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Outline

Favour symmetry and residual symmetries in flavour models
Modular symmetry as the direct origin of lepton mixing
From a modular symmetry to multiple modular symmetries

TM; and TM2> mixing achieved in multiple modular symmetries
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Neutrino masses and lepton mixing
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SM + massive neutrinos 24(26)+2 free parameters

Neutrino may take
Dirac or Majorana masses

Quark Lepton
masses masses
and and
mixing mixing




What is the flavour symmetry?

Gauge symmetry €S

Fi
A )

Continuous Discrete

Non-Abelian SU(3), SO(3),... 33, A4, Sy, As, .. I’
=




Common-used non-Abelian discrete symmetries

Ma, Rajasekaran, 01 Lee, Mohapatra, 94
T° = S*=(ST)’ =1 T° = S*=(ST)’ =1
U? = (SU)* = (TU)? = (STU)* =1

irrep: 1,1°,17, 3 irep: 1,1°,2,3, 3’

In this talk, 3d irrep will always be presented in the Altarelli-Feruglio basis



Typical mixing patterns and achievement in flavour symmetries

. Tri-bimaximal (TBM) . Tri-bimaximal (TBM)

orA4 with accidental Z2
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From Tri-bimaximal to Trimaximal mixing

~ Trimaximal (TM) mixing S0
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Xing, Zhou, Bjorken, Harrison, . .
0607302: Lam, Scott, 0511201 Relax residual symmetries

0611017 He, Zee, 0607163: 2 | 0

AIbrig.ht, Grimus, Lavoura, (ZT, Z;U) =1 -1, (ZT, ZzS) =11 (ZT, ZZU) = 1

Rodejohann, 0809.0226;

0812.0436 0810.4516 — 1 1 — 1




A toy model in A A Simplified based on Altarelli, Feruglio, hep-ph/0504165, 0512103

~ Field contents @ = (@1 02 03) ~ 3.0 = 1o 23) ~ 3 n~1

Lo (Lo L) ~ 3, (et t) ~ (L1100 = Ny NNy ~ 3 H 1

~ Lagrangian

WS [sLohe + Lg)nt + 2Ly a] 2
A A A

C y CcC, C y c,, C
ypLV°H, ?1(1/1/)3)(+?2(1/v)1;7 h.c.

. VoVd
M, = diag{y,, y,,,,yf}—A
MD =YD P23 Vu
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Two approaches for model building In the framework of type-| seesaw

Flavons :
Appo_ach : e.g., the toy model in the last slide

: e : + hundreds of models ...
RN neutrino mass matrix

For some reviews, see
Alterelli, Feruglio, 1002.0211; Ishimori,

Kobayashi, et al, 1003.3552; King, Luhn,
1301.1340; King, Merle, Morisi, Shimizu,
Tanimoto, 1402.4271; Xing, 1909.09610;
Feruglio, Romanino, 1912.06028;

Apprqaach II: Flavons Flavons
Vi

Yukawa couplings

e.g., the sequential dominance series
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Flavour symmetries from modular symmetry

© Modular symmetry predicted in string orbifold compactifications Ferrara, Lust, Theisen, 89

) —1
_l]_/A ST:T > TT:T—)T+1 SEZ(STTT):S::[
T
T=23+i\/§R2
_ at + b
Imz > 0 F={y|y¢= ,a,b,c,dEZ,ad—bc=1}
cT+ d

~ Finite modular symmetries

7° =1 74 =1

T T

_ _ _ 72 _ . ’ de Adelhart Toorop, Feruglio
3=, I'=1, > =1Ir, I'=5.1,, U= 15135, and Hagedorn, 1112.1340
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Modular symmetry as direct origin of flavour mixing

o “classical” flavour model ¢ Flavour model with modular symmetry
y € Gy y€ly
at + b
T — YT =
ct+d

Matter field w — (ct+ d)*p(y)y
Y1) = pr,(NYQ ;1) Y(z) = (ct +d)*vp (NY(2)

< If the lepton has non-vanishing modular weight, the modular symmetry can be directly
used to explain flavour mixing

Feruglio, 1706.08749
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Flavour models with a modular symmetry

Modular forms

Appoach I:
via
RN neutrino mass matrix

/ Replacing flavons by
modular forms reduces free
parameters and new d.o.f.

