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Bayesian uncertainty quantification to nuclear structure effects in atomic systems 
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Early 20th century

Birth of Quantum 
Mechanics

Recoil corrections

Nuclear structure effects

Fine-structure
Relativistic Quantum 

Mechanics

Lamb-shift
QED

Short History of Atomic Physics

mid 20th century late 20th century

Relativistic corrections

Radiative corrections

Recoil corrections

Nuclear structure

Systems with different 
expansion parameters

Muonic Atoms
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e-

Ordinary atoms

µ-

Muonic atoms

The muon is more sensitive to 
the nucleus

Hydrogen-like systems

Muonic Hydrogen
- Pohl et al., Nature (2010)
- Antognini et al., Science (2013)

Muonic Deuterium
- Pohl et al., Science (2016)

Muonic Helium isotopes
- Krauth et al., Nature (2021)
- Schuhmann et al., Arxiv (2023)

Muonic Atoms

Nuclear structure effects are enhanced in muonic atoms

Experimental campaign at 
PSI by the CREMA 
collaboration
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Lamb-shift and nuclear charge radii
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Lamb-shift and nuclear charge radii
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Lamb-shift and nuclear charge radii
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Lamb-shift and nuclear charge radii
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Lamb-shift and nuclear charge radii
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J. J. Krauth et. al. Nature 589,527 (2021)

A matter of precision

For muonic Helium-4 ion
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Ab-initio nuclear theory
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Ab-initio nuclear theory
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Ab-initio nuclear theory
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Solve the many-body Schrödinger equation of the nucleus

Calculate the relevant matrix elements with controlled approximations.

Our strategy is to build models for the operators from first principles

from chiral effective field theory

Ab-initio nuclear theory
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Degrees of freedom

Symmetries

Power counting

Nuclear Hamiltonians from ChEFT
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ChEFT is an expansion in powers of                

We assume that a similar expansion holds also for the calculated observables 

We assume that the expansion coefficients follow the same underlying 
distribution and use the calculated coefficients to learn about the distribution. 

Bayesian uncertainty quantification of ChEFT truncation errors



16

TPE corrections in muonic helium
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TPE corrections in muonic helium: sub-leading truncation errors
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TPE corrections in muonic helium: Regulator artifacts
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TPE corrections in muonic helium: Total uncertainty

Total uncertainty 
in the 

Two-photon nuclear structure effects 

– SSLM, Thomas R. Richardson, Sonia Bacca, Arxiv:2401.13424

– SSLM, et al. J. Phys. G: Nucl. Part. Phys. 49 105101 (2022)

– C. Ji, et al. J. Phys. G: Nucl. Part. Phys. 45 (2018)
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Nuclear structure in muonic helium: Total uncertainty

K. Pachucki et al. Rev. Mod. Phys. 96.015001 (2024)
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1.677 1.678 1.679 1.680 1.681 1.682 1.683 1.684 1.685
rc [fm]

this work at N3LO

Pachucki 2023

Krauth 2021

Sick 2008

1.960 1.965 1.970 1.975 1.980 1.985
rc [fm]

this work at N3LO

Schuhmann 2023

Sick 2014

Helium isotopes charge radii
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1.677 1.678 1.679 1.680 1.681 1.682 1.683 1.684 1.685
rc [fm]

this work at N3LO

Pachucki 2023

Krauth 2021

Sick 2008

1.960 1.965 1.970 1.975 1.980 1.985
rc [fm]

this work at N3LO

Schuhmann 2023

Sick 2014

Updating this

SSLM, Thomas R. Richardson, Sonia Bacca, Arxiv:2401.13424

Helium isotopes charge radii
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Define the nuclear structure part of this term as 

Isotope shift of muonic helium
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and

Is obtained from the Bayesian analysis

Are obtained from the Bayesian analysis

We can extract the correlation coefficient   

Assume that remaining nuclear structure effects (3-photon-
exchange, etc…) are correlated with the same correlation 
coefficient.

Exploiting correlations

with
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Isotope shift of muonic helium
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SSLM, Thomas R. Richardson, Sonia Bacca, Arxiv:2401.13424

Isotope shift of muonic helium
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Discussion points

Uncertainty quantification is an excellent starting point to coordinate 
meaningful exchanges with experimental physics.
 

The LO ChEFT interaction is statistical worse than expected.

How to improve the predictive power of ChEFT by including information on 
correlations among observables in nuclei.



28

Backup
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Two-photon nuclear structure effects in helium atoms
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The future pipeline
A. Antognini et al, Arxiv:2210.16929
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Evaluation of the TPE term

The amplitudes define a complex potential that shift the 2S-energy of the bound muon by

With                being the 2S-state of the muon. At our level of precision there are no corrections 

to 2P-states.
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Evaluation of the TPE term

With                            . 

– The five structure functions are known by calculating the leptonic part of the Feynman diagrams.  
 
– The nuclear matrix elements must be calculated numerically from Nuclear Theory.
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TPE corrections in muonic Helium

C. Ji, et al. J. Phys. G: Nucl. Part. Phys. 45 (2018)

S.S.LM, et al. In preparation for 2023
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S.S. LM, S. Bacca , N. Barnea, Front. Phys. 9, 671869 (2021)

Benchmark tests
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A matter of precision

For the muonic Helium-3 ion

K. Schuhmann et. al. Arxiv  2305.11679 (2023)
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Evaluation of the NS effects



37

eta-expansion uncertainty

  [1]  0.4%  1.3%  1.1% 0.8%

This 
work

 0.8%  1.5%  4.8% 0.9%

S.S.LM, et al. 2022 J. Phys. G: Nucl. Part. Phys. 49 105101

C. Ji, et al. (2018)



(1) S.L., A.Poggialini, S.Bacca, SciPost Phys. Proc. 3, 028 (2020)

(2) Drake et al, Phys. Rev. A 32, 713 (1985)

Preliminary works on Li atoms 



39

Priors
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NS effects in 3He+ and 4He+ 

1S-2S

   [1] 48(5)kHz 28(3)kHz

  This  
  work

48(6)kHz 24(4)kHz

[1] K. Pachucki, A.M. Moro Phys.Rev.A 75,032521(2007)
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NS corrections in μ4He+


