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Grand Unified Theories in light of upcoming 
neutrino and gravitational wave measurements

Flavour Models with Multiple Modular Symmetries



Outline

Favour symmetry and residual symmetries in flavour models

Modular symmetry as the direct origin of lepton mixing

From a modular symmetry to multiple modular symmetries 

TM1  and  TM2 mixing achieved in multiple modular symmetries 
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The Stardard Model (SM)
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Neutrino masses and lepton mixing
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Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix
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SM + massive neutrinos
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What is the flavour symmetry?
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Gauge symmetry

Continuous Discrete

Abelian U(1) Zn

Non-Abelian SU(3), SO(3),… A4, S4, A5, Δ(48), …

Continuous Discrete

Abelian U(1) Zn

Non-Abelian SU(3), SO(3),… S3, A4, S4, A5, …



Common-used non-Abelian discrete symmetries
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A4

Ma, Rajasekaran, 01 Lee, Mohapatra, 94 

S

T

S

T

US4

T 3 = S2 = (ST )3 = 1

U2 = (SU)2 = (TU)2 = (STU)4 = 1

T 3 = S2 = (ST )3 = 1

irrep: 1, 1′ , 1′ ′ , 3

In this talk, 3d irrep will always be presented in the Altarelli-Feruglio basis

irrep: 1, 1′ , 2, 3, 3′ 



Typical mixing patterns and achievement in flavour symmetries

Tri-bimaximal (TBM)

Xing, 02

Harrison, Perkins, Scott, 02
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From Tri-bimaximal to Trimaximal mixing

Trimaximal (TM) mixing
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Xing, Zhou, 
0607302; Lam, 
0611017; 
Albright, 
Rodejohann, 
0812.0436

Bjorken, Harrison, 
Scott, 0511201; 
He, Zee, 0607163; 
Grimus, Lavoura, 
0809.0226; 
0810.4516
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A toy model in A4
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mixing

Vacuum alignment and flavour mixing

h⌘i = v⌘

W ⊃ [ye(Lφ)1ec +
yμ

Λ
(Lφ)1′ 

μc +
yτ

Λ
(Lφ)1′ ′ 

τc] Hd

Λ
+yD L νcHu+

y1

2
(νcνc)3χ +

y2

2
(νcνc)1η + h . c .

P23 = (
1 0 0
0 0 1
0 1 0)Ml = diag{ye, yμ, yτ}

vϕvd

Λ

, , L = (Le, Lμ, Lτ) ∼ 3 (ec, μc, τc) ∼ (1, 1′ , 1′ ′ ) νc = (N1, N2, N3) ∼ 3

, φ = (φ1, φ2, φ3) ∼ 3 χ = (χ1, χ2, χ3) ∼ 3 η ∼ 1

H ∼ 1

Simplified based on Altarelli, Feruglio, hep-ph/0504165, 0512103



Two approaches for model building
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In the framework of type-I seesaw

For some reviews, see  
Alterelli, Feruglio, 1002.0211; Ishimori, 
Kobayashi, et al, 1003.3552; King, Luhn, 
1301.1340; King, Merle, Morisi, Shimizu, 
Tanimoto, 1402.4271; Xing, 1909.09610; 
Feruglio, Romanino, 1912.06028;

Appoach I:  
via  

RN neutrino mass matrix

Approach II:  
via  

Yukawa couplings

 diagonal MN

e.g., the toy model in the last slide
        + hundreds of models …

e.g., the sequential dominance series



Finite modular symmetries

Flavour symmetries from modular symmetry
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Modular symmetry predicted in string orbifold compactifications

de Adelhart Toorop, Feruglio 
and Hagedorn, 1112.1340

) ) )
Ferrara, Lust, Theisen, 89 

, S = Sτ T = Tτ , , S = T2
τ T = SτTτ U = TτSτT2

τ Sτ

𝕋2/Λ

τ = 2B + i 3R2
Sτ : τ →

−1
τ Tτ : τ → τ + 1 S2

τ = (SτTτ)3 = 1

T3
τ = 1 T4

τ = 1 T5
τ = 1

Γ = {γ γτ =
aτ + b
cτ + d

, a, b, c, d ∈ ℤ, ad − bc = 1}Imτ > 0

Γ3 ≃ A4 Γ4 ≃ S4 Γ5 ≃ A5



If the lepton has non-vanishing modular weight, the modular symmetry can be directly 
used to explain flavour mixing

