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THE FLAVOUR PROBLEM

➤ Steve gave the motivation 

➤ Examples for neutrinos 

➤ What happens in the quark sector? 

➤ Textures 

➤ What happens in the scalar sector? 

➤ An S3 example multi-Higgs example 

➤ quarks and Higgs sectors 

➤ problems and an unusual solution



FLAVOUR
➤ Interactions that distinguish between flavours

•Fermion masses 

•Mixing 

•CP violation
• Γ(KL→µ +µ−)/ Γ(K+→µ+ν)  →  

charm quark 

•𝛥mK  → charm mass 

•𝛥mB → top mass 

•𝜀K → third generation 

•𝜈 oscillation →  𝜈 mass 

Nir, CERN–LATAM School HEP (2015)

Lead to discoveries

•Dark matter 

•Baryogenesis 

•Leptogenesis 

•EW phase transition 

•??

Connections to new/unknown physics

➤ why 3 generations? 
➤ why those masses? 
➤ why the gap between neutral and charged 

fermions 
➤ why the difference between mixing 

matrices? 
➤ why that amount of CP violation? 
➤ …



SOME ASPECTS OF THE FLAVOUR PROBLEM

➤ Quark and charged lepton 
masses very different, very 
hierarchical 
 
 
 

➤ Neutrino masses unknown, 
only difference of squared 
masses.  

➤ Type of hierarchy (normal or 
inverted) also unknown 

➤ Higgs sector under study

me : mµ : m⌧ ⇠ 10�5 : 10�2 : 1

md : ms : mb ⇠ 10�4 : 10�2 : 1

mu : mc : mt ⇠ 10�6 : 10�3 : 1

➤ Quark mixing angles 
 
 

➤ Neutrino mixing angles 
 
 

➤ Small mixing in quarks, large 
mixing in neutrinos. 
Very different 

➤ Is there an underlying 
symmetry?

✓12 ⇡ 13.0o

✓23 ⇡ 2.4o

✓13 ⇡ 0.2o

⇥12 ⇡ 33.8�

⇥23 ⇡ 48.6�

⇥13 ⇡ 8.6�

?



7 El modelo estándar

7.1 El modelo estándar mínimo

En esta sección presentamos la forma explícita del Lagrangiano del Modelo Estándar (ME) en el
calibre R⇠. Suponemos el sector escalar más simple (mínimo). El Lagrangiano del ME es una canti-
dad bien conocida en la actualidad, por lo tanto, limitaremos su derivación a los puntos esenciales.
No obstante, se prestará especial atención a aquellos aspectos que suelen ser difíciles de encontrar en
la literatura, especialmente los relacionados con la elección del calibre y las correspondientes reglas
de Feynman en el sector de fantasmas. Por lo que primeramente seguiremos las notas de clase en
[11]. En el modelo estándar un modelo de partículas elementales y sus interacciones se define por
las siguientes partes:

• Las simetrías del Lagrangiano y el patrón de ruptura espontánea de simetría

• Las representaciones de fermiones y escalares. El Modelo Estándar (ME) se define de la
siguiente manera:

- La simetría es una simetria local o de gauge

GSM = SU(3)C ⇥ SU(2)L ⇥ U(1)Y (7.1)

que se rompe espontáneamente a

GSM ! SU(3)C ⇥ U(1)EM (QEM = T3 + Y ) (7.2)

- Existen tres generaciones de fermiones, cada una compuesta por cinco representaciones de GSM :

QLi(3, 2)+1/6, URi(3, 1)+2/3, DRi(3, 1)�1/3, LLi(1, 2)�1/2, ERi(1, 1)�1 (i = 1, 2, 3). (7.3)

Existe un único campo escalar,
�(1, 2)+1/2. (7.4)

El lagrangiano renormalizable más general con campos escalares y fermiones se puede descomponer
en

L = Lcin + L + LYuk + L� (7.5)

Aquí, Lcin describe la propagación libre en el espacio-tiempo, así como las interacciones gauge, L 
proporciona términos de masa para los fermiones, LYuk describe las interacciones de Yukawa, y L�
da el potencial escalar. Ahora encontramos la forma específica del lagrangiano compuesto por los
campos fermiónicos QLi, URi, DRi, LLi y ERi (7.3), y el campo escalar � (7.48), sujeto a la simetría
gauge (7.1) y que conduce al rompimiento espontáneo de simetria de la ecuación (7.2).
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7.1.1 Sector cinemático Lcin

La simetría local requiere que introduzcamos los siguientes grados de libertad de bosón gauge:

Gµ

a(8, 1)0, Wµ

a (1, 3)0, Bµ
(1, 1)0 (7.6)

Las correspondientes intensidades de campo se dan por

Gµ⌫

a = @µG⌫

a � @⌫Gµ

a � gsfabcG
µ

b
G⌫

c

Wµ⌫

a = @µW ⌫

a � @⌫Wµ

a � g✏abcW
µ

b
W ⌫

c

Bµ⌫
= @µB⌫ � @⌫Bµ

(7.7)

donde fabc (✏abc) son las constantes de estructura de SU(3)(SU(2)). La derivada covariante es

Dµ
= @µ

+ igsG
µ

aLa + igWµ

b
Tb + ig0BµY (7.8)

donde los La son generadores de SU(3)C (las matrices de Gell-Mann 3 ⇥ 3
1

2
�a para tríos, 0 para

singletes), los Tb son generadores de SU(2)L (las matrices de Pauli 2⇥ 2
1

2
⌧b para dobletes, 0 para

singletes), y los Y son las cargas de U(1)Y . Explícitamente, las derivadas covariantes que actúan
sobre los diversos campos escalares y fermiónicos se dan por

Dµ� =

✓
@µ

+
i

2
gWµ

b
⌧b +

i

2
g0Bµ

◆
�

DµQLi =

✓
@µ

+
i

2
gsG

µ

a�a +
i

2
gWµ

b
⌧b +

i

6
g0Bµ

◆
QLi

(7.9)

Las derivadas covariantes correspondientes se expresan como

DµURi =

✓
@µ

+
i

2
gsG

µ

a�a +
2i

3
g0Bµ

◆
URi,

DµDRi =

✓
@µ

+
i

2
gsG

µ

a�a �
i

3
g0Bµ

◆
DRi,

DµLLi =

✓
@µ

+
i

2
gWµ

b
⌧b �

i

2
g0Bµ

◆
LLi,

DµERi =
�
@µ � ig0Bµ

�
ERi.

(7.10)

Lcin se expresa como

LME

cin =� 1

4
Gµ⌫

a Gaµ⌫ �
1

4
Wµ⌫

b
Wbµ⌫ �

1

4
Bµ⌫Bµ⌫

� iQLi /DQLi � iURi /DURi � iDRi /DDRi � iLLi /DLLi � iERi /DERi

� (Dµ�)† (Dµ�) .

(7.11)

Esta parte del lagrangiano de interacción es universal en términos de sabor. Además, conserva CP.
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7.1.2 Sector de masa fermionica L 
En el Modelo Estándar (ME), no hay términos de masa para los fermiones. No podemos escribir
términos de masa de Dirac para los fermiones porque están asignados a representaciones quirales
de la simetría gauge. Tampoco podemos escribir términos de masa de Majorana para los fermiones,
ya que todos tienen Y 6= 0. Por lo tanto,

LME

 
= 0 (7.12)

7.1.3 Sector de Yukawa LYuk

La parte de Yukawa del lagrangiano se da por

LME

Y = Y d

ijQLi�DRj + Y u

ijQLi�̃URj + Y e

ijLLi�ERj + h.c., (7.13)

donde �̃ = i⌧2�†, y los Y f son matrices generales 3⇥3 de acoplamientos adimensionales. Esta parte
del lagrangiano es, en general, dependiente del sabor (es decir, Y f 6= 1) y viola CP. Sin pérdida de
generalidad, podemos usar una transformación bi-unitaria,

Y e ! Ŷe = UeLY
eU †

eR
(7.14)

para cambiar la base a una donde Y e es diagonal y real:

Ŷ e
= diag (ye, yµ, y⌧ ) (7.15)

En la base definida en la ecuación (7.14), denotamos los componentes de los dobletes de leptones
SU(2) y los tres singletes de leptones SU(2) de la siguiente manera:

✓
⌫eL
eL

◆
,

✓
⌫µL
µL

◆
,

✓
⌫⌧L
⌧L

◆
; eR, µR, ⌧R (7.16)

donde e, µ, ⌧ están ordenados por el tamaño de ye,µ,⌧ (de menor a mayor). De manera similar, sin
pérdida de generalidad, podemos usar una transformación bi-unitaria,

Y u ! Ŷu = VuLY
uV †

uR
(7.17)

para cambiar la base a una donde Ŷ u sea diagonal y real:

Ŷ u
= diag (yu, yc, yt) (7.18)

En la base definida en la ecuación (7.21), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks up SU(2), de la siguiente manera:

✓
uL
duL

◆
,

✓
cL
dcL

◆
,

✓
tL
dtL

◆
; uR, cR, tR (7.19)

donde u, c, t están ordenados por el tamaño de yu,c,t (de menor a mayor).

De manera similar, sin pérdida de generalidad, podemos usar una transformación bi-unitaria,

Y u ! Ŷu = VuLY
uV †

uR
(7.20)
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Ŷ u
= diag (yu, yc, yt) (7.18)

En la base definida en la ecuación (7.21), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks up SU(2), de la siguiente manera:

✓
uL
duL

◆
,

✓
cL
dcL

◆
,

✓
tL
dtL

◆
; uR, cR, tR (7.19)

donde u, c, t están ordenados por el tamaño de yu,c,t (de menor a mayor).

De manera similar, sin pérdida de generalidad, podemos usar una transformación bi-unitaria,
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The Lagrangian

The matter particles

The scalar

The fields strengths

The Yukawa interactions

The covariant derivative

group generators

U(1) charges

The electroweak sector of the SM



HIGGS POTENTIAL

para cambiar la base a una donde Ŷ u sea diagonal y real:

Ŷ u
= diag (yu, yc, yt) (7.21)

En la base definida en la ecuación (7.21), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks up SU(2), de la siguiente manera:

✓
uL
duL

◆
,

✓
cL
dcL

◆
,

✓
tL
dtL

◆
; uR, cR, tR, (7.22)

donde u, c, t están ordenados por el tamaño de yu,c,t (de menor a mayor). Podemos usar otra
transformación bi-unitaria,

Y d ! Ŷd = VdLY
dV †

dR
(7.23)

para cambiar la base a una donde Ŷ d sea diagonal y real:

Ŷ d
= diag (yd, ys, yb) (7.24)

En la base definida en la ecuación (7.24), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks down SU(2), de la siguiente manera:

✓
udL
dL

◆
,

✓
usL
sL

◆
,

✓
ubL
bL

◆
; dR, sR, bR (7.25)

7.1.4 L�

El potencial escalar se da por
LME

�
= �µ2�†�� �

⇣
�†�

⌘2

(7.26)

Esta parte del lagrangiano también conserva CP. Elegir µ2 < 0 y � > 0 conduce a la ruptura
espontánea de simetría requerida. Definiendo

v2 = �µ2

�
(7.27)

podemos reescribir la ecuación (7.26) de la siguiente manera (hasta un término constante):

L� = ��

✓
�†�� v2

2

◆2

(7.28)

El potencial escalar (7.28) implica que el campo escalar adquiere un valor esperado de vacío (VEV),
|h�i| = v/

p
2. Debemos hacer una elección de la dirección de h�i, y la elegimos en la dirección real

del componente hacia abajo,

h�i =
✓

0

v/
p
2

◆
. (7.29)

Este VEV rompe la simetría SU(2) ⇥ U(1) a un subgrupo U(1). Esta declaración corresponde al
hecho de que hay una (y solo una) combinación lineal de generadores que aniquila el estado de vacío.
Con nuestra elección específica, la ecuación (7.29), es T3 + Y . El subgrupo no roto se identifica con
U(1)EM, y por lo tanto su generador, Q, se identifica como

Q = T3 + Y (7.30)
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Este VEV rompe la simetría SU(2) ⇥ U(1) a un subgrupo U(1). Esta declaración corresponde al
hecho de que hay una (y solo una) combinación lineal de generadores que aniquila el estado de vacío.
Con nuestra elección específica, la ecuación (7.29), es T3 + Y . El subgrupo no roto se identifica con
U(1)EM, y por lo tanto su generador, Q, se identifica como

Q = T3 + Y (7.30)

— 175 / 195 —

para cambiar la base a una donde Ŷ u sea diagonal y real:

Ŷ u
= diag (yu, yc, yt) (7.21)

En la base definida en la ecuación (7.21), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks up SU(2), de la siguiente manera:

✓
uL
duL

◆
,

✓
cL
dcL

◆
,

✓
tL
dtL

◆
; uR, cR, tR, (7.22)

donde u, c, t están ordenados por el tamaño de yu,c,t (de menor a mayor). Podemos usar otra
transformación bi-unitaria,

Y d ! Ŷd = VdLY
dV †

dR
(7.23)

para cambiar la base a una donde Ŷ d sea diagonal y real:

Ŷ d
= diag (yd, ys, yb) (7.24)

En la base definida en la ecuación (7.24), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks down SU(2), de la siguiente manera:

✓
udL
dL

◆
,

✓
usL
sL

◆
,

✓
ubL
bL

◆
; dR, sR, bR (7.25)

7.1.4 L�

El potencial escalar se da por
LME

�
= �µ2�†�� �

⇣
�†�

⌘2

(7.26)

Esta parte del lagrangiano también conserva CP. Elegir µ2 < 0 y � > 0 conduce a la ruptura
espontánea de simetría requerida. Definiendo

v2 = �µ2

�
(7.27)

podemos reescribir la ecuación (7.26) de la siguiente manera (hasta un término constante):
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�†�� v2
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El potencial escalar (7.28) implica que el campo escalar adquiere un valor esperado de vacío (VEV),
|h�i| = v/

p
2. Debemos hacer una elección de la dirección de h�i, y la elegimos en la dirección real

del componente hacia abajo,

h�i =
✓

0

v/
p
2

◆
. (7.29)

Este VEV rompe la simetría SU(2) ⇥ U(1) a un subgrupo U(1). Esta declaración corresponde al
hecho de que hay una (y solo una) combinación lineal de generadores que aniquila el estado de vacío.
Con nuestra elección específica, la ecuación (7.29), es T3 + Y . El subgrupo no roto se identifica con
U(1)EM, y por lo tanto su generador, Q, se identifica como

Q = T3 + Y (7.30)
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𝜇2 < 0 , 𝜆 > 0

SU(2)xU(1) → U(1)EM



QUARKS AND HIGGS INTERRELATED
➤ Yukawa couplings:  several orders of magnitude of difference, 

strong hierarchy 

 
Also neutrinos, but they could acquire mass other ways. 

