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1) Statistical aspects of empirical calibration of nuclear DFT
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Strategy for adjusting the model parameters to phenomenological data

theoretical model:
parameters 6 = (01...0n,)
—_—

observables y(™(0)

pool of fit data:
y(exp) ( exp exp))
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Strategy for adjusting the model parameters to phenomenological data

theoretical model:
parameters 6 = (01...0n,)

pool of fit data:
y(exp) ( exp exp))

N Y Y
observables y(™(0) objective function:
> da(e)
de{data}
residual:
0
§ =
od
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Strategy for adjusting the model parameters to phenomenological data

theoretical model: pool of fit data:
parameters 6 = (01...0n,) y(cxp) = (! (exp) }/anP
. Y Y
observables y™(9) objective function:
> 65
de{data}
residual:
5 Ve (0) —yg™
g =
od

'

minimal y>: bestfit@, —» predictions y"(65)

uncertainties Agy{™ from A0

correlations between y,(,‘h) “ Ym (th) (covariances)
vicinity 6o extrapolation errors AByn from residuals dq

nr. of relevant parameters

sensitivities of 0, and y. “\"
2?7 systematic errors (collectlve ground state corr.)
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Nuclar DFT models (e.g. non-relativistic)

variational formulation on the basis of a given energy functional

Etot = Ean + /dar gmodel(ﬁOa P1,70,71, J(), J1 5 §p7 §n) + ECoulomb - Ec.m.*Erot
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Nuclar DFT models (e.g. non-relativistic)
variational formulation on the basis of a given energy functional
Eiot = Exin + /dargmodel(p07 p1,70, T1,d0,91, &p, €n) + Ecoutomb — Ec.m. — Evor

Emodel is functional of local densities:
p(r) = particle, 7(r) = kinetic, J(r) = I*s, £(r) = pairing
indices: T = 0 = isoscalar, T = 1 = isovector, p = proton, n = neutron
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Nuclar DFT models (e.g. non-relativistic)
variational formulation on the basis of a given energy functional
Eot = Exin + /dargmodel(pm P1,70, 71, J07 Jy s €p7 gn) + Ecoutomb — Ec.m. — Evo

Emodel is functional of local densities:
p(r) = particle, 7(r) = kinetic, J(r) = I*s, £(r) = pairing
indices: T = 0 = isoscalar, T = 1 = isovector, p = proton, n = neutron

often point couplings: ¢, p*p volume ¢, = C,(p) dens.dep.
cv VpxVp surface
CrpxT kinetic
cis p*xVdJ spin orbit
Cpair € * & pairing Cpair = Viair + Vpuirp

<— low g expansion of effective interaction (T-matrix)
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Nuclar DFT models (e.g. non-relativistic)
variational formulation on the basis of a given energy functional
Eot = Exin + /dargmodel(pm P1,70, 71, JO; Jy s €p7 gn) + Ecoutomb — Ec.m. — Evo

Emodel is functional of local densities:
p(r) = particle, 7(r) = kinetic, J(r) = I*s, £(r) = pairing
indices: T = 0 = isoscalar, T = 1 = isovector, p = proton, n = neutron

often point couplings: ¢, p*p volume ¢, = C,(p) dens.dep.
cv VpxVp surface
CrpxT kinetic
cis p*xVdJ spin orbit
Cpair € * & pairing Cpair = Viair + Vpuirp

<— low g expansion of effective interaction (T-matrix)

typically 11—15 model parameters
volume by nuclear matter parameters: E/A, peq, K, m*/m, krrx = mi/m
surface T = 0&1, kinetic T = 0&1, spin-orbit T = 0&1
pairing 1—4 parameters
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Nuclar DFT models (e.g. non-relativistic)

variational formulation on the basis of a given energy functional

Eiot = Exin + /dargmodel(p07 P1,70, 1,490,991, €p, €n) + Ecoutomb — Ec.m. — Evot

typically 11—15 model parameters <> tuned to empirical data on nuclear bulk properties
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The pool of fit data — nuclear ground state properties

Fit Observables: |y ‘ ()
binding energy | Eg + 1MeV
r.m.s. radius r +0.02fm
diffraction radius| R + 0.04 fm
surface thickness | ¢ + (.04 fm
I*s in doubly magic
pairing (even—odd stagg.)