Modular symmetry as direct origin of flavour mixing

“classical” flavour model
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Feruglio, 1706.08749

Flavour model with modular symmetry

γ ∈ ΓN

τ → γτ =
aτ + b
cτ + d

γ ∈ Gf

ψ → ρI(γ)ψ

Y({ϕi}) → ρIY
(γ)Y({ϕi})

ψ → (cτ + d)2kρI(γ)ψ

Y(τ) → (cτ + d)2kY ρIY
(γ)Y(τ)

≃ Γ̄/Γ(N)

Symmetry 

Matter field

Yukawa couplings



Flavour models with a modular symmetry
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Appoach I:  
via  

RN neutrino mass matrix

Approach II:  
via  

Yukawa couplings

Modular forms

Modular forms Modular forms

Replacing flavons by 
modular forms reduces free 
parameters and new d.o.f.

see Ding, King, 2311.09282 for a recent review 



From a single modular symmetry to multiple modular symmetries
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Motivation for multiple modular symmetries

10D 4D

Orbifold 
compactification

Top-down

Bottom-up 1. Multiple moduli fields can be introduced. They take different VEVs, enlarging 
the parameter space.


2. In particular, VEVs may be fixed at some special values, called stabilisers, 
leading to residual symmetries unbroken. 


3. The flavour mixing, following the classical flavour model building approach, 
arises from the misalignment of different breaking directions. 

τi = 2Bi + i 3R2
i



From a single modular symmetry to multiple modular symmetries
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Motivation for multiple modular symmetries

Top-down

Bottom-up

in Sec 5 in [Novichkov, Penedo, Petcov, Titov, 1811.04933]

τi = 2Bi + i 3R2
i

1. Multiple moduli fields can be introduced. They take different VEVs enlarging 
the parameter space.


2. In particular, VEVs may be fixed at some special values, called stabilisers, 
leading to residual symmetries unbroken. 


3. The flavour mixing, following the classical flavour model building approach, 
arises from the misalignment of different breaking directions. 

10D 4D

Orbifold 
compactification



Framework of multiple modular symmetries
Multiple finite modular symmetries (simplest case, direct product)
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Multiple moduli fields  as target spaceτ1, τ2, . . .
Γ1

N1
× Γ2

N2
× . . .

 acts on  as γJ ∈ ΓJ
NJ

τJ

 acts on superfields  and Yukawa forms as γJ ϕi

de Medeiros Varzielas,  
King, YLZ, 1906.02208 



Framework of multiple modular symmetries

 SUSY𝒩 = 1

18

Kahler potential (the simplest case)

𝒮 = ∫ d4xd2θd2θ̄ K + [∫ d4xd2θ W + h . c . ]

K = − ∑
J

hJ log(−iτJ + iτ̄J) + ∑
i

ϕ̄iϕi

∏J (−iτJ + iτ̄J)2ki,J

Superpotential (should by invariant under any modular transformation)

⇒ ∑
J

hJ

⟨−iτJ + iτ̄J⟩2
∂μτ̄J∂μτJ + ∑

i

∂μϕ̄i∂μϕi

∏J ⟨−iτJ + iτ̄J⟩2ki,J

W = ∑
n

∏
i1,...,in

(YIY,1,IY,2,... ϕi1, . . . , ϕin)1



Framework of models with multiple modular symmetries 
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Wd = [(ΦΦ)(3,3) + M Φ] χd + (ΦΦ)(1,3) χ̃d

