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formalities

higher-order predictions and comparison with precision experiments

focus on 2 → 2 low-energy QED+ scattering processes

input: matrix elements by us or others (at NNLO + first visits at N3LO)

output: physical cross section for any physical observable at fixed order

at present an integrator, generator features under testing

McMule

Monte Carlo for MUons and other LEptons

code → https://mule-tools.gitlab.io/

docs → https://mcmule.readthedocs.io/

https://mule-tools.gitlab.io/
https://mcmule.readthedocs.io/
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phenomenology
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basic setup

µ e → µ e @ NNLO

• kinematical setup mimics MUonE:

S1 :: Eµ,i = 160GeV Ee,f > 1GeV θµ,f > 0.3mrad

• results for different kinematical scenarios and any IR safe observable

• no mass is neglected
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S1 θe spectrum

McMule
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S1 θe spectrum

McMule
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S1 θe spectrum

McMule
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new observable

how to handle hard radiation?

• elasticity veto! → 0.9 <
θµ,f

θel
µ,f

< 1.1 (S2)

•
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new observable

how to handle hard radiation?

• elasticity veto! → 0.9 <
θµ,f

θel
µ,f

< 1.1 (S2)

• something else?
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S2 θe spectrum

McMule
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S2 θe spectrum

McMule
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a peek in the stable theory
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McMule at NNLO :: 3 pillars

∫
dΦ2

∣∣∣∣∣ + + + ...

∣∣∣∣∣
2

+

∫
dΦ3

∣∣∣∣∣ + + ...

∣∣∣∣∣
2

+

∫
dΦ4

∣∣∣∣∣ + ...

∣∣∣∣∣
2

1 fully-differential PS integration
→ FKSℓ

2 virtual amplitudes with massive
particles
→ one-loop: OpenLoops
→ two-loop: massification

3 numerical instabilities due to
pseudo-singularities
→ next-to-soft stabilisation



M. Rocco, 04.06.23 – p.10/30

1 PS integration

local subtraction of infrared divergences

∫
dΦn

{
+

∫
dΦγ

}
=

∫
dΦn dΦγ

{
−

}
+

∫
dΦn

{
+

∫
dΦγ

}

⋄ exploits exponentiation of soft singularities [YFS 61]

⋄ works at all orders in QED [Engel, Signer, Ulrich 19]

⋄ singularities are dealt with locally → stable numerical integration

⋄ subtraction makes negative-weighted events much more frequent

⋄ theory error: 0



M. Rocco, 04.06.23 – p.11/30

quick excursus

• photonic and fermionic (→ hyperspherically [Fael 18]) corrections

• photonic at NNLO are split as

dσ(2) =

∫
dΦnM(2)

n +

∫
dΦn+1M(1)

n+1 +

∫
dΦn+2M(0)

n+2

• for each part identify gauge-invariant subsets based on lepton charges
(q for electron, Q for muon)

⋄ q6 Q2 :: electronic

⋄ { q5 Q3, q4 Q4, q3 Q5 } :: mixed

⋄ q2 Q6 :: muonic
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validation: ξc (in)dependence for electronic corrections
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2 two-loop massive diagrams

full 2-loop amplitude with M ̸= 0, m = 0 → [Bonciani et al. 21]

full 2-loop amplitude with M ̸= 0, m ̸= 0 → [??]

⋄ exploit scale hierarchy m2 ≪ M2, Q2, expand in m2/Q2 ∼ 0

∼ A log2
m2

Q2
+B log

m2

Q2
+ C +O

(m2

Q2

)

⋄ massification: AmM (m) = S × Z × Z ×AmM (0) +O(m)
[Penin 06, Becher, Melnikov 07; Engel, Gnendiger, Signer, Ulrich 18]

⋄ theory error: O(10−3)@NNLO ∼ O(10−6)
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validation: massification

McMule
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3 unstable real virtuals

OpenLoops [Buccioni, Pozzorini, Zoller 18, Buccioni et al. 19]

LBK theorem [LBK 58-61, Engel, Signer, Ulrich 21, 2xEngel 23]

Eγ→0
= E +

(
DLBK + S

)
+O(E0

γ)

⋄ introduce NTS stabilisation [McMule 21, 22]

− if Eγ < ENTS ∼ 10−3√s/2
switch to the expansion above

− theory error:
O(10−2)@NNLO ∼ O(10−5)

− nice(r) carbon footprint
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validation: NTS stabilisation

McMule
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validation: comparison McMule vs Mesmer (1)

(FKSℓ+ DIMREG) vs (slicing +mγ)

e µ → e µ γ @ NLO with ξc = ωs = 10−{6,5,4} (Mesmer as in [Carloni et al. 20])
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validation: comparison McMule vs Mesmer (1)

(FKSℓ+ DIMREG) vs (slicing +mγ)

e µ → e µ γ @ NLO with ξc = ωs = 10−{6,5,4} (Mesmer as in [Carloni et al. 20])
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validation: comparison McMule vs Mesmer (2)

(massification) vs (YFS approximation)

• McMule + massified VV (me = 0, [Mastrolia et al 18-22]):

−2.50(1) · 10−2 µb

• McMule + YFS approximation for VV (courtesy of Carlo):

6.45(1) · 10−2 µb

• Mesmer:

6.47(3) · 10−2 µb

– error estimate (LO units):
(
α
π

)2
log m2

e
m2

µ
∼ 6 · 10−4

[LO = 1.214(1) · 102 µb ]



M. Rocco, 04.06.23 – p.18/30

validation: comparison McMule vs Mesmer (2)

distributions: θe

McMule
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validation: comparison McMule vs Mesmer (2)

distributions: te
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looking for another N
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S1 θe spectrum: a different perspective

McMule

0

10

d
σ
/
d
θ e
/
µ

b

LO NNLO−

0.0

0.2

0.4

δK
N

L
O

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

θe /mrad

0.000

0.002

δK
N

N
L

O

electronic

mixed−
mixed+

muonic

fermionic−
fermionic+

0.0

0.1

0.2

10
2
×
δK

h
a
d

N
L

O



M. Rocco, 04.06.23 – p.21/30

zoom on the different perspective

McMule
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[Tim Engel]
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integrator vs. generator

[Yannick Ulrich]
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why this isn’t great

[Yannick Ulrich]
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origin of negative weights

[Yannick Ulrich]
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can we get both

[Yannick Ulrich]
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what does nearby mean?

[Yannick Ulrich]
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example

[Yannick Ulrich]
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example
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example

[Yannick Ulrich]
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example

[Yannick Ulrich]
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results at NLO

[Yannick Ulrich]
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wrap-up & (some) open questions

⋄ NNLO with different external masses [2212.06481]

⋄ naive theory error (missing higher orders) O(10−5)

• two-masses two-loop to stress test massification?

• use YFS approximation at N3LO?
– feasibility: can it be used for 2 → 3 kinematics?
– cross-check for RVV computed with McMule cut-and-patch?

• deeper insights on collinear hierarchies at N3LO?

• resummation (analytic & parton shower) at NLL?

• . . .