82

isovector
information

o
small extension in
N-Z direction
<> only weak

50 |

proton number Z

28 | semi—magic nuclei = spherical (inexpensive)

20 } 4,#“, oo and: ground state correlations < ¢

full weight
. reduced weight

20 28 50 82 126
neutron number N
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The pool of fit data — nuclear g.s. properties & radius differences
Fit Observables: |y ‘ ()

binding energy | Eg + 1MeV Fayans
r.m.s. radius r +0.02fm

diffraction radius| R + 0.04 fm|
surface thickness | ¢ + (.04 fm
82 I Jigin doubly magic Pb
pairing (even—odd stagg.)
N
@
e}
£
2 50 B Sn : 7
c
8
g_ additional fit observable:
28 R isotopic radius differences =
| >
20 | Ca i
full weight o
L . . reduced weight

20 28 50 82 126

neutron number N
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The basic probability distribution
p(Boly) = exo (_x2(0|v)> - <_(9—90)/:I(9—90)>
2

o 202

Gaussian process

(7] = model parameters
6o = model parameters at the best fit point
y = fit data
o = global scaling parameter, used in Bayesian formula
_ 2| _ N~ 999 _ oo i
Hop = 00,00, X ‘90 = Xd: Do 0o, Hessian matrix
Ca = (H™") = covariance matrix
s ( )aﬁ

P—G. Reinhard (Inst. Theor. Physics, Erlangen) (Un-)certainties in nuclear DFT UQNP-2024, Mainz, 29. June 2024 7/38



Distribution of model parameters (or: leeway of the model)

o=1 = probability of 8: P(0]y) x exp (7X2(9|y)) ~ exp (W)

Various statistical quantities can be deduced from that:

A = [ dOP(6)A(8) = expectation value of observable A
AA = \/f doP(0)(A(0) — A)2 = variance of A
AAAB = [dOP(0)(A(8) — A)(B(8) — B) = covariance A <+ B
~ A A2
ras = % = Coefficient of Determination (CoD)
P(A,B) o exp (f(A - Z)%Fl%(B - E)) = probability distr. for Aand B
— error ellipsoid in plane of A and B = correlated uncertainties
60q = v Hao = uncorrelated uncert. of 6, <> vary 6, for all other 5 fixed
Ab, = v/ Cao = correlated uncert. of 6, < vary 6., for other 65 re-optimized

leeway of 8 «+— model & data exploration and development

P—G. Reinhard (Inst. Theor. Physics, Erlangen) (Un-)certainties in nuclear DFT UQNP-2024, Mainz, 29. June 2024 8/38



Error estimates from Bayesian calculus

probability distribution for an observable y* outside the given data y:

Py ly) / do d6 p(y* |60)p(6oy)r(6)

m(0) = prior
p(Ocly) = e~ = model likelihood function

* * 2
p(y*160) =exp <_(}’(‘”}2’(90))
Dgy* o2

Doy* = variance \/f doP(0)(y+(6) — y)? =

> = probab. distribution of y* for given 6, ¢

for Gaussian processes evaluate o integration by saddle-point approximation (Ny > 1)
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Error estimates from Bayesian calculus

probability distribution for an observable y* outside the given data y:

Py ly) / do d6 p(y* |60)p(6oy)r(6)

m(0) = prior
p(Ocly) = e~ = model likelihood function

* * 2
p(y*160) =exp <_(}’(‘”}2’(90))
Dgy* o2

Doy* = variance \/f doP(0)(y+(6) — y)? =

> = probab. distribution of y* for given 6, ¢

for Gaussian processes evaluate o integration by saddle-point approximation (Ny > 1)

having p(y*|y) one can compute:
average y* and Bayesian extraploated error Agy* = \/f ay*p(y*ly)(y* — y*)?

used here for extrapolations (e.g. exotic nuclei)
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2) Variation of model and data
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Impact of model parameters
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Evolution of quality with size of model (Skyrme functional)

objective function xz

10*
number of DFT parameters
isoscalar isovector
volume 3 1+1
. 10°
vol. kinetic 1 1
surface 1 1
spin-orbit 1 1
pin 102
pairing 1+1-2

volume
+surface
+spin-orbit
+pairing

all params.

