linear activation function.
The weights W(1) connect the input relative momentum,
q, to a hidden layer, whereas W(2) connects the hidden
layer to the two outputs. We also use a bias between the
input and the hidden layer, b. We use bold notation W(1)

to denote the full weight (or bias) vectors, as opposed to

the vector components W(1)
i . The concatenation of all

weights and biases is denoted by W =
�
b,W(1)

,W(2)
 
.

For a given number of hidden layer nodes Nhid, there are a
total of 4Nhid parameters in the trial ANN wavefunction.

We use both a sigmoid and a softplus activation func-
tion �(x) in our ansatz. The two functions are continu-
ous and di↵erentiable, and softplus is less prone to be af-
fected by the vanishing gradient problem [26]. The output
layer is a weighted linear sum of the values of the hidden
nodes, and provides arbitrary admixtures of the S� and
D� states,  L=0,2

ANN . Dedicating a single layer to each of
the two states would result in an increase of the number
of parameters, departing from the minimal spirit of our
approach.

The parameters W are used as variational parameters
in a minimisation problem for the energy,

E
W =

⌦
 W

ANN

�� Ĥ
�� W

ANN

↵
⌦
 W

ANN

��  W
ANN

↵ . (2)

We solve the problem explicitly in momentum space [27,
28, 29]. This is unlike previous VANN applications [19,
20, 21, 22], but helpful for three practical reasons. First,
in momentum space the kinetic term in the Hamiltonian
of Eq. (2) is a continuous function. In contrast, in real
space, the kinetic term would involve numerically costly
derivatives on the ANN wavefunctions. Second, for the
deuteron, the separation between centre-of-mass and rel-
ative motion can be implemented straightforwardly. The
centre-of-mass coordinate can be ignored and the problem
is solved as an e↵ective one-body Schrödinger equation
in relative momentum, q. Third, a momentum space ap-
proach allows us to employ directly the numerical routines
associated to the N3LO Entem-Machleidt nucleon-nucleon
force, our interaction of choice [30]. We have tested the
method with other momentum-space potentials, and have
found similar levels of agreement with the corresponding
benchmarks.

We use the same momentum quadrature in all our in-
tegrals. In the many-body case, these integrals may be
more e�ciently performed using Monte Carlo techniques
[19]. For the one-dimensional integrals associated to the
deuteron, we estimate that a large number of Monte Carlo
samples of order > 105 is needed to get an accurate pre-
diction for the binding energy. We instead use Nk = 64
points in a Gauss-Legendre quadrature, and use a tangen-
tial change of variables to extend the integration range
from 0 to kmax = 500 fm�1. This approach provides a
dense mesh at low momenta, while sparsely covering the
high-momentum region (only 7 mesh points lie beyond
k = 5 fm�1). We use the same quadrature to solve the
exact ground state eigenvalue problem, to set a bench-
mark for the VANN solution and find an “exact” ground
state energy, EGS = �2.2267 MeV.

The choice of a continuous momentum basis, as op-
posed to a discrete basis, is further motivated by an im-
portant result on ANNs. The Universal Approximation
Theorem guarantees that a network with a single layer
provides a faithful representation of any continuous func-
tion within a given domain, provided Nhid is large enough
[31, 32]. In this sense, working in continuous momentum
space, rather than in a discrete basis, may be advanta-
geous. One naively expects that ANNs should mimic the
shape of any wavefunction, if given enough hidden nodes to
do so. We note that perfect agreement between input and
output is likely to require a local cost function, to penalise
di↵erences throughout momentum space. This is not nec-
essarily the case here, where we use a global (integrated)
energy cost function.

We solve the variational problem in three di↵erent steps,
implemented using the ready-made PyTorch framework
[33]. First, we initialise the network using random weight
values. We sample from uniform distributions withW(1) 2
[�1, 0), b 2 [�1, 1) and W(2) 2 [0, 1). This di↵ers from
the traditional Xavier initialisation scheme, which has a
poor performance in this problem [34]. After this random
initialisation, the wavefunctions are featureless and have

2

Figure 2: Deuteron binding energy as a function of iteration number
for a network with Nhid = 10 and a softplus activation function. The
energy cost function is minimised using RMSprop (see Appendix A
for details).

no bearing to physical ones. In a second step, we therefore
follow Ref. [19] and train the ANN to reproduce physically
inspired, but arbitrary, target wavefunctions for each of the

two states. We use a functional form  
L
targ(q) / q

L
e
� ⇠2q2

2

with ⇠ = 1.5 fm, which provides target wavefunctions with
momentum space widths which are similar to the exact so-
lutions.

