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Lattice QCD
Lattice QCD enables nonperturabtive calculations of QCD path integrals numerically

hOi =

Z
DUDqDq e�SQCD(U,q,q)

O(U, q, q)
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Quark fields integrated out 
analytically, propagators 
obtained with matrix inversion

Monte Carlo sample 
gluon fields with 
probability

109 ⇥ 109
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hf |J |ii /

Finite volume + non-zero lattice spacing:
Dq ⌘

4Y

µ=1

(L/a)�1Y

xµ=0

dq(x)
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       finite number of integrals to compute



Nuclear physics from LQCD
Lattice QCD is a many-body method — just simulate a few 100 quarks



Nuclear physics from LQCD
Lattice QCD is a many-body method — just simulate a few 100 quarks

Energy spectrum of up to 6000 pions in 
a box:

Abbot, Detmold, Romero-Lopez, MW et al [NPLQCD], 
PRD 108 (2023)

Abbot, Detmold, Romero-Lopez, MW et al [NPLQCD], 
arXiv:2406.09273

Speed of sound at large isospin density

Previous world record: 72 pions
Detmold, Orginos, and Shi, PRD 86 (20212)



What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Lattice QCD is a many-body method — just simulate a few 100 quarks
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aE(t) = � ln
C(t+ a)

C(t)
= aE0 + . . .



What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

Lattice QCD is a many-body method — just simulate a few 100 quarks
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Bound vs scattering states
Working in finite volume is not only necessary for LQCD, it can be helpful 

• Excitation gaps vanish in infinite-volume for unbound systems

• Volume dependence of energy spectra can distinguish bound vs scattering states

Infinite-volume bound state Infinite-volume scattering state

[E(L)� E(1)] / a

ML3
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[E(L)� E(1)] / e��L

�L
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Review: Briceño, Dudek, Young, 
Rev. Mod. Phys. 90 (2018)

Quantization condition 
proven for generic 
relativistic QFT

Lüscher, Commun. Math. Phys. 105 (1986)



What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

or

Lattice QCD is a many-body method — just simulate a few 100 quarks
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Correlation functions

• Large (imaginary) t behavior of correlation functions governed by E0

=
X

n

|Zn|2e�Ent
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Imaginary time evolution e�iHtreal = e�H(itreal)
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We don’t know the wave functions of QCD energy eigenstates a priori

Lowest-energy state with same quantum 
numbers dominates for sufficiently large t CA(t) / e�E0t + . . .
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↵
=

X

n

⌦
0|A(0)e�Ht|n

↵ ⌦
n|A†(0)|0

↵
+ . . .
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2-point function:

• Start with “interpolating operators” that have the right quantum numbers



10

Effective masses
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Avkhadiev, Shanahan, MW, Zhao, PRD 108 (2023)

Effective mass “plateau” signals ground state 
dominates correlation function at finite t

For simple states, e.g. low-momentum pion, 
simple interpolating operators and t ~ 1 fm 
appear sufficient

Ee↵(t) =
1

a
ln


CA(t+ a)

CA(t)

�
= E0 +O(e�(E1�E0)t)
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Fitted dispersion relations agree with continuum 
expectations + discretization effects



Shanahan, Tibuzri, MW, Winter, PRL 120 (2018)

The signal-to-noise problem
Nucleon ground state dominates correlation 

function for large  

Variance of nucleon correlation 
function is itself a 
correlation function with 
quantum numbers of NN

<latexit sha1_base64="u4Db7NE7zdKhCztUcrZJPQrGZsg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG1elgn1AO5RMmmlDM8mYZApl6He4caGIWz/GnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvsv89oQqzaR4NNOY+hEeChYygo2V/HpPWjcLp/VZv1xxq+4caJV4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0VuolmsaYjPGQdi0VOKLaT+dHz9CZVQYolMo+YdBc/Z1IcaT1NArsZITNSC97mfif101MeOOnTMSJoYIsFoUJR0airAE0YIoSw6eWYKKYvRWREVaYGNtTyZbgLX95lbQuqt5l9erhslK7zesowgmcwjl4cA01uIcGNIHAEzzDK7w5E+fFeXc+FqMFJ88cwx84nz8hKZJY</latexit>