Modular forms | Modular forms

Approach II: S Fxns
via

Yukawa couplings

see Ding, King, 2311.09282 for a recent review



From a single modular symmetry to multiple modular symmetries

Motivation for multiple modular symmetries 7. = 2B, + i\/3R?

Orbifold
10D compactification

1. Multiple moduli fields can be introduced. They take different VEVs, enlarging
the parameter space.

2. In particular, VEVs may be fixed at some special values, called stabilisers,
leading to residual symmetries unbroken.

3. The flavour mixing, following the classical flavour model building approach,
arises from the misalignment of different breaking directions.
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From a single modular symmetry to multiple modular symmetries

~ Motivation for multiple modular symmetries . = 2B. + i\/3R?

Orbifold
10D compactification

We could not find models with one modulus field 7 and residual symmetry ZgT or Zg_,
which are phenomenologically viable. Since the residual symmetry is the same for both the
charged lepton and neutrino mass matrices,® the resulting neutrino mixing matrix always
contains zeros, which is ruled out by the data.

We will consider next the case of having two moduli fields in the theory — one, ¢,
responsible via its VEV for the breaking of the modular 5S4 symmetry in the charged lepton
sector, and a second one, 7Y, breaking the modular symmetry in the neutrino sector. This
will be done on purely phenomenological grounds: we will not attempt to construct a model
in which the discussed possibility is realised; we are not even sure such models exist.

in Sec 5 in [Novichkov, Penedo, Petcov, Titov, 1811.04933]
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Framework of multiple modular symmetries

> Multiple finite modular symmetries (simplest case, direct product)

1 2
[y XTIy X...
- Multiple moduli fields 7, 7,, . . . as target space de Medeiros Varzielas,
King, YLZ, 1906.02208
J ajTjy + bJ
+ el actsont;as S T —
77 < LN, J VT T =

© y;acts on superfields ¢, and Yukawa forms as

¢73(7-17 "-7TM) — ¢73(/le17 “'77M7—M)

— H (CJTJ T dJ)—Qki,J ® pIz’,J(/YJ)¢’I:(Tl7 T2y - TM)
J=1,...M J=1,...M

Y(Iy,l,...,IY,M)(Tl, ceey TM) — Y(Iy,l,...,IY,M)(’h’Th ooy ’YMTM)

= (cyTy + dg)*™ ® Pry , (V)Y (ty 1ty an) (T2 ooy TM)
J=1,...M J=1,..M

17



Framework of multiple modular symmetries

J =1 SUSY
$ = Jd4xd29d29K + Jd4xd29W+ h.c.

Kahler potential (the simplest case)

Zh log(—iz; +i7;) + Z H Cir 4 17
J Tty

h, 0,4:0"P,
= . —0,7,0"7; + . ._
; (—it;+i7,)2 © Z HJ(—ZTJ+ZTJ)2"Z‘J

Superpotential (should by invariant under any modular transformation)

W= Z H (YIYI Ay 2. ¢ln)1



Framework of models with multiple modular symmetries

- Two $, are broken to a single S, along flat direction
of bi-triplet

o Bi-triplet scalar @ ~ (3, 3) of Sfl XS,
. Driving fields y¢ ~ (3,3), 7% ~ (1, 3)
W, = [(®D) 33, + M P] y* + (D), 5, 7*

> There are 24 solutions . (1 0 0)
23 —

(D) ~ p(y)P,; for y spanning in S,
All equivalent to P,5 after basis transformation

p: 3D irrep matrix in Altarelli-Feruglio basis

- Same method applies to Azl; X AZ — Ay

. de Medeiros Varzielas,
Also 24 solutions, (@) ~ p(y)Py3, p(y) Lourenco, 2107.04042

But not all equivalent Zhang, YLZ, 2401.17810
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TM, in approach I

Modular forms

Fields | S! SY 2k 2k,
e° 1 1 -6 -2
L€ 1 1 -4 =2
T¢ 1 1 -2 =2
L 3 1 0 +2
V° 1 3 0 =2
O 3 3 0 0
Hygy |1 1 0 0