We train the ANN wavefunction to match the target
wavefunction in a supervised manner. The cost function,
C = CS + CD, is the sum of the individual contributions
for each state, CL = (KL � 1)2, where we introduce the
overlap
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The RMSprop scheme is used to minimise C for 105 itera-
tions [14, 35]. We provide more details about this scheme
in Appendix A, and list here only the relevant hyperpa-
rameters: ↵ = 10�2, � = 0.9 and ✏ = 10�8. The network
calculates an unnormalised wavefunction for each partial
wave. In the minimisation algorithm, the wavefunction
normalization constants divide the learning rates. Be-
cause these normalization constants are typically larger
than one, unnormalized wavefunctions e↵ectively reduce
the learning rate during the minimisation process, allow-
ing for a relatively large value of ↵. After this initial train-
ing step, the resulting overlap is within 1� 5% of the de-
sired value of KL = 1. The admixture of the S� and the
D�states is deliberately chosen to have an unphysically
large value of 50%.

The third and final step is the actual variational en-
ergy minimisation. We let the network evolve to readjust
the wavefunctions while minimising the energy. The initial
large admixture between the two states does not hinder the
convergence of the VANN. We use RMSprop again to min-
imise the energy cost function in Eq. (2), with the same hy-
perparameter set discussed above. A typical energy min-

Figure 3: Binding energy of the deuteron (top panel), fidelities
FL (central) and D�state probability (bottom) as a function of the
number of hidden layer nodes, Nhid. Lines (bands) are obtained
from the average (standard deviation) of 50 independent VANN runs.
Horizontal (dashed) lines show the benchmark result.

imisation curve for the case with Nhid = 10 and a softplus
activation function is shown in Fig. 2. Within the first few
thousands of iterations (not shown in the Figure for clar-
ity), the descent is fast and smooth and the network is able
to bind the deuteron. After about 10, 000 iterations, fluc-
tuations appear. This allows for the energy to be overshot
at times, but the minimisation algorithm eventually cor-
rects for that. At 50, 000 iterations, the binding energy is
already within 10% of the benchmark value (dashed line).
We stop our runs at 250, 000 iterations, where the binding
energy is converged within fluctuations of the order of 2�3
keV.

3. Results

We explore the bias and variance of our minimal VANN
model, particularly the out-of-sample error, in two di↵er-
ent ways. First, we change the number of hidden layer
nodes from Nhid = 2 to 20, in steps of 2. An extended dis-
cussion up to Nhid = 100 is presented in Appendix B. This
provides an idea of how model predictions change with an
increase in the number of variational parameters. Second,
we initialise the model, train it to target wavefunctions
and minimise the energy with 50 di↵erent random seed
configurations. The results shown here are obtained as
the means and standard deviations of these 50 individual
runs. This helps identify weight initialisation e↵ects.

3
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Figure 1: ANN architecture used in this work. The input is a single
value of momentum, q, and the wavefunctions are modelled in terms
of a minimal single-layer network. In the example above, the number
of hidden nodes is Nhid = 4. The ANN has two outputs, one for the
S and one for the D state.

2. Methods

Our solution for the deuteron is variational. We set
up a minimal trial wavefunction. Our ANN has a single
input node: a value of relative momentum, q, between the
neutron and the proton in the deuteron. The ANN has
two output nodes, one for the L = 0 (S) and one for the
L = 2 (D) state. In between, we set up a single layer
with Nhid hidden nodes. The architecture of the network
is shown in Fig. 1, which translates mathematically into a
wavefunction ansatz

 
L
ANN(q) =

NhidX

i=1

W(2)
i,L �

⇣
W(1)

i q + bi

⌘
, (1)

where �(x) represents a non-linear activation function.
The weights W(1) connect the input relative momentum,
q, to a hidden layer, whereas W(2) connects the hidden
layer to the two outputs. We also use a bias between the
input and the hidden layer, b. We use bold notation W(1)

to denote the full weight (or bias) vectors, as opposed to

the vector components W(1)
i . The concatenation of all

weights and biases is denoted by W =
�
b,W(1)

,W(2)
 
.