The lightest allowed state is 3⇡

<latexit sha1_base64="nqWb9V1qXpwvppYzNNw1NaOKXyE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0uXfYTNqjW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKx1z3MTE2RYGUY4nVX6qaYJJhM8oj1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/vF5qopsgYzJJDZVksShKOTIxyh9HQ6YoMXxqCSaK2VsRGWOFibHxVGwI3vLLq6R9Ufca9auHRq15W8RRhhM4hXPw4BqacA8t8IHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w/FIo4S</latexit>

CN (t) ⇠ e�MN t
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StN[CN (t)] =
hCN (t)ip
Var[CN (t)]

⇠ e�(MN� 3
2m⇡)t

<latexit sha1_base64="GDRv9u2hlQiR6x95BsNKtKDxP2g="></latexit>

Parisi, Phys.Rept. 103 (1984)

Lepage, TASI (1989)
Implies signal-to-noise ratios scale as

Same analysis for a system of A nucleons:



What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

Getting large enough imaginary times to suppress excited-state effects can be 
challenging or impossible for multi-nucleon systems

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

or

Lattice QCD is a many-body method — just simulate a few 100 quarks

<latexit sha1_base64="7uNV06VqFKnKL70jVzuvWdaBd1Q=">AAACGXicbVBNSwMxEM36WetX1aOXYBFaxLIrol6EYil4VLC10C1lNs22wWx2SWaFsvRvePGvePGgiEc9+W9Maw9+PRjm8d4MybwgkcKg6344M7Nz8wuLuaX88srq2nphY7Np4lQz3mCxjHUrAMOlULyBAiVvJZpDFEh+HdzUxv71LddGxOoKhwnvRNBXIhQM0Erdggv1EpbpKd33paJ+qIFltRLuQXk07uWRtaDedeke9WUvRtMtFN2KOwH9S7wpKZIpLrqFN78XszTiCpkEY9qem2AnA42CST7K+6nhCbAb6PO2pQoibjrZ5LIR3bVKj4axtqWQTtTvGxlExgyjwE5GgAPz2xuL/3ntFMOTTiZUkiJX7OuhMJUUYzqOifaE5gzl0BJgWti/UjYAmw7aMPM2BO/3yX9J86DiHVWOLg+L1bNpHDmyTXZIiXjkmFTJObkgDcLIHXkgT+TZuXcenRfn9Wt0xpnubJEfcN4/AdyHnSQ=</latexit>

aE(t) = � ln
C(t+ a)

C(t)
= aE0 + . . .



Signal-to-noise and quark mass

Exponential signal-to-noise degradation becomes less severe at large quark masses

Empirical formula for 

(note this is the wrong scaling near the 
chiral limit)

Exponent halved for                               , many proof-of-principle calculations of 
multi-nucleon systems performed for quark masses in this regime

Walker-Loud, PoS LATTICE2013 (2014)



L = 3.5 fm ! 7.0 fm
<latexit sha1_base64="KDYV7JSMqPD7D7mtm+vHpAAi9lA=">AAACFnicbVC7SgNBFJ31GeNr1dJmMAg2LrtGiY0QtLGwiGAekF3C7GQ2GTL7YOauGpZ8hY2/YmOhiK3Y+TdOHkVMPHDhcM693HuPnwiuwLZ/jIXFpeWV1dxafn1jc2vb3NmtqTiVlFVpLGLZ8IligkesChwEaySSkdAXrO73roZ+/Z5JxePoDvoJ80LSiXjAKQEttczjG3yBi9aZi11gj5AF4QC7kne6QKSMH3DJsqesllmwLXsEPE+cCSmgCSot89ttxzQNWQRUEKWajp2AlxEJnAo2yLupYgmhPdJhTU0jEjLlZaO3BvhQK20cxFJXBHikTk9kJFSqH/q6MyTQVbPeUPzPa6YQnHsZj5IUWETHi4JUYIjxMCPc5pJREH1NCJVc34ppl0hCQSeZ1yE4sy/Pk9qJ5RQt+/a0UL6cxJFD++gAHSEHlVAZXaMKqiKKntALekPvxrPxanwYn+PWBWMys4f+wPj6BQh+nhg=</latexit>

a = 0.145 fm
<latexit sha1_base64="bg7rxbBijFY7WbZQxnNY+tzkBEA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKt6EYounFZwT6gCWUynbRDZ5IwcyPWUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4JEcA2O820tLC4tr6wW1orrG5tb2/bObkPHqaKsTmMRq1ZANBM8YnXgIFgrUYzIQLBmMLge+817pjSPozsYJsyXpBfxkFMCRurY+wRfYqfsVs487AF7gCyUo45dcsrOBHieuDkpoRy1jv3ldWOaShYBFUTrtusk4GdEAaeCjYpeqllC6ID0WNvQiEim/Wxy/QgfGaWLw1iZigBP1N8TGZFaD2VgOiWBvp71xuJ/XjuF8MLPeJSkwCI6XRSmAkOMx1HgLleMghgaQqji5lZM+0QRCiawognBnX15njROyu5p2bmtlKpXeRwFdIAO0TFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PaumDlM3voD6zPHw5Mk7M=</latexit>