➤ Higgs sector:  
 

➤ hierarchy problem (quadratic radiative corrections) 

➤ limits to perturbative unitarity 

➤ Why MHiggs~125 GeV?

7.1.2 Sector de masa fermionica L 
En el Modelo Estándar (ME), no hay términos de masa para los fermiones. No podemos escribir
términos de masa de Dirac para los fermiones porque están asignados a representaciones quirales
de la simetría gauge. Tampoco podemos escribir términos de masa de Majorana para los fermiones,
ya que todos tienen Y 6= 0. Por lo tanto,

LME

 
= 0 (7.12)

7.1.3 Sector de Yukawa LYuk

La parte de Yukawa del lagrangiano se da por

LME

Y = Y d

ijQLi�DRj + Y u

ijQLi�̃URj + Y e

ijLLi�ERj + h.c., (7.13)

donde �̃ = i⌧2�†, y los Y f son matrices generales 3⇥3 de acoplamientos adimensionales. Esta parte
del lagrangiano es, en general, dependiente del sabor (es decir, Y f 6= 1) y viola CP. Sin pérdida de
generalidad, podemos usar una transformación bi-unitaria,

Y e ! Ŷe = UeLY
eU †

eR
(7.14)

para cambiar la base a una donde Y e es diagonal y real:

Ŷ e
= diag (ye, yµ, y⌧ ) (7.15)

En la base definida en la ecuación (7.14), denotamos los componentes de los dobletes de leptones
SU(2) y los tres singletes de leptones SU(2) de la siguiente manera:

✓
⌫eL
eL

◆
,

✓
⌫µL
µL

◆
,

✓
⌫⌧L
⌧L

◆
; eR, µR, ⌧R (7.16)

donde e, µ, ⌧ están ordenados por el tamaño de ye,µ,⌧ (de menor a mayor). De manera similar, sin
pérdida de generalidad, podemos usar una transformación bi-unitaria,

Y u ! Ŷu = VuLY
uV †

uR
(7.17)

para cambiar la base a una donde Ŷ u sea diagonal y real:

Ŷ u
= diag (yu, yc, yt) (7.18)

En la base definida en la ecuación (7.21), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks up SU(2), de la siguiente manera:

✓
uL
duL

◆
,

✓
cL
dcL

◆
,

✓
tL
dtL

◆
; uR, cR, tR (7.19)

donde u, c, t están ordenados por el tamaño de yu,c,t (de menor a mayor).

De manera similar, sin pérdida de generalidad, podemos usar una transformación bi-unitaria,

Y u ! Ŷu = VuLY
uV †

uR
(7.20)
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para cambiar la base a una donde Ŷ u sea diagonal y real:

Ŷ u
= diag (yu, yc, yt) (7.21)

En la base definida en la ecuación (7.21), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks up SU(2), de la siguiente manera:

✓
uL
duL

◆
,

✓
cL
dcL

◆
,

✓
tL
dtL

◆
; uR, cR, tR, (7.22)

donde u, c, t están ordenados por el tamaño de yu,c,t (de menor a mayor). Podemos usar otra
transformación bi-unitaria,

Y d ! Ŷd = VdLY
dV †

dR
(7.23)

para cambiar la base a una donde Ŷ d sea diagonal y real:

Ŷ d
= diag (yd, ys, yb) (7.24)

En la base definida en la ecuación (7.24), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks down SU(2), de la siguiente manera:

✓
udL
dL

◆
,

✓
usL
sL

◆
,

✓
ubL
bL

◆
; dR, sR, bR (7.25)

7.1.4 L�

El potencial escalar se da por
LME

�
= �µ2�†�� �

⇣
�†�

⌘2

(7.26)

Esta parte del lagrangiano también conserva CP. Elegir µ2 < 0 y � > 0 conduce a la ruptura
espontánea de simetría requerida. Definiendo

v2 = �µ2

�
(7.27)

podemos reescribir la ecuación (7.26) de la siguiente manera (hasta un término constante):

L� = ��

✓
�†�� v2

2

◆2

(7.28)

El potencial escalar (7.28) implica que el campo escalar adquiere un valor esperado de vacío (VEV),
|h�i| = v/

p
2. Debemos hacer una elección de la dirección de h�i, y la elegimos en la dirección real

del componente hacia abajo,

h�i =
✓

0

v/
p
2

◆
. (7.29)

Este VEV rompe la simetría SU(2) ⇥ U(1) a un subgrupo U(1). Esta declaración corresponde al
hecho de que hay una (y solo una) combinación lineal de generadores que aniquila el estado de vacío.
Con nuestra elección específica, la ecuación (7.29), es T3 + Y . El subgrupo no roto se identifica con
U(1)EM, y por lo tanto su generador, Q, se identifica como

Q = T3 + Y (7.30)
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para cambiar la base a una donde Ŷ u sea diagonal y real:

Ŷ u
= diag (yu, yc, yt) (7.21)

En la base definida en la ecuación (7.21), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks up SU(2), de la siguiente manera:

✓
uL
duL

◆
,

✓
cL
dcL

◆
,

✓
tL
dtL

◆
; uR, cR, tR, (7.22)

donde u, c, t están ordenados por el tamaño de yu,c,t (de menor a mayor). Podemos usar otra
transformación bi-unitaria,

Y d ! Ŷd = VdLY
dV †

dR
(7.23)

para cambiar la base a una donde Ŷ d sea diagonal y real:

Ŷ d
= diag (yd, ys, yb) (7.24)

En la base definida en la ecuación (7.24), denotamos los componentes de los dobletes de quarks
SU(2), y los singletes de quarks down SU(2), de la siguiente manera:

✓
udL
dL

◆
,

✓
usL
sL

◆
,

✓
ubL
bL

◆
; dR, sR, bR (7.25)

7.1.4 L�

El potencial escalar se da por
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�
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⇣
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(7.26)

Esta parte del lagrangiano también conserva CP. Elegir µ2 < 0 y � > 0 conduce a la ruptura
espontánea de simetría requerida. Definiendo

v2 = �µ2

�
(7.27)

podemos reescribir la ecuación (7.26) de la siguiente manera (hasta un término constante):

L� = ��

✓
�†�� v2

2
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(7.28)

El potencial escalar (7.28) implica que el campo escalar adquiere un valor esperado de vacío (VEV),
|h�i| = v/

p
2. Debemos hacer una elección de la dirección de h�i, y la elegimos en la dirección real

del componente hacia abajo,

h�i =
✓

0

v/
p
2

◆
. (7.29)

Este VEV rompe la simetría SU(2) ⇥ U(1) a un subgrupo U(1). Esta declaración corresponde al
hecho de que hay una (y solo una) combinación lineal de generadores que aniquila el estado de vacío.
Con nuestra elección específica, la ecuación (7.29), es T3 + Y . El subgrupo no roto se identifica con
U(1)EM, y por lo tanto su generador, Q, se identifica como

Q = T3 + Y (7.30)
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CHARGED CURRENT INTERACTIONS
➤ Quarks change flavour through charged current 

interactions 

➤ CP violation in the weak interactions 

➤ Coupling is complex 

➤ Only possible with more than two generations 
 
 
 
 

➤ Flavour changing neutral currents greatly suppressed



13 12. CKM Quark-Mixing Matrix

Figure 12.2: Constraints on the fl̄, ÷̄ plane. The shaded areas have 95% CL.

and the Jarlskog invariant is J =
!
3.08+0.15

≠0.13
"

◊ 10≠5. The parameters in Eq. (12.3) are

sin ◊12 = 0.22500 ± 0.00067 , sin ◊13 = 0.00369 ± 0.00011 ,

sin ◊23 = 0.04182+0.00085
≠0.00074 , ” = 1.144 ± 0.027 . (12.28)

Fig. 12.2 illustrates the constraints on the fl̄, ÷̄ plane from various measurements, and the global
fit result. The shaded 95% CL regions all overlap consistently around the global fit region. This
reverts a change in the 2020 edition, when the shown CL of each region was increased to 99%,
because of poor consistency (primarily due to changes in |Vud|), which is no longer the case.

If one uses only tree-level inputs (magnitudes of CKM elements not coupling to the top quark
and the angle “), the resulting fit is almost identical for ⁄ in Eq. (12.26), while the other pa-
rameters’ central values can change by about a sigma and their uncertainties double, yielding
⁄ = 0.22507 ± 0.00068, A = 0.805 ± 0.028, fl̄ = 0.166+0.026

≠0.024, and ÷̄ = 0.370+0.029
≠0.028. This illustrates

how the constraints can be less tight in the presence of BSM physics.

12.5 Implications beyond the SM
The e�ects in B, Bs, K, and D decays and mixings due to high-scale physics (W , Z, t, H in

the SM, and unknown heavier particles) can be parameterized by operators composed of SM fields,
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12. CKM Quark-Mixing Matrix

Revised March 2022 by A. Ceccucci (CERN), Z. Ligeti (LBNL) and Y. Sakai (KEK).

12.1 Introduction
The masses and mixings of quarks have a common origin in the Standard Model (SM). They

arise from the Yukawa interactions with the Higgs condensate,

LY = ≠Y
d

ij Q
I
Li „ d

I
Rj ≠ Y

u
ij Q

I
Li ‘ „

ú
u

I
Rj + h.c., (12.1)

where Y
u,d are 3◊3 complex matrices, „ is the Higgs field, i, j are generation labels, and ‘ is the 2◊2

antisymmetric tensor. Q
I
L are left-handed quark doublets, and d

I
R and u

I
R are right-handed down-

and up-type quark singlets, respectively, in the weak-eigenstate basis. When „ acquires a vacuum
expectation value, È„Í = (0, v/

Ô
2), Eq. (12.1) yields mass terms for the quarks. The physical states

are obtained by diagonalizing Y
u,d by four unitary matrices, V

u,d
L,R, as M

f
diag = V

f
L Y

f
V

f†

R (v/
Ô

2),
f = u, d. As a result, the charged-current W

± interactions couple to the physical uLj and dLk

quarks with couplings given by

≠gÔ
2

(uL, cL, tL)“µ
W

+
µ VCKM

Q

ca
dL

sL

bL

R

db + h.c., VCKM © V
u

L V
d

L
† =

Q

ca
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

R

db . (12.2)

This Cabibbo-Kobayashi-Maskawa (CKM) matrix [1, 2] is a 3 ◊ 3 unitary matrix. It can be
parameterized by three mixing angles and the CP -violating KM phase [2]. Of the many possible
conventions, a standard choice has become [3]

VCKM =

Q

ca
1 0 0
0 c23 s23
0 ≠s23 c23

R

db

Q

ca
c13 0 s13e

≠i”

0 1 0
≠s13e

i” 0 c13

R

db

Q

ca
c12 s12 0

≠s12 c12 0
0 0 1

R

db

=

Q

ca
c12c13 s12c13 s13e

≠i”

≠s12c23 ≠ c12s23s13e
i”

c12c23 ≠ s12s23s13e
i”

s23c13
s12s23 ≠ c12c23s13e

i” ≠c12s23 ≠ s12c23s13e
i”

c23c13

R

db , (12.3)

where sij = sin ◊ij , cij = cos ◊ij , and ” is the phase responsible for all CP -violating phenomena in
flavor-changing processes in the SM. The angles ◊ij can be chosen to lie in the first quadrant, so
sij , cij Ø 0.

It is known experimentally that s13 π s23 π s12 π 1, and it is convenient to exhibit this
hierarchy using the Wolfenstein parameterization. We define [4–6]

s12 = ⁄ = |Vus|


|Vud|2 + |Vus|2
, s23 = A⁄

2 = ⁄

----
Vcb

Vus

---- ,

s13e
i” = V

ú

ub = A⁄
3(fl + i÷) = A⁄

3(fl̄ + i÷̄)
Ô

1 ≠ A2⁄4
Ô

1 ≠ ⁄2 [1 ≠ A2⁄4(fl̄ + i÷̄)]
. (12.4)

These relations ensure that fl̄ + i÷̄ = ≠(VudV
ú

ub)/(VcdV
ú

cb) is phase convention independent, and the
CKM matrix written in terms of ⁄, A, fl̄, and ÷̄ is unitary to all orders in ⁄. The definitions of fl̄, ÷̄

reproduce all approximate results in the literature; i.e., fl̄ = fl(1≠⁄
2
/2+. . .) and ÷̄ = ÷(1≠⁄

2
/2+. . .),

and one can write VCKM to O(⁄4) either in terms of fl̄, ÷̄ or, traditionally,

VCKM =

Q

ca
1 ≠ ⁄

2
/2 ⁄ A⁄

3(fl ≠ i÷)
≠⁄ 1 ≠ ⁄

2
/2 A⁄

2

A⁄
3(1 ≠ fl ≠ i÷) ≠A⁄

2 1

R

db + O(⁄4) . (12.5)

R.L. Workman et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2022, 083C01 (2022) and 2023 update
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Figure 12.1: Sketch of the unitarity triangle.

The CKM matrix elements are fundamental parameters of the SM, so their precise determination
is important. The unitarity of the CKM matrix imposes

q
i VijV

ú

ik = ”jk and
q

j VijV
ú

kj = ”ik. The
six vanishing combinations can be represented as triangles in a complex plane, of which those
obtained by taking scalar products of neighboring rows or columns are nearly degenerate. The
areas of all triangles are the same, half of the Jarlskog invariant, J [7], which is a phase-convention-
independent measure of CP violation, defined by Im

#
VijVklV

ú

il V
ú

kj

$
= J

q
m,n ÁikmÁjln.