, ( )Sl
4 × Sν

4 τl, τν

, ( )S4 τl, τν

, Z3 ⟨τl⟩ , Z2 ⟨τν⟩

TM1,2

MνMlM†
l

⟨Φ⟩ ∼ P23

Two  are broken to a single  along flat direction 
of bi-triplet 

S4 S4

• Bi-triplet scalar  of Φ ∼ (3, 3) Sl
4 × Sν

4

• Driving fields , χd ∼ (3, 3) χ̃d ∼ (1, 3)

There are 24 solutions

 for  spanning in ⟨Φ⟩ ∼ ρ(γ)P23 γ S4

P23 = (
1 0 0
0 0 1
0 1 0)

Same method applies to Al
4 × Aν

4 → A4

Also 24 solutions,  ⟨Φ⟩ ∼ ρ(γ)P23, ρ(γ) de Medeiros Varzielas, 
Lourenco, 2107.04042 

Zhang, YLZ, 2401.17810 

All equivalent to  after basis transformationP23

: 3D irrep matrix in Altarelli-Feruglio basisρ

But not all equivalent

Twin  as exampleS4



TM1 in approach I
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S⌫
4 , ⌧⌫Sl

4, ⌧l

Modular forms

H H

` `

Ni

King, YLZ, 1908.02770 

, ( )Sl
4 × Sν

4 τl, τν

RH lepton  
weights: 

ec, μc, τc ∼ 1′ 

−6, − 4, − 2

LH lepton L ∼ 3 RH neutrino 
νc = (N1, N2, N3) ∼ 3

Φ ∼ (3, 3)



TM1 in approach I

21

S⌫
4 , ⌧⌫Sl

4, ⌧l

Modular forms
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, ( )Sl
4 × Sν

4 τl, τν

SD
4

τl, τν

RH lepton  
weights: 

ec, μc, τc ∼ 1′ 

−6, − 4, − 2

LH lepton L ∼ 3 RH neutrino 
νc = (N1, N2, N3) ∼ 3

King, YLZ, 1908.02770 

⟨Φ⟩



TM1 in approach I
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S⌫
4 , ⌧⌫Sl

4, ⌧l

Modular forms
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, ( )Sl
4 × Sν

4 τl, τν

King, YLZ, 1908.02770 

ZT
3

h⌧⌫i = �1

2
+

i

2
h⌧li = �1

2
+ i

p
3

2
SUh⌧⌫i = h⌧⌫i

ZSU
2

T h⌧li = h⌧li

SD
4

τl, τν

RH lepton  
weights: 

ec, μc, τc ∼ 1′ 

−6, − 4, − 2

LH lepton L ∼ 3 RH neutrino 
νc = (N1, N2, N3) ∼ 3

⟨Φ⟩



TM1 in approach II
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�AC �BC

RH neutrino 
NB

RH neutrino 
NA

SA
4 , ⌧A SB

4 , ⌧B

SC
4 , ⌧C

weight: -6 weight: -4

de Medeiros Varzielas,  
King, YLZ, 1906.02208 

H H

Ni

` `

Mudular form Mudular form

LH Lepton  
zero weight

L ∼ 3

RH lepton  
weights: 

ec, μc, τc ∼ 1
−6, − 4, − 2

SA
4 × SB

4 × SC
4



TM1 in approach II
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⌧A, ⌧B , ⌧C
SD
4

SA
4 × SB

4 × SC
4 → SD

4

h�ACi h�BCi

SA
4 , ⌧A SB

4 , ⌧B

SC
4 , ⌧C

weight: -6 weight: -4

H H

Ni

` `

Mudular form Mudular form

RH neutrino 
NB

RH neutrino 
NA

LH Lepton  
zero weight

L ∼ 3

RH lepton  
weights: 

ec, μc, τc ∼ 1
−6, − 4, − 2



TM1 in approach II
Two-triplet scalars ΦAC and ΦBC : bridges to connect different modular symmetries
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Superpotential before and after        breakingSA
4 × SB

4 × SC
4

VEVs of both ΦAC and ΦBC are achieved via the flat directions from the bi-triplet 
contraction and triplet contraction