For a given number of hidden layer nodes Nhid, there are a
total of 4Nhid parameters in the trial ANN wavefunction.

We use both a sigmoid and a softplus activation func-
tion �(x) in our ansatz. The two functions are continu-
ous and di↵erentiable, and softplus is less prone to be af-
fected by the vanishing gradient problem [26]. The output
layer is a weighted linear sum of the values of the hidden
nodes, and provides arbitrary admixtures of the S� and
D� states,  L=0,2

ANN . Dedicating a single layer to each of
the two states would result in an increase of the number
of parameters, departing from the minimal spirit of our
approach.

The parameters W are used as variational parameters
in a minimisation problem for the energy,

E
W =

⌦
 W

ANN

�� Ĥ
�� W

ANN

↵
⌦
 W

ANN

��  W
ANN

↵ . (2)

We solve the problem explicitly in momentum space [27,
28, 29]. This is unlike previous VANN applications [19,
20, 21, 22], but helpful for three practical reasons. First,
in momentum space the kinetic term in the Hamiltonian
of Eq. (2) is a continuous function. In contrast, in real
space, the kinetic term would involve numerically costly
derivatives on the ANN wavefunctions. Second, for the
deuteron, the separation between centre-of-mass and rel-
ative motion can be implemented straightforwardly. The
centre-of-mass coordinate can be ignored and the problem
is solved as an e↵ective one-body Schrödinger equation
in relative momentum, q. Third, a momentum space ap-
proach allows us to employ directly the numerical routines
associated to the N3LO Entem-Machleidt nucleon-nucleon
force, our interaction of choice [30]. We have tested the
method with other momentum-space potentials, and have
found similar levels of agreement with the corresponding
benchmarks.

We use the same momentum quadrature in all our in-
tegrals. In the many-body case, these integrals may be
more e�ciently performed using Monte Carlo techniques
[19]. For the one-dimensional integrals associated to the
deuteron, we estimate that a large number of Monte Carlo
samples of order > 105 is needed to get an accurate pre-
diction for the binding energy. We instead use Nk = 64
points in a Gauss-Legendre quadrature, and use a tangen-
tial change of variables to extend the integration range
from 0 to kmax = 500 fm�1. This approach provides a
dense mesh at low momenta, while sparsely covering the
high-momentum region (only 7 mesh points lie beyond
k = 5 fm�1). We use the same quadrature to solve the
exact ground state eigenvalue problem, to set a bench-
mark for the VANN solution and find an “exact” ground
state energy, EGS = �2.2267 MeV.

The choice of a continuous momentum basis, as op-
posed to a discrete basis, is further motivated by an im-
portant result on ANNs. The Universal Approximation
Theorem guarantees that a network with a single layer
provides a faithful representation of any continuous func-
tion within a given domain, provided Nhid is large enough
[31, 32]. In this sense, working in continuous momentum
space, rather than in a discrete basis, may be advanta-
geous. One naively expects that ANNs should mimic the
shape of any wavefunction, if given enough hidden nodes to
do so. We note that perfect agreement between input and
output is likely to require a local cost function, to penalise
di↵erences throughout momentum space. This is not nec-
essarily the case here, where we use a global (integrated)
energy cost function.

We solve the variational problem in three di↵erent steps,
implemented using the ready-made PyTorch framework
[33]. First, we initialise the network using random weight
values. We sample from uniform distributions withW(1) 2
[�1, 0), b 2 [�1, 1) and W(2) 2 [0, 1). This di↵ers from
the traditional Xavier initialisation scheme, which has a
poor performance in this problem [34]. After this random
initialisation, the wavefunctions are featureless and have

2
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Nucleons are fermions 

;
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Slater-Jastrow ansatz 
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Pfaffian-Jastrow ansatz

In order for the above matrix to be skew-symmetric, the neural pairing orbitals are taken to be

Example:
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The nodal structure is improved with neural back-flow transformations
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4