The most commonly used unitarity triangle arises from

Vud V
ú

ub + Vcd V
ú

cb + Vtd V
ú

tb = 0 , (12.6)

by dividing each side by VcdV
ú

cb (see Fig. 12.1). Its vertices are exactly (0, 0), (1, 0), and, due to
the definition in Eq. (12.4), (fl̄, ÷̄). An important goal of flavor physics is to overconstrain the
CKM elements, and many measurements can be conveniently displayed and compared in the fl̄, ÷̄

plane. While the Lagrangian in Eq. (12.1) is renormalized, and the CKM matrix has a well-known
scale dependence above the weak scale [8], below µ = mW the CKM elements can be treated as
constants, with all µ-dependence contained in the running of quark masses and higher-dimension
operators.

Unless explicitly stated otherwise, we describe all measurements assuming the SM, to extract
magnitudes and phases of CKM elements in Sec. 12.2 and 12.3. Processes dominated by loop-level
contributions in the SM are particularly sensitive to new physics beyond the SM (BSM). We give
the global fit results for the CKM elements in Sec. 12.4, and discuss some implications for beyond
standard model physics in Sec. 12.5.

12.2 Magnitudes of CKM elements
12.2.1 |Vud|

The most precise determination of |Vud| comes from the study of superallowed 0+ æ 0+ nuclear
beta decays, which are pure vector transitions. Taking the average of the fifteen most precise
determinations [9] yields [10]

|Vud| = 0.97373 ± 0.00031 . (12.7)
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12.3.4.2 B
0 æ D

(ú)±
fi

û

The interference of b æ u and b æ c transitions can be studied in B
0 æ D

(ú)+
fi

≠ (b æ cūd) and
B

0 æ B
0 æ D

(ú)+
fi

≠ (b̄ æ ūcd̄) decays and their CP conjugates, since both B
0 and B

0 decay to
D

(ú)±
fi

û (or D
±

fl
û, etc.). Since there are only tree and no penguin contributions to these decays,

in principle, it is possible to extract from the four time-dependent rates the magnitudes of the two
hadronic amplitudes, their relative strong phase, and the weak phase between the two decay paths,
which is 2— + “.

A complication is that the ratio of the interfering amplitudes is very small, rDfi = A(B0 æ
D

+
fi

≠)/A(B0 æ D
+

fi
≠) = O(0.01) (and similarly for rDúfi and rDfl), and therefore it has not

been possible to measure it. To obtain 2— + “, SU(3) flavor symmetry and dynamical assump-
tions have been used to relate A(B0 æ D

≠
fi

+) to A(B0 æ D
≠
s fi

+), so this measurement is not
model independent at present. Combining the D

±
fi

û, D
ú±

fi
û and D

±
fl

û measurements [131] gives
sin(2— + “) > 0.68 at 68% CL [115], consistent with the previously discussed results for — and “.

12.4 Global fit in the Standard Model
Using the independently measured CKM elements mentioned in the previous sections, the uni-

tarity of the CKM matrix can be checked. We obtain |Vud|2 + |Vus|2 + |Vub|2 = 0.9985 ± 0.0007 (1st
row), |Vcd|2 + |Vcs|2 + |Vcb|2 = 1.001 ± 0.012 (2nd row), |Vud|2 + |Vcd|2 + |Vtd|2 = 0.9972 ± 0.0020 (1st
column), and |Vus|2+|Vcs|2+|Vts|2 = 1.004±0.012 (2nd column), respectively. Due to the recent re-
duction of the value of |Vud|, there is a 2.2‡ tension with unitarity in the 1st row, leading also to poor
consistency of the SM fit below. The uncertainties in the second row and column are dominated by
that of |Vcs|. For the second row, another check is obtained from the measurement of

q
u,c,d,s,b |Vij |2

in Sec. 12.2.4, minus the sum in the first row above: |Vcd|2 + |Vcs|2 + |Vcb|2 = 1.002 ± 0.027. These
provide strong tests of the unitarity of the CKM matrix. With the significantly improved direct
determination of |Vtb|, the unitarity checks for the third row and column have also become fairly
precise, leaving decreasing room for mixing with other states. The sum of the three angles of the
unitarity triangle, – + — + “ =

!
173 ± 6

"¶, is also consistent with the SM expectation.
The CKM matrix elements can be most precisely determined using a global fit to all available

measurements and imposing the SM constraints (i.e., three generation unitarity). The fit must also
use theory predictions for hadronic matrix elements, which sometimes have significant uncertainties.
There are several approaches to combining the experimental data. CKMfitter [6,115] and Ref. [132]
(which develops [133,134] further) use frequentist statistics, while UTfit [116,135] uses a Bayesian
approach. These approaches provide similar results.

The constraints implied by the unitarity of the three generation CKM matrix significantly
reduce the allowed range of some of the CKM elements. The fit for the Wolfenstein parameters
defined in Eq. (12.4) gives

⁄ = 0.22500 ± 0.00067 , A = 0.826+0.018
≠0.015 ,

fl̄ = 0.159 ± 0.010 , ÷̄ = 0.348 ± 0.010 . (12.26)

These values are obtained using the method of Refs. [6, 115]. The prescription of Refs. [116, 135]
gives ⁄ = 0.22499 ± 0.00067, A = 0.833 ± 0.011, fl̄ = 0.159 ± 0.010, and ÷̄ = 0.348 ± 0.009 [136];
these results are now very close to one another. The fit results for the magnitudes of all nine CKM
elements are

--VCKM
-- =

Q

ca
0.97435 ± 0.00016 0.22500 ± 0.00067 0.00369 ± 0.00011
0.22486 ± 0.00067 0.97349 ± 0.00016 0.04182+0.00085

≠0.00074
0.00857+0.00020

≠0.00018 0.04110+0.00083
≠0.00072 0.999118+0.000031

≠0.000036

R

db , (12.27)
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K, B, BS, D processes can be used to study new physics 

            FCNCs very sensitive to BSM

PDG 2023

VCKM very well determined



FERMION AND SCALAR SECTORS

➤ Free parameters in 
quarks: 
6 masses ->Yukawa 
couplings 
3 mixing angles 
CP violating phase 

➤ Unitarity —> Jarlskog 
invariants

➤ Free parameters in 
neutrinos: 
6 masses  
3 mixing angles 
CP violating phase 
2 Majorana phases 

➤ Unitarity? —> Also 
Jarlskog invariants

  Plus Higgs vev



Magnetismo

Electricidad

Luz

Decaimiento beta

Neutrinos

Protones

Piones

Mecánica celestial

Gravedad terrestre

Neutrones

Electromagnetismo

Interacción débil 

Interacción fuerte 

Gravitación 

universal

Geometría del 

espacio-tiempo

Interacción 

electrodébil

Modelo Estándar 

Relatividad

general

¿SUSY?

¿GUT?

¿Supercuerdas?

¿Teoría 

Unificada?

Flavour Problem



FLAVOUR SYMMETRIES
➤ Flavour symmetries: continuous or discrete? 
 
 
 

➤ At low energies now discrete preferred.  Could be: 

➤ Residual symmetry from breaking from continuous one 

➤ From the breaking of a larger discrete group 

➤ Discrete from the “beginning”  

discrete 
could lead to domain walls

continuous 
breaking may give massless 

Goldstone bosons



MASS MATRICES TEXTURES  — TEXTURE ZEROES
➤ Zeroes in the mass matrices —

> less parameters, underlying 
symmetries: Fritzsch  
 
 
 
hierarchical A≫|B|≫|C| 

➤ In SM and extensions (no FC 
right-handed currents) is 
always possible to 
simultaneously the Mu and Md 
to Hermitian or NNI textures

6.3. Texture zeros of quark mass matrices
6.3.1. Where do texture zeros come from?

If some elements of the fermion mass matrices are vanishing, the number of their free param-
eters will be reduced, making it possible to establish some testable relations between the fermion
mass ratios and the observable flavor mixing quantities. Such a texture-zero approach was first
developed in 1977 to calculate the Cabibbo angle of quark flavor mixing in the two-family scheme
[129, 130, 131], and it was extended by Harald Fritzsch to the three-family case one year later
[135, 136]. The original version of the Fritzsch texture for quark mass matrices is of the form 35

Mq =

0
BBBBBBBB@

0 Cq 0
C⇤q 0 Bq
0 B⇤q Aq

1
CCCCCCCCA , (272)

where Aq is taken to be real and positive, and Aq � |Bq| � |Cq| holds (for q = u or d). One can see
that Mq is Hermitian and has a nearest-neighbor-interaction structure, which allows a lighter quark
to acquire its mass through an interaction with the nearest heavier neighbor. These two salient
features guarantee the analytical calculability of Mq; namely, Aq, |Bq| and |Cq| can all be expressed
as simple functions of the three quark masses in each quark sector [136, 758]. It is therefore
straightforward to calculate the CKM matrix elements in terms of four independent quark mass
ratios (i.e., mu/mc, mc/mt, md/ms and ms/mb) and two nontrivial phase di↵erences between Mu
and Md (i.e., arg Cu � arg Cd and arg Bu � arg Bd). Without the help of a sort of left-right symmetry
or some kinds of non-Abelian flavor symmetries (see, e.g., Refs. [506, 759, 760]), however, it is
very di�cult to naturally realize both the Hermiticity and texture zeros of Mq in Eq. (272) from
the model-building perspective. Moreover, such a purely phenomenological conjecture of quark
mass matrices has already been excluded by today’s experimental data.

Note that in the SM or its natural extensions without flavor-changing right-handed currents
it is always possible to simultaneously transform two arbitrary 3 ⇥ 3 quark mass matrices Mu
and Md in a given flavor basis into either the Hermitian textures [174] or the non-Hermitian but
nearest-neighbor-interaction textures [759] in a new flavor basis. The latter can be expressed as

M0q =

0
BBBBBBBB@

0 Cq 0
C0q 0 Bq
0 B0q Aq

1
CCCCCCCCA , (273)

with B0q , Bq and C0q , Cq (for q = u or d). This observation means that the texture zeros of
Mq in Eq. (272) are not a contrived assumption, but just a special choice of the flavor basis as in
Eq. (273) — but in this case the Hermiticity of Mq is a purely empirical assumption. On the other
hand, two generic 3 ⇥ 3 Hermitian quark mass matrices Mu and Md can be further simplified in a
parallel way to a more specific Hermitian texture with the vanishing (1,3) and (3,1) entries via a
new choice of the flavor basis [505], and in this case only the vanishing (1,1) and (2,2) entries of

35If a fermion mass matrix is Hermitian or symmetric, one usually counts its o↵-diagonal vanishing entries (m,n)
and (n,m) as one texture zero instead of two texture zeros. That is why the Fritzsch form of Mu and Md is also referred
to as the six-zero textures of quark mass matrices.
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This version excluded already

➤ NNI 
 
 
 
 
B’ ≠ B, C’ ≠ C 

➤ For any Hermitian 3x3 
Mu, Md always possible 
to change basis to 
(1,3)=(3,1)=0

Xing Phys.Rept. 854 (2020)
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[129, 130, 131], and it was extended by Harald Fritzsch to the three-family case one year later
[135, 136]. The original version of the Fritzsch texture for quark mass matrices is of the form 35

Mq =

0
BBBBBBBB@

0 Cq 0
C⇤q 0 Bq
0 B⇤q Aq

1
CCCCCCCCA , (272)
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that Mq is Hermitian and has a nearest-neighbor-interaction structure, which allows a lighter quark
to acquire its mass through an interaction with the nearest heavier neighbor. These two salient
features guarantee the analytical calculability of Mq; namely, Aq, |Bq| and |Cq| can all be expressed
as simple functions of the three quark masses in each quark sector [136, 758]. It is therefore
straightforward to calculate the CKM matrix elements in terms of four independent quark mass
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or some kinds of non-Abelian flavor symmetries (see, e.g., Refs. [506, 759, 760]), however, it is
very di�cult to naturally realize both the Hermiticity and texture zeros of Mq in Eq. (272) from
the model-building perspective. Moreover, such a purely phenomenological conjecture of quark
mass matrices has already been excluded by today’s experimental data.

Note that in the SM or its natural extensions without flavor-changing right-handed currents
it is always possible to simultaneously transform two arbitrary 3 ⇥ 3 quark mass matrices Mu
and Md in a given flavor basis into either the Hermitian textures [174] or the non-Hermitian but
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with B0q , Bq and C0q , Cq (for q = u or d). This observation means that the texture zeros of
Mq in Eq. (272) are not a contrived assumption, but just a special choice of the flavor basis as in
Eq. (273) — but in this case the Hermiticity of Mq is a purely empirical assumption. On the other
hand, two generic 3 ⇥ 3 Hermitian quark mass matrices Mu and Md can be further simplified in a
parallel way to a more specific Hermitian texture with the vanishing (1,3) and (3,1) entries via a
new choice of the flavor basis [505], and in this case only the vanishing (1,1) and (2,2) entries of
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MORE ON TEXTURES
➤ Add zeroes?  Use ZN, arbitrary but effective 

➤ Better, theoretical motivation 

➤ Use invariants, calculate mass ratios —> VCKM 

➤ What works? up and down sector same structure, coming 
from same dynamics 

➤ Best type of texture with current data

the most challenging tasks in today’s particle physics is therefore to explore the underlying flavor
structures which can shed light on the origin of fermion masses and the dynamics of flavor mixing
and CP violation in a way more fundamental and more quantitative than the SM itself.

6.3.2. Four- and five-zero quark flavor textures
Given its Hermiticity and six texture zeros, the Fritzsch ansatz of quark mass matrices shown

in Eq. (272) is left with eight independent parameters among which the six real matrix elements
can be determined by six quark masses and the two phase di↵erences between Mu and Md can be
constrained by four flavor mixing parameters of the CKM matrix V . One may therefore expect two
testable relations between four independent quark mass ratios and four flavor mixing parameters.
In reality, the strong mass hierarchies of up- and down-type quarks allow us to make some reliable
analytical approximations for the predictions of the Fritzsch ansatz and thus obtain a few more
experimentally testable relations than expected [135, 136]. It turns out that this simple but instruc-
tive ansatz has definitely been ruled out by the relevant experimental data [551, 770, 771, 772],
mainly for the reason that the experimental value of mt is so large that the predicted result of |Vcb|
has no way to be compatible with its observed value.