7 parameters (volume...pairing) =  already quality model
all 14 parameters — fine tuning, precision model
(isovector weakness)
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Singular Value Decomposition (SVD) of the Hessian matrix

dimensionles Hessian:
Hj 10

diagonalize H;:
eigenvectors = effective parameters

eigenvalues Ay,
«» impact of “eigen-parameter” n

iy =

eigenvalue scaled Hessian h,,

100

,_.
o
AN

—
9
N

,_.
9
w

spans 5 order of magnitude
only 4-5 relevant parameters
more data = more relev. parameters 12345678 91011121314

—_
9
e~

nr. of eigenstate n
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The impact of fit data
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The impact of fit data

compare: fitto Egonly (‘Eonly”) <+— fitto all = Eg, fims,c, Rbox,c, Tsur,c (“SV-min”)

150 3 :
0.6 g diffraction§ r.m.s.
= = 100 T radius ? | radius |
& 047 1 &
=) o 50t 1 center symbol
g 02 1 = : : +» average error
5 0 bt
s Op® ¥ E + error bar
Tg o2 | I -50 1 <> r.m.s. error
e 2 ;
S 04| { £-100 ¢ | surface | 1
i thickness!
0.6 t 1 -150 ¢ L L 1
& £ . & . &
i G BCE- R
[SARENN ] [8a] 75} [8a] 75} [8a] 5]

“E only”: fit only to Eg data = surprisingly good also for other observables
Ar, AR, Ao large «<— leeway to accomodate radii
SV-min: fit with radius data = improved radii, small sacrifice Eg

P-G. Reinhard (Inst. Theor. Physics, Erlangen) (Un-)certainties in nuclear DFT UQNP-2024, Mainz, 29. June 2024 15/38



Test: extrapolation to r-process nuclei — neutron rich Sn chain

322 L[ Bonly —— ‘ R Eonly —e—
SV-min —e— 53 7| SV-min —e— N
L 1 XXX
52 ¢
= 517
£
. O
E
49 ¢
4.8 ¢
4.7 +
85 90 95 100 105 85 90 95 100 105
neutron number N neutron number N

“E only”: large extrapolation errors

SV-min:  more fit data = more reliable extrapolations, particularly radii

2?7 more data for smaller extrapolation errors, systematic errors
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3) Isovector observables: dipole polarizability, neutron radius
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Correlations between model paramaters and observables
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Coefficients of Determination (CoD) CoD for SV-mi
oD for SV-min

T T T T T T 1
skin 2%®pb -
polar. 208pp - - 0.8
static isovector dE/A ey N
L — —
J L | 0.6
GDR 2%pp - .
dynamic isovector N _
TRK 0.4
o GQR *%pp - :
dynamic isoscalar
m*/m = -
0.2
GMR 2%®pp - .
static isoscalar .
incompr. K - B
| | | | | | | | | | )
e °o o
) N [ = = -9
NMP < giant resonances & ap & & £ & EE
. N .
large isovector block: g g g g‘ 2 N::: S g ﬁﬂ
® a = .5
heut <> ap <> neutron matter E 5 *&E S &0 om 8=
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CoD: impact of model — frozen m*/m

CoD for SV-min CoD for SV-min, but m*/m=1, k=0
1
T T T T T T T T T T T T T T T T
skin 2%pp -
polar. 208py, - T 08
dpE/Aneul 7
L | - .
J L 0.6
GDR 2®pp |- s
KTRK 0.4
GQR 2®pp |- 8
m*/m ~
0.2
GMR 2%®pp |- :
incompr. K —
[ [ [ [ 0
=
“E £ £ S F e 2E R E SF s
5 g B3 g 3 g M~ 58 =% o 2R £
£ 2 x « & < g *® fx Ex L x < ¢S
S =% 9 &2 ] 2 £ SE% o Ea B2 £
E O E O ¥ O m == &3 EVO EQO Y O maa< &%
—

less model flexibility <— more correlations
rigid m* /m overestimates correlations («+» RMF)

inhard (Inst. Theor. Physics, Erlangen) UQNP-2024, Mainz, 29. June 2024 20/38



CoD: impact of model — more p-dependence

CoD for SV-min

SV-ext = SV-min + all parameters density dep.