Yamazaki et al, PRD 86 (2012)

Beane et al [NPLQCD], PRD 87 (2013) L = 2.9 fm ! 5.8 fm
<latexit sha1_base64="7mwdF4vMP76cuvsmG+5MgTGAfII=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAhWy25UjIUQtLGwiGAekA1hdjKbDJl9MHNXDUv+wsZfsbFQxFY7/8ZJskVMPHDhcM693HuPFwuuwLZ/jIXFpeWV1dxafn1jc2vb3NmtqSiRlFVpJCLZ8IhigoesChwEa8SSkcATrO71r0Z+/Z5JxaPwDgYxawWkG3KfUwJaapvWDb7ARevcxS6wR0j9YIhdybs9IFJGD/jUKuEpr20WbMseA88TJyMFlKHSNr/dTkSTgIVABVGq6dgxtFIigVPBhnk3USwmtE+6rKlpSAKmWun4ryE+1EoH+5HUFQIeq9MTKQmUGgSe7gwI9NSsNxL/85oJ+KVWysM4ARbSySI/ERgiPAoJd7hkFMRAE0Il17di2iOSUNBR5nUIzuzL86RWtJxjy749KZQvszhyaB8doCPkoDNURteogqqIoif0gt7Qu/FsvBofxuekdcHIZvbQHxhfv3lVnks=</latexit>

Nuclei from LQCD
Calculations of 2-5 baryon correlation functions using asymmetric 

correlation functions

m⇡ ⇠ 510 MeV
<latexit sha1_base64="6KSVVil53WAbPz2+ZKglaBXGPeg=">AAACA3icbVDJSgNBEO2JW4xb1JteGoPgKcy4oMegFy9CBLNAJoSeTiVp0j0zdNeIYQh48Ve8eFDEqz/hzb+xsxw08UHB470qquoFsRQGXffbySwsLi2vZFdza+sbm1v57Z2qiRLNocIjGel6wAxIEUIFBUqoxxqYCiTUgv7VyK/dgzYiCu9wEENTsW4oOoIztFIrv6dafiyob4SiZ57rUx/hAdMbqA5b+YJbdMeg88SbkgKZotzKf/ntiCcKQuSSGdPw3BibKdMouIRhzk8MxIz3WRcaloZMgWmm4x+G9NAqbdqJtK0Q6Vj9PZEyZcxABbZTMeyZWW8k/uc1EuxcNFMRxglCyCeLOomkGNFRILQtNHCUA0sY18LeSnmPacbRxpazIXizL8+T6nHROym6t6eF0uU0jizZJwfkiHjknJTINSmTCuHkkTyTV/LmPDkvzrvzMWnNONOZXfIHzucPgDmWyg==</latexit>

m⇡ ⇠ 806 MeV
<latexit sha1_base64="5vrups7WQmo52iX3VVcaFP9LAfs=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0HwFHZVNMegFy9CBPOAbAizk04yZGZ3mekVwxLw4q948aCIV3/Cm3/j5HHQxIKGoqqb7q4glsKg6347C4tLyyurmbXs+sbm1nZuZ7dqokRzqPBIRroeMANShFBBgRLqsQamAgm1oH818mv3oI2IwjscxNBUrBuKjuAMrdTK7auWHwvqG6Fo0T33qY/wgOkNVIetXN4tuGPQeeJNSZ5MUW7lvvx2xBMFIXLJjGl4bozNlGkUXMIw6ycGYsb7rAsNS0OmwDTT8Q9DemSVNu1E2laIdKz+nkiZMmagAtupGPbMrDcS//MaCXaKzVSEcYIQ8smiTiIpRnQUCG0LDRzlwBLGtbC3Ut5jmnG0sWVtCN7sy/OkelLwTgvu7Vm+dDmNI0MOyCE5Jh65ICVyTcqkQjh5JM/klbw5T86L8+58TFoXnOnMHvkD5/MHjL6W0g==</latexit>
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• Ground state energy appears approximately volume independent