A straightforward way of modifying the Fritzsch ansatz is to reduce the number of its texture
zeros. If one insists that there should exist a kind of structural parallelism between up- and down-
type quarks in the spirit of requiring the two sectors to be on the same dynamical footing, then
one may simultaneously add nonzero (1,1), (2,2) or (1,3) and (3,1) entries into Mu and Md in
Eq. (272). But it is found that only the following four-zero textures of quark mass matrices are
phenomenologically favored [510, 717, 773, 774, 775, 776, 777, 778, 779, 780]:

Mq =

0
BBBBBBBB@

0 Cq 0
C⇤q B0q Bq
0 B⇤q Aq

1
CCCCCCCCA , (275)

where Aq is chosen to be real and positive, B0q is also real, and Aq � |Bq| & |B0q| � |Cq| is
expected to hold (for q = u or d). Because of det Mq = �Aq|Cq|2 < 0, let us diagonalize Mu or
Md in Eq. (275) by using the unitary transformation O†uMuO0u = Diag{mu,mc,mt} or O†dMdO0d =
Diag{md,ms,mb}, where O0u = OuQu and O0d = OdQd with Qu = Qd = Diag{�1, 1, 1} as a typical
example to match the negative determinants of Mu and Md under discussion 36. Then we arrive at
the expressions

B0u = mt + mc � mu � Au , |Bu|2 =
�
Au + mu

� �
Au � mc

� �
mt � Au

�

Au
, |Cu|2 =

mumcmt

Au
, (276)

36As for the more restrictive Fritzsch texture of Mq in Eq. (272), the unique choice is Qu = Qd = Diag{1,�1, 1}
[781]. In dealing with the four-zero texture of Mq in Eq. (275), however, there are actually four di↵erent possibilities
[718, 782]: Qu = Diag{±1,⌥1, 1} and Qd = Diag{±1,⌥1, 1}. Such sign ambiguities come from the fact that we have
required O0q to be as calculable as Oq in diagonalizing Mq, but O0q is only relevant to a transformation of the right-
handed quark fields and thus has no physical impact on the CKM matrix V . One may certainly avoid this kind of
uncertainty by starting from O†uMuM†uOu = Diag{m2

u,m2
c ,m2

t } or O†dMdM†dOd = Diag{m2
d,m

2
s ,m2

b}, but in this case an
exact analytical calculation becomes rather complicated and the corresponding results are too lengthy to be useful.
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ALLOWED TEXTURES
Table 14: The five phenomenologically viable five-zero textures of Hermitian quark mass matrices.

I II III IV V

Mu =

0
BBBBBBBB@

0 Cu 0
C⇤u B0u 0
0 0 Au

1
CCCCCCCCA

0
BBBBBBBB@

0 Cu 0
C⇤u 0 Bu
0 B⇤u Au

1
CCCCCCCCA

0
BBBBBBBB@

0 0 Du
0 B0u 0

D⇤u 0 Au

1
CCCCCCCCA

0
BBBBBBBB@

0 Cu 0
C⇤u B0u Bu
0 B⇤u Au

1
CCCCCCCCA

0
BBBBBBBB@

0 0 Du
0 B0u Bu

D⇤u B⇤u Au

1
CCCCCCCCA

Md =

0
BBBBBBBB@

0 Cd 0
C⇤d B0d Bd
0 B⇤d Ad

1
CCCCCCCCA

0
BBBBBBBB@

0 Cd 0
C⇤d B0d Bd
0 B⇤d Ad

1
CCCCCCCCA

0
BBBBBBBB@

0 Cd 0
C⇤d B0d Bd
0 B⇤d Ad

1
CCCCCCCCA

0
BBBBBBBB@

0 Cd 0
C⇤d B0d 0
0 0 Ad

1
CCCCCCCCA

0
BBBBBBBB@

0 Cd 0
C⇤d B0d 0
0 0 Ad

1
CCCCCCCCA

case the analytical results obtained in Eqs. (276) and (277) can be remarkably simplified,
but the resulting relation |Vub/Vcb| '

p
mu/mc is phenomenologically disfavored.

• It has been shown that a proper flavor basis transformation allows us to arrive at Hermitian
Mu of the form given in Eq. (275) and Hermitian Md with the vanishing (1,1) entry, or vice
versa, from arbitrary forms of Mu and Md [779]. This observation means that only one
phenomenological assumption — the vanishing (1,3) and (3,1) entries for Md (or for Mu) —
is needed to make in getting at Eq. (275).

We therefore conclude that the Hermitian four-zero textures of quark mass matrices are currently
the most interesting zero textures which can successfully bridge a gap between the observed quark
mass spectrum and the observed flavor mixing pattern.

Note that it is also possible to realize the four zeros of Mu and Md in Eq. (275) by means of
the cyclic group Z6. For instance, one may assign the Z6 charges of QL1, QL2 and QL3 in Eq. (3)
to be 0, 1 and 4, respectively; and the Z6 charges of UR1, UR2 and UR3 in Eq. (3) to be 3, 4, and
1, respectively. The same assignments can be made for the down-quark sector. Then the spinor
bilinears of quark fields transform as follows:

QLiUR j ! Zi jQLiUR j , QLiDR j ! Zi jQLiDR j , Z =

0
BBBBBBBB@

!3 !4 !1

!4 !5 !2

!1 !2 !5

1
CCCCCCCCA . (279)

By invoking three SU(2)L-singlet scalar fields �1 with Q = 2, �2 with Q = 4 and �3 with Q = 1
and arranging them to couple with the above quark bilinears, one will be left with finite (1,2), (2,1),
(2,2), (2,3), (3,2) and (3,3) entries of the Yukawa coupling matrices Yu and Yd under the Z6 flavor
symmetry. In this case the (1,1), (1,3) and (3,1) entries of Yu and Yd are enforced to be vanishing
by the Z6 symmetry. The quark mass matrices Mu and Md turn out to be of the four-zero textures
after spontaneous electroweak symmetry breaking.

Giving up the structural parallelism between up- and down-type quark sectors, Pierre Ramond
et al found five di↵erent five-zero textures of Hermitian Mu and Md which were phenomenolog-
ically allowed in 1993 [551], as listed in Table 14. These textures still survive today, if each of
them is not required to have a strong hierarchy [784, 785]. Of course, none of them can fit current
experimental data better than the four-zero textures of quark mass matrices discussed above.
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Above textures first found by Ramond et al (1993), work today  
if not strongly hierarchical.

the most challenging tasks in today’s particle physics is therefore to explore the underlying flavor
structures which can shed light on the origin of fermion masses and the dynamics of flavor mixing
and CP violation in a way more fundamental and more quantitative than the SM itself.

6.3.2. Four- and five-zero quark flavor textures
Given its Hermiticity and six texture zeros, the Fritzsch ansatz of quark mass matrices shown

in Eq. (272) is left with eight independent parameters among which the six real matrix elements
can be determined by six quark masses and the two phase di↵erences between Mu and Md can be
constrained by four flavor mixing parameters of the CKM matrix V . One may therefore expect two
testable relations between four independent quark mass ratios and four flavor mixing parameters.
In reality, the strong mass hierarchies of up- and down-type quarks allow us to make some reliable
analytical approximations for the predictions of the Fritzsch ansatz and thus obtain a few more
experimentally testable relations than expected [135, 136]. It turns out that this simple but instruc-
tive ansatz has definitely been ruled out by the relevant experimental data [551, 770, 771, 772],
mainly for the reason that the experimental value of mt is so large that the predicted result of |Vcb|
has no way to be compatible with its observed value.

A straightforward way of modifying the Fritzsch ansatz is to reduce the number of its texture
zeros. If one insists that there should exist a kind of structural parallelism between up- and down-
type quarks in the spirit of requiring the two sectors to be on the same dynamical footing, then
one may simultaneously add nonzero (1,1), (2,2) or (1,3) and (3,1) entries into Mu and Md in
Eq. (272). But it is found that only the following four-zero textures of quark mass matrices are
phenomenologically favored [510, 717, 773, 774, 775, 776, 777, 778, 779, 780]:

Mq =

0
BBBBBBBB@

0 Cq 0
C⇤q B0q Bq
0 B⇤q Aq

1
CCCCCCCCA , (275)

where Aq is chosen to be real and positive, B0q is also real, and Aq � |Bq| & |B0q| � |Cq| is
expected to hold (for q = u or d). Because of det Mq = �Aq|Cq|2 < 0, let us diagonalize Mu or
Md in Eq. (275) by using the unitary transformation O†uMuO0u = Diag{mu,mc,mt} or O†dMdO0d =
Diag{md,ms,mb}, where O0u = OuQu and O0d = OdQd with Qu = Qd = Diag{�1, 1, 1} as a typical
example to match the negative determinants of Mu and Md under discussion 36. Then we arrive at
the expressions

B0u = mt + mc � mu � Au , |Bu|2 =
�
Au + mu

� �
Au � mc

� �
mt � Au

�

Au
, |Cu|2 =

mumcmt

Au
, (276)

36As for the more restrictive Fritzsch texture of Mq in Eq. (272), the unique choice is Qu = Qd = Diag{1,�1, 1}
[781]. In dealing with the four-zero texture of Mq in Eq. (275), however, there are actually four di↵erent possibilities
[718, 782]: Qu = Diag{±1,⌥1, 1} and Qd = Diag{±1,⌥1, 1}. Such sign ambiguities come from the fact that we have
required O0q to be as calculable as Oq in diagonalizing Mq, but O0q is only relevant to a transformation of the right-
handed quark fields and thus has no physical impact on the CKM matrix V . One may certainly avoid this kind of
uncertainty by starting from O†uMuM†uOu = Diag{m2

u,m2
c ,m2

t } or O†dMdM†dOd = Diag{m2
d,m

2
s ,m2

b}, but in this case an
exact analytical calculation becomes rather complicated and the corresponding results are too lengthy to be useful.
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TEXTURES AT HIGH ENERGIES
➤ Usually express mass matrices as mass ratios ➝  

they remain stable below eW scale, but renormalize above it, 
depending on model 

➤ From high to low energies they get renormalized as,  
 
 
 
 
 

➤ Textures remain, coefficients change, for MSSM there is 
dependence on soft breaking terms

6.3.3. Comments on the stability of texture zeros
Since a flavor symmetry model which can naturally accommodate the texture zeros of Yukawa

coupling matrices is usually built at an energy scale far above the electroweak scale ⇤EW, it is
sometimes necessary to examine whether the RGE evolution has a nontrivial impact on those
texture zeros of fermion mass matrices. Here let us briefly comment on the stability of Hermitian
quark flavor textures with four zeros as an example.

The one-loop RGEs of Yu and Yd given in Eq. (165) or Eq. (170) allow us to derive a straight-
forward relation between Yu(⇤) and Yu(⇤EW) or that between Yd(⇤) and Yd(⇤EW) in a reasonable
analytical approximation, where ⇤ � ⇤EW is naturally assumed. To be more explicit, we are
subject to the SM or the MSSM with tan � . 10, in which case the top-quark Yukawa coupling is
expected to dominate how the structures of Yu and Yd change with the energy scale, while the gauge
coupling contributions only provide an overall RGE correction factor for each Yukawa coupling
matrix. In this case one obtains the generic one-loop results [786]

(Yu)i j(⇤EW) ' �u

2
666664(Yu)i j(⇤) +

⇣
ICu

u
t � 1

⌘ 3X

k=1

(Ou)i3(O⇤u)k3(Yu)k j(⇤)
3
777775 , (280a)

(Yd)i j(⇤EW) ' �d

2
666664(Yd)i j(⇤) +

✓
ICu

d
t � 1

◆ 3X

k=1

(Ou)i3(O⇤u)k3(Yd)k j(⇤)
3
777775 , (280b)

where Ou is a unitary matrix used for the diagonalization O†uYuY†u Ou ' Diag{0, 0, y2
t } in the top-

dominance approximation [550, 787], It has been defined in Eq. (183) and its numerical evolution
with ⇤ can be found in Fig. 24, and

�u,d ⌘ exp
"
� 1

16⇡2

Z ln(⇤/⇤EW)

0
↵u,d(t) dt

#
(281)

with the expressions of ↵u and ↵d having been given in Eq. (166) or Eq. (167). It becomes clear
that the stability of up- and down-type quark mass matrices against the RGE evolution depends on
the deviations of ICu

u
t and ICu

d
t from one, respectively.

Given the Hermitian four-zero textures of Mu and Md at a superhigh energy scale ⇤ as shown
in Eq. (275), one may use Eqs. (280a) and (280b) to get the corresponding quark mass matrices at
the electroweak scale ⇤EW as follows:

Mu(⇤EW) ' �u

2
6666666664

0
BBBBBBBBB@

0 Cu 0
C⇤u B0u BuICu

u
t

0 B⇤uICu
u

t AuICu
u

t

1
CCCCCCCCCA
+

ICu
u

t � 1
Au

0
BBBBBBBBB@

0 0 0
0 |Bu|2 BuB0u
0 B⇤uB0u 0

1
CCCCCCCCCA

3
7777777775
, (282a)

Md(⇤EW) ' �d

2
6666666664

0
BBBBBBBBB@

0 Cd 0
C⇤d B0d Bd

0 B⇤dICu
d

t AdICu
d

t

1
CCCCCCCCCA
+

ICu
d

t � 1
Au

0
BBBBBBBBB@

0 0 0
0 BuB⇤d AdBu

0 B⇤uB0d B⇤uBd

1
CCCCCCCCCA

3
7777777775
. (282b)

We see that the texture zeros of both Mu and Md keep unchanged in this approximation, but the
Hermiticity of Md gets lost. If the (2,2) entries are switched o↵ in the beginning, then one finds
that the (2,2) zeros of the Fritzsch ansatz are definitely sensitive to the RGE corrections [788].
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I’s are the one-loop corrections,𝛾 anomalous dimensions, C’s coefficients in the running



WHAT ABOUT THE HIGGS SECTOR? ORIGIN OF FLAVOUR PROBLEM(S)?

➤ One Higgs field: “takes care” of all masses, might be too 
much 

➤ More Higgs fields: 
more doublets, absolutely necessary in SUSY models, 
always in pairs 
2HDM without SUSY  
3HDM also studied 

➤ More scalars: potential more complicated breaking of 
flavour symmetry at low energies… either by “hand” or 
spontaneously 

➤ Where does the flavour symmetry breaking come from?



