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• Setup of problem on hydrogen. 

• Kinematics and expansion of amplitude.

• Summing over final states.  

• The virial theorem and sum rules. 

• Implications for MuonE. 

• Ongoing work on additional radiative corrections.



High  Energy   Fixed  Target   Scattering
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Eμ ∼ Ee ∼ 100 GeV s ∼ 2meEμ + m2
μ ∼ (0.3 GeV)2



Idealized  Limit:   Electron  At  Rest
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μ±(k) + e−(0) → μ±(k′ ) + e−(p′ )

• Electron is approximately ``at rest'' inside of atom.  

• Can imagine fixed target as  electrons at rest.  

• Compute radiative corrections to high order to predict

Ne
1
σ

dσ
dt



Reality:   Electron's  In  Atoms 
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μ±(k) + A(0) → μ±(k′ ) + e−(p′ ) + B+(p)

• How are these pictures related? 

• What controls atomic binding effects? 

• Is this relevant for MuonE?



Motivation:  Kinematics
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s0 = 2meEμ + m2
e + m2

μ C O N S I D E R  A N  E L E C T R O N  I N  M O T I O N

s = 2(EeEμ − pe ⋅ pμ)

≃2meEμ(1−
pe

me
cos θ)

+ m2
e + m2

μ

C O R R E C T I O N S  O F  
O R D E R   !pe/me ∼ α



Start  With  Hydrogen
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T = out⟨e′ μ′ p′ |μH⟩in

|H⟩ = ∫ [dp] ψ(p) |e−(p)⟩ |p+(−p)⟩ + …

• Valence electron and proton with wavefunction.  

• Can now compute matrix elements 



Tree-Level  With  Bound  State 
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T ≃ ⟨e′ p′ |Jν |H⟩ Dμν(k − k′ ) ū(k′ )γμu(k)

⟨e′ p′ |Jν |H⟩ ≃ ∫ [dp] ψ(p) ⟨e′ p′ | ψ̄eγνψe |ep⟩

S I N G L E  P H O T O N  E X C H A N G E



Strategy  For  Approximations
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• Relate momentum and binding energy via virial theorem.  

• Ignore all terms that are suppressed by large kinematic 
energies, i.e.  .  

• Systematically track terms suppressed by electron mass, 
.  

• Taylor expand amplitude and fold against wave function.

ϵH /Eμ ∼ 10 eV/100 GeV ∼ 10−10

p2
e /m2

e or ϵH /me



Kinematics
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M O M E N T U M  C O M E S  F R O M  F I N A L  S TAT E

kμ = p′ e + k′ μ + PB

kμ − PB = p′ e + k′ μ

P R O T O N

|H⟩ = ∫ [dp] ψ(p) |e−(p)⟩ |p+(−p)⟩ + …

kμ + pe = p′ e + k′ μ↔
E N TA N G L E D



Kinematics
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B I N D I N G  E N E R G Y  C H A N G E S  E N E R G Y  C O N S E RVAT I O N

ωμ + me − ϵH = ω′ μ + E′ e E L E C T R O N  I N  H Y D R O G E N

B I N D I N G  E N E R G Y

• Six (rather than three) mandelstam variables. 

ωμ + Ee + ⟨V⟩ = ω′ μ + E′ e ⟨V⟩ = − ϵH − Te

I N  M O M E N T U M  S PA C E



Modified  Four-Momentum  Relations

13

(p′ ⋅ k) = p ⋅ k′ + ⟨V⟩(k′ − p)0−
1
2 ⟨V⟩2

(p′ ⋅ k′ ) = p ⋅ k + ⟨V⟩(p + k)0+
1
2 ⟨V⟩2

(k ⋅ k′ ) = p ⋅ p′ + m2
μ + ⟨V⟩(p′ − p)0−

1
2 ⟨V⟩2



Modified  Four-Momentum  Relations
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(p′ ⋅ k) ≃ p ⋅ k′ + ⟨V⟩ω′ μ

(p′ ⋅ k′ ) ≃ p ⋅ k + ⟨V⟩ωμ

(k ⋅ k′ ) ≃ p ⋅ p′ + m2
μ + ⟨V⟩E′ e

M A N I F E S T LY  
O(meωμ)

• Convenient to work in terms 
of invariants with manifest 
scaling.  