a = 0.09 fm
<latexit sha1_base64="Ha94GPFQTK6Y3lmpjsXRzYhgH/0=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KooB6EohePFewHNKFstpt26WYTdidiCPWvePGgiFd/iDf/jds2B60+GHi8N8PMvCARXIPjfFmlpeWV1bXyemVjc2t7x97da+s4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJxtdTv3PPlOaxvIMsYX5EhpKHnBIwUt+uEnyJnbpz4WEP2APkYTTp2zWjzID/ErcgNVSg2bc/vUFM04hJoIJo3XOdBPycKOBUsEnFSzVLCB2TIesZKknEtJ/Pjp/gQ6MMcBgrUxLwTP05kZNI6ywKTGdEYKQXvan4n9dLITz3cy6TFJik80VhKjDEeJoEHnDFKIjMEEIVN7diOiKKUDB5VUwI7uLLf0n7uO6e1J3b01rjqoijjPbRATpCLjpDDXSDmqiFKMrQE3pBr9aj9Wy9We/z1pJVzFTRL1gf35sVk3g=</latexit>

• First excited state shows volume dependence consistent with unbound

• Operators with two different smearings give consistent results

Data from Beane et al [NPLQCD], PRD 87 (2013)
t



a = 0.145 fm
<latexit sha1_base64="bg7rxbBijFY7WbZQxnNY+tzkBEA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKt6EYounFZwT6gCWUynbRDZ5IwcyPWUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4JEcA2O820tLC4tr6wW1orrG5tb2/bObkPHqaKsTmMRq1ZANBM8YnXgIFgrUYzIQLBmMLge+817pjSPozsYJsyXpBfxkFMCRurY+wRfYqfsVs487AF7gCyUo45dcsrOBHieuDkpoRy1jv3ldWOaShYBFUTrtusk4GdEAaeCjYpeqllC6ID0WNvQiEim/Wxy/QgfGaWLw1iZigBP1N8TGZFaD2VgOiWBvp71xuJ/XjuF8MLPeJSkwCI6XRSmAkOMx1HgLleMghgaQqji5lZM+0QRCiawognBnX15njROyu5p2bmtlKpXeRwFdIAO0TFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PaumDlM3voD6zPHw5Mk7M=</latexit>

Beane et al [NPLQCD], PRD 87 (2013) L = 2.9 fm ! 5.8 fm
<latexit sha1_base64="7mwdF4vMP76cuvsmG+5MgTGAfII=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAhWy25UjIUQtLGwiGAekA1hdjKbDJl9MHNXDUv+wsZfsbFQxFY7/8ZJskVMPHDhcM693HuPFwuuwLZ/jIXFpeWV1dxafn1jc2vb3NmtqSiRlFVpJCLZ8IhigoesChwEa8SSkcATrO71r0Z+/Z5JxaPwDgYxawWkG3KfUwJaapvWDb7ARevcxS6wR0j9YIhdybs9IFJGD/jUKuEpr20WbMseA88TJyMFlKHSNr/dTkSTgIVABVGq6dgxtFIigVPBhnk3USwmtE+6rKlpSAKmWun4ryE+1EoH+5HUFQIeq9MTKQmUGgSe7gwI9NSsNxL/85oJ+KVWysM4ARbSySI/ERgiPAoJd7hkFMRAE0Il17di2iOSUNBR5nUIzuzL86RWtJxjy749KZQvszhyaB8doCPkoDNURteogqqIoif0gt7Qu/FsvBofxuekdcHIZvbQHxhfv3lVnks=</latexit>

Nuclei from LQCD
Calculations of 2-5 baryon correlation functions using asymmetric 

correlation functions
m⇡ ⇠ 806 MeV

<latexit sha1_base64="5vrups7WQmo52iX3VVcaFP9LAfs=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0HwFHZVNMegFy9CBPOAbAizk04yZGZ3mekVwxLw4q948aCIV3/Cm3/j5HHQxIKGoqqb7q4glsKg6347C4tLyyurmbXs+sbm1nZuZ7dqokRzqPBIRroeMANShFBBgRLqsQamAgm1oH818mv3oI2IwjscxNBUrBuKjuAMrdTK7auWHwvqG6Fo0T33qY/wgOkNVIetXN4tuGPQeeJNSZ5MUW7lvvx2xBMFIXLJjGl4bozNlGkUXMIw6ycGYsb7rAsNS0OmwDTT8Q9DemSVNu1E2laIdKz+nkiZMmagAtupGPbMrDcS//MaCXaKzVSEcYIQ8smiTiIpRnQUCG0LDRzlwBLGtbC3Ut5jmnG0sWVtCN7sy/OkelLwTgvu7Vm+dDmNI0MOyCE5Jh65ICVyTcqkQjh5JM/klbw5T86L8+58TFoXnOnMHvkD5/MHjL6W0g==</latexit>