N-HIGGS DOUBLET MODELS — NHDM
➤ Add more complex  electroweak doublets 

All with same hyper charge Y=1  
 

➤                                     real parameters:  
12 for 2HDM, 54 for 3HDM… 

➤ Potential must be bounded by below, no charge or colour 
breaking minima 

➤ Must respect unitarity bounds 

➤ Can have CP breaking minima ➝ baryogenesis (or disaster)

recent talk by Strocchi [174], where he reiterates the basic points exposed al length in his book [175].

3. Two-Higgs-doublet models

3.1. Several Higgs doublets: generic features

Within the SM, the single Higgs doublet is overstretched. It takes care simultaneously of the
masses of the gauge bosons and of the up and down-type fermions. N -Higgs-doublet models (NHDM),
which are among the simplest extensions of the SM Higgs sector, relax this requirement. They are
based on the simple suggestion that the notion of generations can be brought to the Higgs sector.
Since the gauge structure of the SM does not restrict the number of Higgs “generations”, it needs to
be established experimentally, and anticipating future experimental results, one can investigate this
possibility theoretically. As a bonus, NHDMs lead to remarkably rich phenomenology. They allow
for signals which are impossible within the SM, such as several Higgs bosons, charged and neutral,
modification of the SM-like Higgs couplings, FCNC at tree level, additional forms of CP -violation from
the scalar sector, and opportunities for cosmology such as scalar DM candidates and modification of the
phase transitions in early Universe. Also, many bSM models including supersymmetry (SUSY), gauge
unification models, and even string theory constructions naturally lead to several Higgs doublets at the
electroweak scale.

The NHDM lagrangian uses N Higgs doublets �i (we now switch to the small Greek letter � for the
doublets), i = 1, . . . , N , all having the same hypercharge Y = 1. This echoes in the scalar potential and
Yukawa interactions. The renormalizable Higgs self-interaction potential can generically be written as

V (�) = Yij�
†
i
�j + Zijkl(�

†
i
�j)(�

†
k
�l) . (38)

The hermiticity of V implies that the coe�cients satisfy Yij = Y ⇤
ji
, Zijkl = Z⇤

jilk
, Zklij = Zijkl. For

N doublets, the general potential contains N2 + N2(N2 + 1)/2 real parameters: 14 for 2HDM, 54 for
3HDM, etc. These parameters must also comply with the requirements that the potential be bounded
from below to insure existence of the global minimum and that the minimum be neutral and not charge-
breaking, which is another exotic possibility absent in the SM. The values of the quartic coe�cients
Zijkl cannot be too large in order not to overshoot the perturbative unitarity bounds [176, 177]. The
Yukawa sector is given by N copies of Eq. (31):

�LY = L̄⇧i`�i + Q̄L�idR�i + Q̄L�iuR�̃i + h.c. (39)

where we suppressed the fermion flavor indices. In the most general case, all matrices ⇧i, �i, �i are
independent, with the number of free parameters skyrocketing to 54N . Even though many of them can
be removed by a scalar and fermion space basis change, the dimension of the physical parameter space
remains huge.

Once the scalar potential is written, the procedure for the SSB closely follows the SM. One minimizes
the potential and performs the global symmetry transformation to bring the vevs to the following form:

h�1i =
1p
2

✓
u
v1

◆
, h�ii =

1p
2

✓
0
vi

◆
, i = 2, . . . , N . (40)

In order for the vacuum to be neutral, not charge-breaking, u must be zero. There is no fine-tuning
associated with this requirement; neutrality of the vacuum can be guaranteed if the coe�cients in front
of terms (�†

i
�i)(�

†
j
�j)� (�†

i
�j)(�

†
j
�i) are positive. Since all doublets couple to the gauge-bosons in the

same way, the W and Z masses are determined by the single value v2 = v21 + · · · + |vN |2, and, just as
in the SM, the ⇢-parameter remains equal to one at tree level. Inserting the scalar vevs in the Yukawa
sector (39) produces the fermion mass matrices:

M` =
1p
2

X

i

⇧ivi , Md =
1p
2

X

i

�ivi , Mu =
1p
2

X

i

�iv
⇤
i
. (41)
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BASIS, FLAVOUR BASIS
➤ Convenient to rotate to Higgs basis, vev all in first doublet 

➤ Goldstone bosons in first one, physical Higgses in the rest 
 
 
 
 
 
 

➤ N-1 pairs of charged Higgses, 2N-1 neutral scalars (odd and 
even) 

➤ Suitable basis for studying phenomenology, e.g. FCNCs

Higgs doublets around minimum as

�1 =

✓
'+
1

1p
2
(v1 + ⌘1 + i�1)

◆
, �2 =

✓
'+
2

1p
2
(v2 + ⌘2 + i�2)

◆
. (51)

The Goldstone modes are G± = c�'
±
1 + s�'

±
2 and G0 = c��1 + s��2. The orthogonal combinations are

the physical charged Higgs boson H± = �s�'
±
1 + c�'

±
2 , and the neutral field ⌘3 = �s��1 + c��2. In

general, the three neutral scalars ⌘i mix giving rise to the three neutral Higgs bosons: (H1, H2, H3)T =
R(⌘1, ⌘2, ⌘3)T , with the rotation matrix R parametrized with three angles ↵1, ↵2, ↵3. For the most
general 2HDM, the neutral mass matrix can be written in di↵erent bases, see [214, 185] and two di↵erent
forms in section 5.10 and Appendix C of [20], as well as in the basis independent form [198] and with
the bilinear technique [190, 210]. Its explicit analytical diagonalization in terms of the parameters is
cumbersome but still manageable [214].

K

+ȕ

Į

+LJJV�EDVLV

PDVV�HLJHQVWDWHV

Kƍ�

Kƍ�

Ș�

Ș�

Figure 1: Three bases in the space of CP -even neutral scalar fields: the original basis (⌘1, ⌘2), the Higgs basis (h
0
1, h

0
2),

and the basis of mass eigenstates (H,h).

If the model is CP -conserving, then ⌘3 ⌘ A decouples in the mass matrix from the first two and
becomes the CP -odd pseudoscalar. The two CP -even scalars mix and give rise to the mass eigenstates
H = c↵⌘1+ s↵⌘2 and h = �s↵⌘1+ c↵⌘2, with the convention that h is the ligher of the two. The mixing
angle ↵ is usually defined from �⇡/2 to ⇡/2; alternative definitions are sometimes used. The relation
among the three bases in the space of CP -even neutral fields is visualized in Fig. 1. The original basis
(⌘1, ⌘2), in which the fermion sector featuring natural flavor conservation takes the simplest form, is
rotated by angle � to obtain the Higgs basis (h0

1, h
0
2). In this basis, the vev is present only in the first

doublet, so that the gauge bosons interact only with h0
1 but not h0

2. The physical Higgses (H, h) form
the third basis, rotated by ↵ with respect to the original one or by � � ↵ with respect to the Higgs
basis. From here, one obtains the Higgs couplings to gauge bosons relative to the SM ⇠hi

V V
:

⇠h
V V

= sin(� � ↵) , ⇠H
V V

= cos(� � ↵) , ⇠A
V V

= 0 . (52)

One immediately sees that 2HDMs, and in general NHDMs, predict that all such couplings are less
than one and they satisfy the following sum rule:

P
i
(⇠hi

V V
)2 = 1 [221]. In the CP -conserving case, the

pseudoscalar boson A decouples from the gauge boson pairs at the tree level, which is easily seen in the
Higgs basis. The same logic also leads to the absence of the tree-level coupling H+W�Z [222, 13]; such
vertex can appear at tree level only in models with new scalars in higher-dimensional representations
of SU(2)L. Finally, expressions for the trilinear and quartic scalar interactions are listed in [185, 20].

The alignment limit corresponds to � � ↵ ! ⇡/2. In this case, the lightest neutral h is SM-like
Higgs and is identified with the experimentally observed h125. The second neutral Higgs H, even if it
is relatively light, decouples from the gauge-boson pairs. In the other limit, � ⇡ ↵, the heavier state H
is SM-like, and a second, lighter Higgs is predicted.

23

Ivanov, Prog.Part.Nucl.Phys. 95 (2017)



MULTI-HIGHS MODEL AND FLAVOUR SYMMETRIES
➤ 2HDM widely studied, several studies on 3HDM (Branco et al,; King et al, 

JHEP 01 (2014) 052 al, 2014) 

➤ Minimization of scalar potential must be performed.  Sometimes vev 
alignments are chosen by hand, e.g. v1≫v2≫ v3 ➝ maybe only local 
minima 

➤ Extra Higgs doublets and discrete symmetries ➝  continuous symmetries 

➤ Also usually after minimization of the potential there are residual 
symmetries ➝ unphysical quark sector, either degenerate masses, zero 
masses or zeroes in VCKM 

➤ S3, S4, A4, 𝛥(54) all have residual symmetries in 3HDM 

➤ If soft breaking performed, stability and unitarity conditions must be 
recalculated 

➤ Connection with dark matter, inert scalars vev=0
Ivanov, Prog.Part.Nucl.Phys. 95 (2017)



MORE SCALARS
➤ Add  singlets, same considerations as before 

➤ Flavons: responsible for family symmetry breaking at high 
energies, Froggatt-Nielsen mechanism 

➤ Scalars can be used for a number of other purposes: 
inflation, dark matter, dark energy, phase transitions 

➤ Is there evidence for new scalars?  
95 GeV?    CMS ~ 2.9 sigma  
150 GeV?  multilepton anomalies 
650 GeV?  CMS ~ 3.8 sigma 
All of them??? 

➤ Not significative, but persistent…



INTERPLAY BETWEEN FLAVOUR AND ASTROPARTICLE PHYSICS
➤ Dark matter candidates: 
 
 
 
 
 

➤ CP violation: baryogenesis, leptogenesis 

➤ g-2: many extensions attempt explanation.  LHC and DM 
experiments constrain it 

➤ Effective field theory approach (𝜅 formalism) helps constrain 
new processes

scalars: 
exotic Higgses, axion-like 

particles, 
KK particles, fermions: 

right-handed neutrinos, 
neutralinos, KK particles…

Related to flavour,  
Constrained by symmetries



Grand Unified Theory?

Strings?
M theory?

LQG?

Standard Model

SUSY? 

More particles?
Higgses?

Something 
else...

νR

More 
symmetries?

More 
interactions?

U(1)? Broken 
symmetries?

l

More space-time
dimensions?

Dark Matter



HOW DO WE CHOOSE A FLAVOUR SYMMETRY?

➤ Several ways: 

➤ Look for inspiration in a high energy extension of SM, i.e. strings 
or GUTs 

➤ Look at low energy phenomenology 

➤ At some point they should intersect… 

➤ In here: 

➤ Find the smallest flavour symmetry suggested by data 

➤ Explore how generally it can be applied (universally) 

➤ Follow it to the end 

➤ Compare it with the data



Logarithmic plot of quark massesPlot of mass ratios

Suggests a 2⊕1 structure



3HDM

➤ Without symmetry ⟹ 54 real parameters in 
potential 

➤ Complemented with additional symmetry(ies) 

➤ Studies started in the 70’s, hope to find global 
symmetry that explains the mass and mixing patterns 

➤ The first symmetries to be added were the 
permutational groups S3 and S4 

➤ Different modern versions of these models exist 
                            



S3
➤ Smallest non-Abelian 

discrete group 

➤ Permutation symmetry of 
three objects; reflections 
and rotations that leave 
an equilateral triangle 
invariant  

➤ Has irreducible 
representations, 2, 1S d 1A 

➤ 3 right handed neutrinos 

➤ 3 Higgs doublets

➤ We apply the symmetry 
“universally” to quarks, 
leptons and Higgs-es 

➤ First two families in 
the doublet 

➤ Third family in 
symmetric singlet 

➤ Treat scalars and 
fermions simultaneously
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PREDICTIONS, ADVANTAGES?

A. Mondragón, M. M., F. González, E. Peinado, U. Saldaña, O. Félix, E. 
Rodríguez, A. Pérez, H. Reyes…; Das, Dey et al; Teshima et al; 

➤ Possible to reparametrize 
mixing matrices in terms of 
mass ratios, successfully 

➤ CKM has NNI and Fritzsch 
textures 

➤ PMNS → fix one mixing 
angle, predictions for the 
other two within 
experimental range 

➤ Reactor mixing angle  
𝛳13 ≠ 0 

➤ Some FCNCs suppressed by 
symmetry 

➤ Higgs potential has 8 
couplings 

➤ Underlying symmetry in 
quark, leptons and Higgs 
→ residual symmetry of 
a more fundamental one? 