Figure 1. Schematic illustration of the backflow transformation, which transforms single-particle coordinates ri 2 Rd (black
dots, top left) to quasi-particle coordinates �ri 2 Cd via the MPNN (black/white dots for real/imaginary part, top right).
The MPNN constructs an initial graph that consists of an initial feature vector (dark grey) and a hidden state (green). This
graph is then transformed via messages, defined in Eq. 7, to another graph consisting of the initial feature vectors and an
updated hidden state (indicated by di↵erent coloring). After the final iteration, the node states are linearly transformed to

the quasi-particle positions �ri = W · h(T )
i , which now contain information about all particles (D is the dimension of the last

graph’s nodes).

orbitals are a natural choice: �k(r) = exp [ik · r] with
k = 2⇡

L
n where n 2 Zd. To take into account spin, we use

the spin-orbitals �µ(r, s) = �kµ(r)�sµ,s, where s denotes
the spin of the particle at position r, and each spin-orbital
is characterized by the quantum numbers µ = (kµ, sµ).
This choice of orbitals allows us to fix the total momen-
tum of the system ktot =

P
N

i=1 ki. Furthermore, the
choice of orbitals allows us to factorize the determinant
into a product of determinants of up and down spin or-
bitals.

D. MP-NQS for the Electron Gas

To specialize the MP-NQS architecture to the HEG,
we only need to define the initial feature vectors. Since
the HEG is invariant under continuous translations and
spin inversion, we do not input single-particle informa-
tion (single-particle positions/spins) to the initial node
features. Instead, we use a learnable embedding vector
e 2 RD1 , that does not depend on the particle index i.
For the edge features, we use the translation invariant
particle-distances rij = ri � rj and their norm. To dis-
tinguish same- and opposite-spin pairs without breaking
the spin-inversion symmetry of the problem, we input
products of the form si · sj = ±1 to the edge features.

Overall, we get the following initial feature vectors:

x(0)
i

= e (15)

x(0)
ij

= [rij , krijk, si · sj ]. (16)

Notice that with this choice, the resulting backflow coor-
dinate yi preserves the spin quantum number si of the
particle i exactly.

To respect the PBCs of the simulation box, we apply
the method introduced in Ref. [21]. The components of
a vector r 2 Rd (where r can represent a single-particle
position vector ri or a distance vector rij) are mapped
to a Fourier basis r 7!

⇥
sin

�
2⇡
L
r
�
, cos

�
2⇡
L
r
�⇤

2 R2d and
the norm of the distance between two particles krijk is
replaced with a periodic surrogate krijk 7!

��sin
�
⇡

L
rij

���.
In sum, our Ansatz allows us to fix the total momen-

tum ktot, while being translation invariant and respecting
spin-inversion symmetry. Furthermore, the MP-NQS can
change the nodal surface with a number of variational pa-
rameters independent of the system size. The variational
Ansatz for the HEG uses around ⇠ 19000 variational pa-
rameters and can be trained within O(103) optimization
steps while reaching state-of-the-art accuracy. A detailed
comparison to other existing NQS approaches is given in
Appendix C.

G. Pescia, et al., 2305.08831 [cond-mat.quant-gas]
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Figure 3. Ground-state energies per particle for unpolarized
systems as a function of the number of particles, at unitarity
1/akF = 0. The effective range is fixed at kF re = 0.2.

One of the most appealing aspects of our PJ-BF ansatz is
that it does not depend on the particle number N. In light of
this, we can apply the transfer learning procedure again to
accelerate the training of the larger N cases by starting with
the parameters obtained from the smaller N cases. We use this
process to investigate the ground-state energies at unitarity
as a function of N, as shown in Figure 3. Our PJ-BF ansatz
gives energies about 0.007�0.008EFG lower than DMC for
all values of N tested, with the largest discrepancy at N = 38.
Further investigations will be required to make conclusions
about the thermodynamic limit.

As an initial comparison with existing AFQMC results,
we consider the case of N = 38 and kF re = 0.2. Our PJ-BF
ansatz yields ground-state energies 0.0061(5)EFG higher than
the AFQMC value of 0.3897(4)EFG that we extracted from
Fig. 2 of Ref.8. A portion of this discrepancy is likely due to
using different finite effective-range potentials52; discretiza-
tion effects present in AFQMC also contribute. In addition,
refinement of our network through hyperparameter tuning
could mitigate some of these discrepancies. In future work

N DMC-BCS PJ-BF Diff.
14 0.428(1) 0.4208(3) -0.007(1)
16 0.4240(2) 0.4173(4) -0.0067(4)
18 0.4206(2) 0.4139(3) -0.0067(4)
22 0.4150(2) 0.4084(3) -0.0066(4)
26 0.4109(3) 0.4038(3) -0.0071(4)
32 0.4067(3) 0.3989(3) -0.0078(4)
38 0.404(1) 0.3958(3) -0.008(1)

Table 2. Energies per particle for unpolarized systems with
different numbers of particles at kF re = 0.2.

