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Flavour structure
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e Flavour puzzles of the Standard Model(SM):
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Flavour structure

« The SM cannot explain why the parameters show such patterns.

— Need to study the underlying fundamental theory
(Beyond the SM)

Energy , _
scale Superstring theory (10D) e.g. Magnetized torus compactification
| | & & &
Meur I AD Effective field theory I
‘ The Lagrangian respects the modular symmetry
(geometrical discrete symmetry of the torus)
Mgy SM
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« Spontaneous CP violation from the top-down



Magnetized D-brane model

& Magnetized D9-branes in Type |IB string theory

« Background magnetic flux:

D9, — brane %

(MalNaxNa )
Mb 1Nb><Nb

D9, — brane ‘ ®b Mb F45 =
< > v

a Ma Gauge space
U(Ng + Np) > U(Ng) X U(Np)

a
> « Gaugino: .
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Gauge space

/'[bd )[bb

< >V

« Same structure in Gauge boson



Magnetized D-brane model

& Magnetized D9-branes in Type |IB string theory

(Stringy Picture) D9, — brane U(Na + Np + Nc) - U(Na) X U(Nb) X U(Nc)
b /\ D9, — brane
_ c c  Yukawa coupling corresponds
D9q — brane 1 ®b E to the 3-point coupling.
a _
a (Field Theory Picture)

« Overlap integral of zero-modes

v | doyaghachals




Top-down approach

High Energy
My 1ancic~1019GeV Type I1-B superstring
l 1 i i
Lsyn = _FTr [FMNE Y+ Q_ETr (AT Dy )
10DwNV =1 super q q |
Yang-Mills Gauge A: Gauginos
/ Boson
Compactification i \__
auge Matter
boson fermions
Mgy ~102GeV ﬁntsgglard 4
S4D=jd X Loy +

Low

Energy



Top-down approach

Higher dimensional Lagrangian (e.g. 10D)
L, =g d*xd®y Z(x, y)A(X, Y)A(X, Y)

Kaluza-Klein decomposition + integrate the compact space
= 4D theory

L, =Y [d*x7(X)p(X) 2(X)

Y =g[d°yZ (Y (Y)



Yukawa couplings

€ Yukawa coupling is computed by the overlap integrals of zero-modes over the
extra dimension. Fermion zero-modes in 6D space M

1 6 ﬁ ilca
YI]KZZ_ngMd Yy Y My
/

6D part of Higgs
1W.¢ . More overlap

- Larger Y

[ ¥ ¢

Compact space

- Less overlap
- Smaller Y

€ Explicit computation of zero-modes is possible on toroidal compact space.



Magnetized T? model

2
y

Magnetized T? model

12

Magnetic flux is quantized to integer

F=2nM,-dy* ndy? (M, €Z) Z~z+1l~z4+T

7: complex structure modulus (Imz > 0)



Magnetized T# model

& Zero-mode wavefunctions on magnetized T%:
[D. Cremades, L. E. Ibanez, and F. Marchesano (2004)]

« Let us consider fermion zero-modes in the bi-fundamental representation of U(N,) X U(Np):

lljab feels the difference of magnetic flux, i.e. Mg, = Mg — My,

« Dirac equation for zero-modes on magnetized T?:

i(d, + i)Y =0
._— Positive chirality
where waE _ (l/).,.

l,b_) < Negative chirality

. TM g




Magnetized T? model

& Zero-mode wavefunctions on magnetized T2:
[D. Cremades, L. E. Ibanez, and F. Marchesano (2004)]

 |[M,,| € Z degenerated zero-modes appear.

* It Mg, > 0, we obtain Jacobi theta function
] TL'iMabZ L
Solution: Yl X e Imr 9 [Mab] (Mgpz, Mgp), j=0,1,.., Mgl —1
0
Y- =0

Useful property to realize the 4D chiral theory
e |f My, <0, we obtain ¢, =0, y_ # 0.