King, YLZ, 1908.02770

LH lepton L ~ 3 Sfl X S§Y, (Tl’ T,,) RH neutrino
I/C - (Nl’N29N3) ~/ 3

RH lepton e, u“, 7 ~ 1’
weights: —6, — 4, — 2

w = |LY.(1)e®+ LY, (n)u+ LY, (m)7¢| Hy
1

v 1 1 c,,C c,,C
-+ yXL(I)I/CHu + iMl(TV)(VCVC)l + éMz(Tu)(V v )2 =+ §M3(Tu)(y v )3 y

20



TM, in approach I King, YLZ, 1908.02770

Modular forms LH lepton L ~ 3 Si X SY, (1, T,) RH neutrino
I/C — (Nl’N29N3) ~/ 3

RH lepton e, u“, 7 ~ 1’
weights: —6, — 4, — 2

Fields | 8% SY 2k 2k,

ec 1/ 1 _6 _2

€ 1 1 -4 =2

T¢ 17 1 -2 =2

L s 1 0 +2 Weg = |LYe(m)e®+ LY, (m)u®+ LY, (7)7¢| Hy

I/C ]. 3 O —2 . 1 . 1 o 1 o
o 3 3 0 O + ypLvHy + o My(7) (V)1 + 5 Mo (1) (V092 + 5 Ms(7,) (vV°)s
Hu,d 1 1 0 0

2]



TM, in approach I King, YLZ, 1908.02770

Modular forms LH lepton L ~ 3 Sfl X SY, (1, T,) RH neutrino
I/C — (Nl’N29N3) ~/ 3

RH lepton e, u“, 7 ~ 1’
weights: —6, — 4, — 2

Fields | 8% SY 2k 2k,
e’ 17 1 -6 =2
1€ 1 1 -4 -2
TC 1" 1 -2 =2
L 3 1 0 +2
Ve 1 3 0 -2
P 3 3 0 0
Hog |1 1 0 0




TM, in approach II

RH neutrino
NA

weight: -6

Mudular form

Mudular form

RH neutrino
NB

weight: -4
e

de Medeiros Varzielas,
King, YLZ, 1906.02208

LH Lepton L ~ 3
zero weight

RH lepton e, u“, 7 ~ 1
weights: —6, — 4, — 2
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TM, in approach II

e

A B C D
$4 % 88 x 8¢ — S

RH neutrino RH neutrino
Ny Np
weight: -6 weight: -4

(Pac) (PBC)

Mudular form || Mudular form

LH Lepton L ~ 3
zero weight

RH lepton e, u“, 7 ~ 1

weights: —6, — 4, — 2



TM, in approach II

© Two-triplet scalars ®ac and ®gc : bridges to connect different modular symmetries

» VEVs of both ®ac and ®Pgc are achieved via the flat directions from the bi-triplet
contraction and triplet contraction

-~ Superpotential before and after Sf X Sf X Sf breaking

1
A L®AcYa(TA)NG + L®pcYs(TB) Ng| Hy

+ | LY (1c)e’ + LY, (tc)u® + LY (1¢)7¢| Hy
1 1

+5Ma(ra)NGN§ + 5 Mp(T8) NENG + Map(7a, 78) NN

— [WTCLYA(TA)NE | ?

+ [LYe(1c)e® + LY, (te)u® + LY, (1¢)7¢| Hg
1 1

4_5]\/[14(714)le]\fj1 + §MB(TB)N§N§; + Map(74,7B)N3 N3

/B\C LYB(TB)Ng] H,

25



TM; in approach II

NB Yukawa coupling

0
Yp((TB)) = ( 1 )
1

TM1 realised since

1) J_YA(<TA>), YB(<’7'B>)

26



Multiple modular symmetries in GUTss

© SU(5) GUT with Sy X S

Fields | SU(5) Sf SY 2kp 2ky
T, 10 1 1 44 42
T, 10 1 1 43 +1
T; 10 1 1 0 0
F 5 3 1 0 42
N 1 1 3 0 -2
H: 5 1 1 0 0
He 5 1 1 0 0
H: 45 1 1 0 0
d 1 3 3 0 0
b1 1 1 1 -1 -1
bo 1 1 1 -3 -1
2
Y (1rgy,) = (—1)
~1
1 0
e =vE(1)-v3( 1 )
1 ~1

