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McMule in 3min

Monte Carlo for MUons and other LEptons (mule-tools.gitlab.io)

• integrator (generator WIP) for fixed-order QED up to NNLO

• use QCD methods: FKSℓ subtraction with massive fermions∫
dΦγ︸ ︷︷ ︸

divergent and complicated

=

∫
dΦγ

(
−

)
︸ ︷︷ ︸

complicated but finite

+

∫
dΦγ︸ ︷︷ ︸

divergent but easy

• challenge virtual amplitudes with m ̸= 0 =⇒ massification

• challenge numerical instabilities =⇒ next-to-soft stabilisation

• for details: [see talk by Marco]

https://mule-tools.gitlab.io/
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Eγ→0−−−−→ 1

E2
γ

E︸ ︷︷ ︸
eikonal

+
1

Eγ
(D + S)︸ ︷︷ ︸

next-to-soft

+ O(E0
γ)

• for details: [see talk by Marco]

https://mule-tools.gitlab.io/


Sophie Kollatzsch, 06.06.24 – p.3/10

what the mule can do – leptons

e+e− → ℓ+ℓ− ℓ ∈ {e, µ}

• LO, NLO with full mass dependence
• NNLO with massification & next-to-soft stabilisation

ℓ = e [McMule 21] + missing fermionic corrections
ℓ = µ crossed from eµ → eµ [see talk by Marco]

• HVP with alphaQED [Jegerlehner]

radiative process is a subset: (ee → XXγ @ NLO) ⊂ (ee → XX @ NNLO)

https://arxiv.org/abs/2106.07469
http://www-com.physik.hu-berlin.de/~fjeger/software.html


Sophie Kollatzsch, 06.06.24 – p.4/10

what the mule can do – leptons
e+e− → e+e− @ CMD scenario with photonic* NNLO *fermionic underway(√

s = 0.7GeV; 1 rad ≤ θavg ≤ π − 1 rad; |p⃗±| > 0.45
√
s/2; ||ϕ+ − ϕ−| − π| < 0.15 rad; |θ+ + θ− − π| < 0.25 rad

)
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https://strong2020.gitlab.io/monte-carlo-results/by-scenario/CMD/
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crossing: eµ → eµ =⇒ ee → µµ
fermionic corrections

−→

• contains HVP → numerical

• previously (t-channel): hyperspherical
[Fael 18], extension to s-channel unclear

σ ∼
∫ ∞

0
Π(−Q2)K(Q2)dQ2

=⇒ now: dispersive with threshold subtraction

σ ∼
∫ ∞

4m2
π

Im
(
Π(Q2)

)
K ′(Q2)dQ2

photonic corrections

−→

• multivalued functions
with non-trivial analytic
continuation

• currently: hard-coded for
CMD scenario

• future: include this in
handyG

https://arxiv.org/abs/1808.08233
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what the mule can do – pions

e+e− → π+π− Fπ

• we have electronic (ISC) NNLO for ep → ep with proton described by F1 & F2

[McMule 23]

=⇒ π can be obtained with F1, F2 ∼ f(Fπ) & crossing

• soon: generic framework for NNLO e+e− → γ∗ → arbitrary nucleons

|A|2 ∼ LNNLO
µν

(∑
h

jµXj∗νX

)
X ∈ {π, 12C, p, 2H, . . . }

https://arxiv.org/abs/2307.16831
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gauge-invariant split [see talk by Marco]

e+e− → µ+µ− @ CMD scenario *NNLO underway(√
s = 0.7GeV; 1 rad ≤ θavg ≤ π − 1 rad; |p⃗±| > 0.45

√
s/2; ||ϕ+ − ϕ−| − π| < 0.15 rad; |θ+ + θ− − π| < 0.25 rad

)
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gauge-invariant split @ KLOE scenarios (ee → µµγ)(
50◦ ≤ θ± ≤ 130◦; |pz±| > 90MeV ∨ |p⊥

±| > 160MeV
)

small angle (untagged)
(
p⃗γ̃ = −(p⃗+ + p⃗−)

)
(
θγ̃ ≤ 15◦ ∨ θγ̃ > 165◦; 0.35GeV2 ≤ M2

XX ≤ 0.95GeV2
)
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https://strong2020.gitlab.io/monte-carlo-results/by-scenario/KLOE-I/mm/
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work in progress

to be investigated numerical instabilities for
ee → eeγ in the B scenario

future include FSC/mixed for pions
[Colangelo, Hoferichter, Monnard, Ruiz de Elvira 22]

future NNLO ee → µµγ from pp → 2j+ γ
[Badger, Czakon, Hartanto, Moodie, Peraro, Poncelet,

Zoia 23]

https://strong2020.gitlab.io/monte-carlo-results/by-scenario/B/
https://arxiv.org/abs/2207.03495
https://arxiv.org/abs/2304.06682
https://arxiv.org/abs/2304.06682
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