TOD
O

EFT: Barnea et al, PRL 114 (2015)



Two-body currents in LQCD

Flavor decomposition of axial matrix elements of two and three nucleon 
systems computed with                           m⇡ = 806 MeV

<latexit sha1_base64="Sh/+vWOjQSEBdvrSD030q9i+cMM=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2FXouYiBL14ESKYByQhzE56kyGzD2Z6xbDm4K948aCIV3/Dm3/jJNmDJhY0FFXddHe5kRQabfvbWlhcWl5Zzaxl1zc2t7ZzO7s1HcaKQ5WHMlQNl2mQIoAqCpTQiBQw35VQdwdXY79+D0qLMLjDYQRtn/UC4QnO0Eid3L7faUWCXtCSfdZCeMCE3kBt1Mnl7YI9AZ0nTkryJEWlk/tqdUMe+xAgl0zrpmNH2E6YQsEljLKtWEPE+ID1oGlowHzQ7WRy/4geGaVLvVCZCpBO1N8TCfO1Hvqu6fQZ9vWsNxb/85oxeqV2IoIoRgj4dJEXS4ohHYdBu0IBRzk0hHElzK2U95liHE1kWROCM/vyPKmdFJxi4fS2mC9fpnFkyAE5JMfEIeekTK5JhVQJJ4/kmbySN+vJerHerY9p64KVzuyRP7A+fwAoNZTs</latexit>

Chang, MW et al [NPLQCD], PRL 120 (2018)

Parreño, MW et al [NPLQCD] PRD 103 (2021)

Axial current matrix element 
calculations with                       
permit preliminary extrapolations to 
physical quark masses

m⇡ = 450 MeV

<latexit sha1_base64="O9OpK4/6JiFqjN0j3RDGqxc9o40=">AAAB/3icbVDJSgNBEO2JW4xbVPDipTEInsKMJOhFCHrxIkQwC2SG0NOpJE16FrprxDDm4K948aCIV3/Dm39jZzlo4oOCx3tVVNXzYyk02va3lVlaXlldy67nNja3tnfyu3t1HSWKQ41HMlJNn2mQIoQaCpTQjBWwwJfQ8AdXY79xD0qLKLzDYQxewHqh6ArO0Ejt/EHQdmNBL2ipbLsID5jSG6iP2vmCXbQnoIvEmZECmaHazn+5nYgnAYTIJdO65dgxeilTKLiEUc5NNMSMD1gPWoaGLADtpZP7R/TYKB3ajZSpEOlE/T2RskDrYeCbzoBhX897Y/E/r5Vg99xLRRgnCCGfLuomkmJEx2HQjlDAUQ4NYVwJcyvlfaYYRxNZzoTgzL+8SOqnRadULN+WCpXLWRxZckiOyAlxyBmpkGtSJTXCySN5Jq/kzXqyXqx362PamrFmM/vkD6zPHyBnlOc=</latexit>

Two-nucleon axial matrix 
elements relevant for proton-
proton fusion computed, 
used to constrain two-body 
currents

Savage, MW et al [NPLQCD], PRL 119 (2017)

Analogous two-body currents important for 
double-beta decay, first study:

Davoudi, Grebe, MW et al, arXiv:2402.09362



Systematic uncertainties

• Heavier than physical quark masses only 

• One lattice spacing 

• Excited-state effects

Present-day LQCD studies of nuclei still have several systematic uncertainties 
that need to be studied in detail