• Trading Lorentz invariants 
introduces binding energy. 



Expand  The  Matrix  Element
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𝖬 = ℳfree(eμ → eμ)

∑
spins

|𝖬 |2 ≃ 32e4
(k ⋅ p′ )(k′ ⋅ p) + (k ⋅ p)(k′ ⋅ p′ ) − m2

μ(p ⋅ p′ )
[(k − k′ )2]2

• Write in terms of .  

• Expand in  and . 

(k ⋅ p) , (p′ ⋅ p) , (k′ ⋅ p)

pe ⟨V⟩



• Setup of problem on hydrogen. 

• Kinematics and expansion of amplitude.

PA RT  2

H E L I U M + +

PA RT  3

P H E N O .

PA RT  1

H Y D R O G E N

• Summing over final states.  

• The virial theorem and sum rules. 

• Implications for MuonE. 

• Ongoing work on additional radiative corrections.



Reality:   Carbon  Is   Not  Hydrogen 
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∑
B

(μ±(k) + A(0) → μ±(k′ ) + e−(p′ ) + B+(p)

• Considering helium and beyond. 

• Final state is no longer a proton. 

• Need to account for all final states.  

• Complicated atomic wave function.



Energy  Conservation
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B I N D I N G  E N E R G Y  C H A N G E S  E N E R G Y  C O N S E RVAT I O N

ωμ + me − ϵA = ω′ μ + E′ e − ϵB

ϵH → ϵA − ϵB
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Summing   Over   Final    States

Spectral  Function
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Sum  Rules 

∫
d3p

(2π)3 ∫ dϵ (−ϵ)

∑
B

⟨A | ̂a†
p |B⟩⟨B |δ(ϵ − ϵA + ϵB)ap |A⟩
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Sum  Rules 

∫
d3p

(2π)3 ∫ dϵ (ϵB − ϵA)

∑
B

⟨A | ̂a†
p |B⟩⟨B |δ(ϵ − ϵA + Ĥ)ap |A⟩
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Sum  Rules 

∫
d3p

(2π)3 ∫ dϵ

∑
B

⟨A | ̂a†
p |B⟩⟨B |δ(ϵ − ϵA + Ĥ)[Ĥ, ap] |A⟩
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Sum  Rules 
Ĥ = ̂T + ̂V1 + ̂V2

I N T E R - E L E C T R O N  
I N T E R A C T I O N S

V I R I A L  
T H E O R E M
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• Setup of problem on hydrogen. 

• Kinematics and expansion of amplitude.

PA RT  2

H E L I U M + +

PA RT  3

P H E N O .

PA RT  1

H Y D R O G E N

• Summing over final states.  

• The virial theorem and sum rules. 

• Implications for MuonE. 

• Ongoing work on additional radiative corrections.



Shape  Only  Measurement
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• Assuming a shape only measurement relevant quantity is  

1
σ

dσ
dt

• Take matrix element and expand like with hydrogen.  

• Use sum rules to simplify relevant atomic matrix elements. 



Expand  The  Matrix  Element
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• Distribution receives corrections.  

• Numerical size set by binding 
energy per electron. 



Size  Of   Effect 
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• For a carbon target we find 
that the distortion is 

.  

• Inputs are:  
1) Measured binding energy.  
2) Average of 

∼ 5 × 10−5

⟨1/ ̂re⟩



Open  Questions / Ongoing   Work 
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• We have ignored higher order photon exchanges with the proton/
nucleus/atom (both from the muon and the "struck" electron).  
These are formally of the same order. Work In Progress

F S I  P H O T O N  
E X C H A N G Eψ̃(p)



Open  Questions / Ongoing   Work 
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• We have assumed that existing radiative correction calculations (free 
electron at rest) apply at zeroth order in the binding expansion.  
** It would be interesting to see this derived.  

• We have ignored higher order photon exchanges with the proton/
nucleus/atom (both from the muon and the "struck" electron).  
These are formally of the same order. Work In Progress