208Pb

skin
polar. 28py,
d E/A,

L

J
GDR *%pp -

neut

KTRK
GOR %pp -
m*/m
GMR 2%pp -

incompr. K

incompr. K -
GMR *%pp |-
m*/m
GOR 2%pp -
KTRK
GDR 2%pp -

J
L

hard (Inst. Theor. Physics, Erlangen)

L [ ! ! Lo
= = ) o =
‘5%&5 f;ﬁn" oo o Sﬁmé
< .8 &, T8 %7 <08
5 & = g E 2 ¥ & I 5
=<E 9 f4 232 £
T A E O E QO ¥ OmAaw &4

_—

more model flexibility +— less correlations
L almost decoupled from rew, ap

UQNP-2024, Mainz, 29. June 2024
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Coefficient of Determination(CoD) CoD for SV-mi
oD for SV-min

T T T T T T 1
skin 2%pb -
polar. 208pp - - 0.8
static isovector dE/A ey B
L - _
J L | 0.6
GDR 2%pp - .
dynamic isovector N _
TRK 0.4
o GOQR 2%pp - .
dynamic isoscalar
m*/m = -
0.2
GMR 2%®pp - .
static isoscalar .
incompr. K - —
| | | | | | | | | | )
e °o o
) N [ = = -9
check relation ap <— Feu £ g £ £ B wa'i
Q Q =)
E ¥ Ex vx S 5%
2 E © O E a Lﬂv::. ° =2
EVC EC YO m T &3
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Neutron radii and Pb/Ca Radius EXperiment (PREX/CREX)
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Measuring the neutron radius
(ignore here proton and « scattering)

PREX = Pb Radius EXperiment / CREX = Ca Radius Experiment:
scattering of high-energy polarized electrons (beam energy E;, = 953 MeV / 2182 MeV)

= Parity-Violating Asymmetry Apv(q) (o4 — 0)/ 00t
at transfered momentum g = 0.39/fm / 0.873/fm

isovector dipole polarizability ap:

00(Emax)
from photo-absorption strength o, as ap = / dEE~2 o, (E)
0

= measuring Apy = Measuring feu formally equivalent
measuring r..u close to measuring ap  statistical correlation
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Compatibility of Apy and ap measurements in 298Pp

590 | o 'RMF PC-min ===

585 | : U) Skyrme | —

580 F N ) —
& 570 | O ]
<E 565 s

560 s,

)

333 goal g,

550 | *P- S

545

19 20 21 2 23 24
polarizability o, (fm”)

uncertainty ellipsoids follow the trends along variation of symmetry energy L

the trend avoids the matching point in plane of ap and Apy
Apv & ap cannot be tuned simultaneously
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Compatibility of Apy measurements in 2%Pb and “Ca

SV-min
fit APV
580 | . PC-min

070 +

260

Apy (*®Pb) (ppb)

050

2300 2400 2500 2600
Apy(**Ca) (ppb)

again: error ellipsoids avoid the goal
attempt to fit additionally both Apy does not work
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“Predictions” for slope of symmetry energy L

PC-min 3 PC-min* E=—3 SV-min 3 SV-min* C—1

;‘ -
5 140 ]
=)
a3 120 ]
>
2 100 T
5 g {
zZ \ /
g 60 T
S 40
2
S 20 -
o
< 0 : : : : : :
550 560 570 580 590 19 20 21 2 23
Apy(C®Pb) [ppb] polarizability ap,(***Pb) [fm?]
conflicting predictions:  Apy < L=~120-... MeV
ap < L ~10-40 MeV

mean-field <« L ~20-90 MeV
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4) Isotopic radius diferrences
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Isotopic shifts in Ca isotopes
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The problem: trend of r.m.s. radii (isotopic shifts) in Ca chain

& 0.6 —

& Ca

s 047+

3

02

<

N&) O b g @M
RS . ‘ ‘ Slen ——
o

% 36 38 40 42 44 46 48 50 52

mass number A

SVmin = fit of Skyrme functional with “traditional pairing” (contact force & density dep.)
= theory averages nicely, but fails to reproduce the trend mid-shell
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The problem: trend of r.m.s. radii (isotopic shifts) in Ca chain

a7 0.6 —

& Ca

s 047 i
I

02 —
<

a0 [ e P e S
'::i 02 | exp. —®— |
o SVmin+uncert. —e—
=

= 36 38 40 42 44 46 48 50 52

mass number A

SVmin = fit of Skyrme functional with “traditional pairing” (contact force & density dep.)
= theory averages nicely, but fails to reproduce the trend mid-shell
deviation far outside uncertainty «— correlations or functional?
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Impact of collective ground-state corrrelations

g.s. vibrations from low-lying 2% states contribute to radii

isotopic shifts SrZ(A'40Ca) [frr

0.6

0.4

0.2

SVmin

mean field —eo—

correlated —o—
exp +

Ca |

36 38 40 42 44 46 48 50 52

mass number A

the effect is visible, but too small = the problem is the functional
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Find most promising feature of functional

look at statistical correlations to find strongest lever

2,44-40

correlation with iso.-shift 6r°( Ca) for SV-min

5

§ 03 B 7
= 025+ 1
(]