• Heavier than physical quark masses only 

• One lattice spacing 

• Excited-state effects

Systematic uncertainties
Present-day LQCD studies of nuclei still have several systematic uncertainties 

that need to be studied in detail

Gap between ground and two-nucleon finite-volume “scattering” states becomes 
small for large volumes, ground-state dominance relies on overlap factors
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<latexit sha1_base64="NhbzkLzwC5Iqt9UwDWYqWXCciIw="></latexit>
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<latexit sha1_base64="CsInhY8oRrjx6OUWln6FBHL7SKY=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSlIquiy6caFQwT6giWUynbRDZ5IwcyOU0K0bf8WNC0Xc+gfu/BunbRbaeuBeDufcy8w9QSK4Bsf5tpaWV1bX1gsbxc2t7Z1de2+/qeNUUdagsYhVOyCaCR6xBnAQrJ0oRmQgWCsYXk781gNTmsfRHYwS5kvSj3jIKQEjdW3s9ZgAgj3NJfZCRWhWxV7C7yvj7Oba9K5dcsrOFHiRuDkpoRz1rv3l9WKaShYBFUTrjusk4GdEAaeCjYteqllC6JD0WcfQiEim/Wx6yRgfG6WHw1iZigBP1d8bGZFaj2RgJiWBgZ73JuJ/XieF8NzPeJSkwCI6eyhMBYYYT2LBPa4YBTEyhFDFzV8xHRATB5jwiiYEd/7kRdKslN1q+fS2Wqpd5HEU0CE6QifIRWeohq5QHTUQRY/oGb2iN+vJerHerY/Z6JKV7xygP7A+fwA6Wplo</latexit>

For non-positive-definite correlation functions, cancellations between the ground and 
excited-state could in principle conspire to form a “false plateau”

See e.g. Iritani et al, JHEP 10 (2016)

All Z factors in spectral representation guaranteed to be positive for symmetric 
correlation functions



Variational methods

Although application of variational methods to multi-nucleon systems has long been 
advocated, it has only recently become computationally feasible

Li et al, PRD 103 (2021)
Peardon et al PRD 80 (2009)

Morningstar et al PRD 83 (2011)

Detmold, MW et al, PRD 104 (2021)

Robust upper bounds on energy spectrum can be obtained by diagonalizing symmetric 
matrices of correlation functions

All LQCD nuclear 
matrix element 
calculations so far

Distillation: Sparsening:



Six-quark operator catalog

Hexaquark

Two nucleons (at rest) Two nucleons 
(in motion)

Two correlated 
nucleons

Many six-quark operators have 
the right quantum numbers to 
describe a deuteron at rest



Two neutrons in a box

Amarasinghe, MW et al [NPLQCD], PRD 107 (2023) 
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Diagonalization of correlation-function 
matrices can be used to remove 
excited-state contamination from 
states strongly overlapping with other 
operators 

Each energy level dominantly overlaps 
with one operator structure, sub-
dominant operators collectively 30%



Interpolating operator dependence
Removing interpolating operators leads to 

“missing energy levels” for states 
dominantly overlapping with omitted 
operators

Amarasinghe, MW et al [NPLQCD], PRD 107 (2023) 



Interpolating operator dependence
Removing interpolating operators leads to 

“missing energy levels” for states 
dominantly overlapping with omitted 
operators

Variational upper bounds obtained 
using different interpolating operator 
sets are consistent

Ground-state energy estimates using 
different interpolating-operator sets 
show large discrepancies

Amarasinghe, MW et al [NPLQCD], PRD 107 (2023) 



The deuteron channel
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Low-energy states again 
have majority overlap 
with 1 operator structure

Finite-volume analogs of S-wave and D-wave operators included to provide a 
complete set of dibaryon operators with sufficiently low relative momentum

Dominantly S-wave Dominantly D-, G-, or I-wave

Spin-orbit coupling complicates the deuteron channel

Amarasinghe, MW et al [NPLQCD], PRD 107 (2023) 



Towards NN scattering from LQCD
Variational calculations including a wide range of two-nucleon operators lead to 

precise determinations of NN energy spectra, constraints on NN phase shifts
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• Consistency among studies with similar 
interpolating operators 

• Significant tensions between calculations 
with different operators

Lüscher 
quantization 
condition

Amarasinghe, MW et al [NPLQCD], PRD 107 (2023) 



Excited-states or overlap problem?
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Toy model: 2 operators, 3 states

Z(A)
n = (✏,

p
1� ✏2, 0)
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• Both operators have small overlap       
with ground state 

• Operators are approximately 
orthogonal

GEVP eigenvalues controlled by first 
and second excited state (not 
ground state) for ✏ ⌧ et(E1�E0)
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Off-diagonal correlator conversely has 
perfect ground-state overlap

Apparent plateau of hexaquark-
dibaryon correlation function can 
be reproduced by a linear 
combination of ground- and 
excited-state GEVP energy 
levels