King, YLZ, 2103.02633

2,2 4\ * 2 2 *
ydd€1€2 Yds€1€9 Ydb€oy Yuu€1€9 yucelez Yut€1€2
_ 2 2
Y, = 0 yssele% 0 Yy = Yuc€1€9 Ycc€y  Yct€2
2
0 0 Y€l Yut€1€2  Yci€2 Ytt
3 X
Yee€1€5 0 0 _ {¢) _ (¢
_ 2 2 2 A “2=7)
Yo = | Yue€i€s yYupcres 0
4 2 IXI
Yre€s 0 Yrr €7 Necessary for small quark mixing
100 011 2 -1 -1 1 -1
Ma=al0 0 1] 4+b{1 1 0]+ev2|-1 2 —1|-aB[1 2 0
010 01 -1 -1 2 -1 0 -2
1, 1,
0.100;jKamLAND-Zen Upper Limit ({f 0.100 KamLAND Zen Upper Limit el
> 30 gl | S [ 10 & 30 Bas
< 0.010. 3 | 0010 3
g ; ° 3 g i ° o
| E 3 E g
0.001: s 8 & 0.001: s 8 &
~ NO 55 2 10 5%
10~ 0.001 0.010  0.100 1 10~ 0.001 0.010  0.100 1

Myightest(€V)

Myightest(€V)
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Stabilisers and residual symmetries

A stabiliser of y € ', refers to some value of 7 satisfying YT, =1, = Y(z,) = Y(yz,)) = (e, + d)zkpl(y)Y(Ty)

A modular form at a stabiliser 7, is an eigenvector of the

Y(z,) =(ct,+d)?*Y y
= P (Ty) (CTY ) (Ty) representation matrix p;(y) with eigenvalue (CTy + d)_Zk

['y~S, Q = TT2, T=ST,U=T. STTTZ S | weight 2 weight 4 weight 6
3 3 3 3 3 3
. . 1 1 1 1 1
Typical stabilisers (not complete) e (1) (1> (1) 0 (1) (1)
, 1 1 1 1 1
Ts =100, Tr = W = %Iz"f,m:%+%, 2 — V2 0 0 2v2 +1 2 —iv/2
/3 ; o Ty 1 —1—1iy/2 1 1 —V2+i —1—1iy/2
TTS:_WZZ%_'_Z%) TST:%+2\/§7 TSTS — % I 2\/5- 1 11—/ 1 1 —\/§-|-Z _1—i/"
0 0 0 1 1
Tr 1 0 0 0 0 0
0 1 1 0 0
7 ’ 2w 2? 2* ~1 ~1
| -1 2w° 2w | -1 20w 2w s | [ 22 4 4 o o 0
,03(51) = E 2w 2 —w? P3(TT) = g 20 2w? -1 —1 ", ", Qw? 2w?
Y02 —w o) 20?2 —1 2w 2w 2 2 -1 -1
, ToT —1 2w 2w 2w 2w’ 0
1 2 0 1 0 0 Q) —1 —1 2w 2w
Y3(TST) x| 1]),x{-1])+yl 1 Y3(TTT) x{O0}),(1],10 2 2 2 -1 -1
1 —1 1 0 0 1 Ters | | 2 -1 -1 2 ) 0
-1 ) 2 2 )




Stabilisers and residual symmetries

Full list of stabilisers for each element of finite modular groups for 'y, with N = 2,3.,4.5 in the fundamenta

1.4}

1.2}

0.8f

0.6}

N

de Medeiros Varzielas, Levy, Zhou,2008.05329

domain of T'(NV)

1.4}
1.2}
L L 0.8}
0.6
.4
NS
R\
15 1.0 05 00 05
0.8
0.6/
4]
“\,
10 -05 00 o5 1o
I, ~ E/TV)

For A,, S,, see also Ding, King, Liu, Lu, 1910.03460
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Scanning for all stabilisers in two modular A,