Magnetized T4 model

& Transformation of zero-mode wavefunctions under S and T:
« Transforms like modular forms of weight 1/2

|M|—1

. ) z 1 : 1 L AL
S : ’t/)j’|M|(Z?T) — wj,|M| (_? _) — (—'T)IXQ Btﬂ'f"@l e |M|wka|M|(z?T):,
7 L

T5 gz ) g7 4 1) = TRTING, 7),

« Weight 1/2 modular forms are relevant to the double covering of ' = SL(2, 2)

'=SL(2,2)

[S. Kikuchi, T. Kobayashi, S. Takada, T. Tatsuishi, H. Uchida (2020)]



Magnetized T? model

« The double-covering group T is defined by
[={[y,f|lyer, e {£1}}. r=SL(2,2)
The multiplication of arbitrary two elements, [vy, €1], [y2, €2] € [, is defined by
V15 €1][2, €2] = (172, A1, 72) €162],

Cocycle condition  A(71,72) A(72.73) = Ay, 7273) Aly2, 73).

« The zero-mode wavefunctions behave like modular forms of % for ['(2|M|).

T(2|M|) = {[h,e] € T|h € T(2|M]), e = 1}.

[S. Kikuchi, T. Kobayashi, S. Takada, T. Tatsuishi, H. Uchida (2020)]



Magnetized T? model

« The zero-mode wavefunctions behave like modular forms of % for ['(2|M]).
» Unitary representation of Ty, = [/T(2|M|).
[S. Kikuchi, T. Kobayashi, S. Takada, T. Tatsuishi, H. Uchida (2020)]
When M = 2,

W3- (1 1) = (3 7).

When M = 4, /1 1 1 1 (1 0 0 0 )
~ ™l i =1 —i ~ 0 ™ 0
PO ==y -1 1 1> "D=1g o -1 o

\l —i —1 i \0 0 0 &

A(48) x Zg.  Order: 384



Magnetized T? model

. . ty
& Modular transformation of Yukawa couplings
Yijk e dzdz {Map_; J, Mca( kob)
| dzaz i (y
~ 1/4 9 |Mca|k—|Mcp|j+|McaMeb|lo | n
P9 = (2lmr) A S S [ gl g] (0, | Mop Mo M)
cb n=1

Where g = ged(IMgpl, [Mcp|)
& YUk (1) transforms as a modular form of weight 1/2 for ['(2N)

where N = lCm(MachaMCb)

[K. Hoshiya, S. Kikuchi, T. Kobayashi, Y. Ogawa, H. Uchida (2021)]



Higher dimensional torus model

A ADDIIIIE R YT R ILD B IR DIEF

& = (1,0) C’
e;=(0,1) Qe;

Qe_{ = (Q11,Q42) o

Qe; = (Qz1,Q32) €2

Z~Z+1~z+1 (Imt > 0) Z=(ZZ)~Z+ei~z+Qei




Magnetized T* model

[I. Antoniadis, A. Kumar, and B. Panda (2009)]

&®Backgroud magnetic flux:

F=n[M"-(ImQ)";(idz" AdZ') i e,

e M is an integer-valued matrix:

M = (Mll MlZ) M.

My1 My, ij € Z

e F-term SUSY condition:
MQ)T = MQ



Magnetized T* model

& Zero-mode wavefunctions on magnetized T*:

[I. Antoniadis, A. Kumar, and B. Panda (2009)]

Vector potential: f det[Im(MQ)] > 0, we obtain:

Riemann theta function

l/Jl e em[Mz] (ImQ)~Imz ﬁ‘FU/lJZ)Mab ](Mabz Mab-Q') — |]1 ]2>

Spinors: P2 =yYl=92=0

7 (J1.J2) € Z? inside the cell spanned by Ney(=1 2.

Pl er=(g) 2= (1)

(degeneracies of zero-modes) = |det M, |

A = Im{[My,z] - ImQ)~1dZ}

LIJ(Z Z)




Magnetized T* model

« Modular Transformations  Sp(4,7)

Z,2) - (“(C2+D)'Z (A2 + B)(C2 + D)™ 1)

Sets of 4 x 4 real matrices with integer entries,
y = (A B)
C D
satisfying 'yJy =], where J is the symplectic form:

] = ( 0 ]12)
=1, O Behaviors of zero-mode
wave functions?



Magnetized T* model

€®5Sp(4,7) modular transformation:

1 Bll (1 O))
Generators in Sp(4,Z2): 0 0
B22 — (8 2))
¢ — ( 0 12) o (12 Bab) 0 1
-, 0) "=~ \0 I, By, = (1 )

« Magnetic flux M is invariant under S if MT = M.
« Magnetic flux M is invariant under T, if B,j,M" = MB,_,.