GEVP predicts slow approach from 
below for much larger
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t � 40a ⇠ 6 fm



Broadening the operator catalog

• Complete bases of 
local hexaquark 
operators with 
deuteron and 
dineutron quantum 
numbers

• Plane-wave dibaryon 
operators including 
all spinor 
components*

• Exponentially 
correlated quasi-
local operators 
including all spinor 
components*

*previous study used only the Dirac basis upper components arising in nonrelativistic 
quark models

Detmold, Perry, MW et al [NPLQCD], 
arXiv:2404.12039



New operator results
Hidden-color hexaquark and lower-spin-component 

dibaryon operators do not significantly affect 
low-energy spectrum

• Hidden-color hexaquarks overlap predominantly 
with particular excited states that may have 
novel structure

Detmold, Perry, MW et al [NPLQCD], arXiv:2404.12039



Two-nucleon variational bounds
Variational bounds: robust evidence that there is an “extra” energy level in both 

deuteron and dineutron spectra beyond those arising for non-interacting nucleons

Variational bounds: if saturated, then ground state is unbound and there is some sort 
of resonant feature in I=1 and I=0 nucleon-nucleon scattering (at this quark mass)

Detmold, Perry, MW et al [NPLQCD], arXiv:2404.12039



Another way to look at LQCD 
spectroscopy

MW, arXiv:2406.XXYY



Spectroscopy = finding eigenvalues

MW, arXiv:2406.XXYY

Discrete time translation symmetry enables definition of transfer matrix T

Lattice theories do not have continuous time translation symmetry defining Hamiltonian
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Energy spectrum = - ln ( spectrum of eigenvalues of  )T
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En = � ln�n

Correlation functions are matrix elements of powers of T



Lanczos and the transfer matrix
• Standard effective mass = “power-iteration algorithm” for finding eigenvalues

<latexit sha1_base64="4Xi4/GKuEy7odx3zUYVxHYy7R0U=">AAACHXicbVDLSsNAFJ34rPUVdelmsAhuLImU6kqKblxW6AuaGCbTSTtkkgwzE6HE/ogbf8WNC0VcuBH/xkmbhbYeGDiccy537vE5o1JZ1rextLyyurZe2ihvbm3v7Jp7+x2ZpAKTNk5YIno+koTRmLQVVYz0uCAo8hnp+uF17nfviZA0iVtqzIkboWFMA4qR0pJn1hyfDtkD9L0Q5lRcQoeLhKsEtu6y8NSewCLhcEmLiGdWrKo1BVwkdkEqoEDTMz+dQYLTiMQKMyRl37a4cjMkFMWMTMpOKglHOERD0tc0RhGRbja9bgKPtTKAQSL0ixWcqr8nMhRJOY58nYyQGsl5Lxf/8/qpCi7cjMY8VSTGs0VByqC+Pa8KDqggWLGxJggLqv8K8QgJhJUutKxLsOdPXiSds6pdr9Zva5XGVVFHCRyCI3ACbHAOGuAGNEEbYPAInsEreDOejBfj3fiYRZeMYuYA/IHx9QMRo6FN</latexit>��bk
↵
/ T k�1

�� 
↵

<latexit sha1_base64="15maKJHf8dVPrhQOx0TbEuQjJhU="></latexit>⌦
bk
��T

��bk
↵

⌦
bk
��bk

↵ =
C((k + 1)a)

C(ka)
= E(ka)

von Mises and Pollaczek-Geiringer,  Zeitschrift Angewandte Mathematik und Mechanik 9, 58 (1929) 



Lanczos and the transfer matrix
• Standard effective mass = “power-iteration algorithm” for finding eigenvalues
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• Modern computational linear algebra uses more sophisticated methods, e.g.

Lanczos algorithm

Lanczos, J. Res. Natl. Bur. 
Stand. B 45, 255 (1950)

Paige, PhD thesis 1971 

• Exponentially faster convergence for systems with small gaps

Saad, SIAM 17 (1980)

Kaniel, Mathematics of 
Computation 20, 369 (1966) 
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The residual bound
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MW, arXiv:2406.XXYY

• Lanczos approximation error after finite number of iterations directly computable:

• Applying Lanczos feasible by 
computing matrix elements 

 recursivelyT(m)
ij

Paige, PhD thesis 1971 

Eigenvectors of T(m)

Matrix element T (m)
m(m+1)

Rigorous quantification of excited-state effects!