TM1 in approach II
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⌧A, ⌧B , ⌧C
SD
4

h⌧Bih⌧Ai

h⌧Ci

SD
4 ! ZT

3 , Z
TS
3 , TU

2

Diagonal charged lepton Yukawa coupling

h⌧Ai =
1

2
+ i

p
3

2

h⌧Bi =
1

2
+

i

2

h⌧Ci = �1

2
+ i

p
3

2

0

@
2
�1
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1

A?YA(h⌧Ai), YB(h⌧Bi)

TM1 realised since

ZTS
3 ZU

2

ZT
3

 Yukawa couplingNB Yukawa couplingNA



Multiple modular symmetries in GUTs
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SU(5) GUT with SF
4 × SN

4

King, YLZ,  2103.02633

ϵ1 =
⟨ϕ1⟩

Λ
ϵ2 =

⟨ϕ2⟩
Λ

Necessary for small quark mixing

Y(2)
3 (τSU) = (

2
−1
−1)

Y(4)
3 (τSU) = 2 (

1
1
1) − 3 (

0
1

−1)



Stabilisers and residual symmetries
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⇒ Y(τγ) = Y(γτγ) = (cτγ + d)2kρI(γ)Y(τγ)A stabiliser of  refers to some value of  satisfying γ ∈ ΓN τ γτγ = τγ

       ρI(γ) Y(τγ) = (cτγ + d)−2k Y(τγ)
A modular form at a stabiliser  is an eigenvector of the 
representation matrix  with eigenvalue 

τγ
ρI(γ) (cτγ + d)−2k

ρ3(Sτ) =
1
3

−1 2ω2 2ω
2ω 2 −ω2

2ω2 −ω 2
ρ3(Tτ) =

1
3

−1 2ω 2ω2

2ω 2ω2 −1
2ω2 −1 2ω

Y3(τSτ
) ∝ (

1
1
1) , x (

2
−1
−1) + y (

0
1

−1) Y3(τTτ
) ∝ (

1
0
0) , (

0
1
0) , (

0
0
1)

 , , S = T2
τ T = SτTτ U = TτSτT2

τ SτΓ4 ≃ S4

Typical stabilisers (not complete) 

⇒



Stabilisers and residual symmetries
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Full list of stabilisers for each element of finite modular groups for  with  in the fundamental domain of 
ΓN N = 2,3,4,5 Γ̄(N)

For , see also Ding, King, Liu, Lu, 1910.03460 A4, S4

Γ3 ≃ A4 Γ4 ≃ S4

Γ5 ≃ A5Γ2 ≃ S3

de Medeiros Varzielas, Levy, Zhou,2008.05329

ΓN ≃ Γ̄/Γ̄(N)



Scanning for all stabilisers in two modular A4
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γT1

γT2

γSTS1

γSTS2

γST1

γST2

γTS1

γTS2

γS1

γS2

γTST21

γTST22

γT2ST1

γT2ST2

Γ3 ≃ A4

τT2 = (ST2)3τT2 = (ST2)3(
−1

ω − 1
+ 1) = (ST2)2(ω − 1)

= (ST2)(
−1

ω + 1
) =

−1
−1

ω + 1 + 2
=

−1
ω − 1

− 1

,  S = Sτ T = Tτ

Z3

Z2

(2kl = 2,4)

(2kl = 2)

(2kl = 4)



Scanning for all stabilisers in two modular A4
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Case A Case B Case C

TM2

In flavour basis, 

(2kν = 4)

de Medeiros Varzielas, 
Lourenco, 2107.04042 

Zhang, YLZ, 2401.17810 



Summary
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Thank you for your listening!

Framework of multiple modular symmetries as origin of lepton mixing


Trimaximal TM1 mixing realised in two S4 in Approach I  
                     … and applied to SU(5) GUT


Trimaximal TM1 mixing realised in three S4 in Approach II


Trimaximal TM2 mixing realised in two A4 in Approach I


More mixing patterns are expected in the framework of multiple modular symmetries