Magnetized T* model

®Example _ ) General form of Q satisfying the F-term
4 2 _ 12 s
M = ( ) () = “~ SUSY condition:(MQ)T = MQ
-2 4 Ti2 T
| 2(1-1,3) - [3.-1))
12 degeneracies > |Jy, Jo) = %(|1: 0) —10,1) +]2,1) — [1,2)) |,
3-dim irreducible rep. 715“2,{]) —10.2))

- e V2 o1
Pr4;(z;fngp}(3):_§ vz 0 V2 Siegel modular form of weight 1/2

1 2 1
Automorphy factor:

errz'f?) : I 1/2
Pri ey M1 T22) = ( em/? f ) : Ji72 (§,7) = (det(-))
64171' 3

E—m’z’/S
pT4f(thlep}(ﬁg) = ( /6 ) A(gﬁ) X Z4 X Zg
L Imi/3
‘ [S. Kikuchi, T. Kobayashi, K.N, S. Takada, H. Uchida (2023)]



Magnetized T* model

€ If we restrict the complex structure moduli as

m=(*4 7 o= (T )= ()

N e V2 o1
Projaiozny(S) =—5 | V2 0 —V2 =0
[ 2( ) A(96)XZ4X23T12—>83X23.

1 —/2 1
eﬂ'z’f-?r
pTdf(Eéfo;F)(TllTZZ)I - ( emi/? , 'f3) : Welght 1
E T2
Automorphy factor:
E—m’/S s (& — 1
]1 (S' T) - ( T)

pj"‘-‘-lf(gét XE;P} (T12) —

[S. Kikuchi, T. Kobayashi, K.N, S. Takada, H. Uchida (2023)]



Magnetized T* model

& Transformation of zero-mode wavefunctions under S and T:

« Transforms like modular forms of weight 1/2

Y: |]1;]2>(Z; T) - |]1;]2>()7(Z; T)) :j1/2 (7, T)P(7)1K|K1 Kz)(Z T)

3 Ty-ig |
5 = [S, 1] j1/2 (S, T) = (det( Q))l/z (S)]K \/m an] Nk :
T = [T, 1] ]1/2 (T, T) =1 p(T)]K — en'l]TBN 1]6],1( i

[S. Kikuchi, T. Kobayashi, K.N, S. Takada, H. Uchida (2023)]
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Spontaneous CP violation (Introduction)

€ 4D CP is embedded to 10D proper Lorentz transformation.

4D space-time 6D compact space
cp X
(t; X, )’; Z) - (t; —X, _y) _Z)

[M.B. Green, J.H. Schwarz, E. Witten (1987)]

257, (=123 € 10D proper Lorentz

(Symmetry of string theory)

« Compactification (fixing the vacuum state)
is the source of CP violation.

CP-
« CP symmetry is expected to restore symmetric
at very high energy, E > M ompact-
CPis

« Spontaneous CP violation is natural. .
violated

A

Energy scale

Compactification
scale

- M compact



Spontaneous CP violation (Introduction)

€ CP is violated by the VEV of complex structure modulus.

« |n the case of toroidal compact space,
cP B cp
T—>—T. Z--17
« |n modular flavour models, CP is conserved if and only if there exists y € SL(2,Z) s.t.

Im[7] —T =T

[P. P. Novichkov, J. T. Penedo, S. T. Petcov, A. V. Titov (2019)]

/\7\ Red curves denote the CP-conserving region.

Re[1]

-1/2 0 1/2



Purpose and set-up

‘OPurpose: Realization of spontaneous CP violation from the top-down ‘

& Type IIB string based on factorizable T®/Z, toroidal orientifold:

Z1 = X1t T Zy =Xz T T2)2 Ildentification

Zi~ — Zj, (l — 1,2,3)

« 3 complex structure moduli: 74,75, 73

« Overall Kahler (volume) modulus: v SL(2,Z){®SL(2,2),QSL(2,Z)s®SL(2,Z)

e Axio-dilaton: S



Type 1I-B flux compactification

&€ Compactification with 3-form background flux=> Scalar potential of moduli

« Scalar potential (4D v =1 supergravity )
KAE — OAGBK

U _ oK ’KABDAWDBW _ 3|W|2] . KABK 5 = 54

« Gukov-Vafa-Witten superpotential:
1 Holomorphic form: €2 = dzy A dzo A dzs,
Whux = E /GS AL, zi = X; + 7;y;  Moduli dependence