➤ Lots of Higgses:  
3 neutral, 4 charged,  
2 pseudoscalars 

➤ Further predictions will 
come from Higgs sector:  
decays, branching ratios



FERMION MASSES 

➤ The Lagrangian of the model 
 
 

➤ The general form of the fermion mass matrices in the 
symmetry adapted basis is  
 
 
 
 
 
where m1,3 = Y1,3v3 and m1,2,4,5 = Y1,2,4,5 (v1 or v2)

Note that rS′ is not an S3 invariant, while rS is.
After the short description of S3 given above, it is straightforward to extend the SM: In

addition to the SM Higgs fields HS, we introduce an S3-doublet Higgs HD. The quark, lepton
and Higgs fields are

QT = (uL, dL) , uR , dR , LT = (νL, eL) , eR , νR , H (5)

with obvious notation. All of these fields have three species, and we assume that each forms
a reducible representation 1S + 2. The doublets carry capital indices I and J , which run
from 1 to 2, and the singlets are denoted by Q3, u3R, d3R, L3 , e3R , ν3R , HS. Note that
the subscript 3 has nothing to do with the third generation. The most general renormalizable
Yukawa interactions are given by

LY = LYD
+ LYU

+ LYE
+ LYν

, (6)

where

LYD
= −Y d

1 QIHSdIR − Y d
3 Q3HSd3R

−Y d
2 [ QIκIJH1dJR + QIηIJH2dJR ]

−Y d
4 Q3HIdIR − Y d

5 QIHId3R + h.c., (7)

LYU
= −Y u

1 QI(iσ2)H
∗
SuIR − Y u

3 Q3(iσ2)H
∗
Su3R

−Y u
2 [ QIκIJ(iσ2)H

∗
1uJR + ηQIηIJ(iσ2)H

∗
2uJR ]

−Y u
4 Q3(iσ2)H

∗
I uIR − Y u

5 QI(iσ2)H
∗
I u3R + h.c., (8)

LYE
= −Y e

1 LIHSeIR − Y e
3 L3HSe3R

−Y e
2 [ LIκIJH1eJR + LIηIJH2eJR ]

−Y e
4 L3HIeIR − Y e

5 LIHIe3R + h.c., (9)

LYν
= −Y ν

1 LI(iσ2)H
∗
SνIR − Y ν

3 L3(iσ2)H
∗
Sν3R

−Y ν
2 [ LIκIJ(iσ2)H

∗
1νJR + LIηIJ(iσ2)H

∗
2νJR ]

−Y ν
4 L3(iσ2)H

∗
I νIR − Y ν

5 LI(iσ2)H
∗
I ν3R + h.c., (10)

and

κ =

(

0 1
1 0

)

and η =

(

1 0
0 −1

)

. (11)

Furthermore, we introduce the Majorana mass terms for the right-handed neutrinos

LM = −M1ν
T
IRCνIR − M3ν

T
3RCν3R, (12)

where C is the charge conjugation matrix.
Because of the presence of three Higgs fields, the Higgs potential VH(HS, HD) is more

complicated than that of the SM. But we may assume that all the VEV’s are real and that
⟨H1⟩ = ⟨H2⟩.4 They also satisfy the constraint ⟨HS⟩2 + ⟨H1⟩2 + ⟨H2⟩2 ≃ (246 GeV)2/2. Then

4See, for instance, Ref. [7] in which a potential with three Higgs fields of S3 is considered.

3

from the Yukawa interactions (7)–(10) and (12) one derives the mass matrices, which have the
general form

M =

⎛

⎜

⎝

m1 + m2 m2 m5

m2 m1 − m2 m5

m4 m4 m3

⎞

⎟

⎠ . (13)

The Majorana masses for νL can be obtained from the see-saw mechanism[10], and the cor-
responding mass matrix is given by Mν = MνD

M̃−1(MνD
)T , where M̃ = diag(M1, M1, M3).

All the entries in the mass matrices can be complex; there is no restriction coming from S3.
Therefore, there are 4 × 5 = 20 complex parameters in the mass matrices, which should be
compared with 4 × 9 = 36 of the SM with the Majorana masses of the left-handed neutrinos.
The mass matrices are diagonalized by the unitary matrices as

U †
d(u,e)LMd(u,e)Ud(u,e)R = diag(md(u,e), ms(c,µ), mb(t,τ)), (14)

UT
ν MνUν = diag(mν1

, mν2
, mν3

). (15)

The mixing matrices are then defined as 5

VCKM = U †
uLUdL , VMNS = U †

eLUν . (16)

3 The leptonic sector and Z2 symmetry

To achieve further reduction of the number of parameters, we introduce a Z2 symmetry. The
Z2 assignment in the leptonic sector is given in the Table I.

Table I. Z2 assignment in the leptonic sector.

− +
HS, ν3R HI , L3, LI , e3R, eIR, νIR

The Z2 symmetry forbids certain couplings:

Y e
1 = Y e

3 = Y ν
1 = Y ν

5 = 0. (17)

[The Z2 assignment above is not the unique assignment to achieve (17).] Since me
1 = me

3 = 0
due to the Z2 symmetry, all the phases appearing in (13) can be removed by a redefinition of
LI , L3 and e3R. Then, we calculate the unitary matrix UeL from

U †
eLMeM

†
eUeL = diag(|me|2, |mµ|2, |mτ |2), (18)

where

MeM
†
e =

⎛

⎜

⎝

2(me
2)

2 + (me
5)

2 (me
5)

2 2me
2m

e
4

(me
5)

2 2(me
2)

2 + (me
5)

2 0
2me

2m
e
4 0 2(me

4)
2

⎞

⎟

⎠ . (19)

5We denote the physical neutrino masses by mνi
, but νiL are not the mass eigenstates.
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QUARKS
3HDM: GSM ⌦ S3

 f

L
 f

R
Mass matrix Possible mass textures

A 2, 1S 2, 1S

0

B@
µ
f

1 + µ
f

2 µ
f

4 µ
f

6

µ
f

4 µ
f

1 � µ
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2 µ
f
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8 µ
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9 µ
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�

0

µ
f

2sc
�
3� t

2
�

�2µf

2 c
2
�
1� 3t2

�
µ
f

7/c

0 µ
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µ
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µ
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f
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0
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µ
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4 µ
f

7

µ
f

4 µ
f

1 � µ
f
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f

6

�µ
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9 µ
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8 µ
f
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�
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�
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�
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�
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�
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�µ
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6 /c µ

f

3 � µ
f
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CA

B
0

0

B@
0 �2µf

4 0

�2µf

4 0 �2µf

6

0 2µf

8 µ
f

3 � µ
f

1

1

CA

Table 2: Mass matrices in S3 family models with three Higgs SU(2)L doublets: H1 and H2, which occupy
the S3 irreducible representation 2, and HS , which transforms as 1S for the cases when both the left- and
right-handed fermion fields are in the same assignment. The mass matrices shown here follow a normal ordering
of their mass eigenvalues (mf

1 ,m
f
2 ,m

f
3 ). We have denoted s = sin ✓, c = cos ✓ and t = tan ✓. The third column

of this table corresponds to the general case, while the fourth column to a case where we have rotated the
matrix to a basis where the elements (1, 1), (1, 3) and (3, 1) vanish. The primed cases, A’ or B’, are particular
cases of the unprimed ones, A or B, with ✓ = ⇡/6 or ✓ = ⇡/3, respectively.
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Mass matrices reproduce the NNI or the Fritzsch forms (rotation + shift) 
                                                   F. González, AM, MM et al, Phys.Rev. D88 (2013) 096004

NNI

NNI

without taking into account minimization conditions



HIGGS SECTOR - TESTS FOR THE MODEL

Higgs Potencial with S3 symmetry

Author’s Name

29 de noviembre de 2017

Resumen

We study the Higgs potential of a general S3-symmetry three-Higgs-

doublet Model (3HDM). This models contains three Higgs SU(2) doublets

fields an CP invariant. We supose the three vevs v1, v2, v3 different zero

and reals, we rewrite them in spherical coordinates v1 = v sin ✓ sin', v2 =
v sin ✓ cos', v3 = v cos ✓. Using the lightest Higgs Boson of Standard Mo-

del had a mass, mh0 = 125GeV , we realize a scan in the parameter space,

where we impose unitary and stability conditions on the scalar potential,

to compute the Higgs masses imposing a decoupling limit.

1. Introduction

The S3 extension of the SM has been used previously to calculate neutrino

masses and mixings, as well as lepton masses and flavour changing neutral cu-

rrents. The scalar sector is also interesting since there is an economy of para-

meters compared to a more generic 3HDM [1–3].

2. The Higgs Sector

The most general Higgs potential invariant under SU(3)c⇥SU(2)L⇥U(1)Y ⇥
S3 is

V = µ
2
1

⇣
H

†
1H1 +H

†
2H2

⌘
+ µ

2
0

�
H

†
s
Hs

�
+ a

�
H

†
s
Hs

�2
+ b

�
H

†
s
Hs

� ⇣
H

†
1H1 +H

†
2H2

⌘

+c

⇣
H

†
1H1 +H

†
2H2

⌘2
+ d

⇣
H

†
1H2 �H

†
2H1

⌘2
+ efijk

⇣�
H

†
s
Hi

� ⇣
H

†
j
Hk

⌘
+ h.c.

⌘

+f

n�
H

†
s
H1

� ⇣
H

†
1Hs

⌘
+

�
H

†
s
H2

� ⇣
H

†
2Hs

⌘o
+ g

⇢⇣
H

†
1H1 �H

†
2H2

⌘2
+

⇣
H

†
1H2 +H

†
2H1

⌘2
�

+h

n�
H

†
s
H1

� �
H

†
s
H1

�
+

�
H

†
s
H2

� �
H

†
s
H2

�
+

⇣
H

†
1Hs

⌘⇣
H

†
1Hs

⌘
+
⇣
H

†
2Hs

⌘⇣
H

†
2Hs

⌘o
(1)

1

➤ The minimum of potential can be parameterised in  
spherical coordinates, two angles and v

➤ Minimisation fixes         

➤ e = 0 massless scalar, residual continuous S2 symmetry

➤ Conditions for normal vacuum already studied, also for CP breaking ones  
Felix-Beltrán, Rodríguez-Jáuregui, M.M (2007); Barradas et al (2015); Costa et al (2016)  
                                                

Derman and Tsao (1979); Sugawara and Pakwasa (1978); Kubo et al (2004); Felix-Beltrán, Rodríguez-Jáuregui, M.M 
(2009); Das and Dey (2014),  Barradas et al (2014); Costa, Ogreid, Osland and Rebelo (2016), etc

General Potential:

for this general potential we obtain 10 free parameters. We may relate the vevs

with the new variables (3) as

hxli = v
2
l

for l = 1, 2, 3,

hx4i = v1v2, hx5i = v1v3,

hx6i = v2v3, and hx8i = hx7i = hx9i = 0. (5)

We are able to rewrite the vevs in spherical coordinates

v1 = v cos' sin ✓, v2 = v sin' sin ✓ v3 = v cos ✓. (6)

The use of this spherical parametrization is helpful to visualize the relation

within the vevs. The angle ✓ gives the amount of mixing between the vev of the

singlet and the vevs of the doublets. We may obtain a relation between v1 and

v2 and v3 as

tan' =
v2

v1
(7)

tan ✓ =
v2

v3 sin'
(8)

Moreover, the minimization conditions of the potential (??) enables a fixing the

relation between v1 and v2 i.e. the value of '. We assume all the vevs with

positive sign (otherwise we should consider a phase between two vevs). so this

implies ' = ⇡/6 then tan' =
1p
3

thus we get

tan' = 1/

p
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6 , then there

would be a change of signs, v2 = � 1
2v sin ✓ and v3 = v cos ✓.

Matriz de masa
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for this general potential we obtain 10 free parameters. We may relate the vevs
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2
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for l = 1, 2, 3,
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The use of this spherical parametrization is helpful to visualize the relation
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6.3.3. Condiciones de positividad

La condiciones de positividad que aseguran un vacío estable son las siguientes:

�8 > 0 (6.94)
�1 + �3 > 0 (6.95)

�5 > �2

p
(�1 + �3)�8 (6.96)

�5 + �6 � 2|�7| >
p

(�1 + �3)�8 (6.97)
�1 � �2 > 0 (6.98)

�1 + �3+ | 2�4 | +�5 + 2�7 + �8 > 0 (6.99)
�13 > 0 (6.100)

�10 > �2

p
(�1 + �3)�13 (6.101)

�10 + �11 � 2|�12| >
p

(�1 + �3)�13 (6.102)

�14 > �2

p
�8�13. (6.103)

Para obtener las condiciones necesarias para que el potencial esté acotado por
abajo, se parametrizaron los campos en coordenadas hiperesféricas, de manera
análoga a lo hecho en [110] para el modelo con tres dobletes:

H1 = r cos � sin ✓s sin ✓aĤ1 (6.104)

H2 = r sin � sin ✓s sin ✓aĤ2 (6.105)

Hs = r cos ✓s⇢s exp i�sĤs (6.106)

Ha = r sin ✓s cos ✓aĤa. (6.107)

Donde r � 0, � 2 [0,⇡/2], ✓s = [0,⇡/2] y ✓a = [0,⇡/2].

El producto entre dos espinores unitarios diferentes será un número complejo
con módulo no mayor a uno, en nuestro caso tenemos

Ĥ
†
2 · Ĥ1 = ⇢12e

i✓12 , Ĥ
†
s
· Ĥ2 = ⇢s2e

i✓s2 , Ĥ
†
1 · Ĥs = ⇢s1e

i✓s1 , (6.108)

Ĥ
†
a
· Ĥ2 = ⇢a2e

i✓a2 , Ĥ
†
1 · Ĥs = ⇢s1e

i✓s1 , Ĥ
†
s
· Ĥa = ⇢sae

i✓sa . (6.109)

Observando los límites en el espacio de coordenadas hiperesféricas de dos en dos,
obtenemos las siguientes condiciones necesarias (los resultados son análogos a los
obtenidos en [110, 109] para el caso con 3 dobletes). Para esto, solo los términos
cuárticos son relevantes, por lo que omitiremos los términos µ

2
i
.

Para ✓a = ⇡/2 y ✓s = 0, el potencial es

V = �8 > 0. (6.110)

Donde obtenemos la condición:

�8 > 0. (6.111)
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6.3.4. Condiciones de unitariedad

Das y Dey [109] calcularon las condiciones de unitariedad de la matriz-S para
el modelo con tres dobletes, acotando los eigenvalores de la matriz como:

| a±
i
|, | bi |6 16⇡, para i = 1, 2, ...6. (6.131)

Aunque el cálculo de las condiciones de unitariedad para el modelo de cuatro
dobletes proveería restricciones más exactas, se usaron las condiciones obtenidas
para tres dobletes como una primera aproximación, las cuales se escriben a
continuación:

a
±
1 = (�1 � �2 +

�5 + �6

2
)

±
r
(�1 � �2 +

�5 + �6

2
)2 � 4[(�1 � �2)(

�5 + �6

2
)� �

2
4]

a
±
2 = (�1 + �2 + 2�3 + �8)

±
q
(�1 + �2 + 2�3 + �8)

2 � 4[�8(�1 + �2 + 2�3)� 2�
2
7]

a
±
3 = (�1 � �2 + 2�3 + �8)

±
r
(�1 � �2 + 2�3 + �8)

2 � 4[�8(�1 + �2 + 2�3)�
�
2
6

2
]

a
±
4 = (�1 + �2 +

�5

2
+ �7)

±
r
(�1 + �2 +

�5

2
+ �7)

2 � 4[(�1 � �2)(
�5

2
+ �7)� �

2
4]

(6.132)

a
±
5 = (5�1 � �2 + 2�3 + 3�8)

±
r
(5�1 � �2 + 2�3 + 3�8)

2 � 4[3�8(5�1 � �2 + 2�3)�
1

2
(2�5 + �6)

2]

a
±
6 = (�1 + �2 + 4�3 +

�5

2
+ �6 + 3�7)± ((�1 + �2 + 4�3 +

�5

2
+ �6 + 3�7)

2�

4[(�1 + �2 + 4�3)(
�5

2
+ �6 + 3�7)� 9�

2
4])

1/2

b1 = �5 + 2�6 � �7

b2 = �5 � 2�7

b3 = 2(�1 � 5�1 � 2�3)

b4 = 2(�1 � �1 � 2�3)

b5 = 2(�1 + �1 � 2�3)

b6 = �5 � �6.