• Faster convergence evident in 
studies of toy data

But the LQCD transfer matrix is 
infinite-dimensional….



Heating things up
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10-16

10-11

10-6

• Arbitrary-precision arithmetic required to achieve high convergence

• Lanczos is known to be numerically unstable with fixed-precision arithmetic … 
what about statistical noise?

• Lanczos works at finite inverse temperature (=temporal extent of lattice)

• Eigenvalues converge and residual bound is accurate even past the 
midpoint of the lattice

MW, arXiv:2406.XXYY



Will noise destroy Lanczos?
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Will noise destroy Lanczos?
• No

MW, arXiv:2406.XXYY
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• No

• Lanczos is surprisingly robust to large-time correlation function noise

MW, arXiv:2406.XXYY
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• Lanczos produces an increasingly dense forest of “spurious eigenvalues”

• No

MW, arXiv:2406.XXYY



Conservation of evil
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• Known from linear algebra 
applications that some 
converge to desired 
eigenvalues but others 
are “spurious”

• Lanczos can be applied to LQCD correlation functions just as easily

• Lots of eigenvalues values come out

MW, arXiv:2406.XXYY



Spurious eigenvalues
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• We need a way to automatically detect 
which eigenvalues are spurious and 
get rid of them

MW, arXiv:2406.XXYY



Cullum-Willoughby
• Jane Cullum and Ralph Willoughby developed a useful criterion for identifying 

spurious eigenvalues in 1981

2

Cullum and Willoughby, Journal of Computational Physics 44, 329 (1981)
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• Since transfer matrix is positive-definite by assumption, any eigenvalues with non-
zero imaginary parts can be discarded as spurious

• “Non-zero” can be kept exact even in the presence of noise by adopting 
oblique Lanczos formalism
Saad, SIAM 19 (1982)

• This gets rid of many spurious 
eigenvalues but still leaves 
some that must be wrong 
because they correspond to  
MN < mπ

MW, arXiv:2406.XXYY



Bootstrapping Cullum-Willoughby
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• Defining “pathologically close” is easy for finite matrices with floating-point roundoff 
error, harder for Monte Carlo simulations of infinite-dimensional matrices

• Distances between  and  fluctuate due to noise much more for spurious 
than non-spurious eigenvalues

T(m) T(m)
2

• Use bootstrap histograms to define cutoff
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• Largest eigenvalue not removed as spurious defines ground-state energy

Non-spurious proton energies

E0 = − ln λ(m)
0

• Excited-state energies also accessible 

MW, arXiv:2406.XXYY



Lanczos proton mass results
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• Residual bound can be used to identify 
when Lanczos results have converged, 
provides estimate of finite-  
approximation errors

t

• Bootstrap uncertainties 
complicated by outliers due 
to spurious eigenvalue 
misidentification within 
bootstrap samples

• Robust estimators e.g. based 
on confidence intervals 
critical

MW, arXiv:2406.XXYY



Correlations
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• Correlations between Lanczos results at different imaginary times fall off rapidly 
with similar scale to correlations between standard effective mass results 

MW, arXiv:2406.XXYY



Projecting out the noise
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1
• Signal-to-noise of Lanczos 

results does not degrade 
exponentially for large t

Why?

• Projection operator solution to 
signal-to-noise problem:

Della Morte and Giusti, Comp. Phys. Communications 180 (2009)

removes states from variance without quantum numbers of “signal squared,” e.g. 
three-pion states in nucleon variance

• Building such projectors is hard — but Lanczos 
provides Krylov-space approximations

Saad, SIAM 19 (1982)Saad, SIAM 17 (1980)



Lanczos LQCD spectroscopy
1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

• Lanczos enables rapid 
convergence even with small 
energy gaps

• Two-sided error bounds 
allow excited-state effects 
to be fully quantified

• Lanczos results do not show 
exponential signal-to-noise 
degradation
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Lanczos shows promise for LQCD 
studies of nucleons and nuclei where 
isolating ground states is challenging; 
further study needed!

• Spurious eigenvalues lead to 
challenges:  Cullum-Willoughby 
+ bootstrap sufficient?



Questions

• How should we present Lanczos approximation error bounds (~systematic 
uncertainties) that come with statistical uncertainties?

• Are there methods from robust statistics 
that can reduce uncertainties arising 
from spurious eigenvalue outliers?
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• Are there other diagnostics for saturation of variational bounds?

• Can we quantify excited-state uncertainties better in variational methods?