3-form flux:  G3 = Fy — SH;4

/ T SRR

« Kahler potential: NS-NS Axio-dilaton

Kmodui = —In [—i(S — S)] —In[i(1y — 71) (72 — T) (13 — 73)] — 2InV,



Type 1I-B flux compactification

& The 3-form fluxes are expanded by the dual-basis of 3-forms, i.e. H3(T®, Z)
1
2
1

5 Hs = Pag + oy + dif + doS°,

F3 = aoao -+ aia,- + b,ﬁz + bo,BO,

« Dual basis:

ap = dz' A dz? A di?, al=dy1/\da:2/\dxs,
agzdyzl\da::’/\dzl, (13=dy3/\d.’l?1/\d$2,
By = dy* A dy® A di?, By = —dz' A dy® A dy?,
By = —dx® Ady® A dy', B3 = —dz® A dy' A dy’.

fTﬁ ar A\ /BJ — 5IJ

« Flux quanta {a®, a}, by, b;, c0 ct, do, d;} are quantized to integers:



Type |I-B flux compactification

& Tadpole cancellation condition:
Flux quanta cannot be arbitrarily large

1
nﬂux=l—2/H3/\E‘;

= ®by — doa® + ) _(c'b; — dia’)

= 32 — 2nD3 — NO3 S 32,

Nnp3: number of D3 branes
Nps3,» number of exotic O3’ planes



Type 1I-B flux compactification

& Requiring CP-invariance to the scalar potential:

V = X K D;Waux D; Wans.

« We require Wy, to transform under CP as

1
Wa E} _Wﬂ where  Wiux = E/Sz A G,
0= -0
« Restrictions to the flux quanta [T. Kobayashi, H. Otsuka (2020)] G; — —G_3

-ﬁF3 = a’ag + dq + bif8* + B,
l_2H3 _—_\Q%)+ciai+5bqi+doﬂ0,



Spontaneous CP violation

& CP invariant flux compactification:

[T. Kobayashi, H. Otsuka (2020)]
Kmﬂdlﬂi = — ].Il [—i(S — S)] — lI]. [T:(Tl — 7_'1)(’?'2 — '?2)(7-3 — "?__J)] — 2].]1]),

3
Wi = a°T17om3 + ' STom3 + 2STyT3 + STy T — E b;T; + dyS.

=1

& Solving the supersymmetric conditions:
DiWayx = 0

 One generally finds flat directions, where CP-breaking and conserving
vacua are degenerate.



Spontaneous CP violation

®Following the model in [A. Hebecker, P. Henkenjohann, L. T. Witkowski (2017)]
[T. Kobayashi, H. Otsuka (2020)]

3
Wi = a®1172m3 + ! SToms + 2STims + ST — E bii + doS.

=1

‘ Cl = 6'2 = 0, bl — bz — 0, C3 = —fflo, d[]. = fbd

Wﬂux — (T3 — fS) [{lﬁ’Tng — b3] .

& Supersymmetric vacuum (SUSY) is obtained by solving
6T,~ Wiux =0,  OsWhux =0, Wy = 0,
* One finds flat directions:

b3

aV !

Ty = fS

1T =



Spontaneous CP violation (Model |)

®Resolving the degeneracy between CP-violating and CP-conserving vacua?
« Coupling between the moduli and a matter field X:

W = Wﬂu:{ + Wmatter:
e.g.

Wonatter = A2Y (11) X, Y(t,) : weight ky, trivial singlet modular form
A :mass parameter

2 _
Kuatter = Z| X[y 7 = (imy + i1 (—ira + i7) " M—iry + i)~ (=iS +i8) ™",
e SL(2,2);®SL(2,2),®SL(2,Z)s®SL(2,Z)s symmetry if

X > (citq +d))*(cy1, + dy) (c313 + d3) 1(csS + dg)™1X where  —1 =k + ky.
« Matter contributions are CP symmetric.

cp B Minus sign is possible
Winatter —> —Whatters (arbitrariness in the normalization of modular forms)
cp _ : B _
because T— -7, XHB X, Y(n) DY(-n)= iY(Tl)

[P. P. Novichkov, J. T. Penedo, S. T. Petcov, A. V. Titov (2019)]



Spontaneous CP violation (Model I)

& Supersymmetric vacuum (SUSY) is obtained by solving
O, W =0, W =0, OxW =0, W=0.