8 02t 1
_§ 0.15 .
= 0.1 1
o L .
§ 0.0g ’—|7

incompress.
surface
sym.energy
eff. masses
spin-orbit
pairing

symmetry energy: fixed by polarizability

spin-orbit splittings:  conceivable but limited changeability

pairing: least well known, least well fixed = try Fayans pairing
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Fit isotopic trend with Fayans functional: Fy(Ar,HFB) the solution

N \

E 06 |Ca

T 04}

[S®)

o027

<

e O = 1
= -02¢ SVmin —e—

S 04 L ~ Fy(Ar) —e—

2 -0

g 36 38 40 42 44 46 48 50 52

mass number A

Fayans pairing: Epir = £ (Vpair + Voairp + V[::lir(vp)z)
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Fit isotopic trend with Fayans functional: Fy(Ar,HFB) the solution

N \

E 06 |Ca

T 04}

[S®)

o027

<

e O = 1
= -02¢ SVmin —e—

S 04 L ~ Fy(Ar) —e—

2 -0

g 36 38 40 42 44 46 48 50 52

mass number A

Fayans pairing: Epir = £ (Vpair + Voairp + V[::lir(vp)z)

= Fy(Ar,HFB) reproduces trend for Ca isotopes almost perfectly
larger uncertainties +» more flexible model
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Isotopic shifts in Sn & Pb isotopes
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The problem: trends in Sn & Pb isotopes, odd-even staggerings

0.6 . . ] i .
Ca chain Sn chain Pb chain

=

g 0.4

N(s - W .

S of Noa

2

£-02 |

2

S
~

eXp —®—

Fy(Ar, HFB)

36 40 44 48 52120 124 128 132 136 200 204 208 212
mass number A

Fy(Ar,HFB) fails in: isotopic trends Sn & Pb, kinks at '®2Sn & 2%®Pb, odd-even staggering
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The problem: trends in Sn & Pb isotopes, odd-even staggerings

extend Fayans functional by isovector pairing (IVP)
add fit data on odd-even staggering and isotopic trends in Sn&Pb

I
=N

Ca chain Sn chain | Pb chain

7]

[fm
o
~

5

isotopic shifts dr
S ¢
(3%}
L

S
~

exp —*— |
Fy(Ar,HFB) —e—
‘ ‘ ‘ Y. Fy(IVP) —e— ‘ ‘ ‘
36 40 44 48 52120 124 128 132 136 200 204 208 212
mass number A

= Fy(IVP): considerable improvement, fair isotopic differences over a wide range
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Conclusions

Nuclear DFT uses empirical input «+ statistical methods

— simple methods (frequentists, Gaussian):
variances, co-variances, ... = model development, data selection

— Bayesian calculus:
reliable extrapolation errors,...
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Headaches

uQ:
non Gaussian regimes/observables — DFT emulators

DFT development:

systematic expansion O{V?},

what about density dependence? — no systematics, not enough data
decisive isovector observables?

extrapolation:

infer AgE(exotic) from AgE(known)

infer Agr(exotic) from Agr(known)

what about an observable A for which A(known) does not exist? (€.9. feu)

systematic errors:
which ground-state correlations are incorporated in DFT?
— e.g.: short-range = yes, long-range = no
effective operators? reliable mean-field operators?
formal structure of the functional (see above “density dependence”)

P—G. Reinhard (Inst. Theor. Physics, Erlangen) (Un-)certainties in nuclear DFT UQNP-2024, Mainz, 29. June 2024 37/38



Reinhard (Inst. Theor. Physics, Erlange! certainties in nuclear DFT



	Statistical aspects of empirical calibration of nuclear DFT
	Variation of model and data
	Isovector observables: dipole polarizability, neutron radius
	Isotopic radius differences
	Conclusions