_ _ * 11
S = ST, I'= TT ; Table 2. Stabilizers and residual symmetries at stabilizers, where w =
| (—1++/34)/2 = e2mi/3.
Stabilizers 7, Residual modular symmetry at 7,
Tr1 = 100, Ty = wil -1 73 = {1,T,7T%}
Yo TeTS1 = 0, Torso — W — 1 STS {]. STS STzS}
ST
Y7o Tsm1 = 1, TsT2 = W Z3 = {1, 5T, 1%S}
Y S - Trs1 = —1, Trse =w+ 1 Z3° ={1,TS, ST?}
: . Av . .0 . . . § l S L
Y751 YsTS1 VST Ts1 = Ts2 =3T3 Zz)z ={1,5}
TTST21:]-+7:7 TTST22:_%+% ZTST _{1 TSTZ} 2
— . . 2
try = (STt = ST (—— + 1) = STDXw—1) | Trsti=—1+i,  Trsm=3+3 Z3 *' ={1,T°ST}
a) —
=1 -1 1
= (ST (——) = =— 1
o+ 1 —1 42 w— 1
o+ 1 TI = TT2, Y (0707 1)T7 M; = PZMZT’
2 2 _ 1T _ ap21yT
Case B : T - TSTS2; § X (ga %7 3)1 72 . CZS—’-gT]y}lﬂ)MT
T = 11, Y — (1, 0’ O)T, Ml — MZT7 Tl - TST?2, y X (ga gw;_gi" ) M TstpleT’
Case A . J 6= T8TS1, Y o (—3,%3)", M, = SM}, (2K =2) \n=mrsz, Yo (3,307 —5w w)"s My = e
7 =751, Y  (—3,3w, sw’)t, M; =TST*M/, n=1pe,  Z o< (0,1,0)T, M, = PMT,
Rk =24)n="mrs1, Y (-3, 5w%, 2w)t, M =T?STM]; oo . d =TT 2 X (2,-1,2)T M= SPMT,

TI — TST?2, / X (%, —%w, %w2)T, Ml — TST2PMZT,
(2kl =4) T =17rs2, 2 x(%,—3w? sw)t, My =T?*STPM}". 30



Scanning for all stabilisers in two modular A,

Ty = TS1,TS2, Mp = Mg, M,

(2k, = 4) Ty

Ty

In flavour basis,

2 —1 —1
M = moT™ -1 2 -1 |+
I —1 -1 2
- (2 -1 -1
szgzmon -1 2 -1 |+
I -1 -1 2
- /2 —1-1
My = moT™ -1 2 -1 |+
i -1 -1 2
1
0.100  KamLAND-Zen Upper Limit -~
s r /
()} ;
‘?D’,O.010‘_ s |
& i :
o Case A

10—4_4 R e e NP S |
10 0.001 0.010 0.100 1

Miightest(€V)

= M2,
Trsr21, Trsr22, Mp = TMRT, M, =TM]T,
Tr2571, Tr2sTe, MR = T*MRT?, M, = T*MJT?.

100 010
3 — 2 3 — 12 3
oot | 100 g{j
I¥9 \g10) 979 \go1) 979
5 _ o2 010 5 2 001 s
+g, 100 | + +g, 010 :gg+
g 001 g9 100 gt+yg
3 — 2 001 3 _ 2 100 43
T loto |+ 001 :Q?F
979 \100) 979 \o10/) 919
1_
de Medeiros VarZielaS’ 0.100 KamLAND-Zen Upper Limit
Lourenco, 2107.04042 < i
J < 0.010
< . Eq, :
K 0.001,
Zhang, YLZ, 2401.17810 _4:

10
10~4

 0.001

001

010 ||7T™,

100
100

001 ||T™,

010
010

100 .

001

—"

10

NO/

Miightest(€V)

Case B§

0010 0100 1

350
300
250

& 200
150
100
50

040

™,

1 L

0.100 KamLAND-Zen Upper Limit

0.010

Mee(€V)

0.001.

1074!
1074

0.001

045

i

Sin° 6y,

10

: 4

NO

.E:‘;

0.010

mlightest(eV)

0.100

050 055

T T T -

060
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Summary

M Framework of multiple modular symmetries as origin of lepton mixing

™ Trimaximal TM1 mixing realised in two S4 in Approach |
... and applied to SU(5) GUT

™ Trimaximal TM+1 mixing realised in three S in Approach Il
™ Trimaximal TM2 mixing realised in two A4 in Approach |

™ More mixing patterns are expected in the framework of multiple modular symmetries

Thank you for your listening!
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