€ SUSY Minkowski vacuum:
nm=a m=JS, Y(n)=0, X=0(f0,Y #0)

« 1, is stabilized at a zero-point of Y(1;).

« 1, is stabilized at t, = bs 1 Lifting of flat direction!

a® 74

« There remains one flat direction, T3 = fS.

@ If we choose certain flux quanta a®, b3, spontaneous CP violation
is realized quite easily.



Spontaneous CP violation (Model I)

& Let us consider A, trivial singlet modular form with weight ky, = 4:
Y(r) =YV (),
« 7, is stabilized at the Z;5 fixed-point, i.e. 7; = w
Y\ P(w)=0, 0,YV| _ ~—6.04i.

« We take the following flux quanta:

a" =2, by=-3, f=1, Tadpole cancellation is satisfied.
Mfpx = 12 < 32

« CP violation by the VEV of 7,

oy = =2 _3_ 3v3
2T a2 !

b3
Cf T1T2 — —ﬂ:l
(i



Spontaneous CP violation (Model I)

& Modular symmetry and CP violation
 No CP violation by 1,

Any good reason?

SL(2,Z); symmetry in the matter SUGRA scalar potential

aT1+b
CT1+d

71 —

« CP violation by 7,

Any good reason?

Modification of SL(2,Z), due to the flux quanta



Spontaneous CP violation (Model I)

& SUGRA scalar potential:
V= Vflux + Vinatter

. b
« On the flat directions, 7,7, = a—ﬁ,rg = fS:
Aél

V = Viatter = ﬁ[2Im(T1)]kY|Y1(kY}(T1)|2- Manifestly invariant under SL(2,Z); xCP
& General properties of SL(2,Z) xCP invariant scalar potential: {mfe]
m[7
V_— 0, for Vim[r] if Re[tr] =0 mod(1/2)
ORe[7] ’ o
a_V=O, fOI’V@ |f r=1 (T='I"€i9)
or
Tendency to preserve CP /<7\
[M. Cvetic, A. Font, L. E. Ibanez, D. Lust, and F. Quevedo (1991)] R e T e e e T T S U

AN NN NN NN

[S. F. King and X. Wang (2023)] Re|7]

P. P. Novichkov, J. T. Penedo and S. T. Petcov(2022) -1/2 0 1/2



Spontaneous CP violation (Model I)

@ V,qicer @S a function of 7, 7 Im(,]
A4
V = Vuaster = 355 [2Im(m) | [Y{™ () .
o Oy (0] ’ b | bs]
— | —9] yky) (121 Ibsl ;1931
V2 | bs m("’ﬂ)‘ : (|b3|"'2) | “1a /|
. . \
o Voatter 1S Symmetric under
at; +b \ /\
5
‘2 CT, +d
a b a b\ _ 0 (mod 1) 0 (mod |b3/a,“|)) Relt
ov__ - _ " 2]a% 2|a”]
orers] — O for vim[z] if Re[r] =0 mod(1/2)
v

— =0, forve ifr= |bs|/]a’|.



Spontaneous CP violation (Model II)

@ Let us consider the following Lagrangian:

W = Wﬂu:{ + Wmatter:

where
Y (1), y(t3) : trivial singlet modular forms

Wnatter = A*(Y(11) X + a y(13)z), a €R, X, x: matter fields

& Supersymmetric vacuum (SUSY) is obtained:

« 7, at a zero-point of Y(7;) * (12) = %ﬁ

1
« 15 at a zero-point of y(t3) e (S) = f(t3)
. (X)=0 . (x)=0

All flat directions are lifted.



Spontaneous CP violation (Model Il)

& A, trivial singlet modular form with weight ky = 4,6 :
Y(n)=%"(n), y(m)=Y,"(m),

* T,, T3 are stabilized at the fixed points,
(11) = w, (13) =1 c.f. Ylm(w) =0, Yl(ﬁ}(i) =0,
« |f take the following flux quanta:

0 1 Tadpole cancellation is satisfied.
a = 41 b3 - _61 f - 5:

Naux = 24 < 32.
« 7, and S are stabilized at
b
3 3 3V3 et =,
()= —o— =2+ ‘
2w 4 4 5= fS,

(S) = 2i

CP violation under the weak coupling regime, (Im[S] > 1)