(6.133)
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HIGGS MASSES

➤ After electroweak symmetry breaking (Higgs mechanism) we 
are left with 9 massive particles 
 
 
 

This rotation to obtain the mass matrix coming directly from the intaraction

basis is given as

Rs =

0

BBBB@

p
3(M

2
a�M

2
c+ZM)

2
p

(M2
b )

2+(M2
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0

M
2
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2
c+ZMp

(M2
b )

2+(M2
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c+ZM )2

1

CCCCA
(21)

where ZM =
p
(M

2
b
)2 + (M2

a
�M2

c
)2. So again we can see that cos �s =

(M
2
a�M

2
c+ZM)p

(M2
b )

2+(M2
a�M2

c+ZM )2
,

sin �s = � M
2
bp

(M2
b )

2+(M2
a�M2

c+ZM )2
, sin � =

1
2 and cos � =

p
3
2 . If we compare with

9 and 19 we can see that � = ' and �s =
3⇡
2 + ↵, we’re going to work with the

angles ↵ and ' for that reason the rotation matrix has the next form
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0
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Por lo tanto expresando las masas de los bosones de Higgs en término de

estos ángulos tenemos:

m
2
h0

= �9ev
2
sin ✓ cos ✓ (23)

m
2
H1,H2

= (M
2
a
+M

2
c
)±

q
(M2

a
�M2

c
)2 + (M

2
b
)2 (24)

m
2
A1

= �v
2
⇥
2(d+ g) sin

2
✓ + 5e cos ✓ sin ✓ + 2h cos

2
✓
⇤

(25)

m
2
A2

= �v
2
(e tan ✓ + 2h) (26)

m
2
H

±
1

= �v
2
⇥
5e sin ✓ cos ✓ + (f + h) cos

2
✓ + 2g sin

2
✓
⇤

(27)

m
2
H

±
2

= �v
2
[e tan ✓ + (f + h)] (28)

5

doesn’t couple to gauge bosons: Z2 symmetry  
massless when e=0, S2 symmetry

H1 or H2  can be  the SM Higgs boson

Ri =

0

@
cos �i cos � � sin � sin �i cos �

cos �i sin � cos � sin �i sin �

� sin �i 0 cos �i

1

A . (15)

The rotation matrix Ra,c which diagonalizes M2
A

and M2
C
, for this model

is given as:

Ra,c =

0

@
cos �a,c cos � � sin � sin �a,c cos �

cos �a,c sin � cos � sin �i sin �

� sin �a,c 0 cos �a,c

1
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0

B@

p
3v2
v

� 1
2 �

p
3v3
2v

v2
v

p
3
2 � v3

2v
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v

0
2v2
v

1

CA . (16)

So, we can see that cos �a,c =
2v2
v
, sin �a,c = � v3

v
, sin � =

1
2 and cos � =

p
3
2 ,

if we compare with 9 and 10 we can see that � = ' and �a,c =
3⇡
2 + ✓, we’re

going to work with the angles ✓ and ' for that reason the rotation matrix has

the next form

Ra,c =

0

@
sin ✓ cos' � sin' � cos ✓ cos'

sin ✓ sin' cos' � cos ✓ sin'

cos ✓ 0 sin ✓

1
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p
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3
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0
2v2
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CA . (17)

While for the diagonalization of the mass matrix of scalar bosons M2
S
we

will have the following rotation matrix:

Rs =

0

@
cos �s cos � � sin � sin �s cos �

cos �s sin � cos � sin �i sin �

� sin �s 0 cos �s

1

A (18)

but first we’re going to define the next angle

tan(2↵) =
M

2
a
�M

2
c

M
2
b

(19)

where, in terms of the parameters of the potential in the interaction basis,

considering also the spherical parameterization we have

M
2
a

=


2(c+ g)v

2
sin

2
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3

2
ev

2
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�
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2
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⇥
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Das and Dey (2014)  
Barradas,Félix, González (2014)  
Gómez-Bock, MM, Perez-Martínez (2022)



RESIDUAL Z2 SYMMETRY
➤ After eW symmetry breaking, S3 breaks -> residual Z2 symmetry                                         

Das and Dey (2014), Ivanov (2017) 
➤ h0 decoupled from gauge bosons 

➤ There are 2 “alignment” limits   👀 

➤ H2 is the SM Higgs → H1 decoupled from  gauge bosons 

➤ H1 is the SM Higgs → H2 decoupled from gauge bosons 
mH2 < mH1  

➤ Z2 parity:  
                                    h0, A1, H1± parity -1,  
                                    H1, H2 parity +1  
                                    H2±, A2 parity +1                              Das and Dey (2014) 

➤ This forbids certain couplings



MASSES — TREE LEVEL — ALIGNMENT LIMITS

➤ Scenario A, H2 SM Higgs 

➤ Upper bound for masses 
mh0 ≲ 900 GeV ,  mH1 ≲ 3 TeV  
mA1 ≲ 1 TeV, mA2 ≲ 3 TeV  
mH1 ≲ 1 TeV, mH2 ≲ 3 TeV 

➤ Taking (𝛼-𝜃) 1%  lowers mH1, mA2, MH2 ≲ 1 TeV 

➤ Allows for a neutral scalar lighter than SM Higgs 
h0 in this case 

➤  Some of scalar masses are almost degenerate → good for 
oblique parameters

Gómez-Bock, MM, Perez-Martínez (2022)



EXACT ALIGNMENT LIMIT A

➤ In the exact alignment limit A (SM Higgs the lightest scalar) 

➤ “Our” SM Higgs trilinear and quartic couplings reduce 
exactly to SM ones

+m2
H1

s22↵c
2
↵�✓

4
+m2

H2
(c2

↵
c↵�✓ � s↵s✓)

2

!
. (89)

4.3 Couplings in scenario A

We show here how the scalar couplings are reduced in the alignment limit of scenario A.
Recalling that the alignment limit is given as, sin(↵�✓) = 1, cos(↵�✓) = 0, the trigonometric
functions for ↵ and ✓ satisfy the following relations

sin↵ = cos ✓; cos↵ = � sin ✓; sin 2(↵� ✓) = 0;

cos(3↵� ✓) = sin 2✓; sin(↵ + ✓) = cos 2✓; cos(↵ + ✓) = � sin 2✓. (90)

In scenario A in the alignment limit, the Higgs boson H2 trilinear coupling coincides
exactly with the trilinear coupling of the SM Higgs boson �SM ,
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And the H1 trilineal couplings reduces to
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The H2 quartic coupling (88) also reduces exactly to the SM one in the alignment limit,
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1

2v2s22✓
m2

H2
(�s3

✓
c✓ � c3

✓
s✓)

2 =
m2

H2

8v2
. (93)

The H2 � h0 quartic coupling reduces in this limit to

gH2H2h0h0 =
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Some of the reduced scalar couplings for scenario A depend only on the masses involved,
and are given as
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(95)

From these expressions, a lower bound for all the scalar masses (other than H1, which
is always heavier than H2 in this scenario), can be set at & 63 GeV, since there is no
experimental observation of decays of the SM-Higgs boson to other scalars. This is in natural
agreement with the current bounds for charged scalars, which set their masses above ⇠ 80
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From these expressions, a lower bound for all the scalar masses (other than H1, which
is always heavier than H2 in this scenario), can be set at & 63 GeV, since there is no
experimental observation of decays of the SM-Higgs boson to other scalars. This is in natural
agreement with the current bounds for charged scalars, which set their masses above ⇠ 80
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CONSTRAINTS ON SCALARS
➤ Constraints are imposed over the parameter space: 

➤ Vacuum stability and unitarity conditions 

➤ SM Higgs boson mass within 125 ± 3 GeV 

➤ We recover SM Higgs boson properties, trilinear and quartic 
couplings are the same,  extra heavier scalars, bounded from 
above and below 

➤ BUT residual Z2 symmetry:      😵  

                                      

the most challenging tasks in today’s particle physics is therefore to explore the underlying flavor
structures which can shed light on the origin of fermion masses and the dynamics of flavor mixing
and CP violation in a way more fundamental and more quantitative than the SM itself.

6.3.2. Four- and five-zero quark flavor textures
Given its Hermiticity and six texture zeros, the Fritzsch ansatz of quark mass matrices shown

in Eq. (272) is left with eight independent parameters among which the six real matrix elements
can be determined by six quark masses and the two phase di↵erences between Mu and Md can be
constrained by four flavor mixing parameters of the CKM matrix V . One may therefore expect two
testable relations between four independent quark mass ratios and four flavor mixing parameters.
In reality, the strong mass hierarchies of up- and down-type quarks allow us to make some reliable
analytical approximations for the predictions of the Fritzsch ansatz and thus obtain a few more
experimentally testable relations than expected [135, 136]. It turns out that this simple but instruc-
tive ansatz has definitely been ruled out by the relevant experimental data [551, 770, 771, 772],
mainly for the reason that the experimental value of mt is so large that the predicted result of |Vcb|
has no way to be compatible with its observed value.

A straightforward way of modifying the Fritzsch ansatz is to reduce the number of its texture
zeros. If one insists that there should exist a kind of structural parallelism between up- and down-
type quarks in the spirit of requiring the two sectors to be on the same dynamical footing, then
one may simultaneously add nonzero (1,1), (2,2) or (1,3) and (3,1) entries into Mu and Md in
Eq. (272). But it is found that only the following four-zero textures of quark mass matrices are
phenomenologically favored [510, 717, 773, 774, 775, 776, 777, 778, 779, 780]:

Mq =

0
BBBBBBBB@

0 Cq 0
C⇤q B0q Bq
0 B⇤q Aq

1
CCCCCCCCA , (275)

where Aq is chosen to be real and positive, B0q is also real, and Aq � |Bq| & |B0q| � |Cq| is
expected to hold (for q = u or d). Because of det Mq = �Aq|Cq|2 < 0, let us diagonalize Mu or
Md in Eq. (275) by using the unitary transformation O†uMuO0u = Diag{mu,mc,mt} or O†dMdO0d =
Diag{md,ms,mb}, where O0u = OuQu and O0d = OdQd with Qu = Qd = Diag{�1, 1, 1} as a typical
example to match the negative determinants of Mu and Md under discussion 36. Then we arrive at
the expressions

B0u = mt + mc � mu � Au , |Bu|2 =
�
Au + mu

� �
Au � mc

� �
mt � Au

�

Au
, |Cu|2 =

mumcmt

Au
, (276)

36As for the more restrictive Fritzsch texture of Mq in Eq. (272), the unique choice is Qu = Qd = Diag{1,�1, 1}
[781]. In dealing with the four-zero texture of Mq in Eq. (275), however, there are actually four di↵erent possibilities
[718, 782]: Qu = Diag{±1,⌥1, 1} and Qd = Diag{±1,⌥1, 1}. Such sign ambiguities come from the fact that we have
required O0q to be as calculable as Oq in diagonalizing Mq, but O0q is only relevant to a transformation of the right-
handed quark fields and thus has no physical impact on the CKM matrix V . One may certainly avoid this kind of
uncertainty by starting from O†uMuM†uOu = Diag{m2

u,m2
c ,m2

t } or O†dMdM†dOd = Diag{m2
d,m

2
s ,m2

b}, but in this case an
exact analytical calculation becomes rather complicated and the corresponding results are too lengthy to be useful.
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ALIGNMENT NOT EXACT — LIMITS ON PARAMETERS

➤ Higgs-gauge couplings have been determined with 5% 
precision → 𝜅𝜆 scaling factor 

➤ -1.8 < 𝜅𝜆 < 9.2                                    Degrassi, Di Micco, Giardino, Rossi (2021) 

➤ If the alignment limit is not exact we can parameterize 
deviations from SM  
 
 
 

➤ The max value for mh0 sets constraints on tan𝜃 
e.g. for 𝛿 ∼ 0.1 → tan𝜃 ≤ 15

GeV [92, 93]. The recent signal for the rare three-body decay of the SM Higgs boson to
photon and dileptons [101], will put extra constraints in the values of the allowed trilinear
couplings.

The couplings of the gauge bosons to the SM Higgs have been determined with a ⇠

5% precision [25, 26, 102]. From our tree level expressions for the gauge-Higgs couplings,
Eqs. (57,58) we can parameterize a deviation of the SM value by

cos(↵� ✓) = cos(
⇡

2
� ✏) = sin ✏ ⌘ �, (96)

where in the exact alignment limit � = 0 = ✏. A value of � . 0.1 is compatible with the
current experimental measurements and is consistent with our assumption of a 10% deviation
of the alignment limit in (↵� ✓) in Fig. 1.

On the other hand, a deviation in the SM trilinear self-coupling �SM will have an impact
in di-Higgs production at tree-level [103, 104], single Higgs boson production and decays at
one-loop level [105], as well as in electroweak precision observables at two-loop level [106].
In our case, we can describe a small deviation of the alignment limit at tree level in terms
of �, ✓ and mh0 as

gH2H2H2 ⌘ �SM� =
m2

H2

2v


(1 + 2�2)

p
1� �2 + �3(tan ✓ � cot ✓)�

m2
h0

m2
H2

�3

9s✓c3✓

�
, (97)

where the term in square brackets �, is the scaling factor that parameterizes the deviation
of the SM Higgs trilinear self-coupling, in this case at tree level. The value of the trilinear
self coupling has already been constrained experimentally [102, 107]. In here, we will make
use of the modifier or  framework [108] and the results in [109], where they set limits to �,
assuming the rest of the SM Higgs couplings to fermions and gauge bosons are the same or
very close to the SM. In our case, the value of � will depend on �, mh0 and ✓. From Figure 1
we can see the dependence on mh0 on tan ✓, which for a given � allows us to determine the
value of �. As an example we take � ⇠ 0.1 and we fix mh0 to its possible maximum value
for a given tan ✓. In order to satisfy the bounds �1.8 < � < 9.2, as determined in [109],
tan ✓ . 15. For smaller values of � larger values of tan ✓ are allowed.