Figure 4. Upper panel: Energy per particle in the BCS-BEC
crossover region as a function of the scattering length a for a
fixed effective range kF re = 0.2. Lower panel: Difference
between Pfaffian-Jastrow with backflow (PJ-BF) and
DMC-BCS benchmark energies. See Table 3 for the
corresponding values of v0 and µ .

we plan to carry out detailed benchmarks with the AFQMC.
To this aim, we will carefully extrapolate to the zero effective
range using the transfer learning technique outlined here, so
as to enable comparison with the AFQMC zero lattice spacing
limit.

Finally, we explore the BCS-BEC crossover region for a
fixed effective range kF re = 0.2 in Fig. 4. See Table 3 for the
values of the interaction parameters v0 and µ , as well as the
corresponding DMC-BCS benchmarks and the PJ-BF results.
Once again, we employ transfer learning, wherein we use
cases closer to unitarity to pretrain the cases that are further
away. In the BCS regime, our PJ-BF ansatz consistently yields
energies ⇠ 0.01EFG lower than those obtained from DMC-
BCS, albeit with slightly inferior performance in the BEC
regime. We attribute the minor difference in performance
of our PJ-BF ansatz between the BCS and BEC phases to
the requirement for greater flexibility in capturing the short-
range behavior of pairs in the BEC regime. We anticipate that
enlarging the size of the FNN that defines the pairing orbital
would help alleviate the small discrepancies in performance
observed between the BCS and BEC phases.

2.4 Pair distribution functions

The spin-dependent two-body radial distribution functions
capture the probability density of finding two particles with
specific spin orientations at a given separation distance.
Hence, they provide a quantitative description of the spatial
correlations and pairing phenomena between fermionic parti-
cles. Note that NQS offer a significant advantage over DMC
methods when computing expectation values of quantum me-

6/17

COLD FERMI GASES

47 J. Kim, B. Fore, AL, et al. Commun.Phys. 7 (2024) 1, 148

<latexit sha1_base64="wA1K/N+cVs7cZEOvecU6NM3/RV8="></latexit>✓
E

EFG

◆

exp

= ⇠ = 0.376(5)



BACK TO NUCLEAR PHYSICS

48 Image Credit: Jane Kim



“ESSENTIAL" HAMILTONIAN

49

Input: Hamiltonian inspired by a LO pionless-EFT expansion 

• NN potential fit to s-wave np scattering lengths 
and effective ranges
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Our “essential” Hamiltonian reproduces well the spectrum of different nuclei 

A. Gnech, AL, et al., 2308.16266
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DILUTE NUCLEONIC MATTER

28Si

B. Fore, AL, et al. in preparation
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DILUTE NUCLEONIC MATTER
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DILUTE NUCLEONIC MATTER
14 Neutrons, 14 Protons @ ρ=0.01 fm-3
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DILUTE NUCLEONIC MATTER
14 Neutrons, 14 Protons @ ρ=0.01 fm-3
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CONCLUSIONS
Tremendous progress in estimating uncertainties in theoretical calculations

• Relevant for meaningful “nuclear structure” experiments;

• Essential for Nuclear Astrophysics and Fundamental Physics

Rumsfeld: as we know, there are known 
knowns[…] We also know there are known 
unknowns […] But there are also unknown 
unknowns—the ones we don't know we 
don't know. […] it is the latter category that 
tends to be the difficult ones.
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CONCLUSIONS
NQS successfully applied to study:

➡ Ultra-cold Fermi gases, outperforming state-of-the-art continuum DMC;

➡ Dilute nucleonic matter, including the self-emergence of nuclei;  

Ongoing efforts:

➡ Medium-mass nuclei

➡ Chiral-EFT potentials

➡ Real-time dynamics

➡ Essential Elements of nuclear binding (including magnetic moments)

➡ UQ in NQS

➡ Excited states

40Ca
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