Spontaneous CP violation (Model II)

€ Phenomenological implication of (S) = 2i :

« Suppose that the gauge kinetic function f;, o
of the standard gauge group is given by ?

fo=—1S

1 1 —
_Z (Refh)ab Fu%Fb HY — Z (Imfh)ab Fu%Fb uv’

1
. Theta term R S
3 10 15
. . : log,,(1/GeV)
« We realize Unified gauge coupling of MSSM at the GUT scale
1
— = 4n(Ref) = 4n(ImS) =~ 25 Figure from B.Dutta, et.al (2015)

a
(S) = 2i
« Vanishing strong QCD phase



Spontaneous CP violation (Model II’)

& Kahler modulus stabilization
® KKLT-like scenario

[S. Kachru, R. Kallosh, A. D. Linde, S. P. Trivedi (2003)]

- Non-perturbative effects such as D-brane instanton
eHeCt 1y W + Winatter + W, [K. Ishiguro, H. Okada, H. Otsuka (2022)]

Wnp — AIBeibS + CelaT eg.a=b=2m
« We have Wy + Winaerer = 0, effective superpotential becomes

Weff — A’3€ib(S) + CeiaT

Constant term.
- By solving the SUSY condition, DyWesr = 0

a Im(T) ~In(C/wp), with wy= (Ae®S)< 1 (= M})).



Spontaneous CP violation (Model II’)
& Note that the true vacua are solutions of the following equation:
DIW — 0,

where W denotes the full superpotential.
W = Whux + Whatter + Wnpr

& Some deviations to the moduli as ¢ = (¢) + §¢

0Ty = O(;j)’ Where & = [Werf|/(N*Mp))

072 = _W;f;GS‘VEv +O(), In the regime Im(T) > 1,Im(S) > 1,

51 — 0(62), deviations are exponentially suppressed.

0SS = — Wen Gm‘ + 0(52), * IfRe(dS) <1071 = Zloencstirsi)(te(;]i;\(/)vli(;[hmeoxr?]i:’rtnoefanZS’Irons

Wi,s VEV



Spontaneous CP violation (Model II’)

& The vacuum energy is negative.

V = —3<BK|WEH:|2> < 0.

& \We need up-lifting by SUSY breaking.

®Required F-terms and D-terms are small enough compared with
the masses of 7;21,3,5, X, x.



& Magnetized D-brane models

« |n magnetized T? models, zero-mode wavefunctions and Yukawa couplings behave like
modular forms of weight 1/2.

Non-Abelian discrete symmetry depends on the magnetic flux M € Z

« In magnetized T* models, zero-mode wavefunctions behave like Siegel modular forms of weight 1/2.

& Spontaneous CP violation

« Flux compactification + moduli-matter couplings = spontaneous CP violation by the VEV of 5.

« CP violation under the weak coupling regime Im(S) > 0 is possible.



Supplementary slides

& Origin of matter contributions:
Y(71)Q0X

Condensation
(QQ) = A?

AY (t)X

Q: hidden matter fields

& SUGRA scalar potential at (X) = 0:

Ad

2|T3 — f8|2 |{I.0'T'1T2 — b;ggl2 + 2|T3 — fgl2 I(I“'Tl'?'z — b;;l2
Vix—o = ﬁ[ﬂm(ﬂ)]ky|Y1(kﬂ(71)|2‘|‘

V2[2Im(7 )| [2Im (7, )][2Im(73)][2Im(S)]




Modular symmetry

 Modular symmetry approach to the flavour puzzles:
»>modular symmetry (brief explanation)

Im|[z]

~
T2 ~ C/A
Transformation of t:
ar + b (a b) e siio 7 7. complex structure modulus
- = = =
ten ct+d’ c d (2,7)

Generators of SL(2,2):
o (0 1y L_(11 "
“\=1 0/° S\ 1 ST—>—;, Tt->7+1



Modular symmetry

* Yukawa coupling constants are holomorphic functions of =

Im

Superstring

Dimensional
reduction
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AD EFT Y;j(r): Computed
Yukawa couplings

We know how 7 is transformed under SL(2,7):

at + b a b
T YT = y=(

ct+d’ d
How does Y;;(zr) transform?

)er =512 1)
[D. Cremades, L. E. Ibanez, and F. Marchesano (2004)]
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