In case the alignment limit is exact, �SM will still get corrections, but at loop level. In
that case the factor � will have a different expression, and depending on how complicated
it is and what other restrictions are taken into account it might be possible to restrict the
parameter space through it.

Analogous expressions for the couplings can be found for scenario B. In this case, the
SM-like Higgs boson would be H1 and the other neutral Higgs, H2, would be lighter than
the SM-like, at tree level. As we already discussed, we cannot fully discard this possibility
since in this alignment scenario, H2 would not have couplings to the gauge bosons, and it
could escape experimental detection.

We do not consider the most general case, without any alignment, since it implies that
both neutral Higgs bosons couple to the gauge bosons, which is highly restricted from the
experimental data.
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4HDM -S3 WITH DM
➤ We add another doublet, inert, to have a DM candidate. We 

assign it to the 1A, and thus “saturate” the irreps 

➤ First two generations in a flavour doublet, third in a singlet, 
extra anti-symmetric singlet is inert → DM candidates 

➤ A lot of Higgses (13), but the good features of 3H-S3 remain 
Quark and lepton sectors remain unchanged 
DM candidate in inert sector 

➤ Add a Z2 symmetry to prevent the DM candidate to decay 

➤ S3 symmetry constrains strongly the allowed couplings  
                                                  C. Espinoza, E. Garcés, M.M., H. Reyes (2019)



NEUTRAL SCALAR MASSES
S3-3H Neutral scalar masses  
with stability and unitarity  
bounds only  
Pink will be constrained to be SM Higgs  
Red neutral H1  
Blue h0 decoupled from gauge bosons

S3-4H                
H2 constrained to be SM-H  
Shown H1 vs tan 𝜽 

Green passes unitarity, stability and 
HiggsBounds + decoupling limit  ⟹ 
small tan 𝜽 



DM MASS AND RELIC DENSITY — S3-4H

Figure 1: Mass of the DM candidate as a function of tan ✓ (left panel), and value of the

DM relic density as a function of the DM mass. The dark blue points (set A) are the

ones that comply with stability and unitarity constraints, the light blue points (set B) are

also compatible with the experimental bounds for extra scalar searches (see text), the red

points also satisfy the decoupling limit and the green points in the right panel lie within

the experimental Planck bound.

and u poles in the calculation of the scattering amplitudes, with hindsight we
chose the weakest limits described in [39] since already for this choice finding
physical points is computationally very expensive; the energy interval defined
for these computations is taken to be 500 to 5000 GeV. The generation of
SLHA [40, 41] input files for HiggsBounds [42–46] and MicrOMEGAS [47] is
done using the SARAH-SPheno [48–50] framework. We use HiggsBounds to
further filter points that do not comply with current experimental limits from
Higgs searches, and finally MicrOMEGAS is utilized to compute the value of the
relic density and annihilation cross section of the dark particle (the lightest
of the Z2-odd neutral scalars) for points that satisfy all the constraints. We
only show results for the case where the dark scalar h

n

a
is the dark matter

candidate and we take its mass in the range 10 to 5000 GeV; similar con-
clusions are obtained when the candidate is the pseudo-scalar hp

a
. All other

dark particle masses are taken randomly in the range & Mhn
a
to ⇠ 5000 GeV,

while the heavy scalar masses take values in the range & Mh to ⇠ 5000 GeV.
For the parameter µ2

2 due to the first equation in (17) we generate random
values for it in the interval (⇠ (�M

2
h
+
a
),⇠ M

2
h
+
a
), this should be a large inter-

val to probe and in any case the value of �10 will be limited by the unitarity
bounds and we don’t expect large di↵erences if this interval is enlarged. Fur-

when large amounts of points are being probed.
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Blue points → stability and unitarity  
Light blue  → also Higgs bounds  
Red points → also alignment limit 

The bounds apply to S3-3H too

Green points → DM Planck limits 

Small values of tanθ preferred 



IN YUKAWA SECTOR
➤ The Higgs Z2 symmetry will lead to zeroes in the CKM and PMNS 

matrices   😱                                                 Das, Dey, Pal (2015), Ivanov (2017)                                                               

➤ To recover the good features of the symmetry: 
➤ Add S3 singlet                                Brown, Deshpande,Sugawara, Pakwasa (1984)                                       

➤ Break very softly the S3 symmetry with mass terms, recover original 
structure                            e.g., Kubo, Okada, Sakamaki (2004), Das, Dey, Pal (2015) 

➤ Consider CP violation                          Costa, Ogreid, Osland, Rebelo(2014,2021) 

➤ Higher order interactions 

➤ Second B-L sector at high scale with small interaction  
                                                                          Gómez-Izquierdo, MM (2018)                                                                 

➤ Combinations of the above:  all introduce more parameters



MAKE IT MODULAR
will it help?

Perform a little experiment…



MODULAR SYMMETRIES
➤ Using modular symmetries as flavour symmetries: 

Inspiration from supersymmetric theories, initially with extra 
dimensions                      
                       Feruglio, Altarelli (2006-2022); Petcov et al (2019, 2021, 2022); … 
Magnetized branes, magnetized tori, superstring theories  
                 Cremades et al (2004); Kobayashi et al (2018); Almumin et al (2022);… 

Superstring compactifications, especially from orbifold 
compactifications 
                e.g. Kobayashi et al (2018, 2019); Chen, Ramos-Sánchez, Ratz (2022); … 

➤ Usually applied in supersymmetric models, but also possible 
in non-susy settings       
                              Nomura, Okada et al, (2019,2020); Review M. Ratz (2024)



MODULAR GROUPS AS FLAVOUR GROUPS
➤ Isomorphism between some finite modular groups and some groups 

associated to polygons (invariance under rotations and reflections) 
 
 
 

➤ Yukawa couplings expressed in terms of modular forms, i.e. functions 
of a complex scalar field 
 
 
 
with 𝜏 acquiring a vev on the upper half of complex plane 

➤ Fermions and scalar fields transform with a weight 
 

Figure 1: Real (left) and imaginary (right) part of the modular form Y1(⌧). The orange color indicates

values that tend towards positive and the blue color indicates values that tend towards negative. Blanks

are part of the cut when calculating very small or very large amounts.

assignment that is made, the modular forms of weight four will be useful and are obtained from
the tensor product of the doublet of modular forms of weight two [4], therefore

✓
Y1

Y2

◆
⌦

✓
Y1

Y2

◆
= Y (4)

s +

 
Y (4)
1

Y (4)
2

!
, (31)

where the antisymmetric singlet vanishes. Furthermore, it has been defined

Y (4)
s = Y 2

1 + Y 2
2

Y (4)
1 = 2Y1Y2 (32)

Y (4)
2 = Y 2

1 � Y 2
2 .

3.3 Assignments under S3 and mass matrix

So far we have introduced the elements to build a model of three Higgs doublets under modular
S3 symmetry, that is, SU(3)C ⇥ SUL(2) ⇥ Uy(1) ⇥ �2. It is important to mention that it is
going to be assumed that the transformation under the modular group must also be imposed
for the quark fields in order to assign them a modular weight, that is,

� ! (c⌧ + d)k��, (33)

9

congruence groups of level N , �(N). They are defined by imposing a modularity constraint on
the entries of the arrays in �, that is

�(N) =

⇢✓
a b
c d

◆
2 � :

✓
a b
c d

◆
=

✓
1 0
0 1

◆
(mod N)

�
. (7)

Similarly, the corresponding inhomogeneous transformation �(N) can be defined whose associ-
ated matrices belong to �(N) = �(N)/{12⇥2,�12⇥2}. In the definition (7) it is observed that
for the particular case N = 1 the group � is obtained since all the matrices of � are equal to
the identity matrix modulo 1 and that for both N = 1 and N = 2, the identity matrix 12⇥2

and �12⇥2 are indistinguishable, that is, they lead to the same transformation in �(N).
Since �(N) is a normal subgroup of �, the finite modular group �N can be defined as the
quotient group

�N ⌘ �/�(N). (8)
It can be shown that there is an isomorphism between some finite modular groups and certain
groups of rotations of regular polygons. These isomorphisms are

�2 ' S3

�3 ' A4 (9)
�4 ' S4

�5 ' A5.

For N > 5, isomorphisms to symmetry groups become more complex to find [28]. The order of
different finite modular groups |�N | is presented in the table 1. These orders are determined
by the expression

|�N | =
1

2
N3

Y

p|N

✓
1�

1

p2

◆
, N > 2, (10)

with p a prime number. It is observed that for �(N), the generator T satisfies

TN
2 �(N). (11)

since
TN =

✓
1 N
0 1

◆
=

✓
1 0
0 1

◆
(mod N). (12)

Arithmetic modularity indicates that a = b(mod N) It is equivalent to a � b = kN , with k
being some integer. For TN this condition is satisfied even for the input (12), since N�0 = kN
if k = 1. In this way, a new condition arises on the generators for �. Now they must satisfy

S2 = 1

(ST )3 = 1 (13)
TN = 1.

4



S3 MODULAR SYMMETRY

➤ We will impose a modular S3 or 𝛤2 to a non-supersymmetric 
Lagrangian  
 
3HDM, 3 𝜈R, quarks and leptons:   
                                  first two generations in a doublet 
                                      third generation in a singlet  
same for 3 Higgses:   2 of them in a doublet, third in a singlet 

➤ We assign specific modular weights (again, some liberty 
there…) to get a good texture 

➤ Weight of matter fields, together with modular forms 
(couplings) has to be zero

Figure 1: Real (left) and imaginary (right) part of the modular form Y1(⌧). The orange color indicates

values that tend towards positive and the blue color indicates values that tend towards negative. Blanks

are part of the cut when calculating very small or very large amounts.
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THE ASSIGNMENTS FOR THE MODEL

➤ We assign the fields the following weights 
 
 
 
 

➤ The Yukawa part of the Lagrangian is 

(Q1, Q2) (q1, q2) Q3 q3 (H1, H2) Hs (Y (2,4)
1 (⌧), Y (2,4)

2 (⌧)) Y (4)
s (⌧)

SU(2) 2 1 2 1 2 2 1 1
S3 2 2 1 1 2 1 2 1
k �2 �2 0 0 0 0 (2, 4) 4

Table 2: charges, assignments, and modular weights of SU(2) and S3. The superscript (2, 4) on

the modular forms indicates that they are of modular weight 2 or 4. The subscript s indicates the

symmetric singlet of the modular form of weight 4.

been used. To compress the notation, you can redefine the doublets of S3 as

Q =

✓
Q1

Q2

◆
; u =

✓
u1R

u2R

◆
; H =

✓
H1

H2

◆
;

(34)

Y (4) =

 
Y (4)
1

Y (4)
2

!
; Y (2) =

 
Y (2)
1

Y (2)
2

!
;

Thus, the lagrangian in the Yukawa sector is

L
(u)
y = C1Q⌦ u⌦ H̃ ⌦ Y (4) + C2Q⌦ u⌦ H̃ ⌦ Y (4)

s + C3Q⌦ u⌦ H̃s ⌦ Y (4)

+ C4Q⌦ u⌦ H̃s ⌦ Y (4)
s + C5Q⌦ u3R ⌦ H̃ ⌦ Y (2) + C6Q⌦ u3R ⌦ H̃s ⌦ Y (2)

(35)
+ C7Q3 ⌦ u⌦ H̃ ⌦ Y (2) + C8Q3 ⌦ u⌦ H̃s ⌦ Y (2) + C9Q3 ⌦ u3R ⌦ H̃s + h.c.

The expanded Lagrangian L
(u)
y is shown in apendix B.
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ELEMENTS OF MASS MATRIX
➤ The elements of the quark mass matrix are nowAfter spontaneous symmetry breaking, the matrix elements M (u)

ij are determined by

M (u)
11 = (↵ + �)v1Y

(4)
1 + (↵� �)v2Y

(4)
2 + C2v2Y

(4)
s + C3vsY

(4)
2 + C4vsY

(4)
s

M (u)
12 = (� + �)v2Y

(4)
1 + (� � �)v1Y

(4)
2 + C2v1Y

(4)
s + C3vsY

(4)
1

M (u)
13 = C5(v2Y

(2)
1 + v1Y

(2)
2 ) + C6vsY

(2)
1

M (u)
21 = (� + �)v1Y

(4)
2 + (� � �)v2Y

(4)
1 + C2v1Y

(4)
s + C3vsY

(4)
1

M (u)
22 = (↵ + �)v2Y

(4)
2 + (↵� �)v1Y

(4)
1 � C2v2Y

(4)
s � C3vsY

(4)
2 + C4vsY

(4)
s

M (u)
23 = C5(v1Y

(2)
1 � v2Y

(2)
2 ) + C6vsY

(2)
2 (36)

M (u)
31 = C7(v2Y

(2)
1 + v1Y

(2)
2 ) + C8vsY

(2)
1

M (u)
32 = C7(v1Y

(2)
1 � v2Y

(2)
2 ) + C8vsY

(2)
2

M (u)
33 = C9vs,

with v1, v2 y vs the VEVs of the Higgs fields. In this model the free parameters are ↵, �, �, v2,
C2, C3, C4, C5, C6, C7, C8, C9 y ⌧ , even so, the matrix reflects some symmetries between its
components, which will allow reducing or eliminating some of them.

4 Calculation of the mass matrix

It is desired to obtain a texture zeros in the quark mass matrix since thus a suitable VCKM can
be obtained. The texture matrix is

0

@
0 a 0
a⇤ b c
0 c⇤ d

1

A . (37)

To satisfy this form in the mass matrix we must impose the conditions

M11 = 0 M12 = M⇤
21 M32 = M⇤

23 M13 = M31 = 0., (38)
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with v1, v2 y vs the VEVs of the Higgs fields. In this model the free parameters are ↵, �, �, v2,
C2, C3, C4, C5, C6, C7, C8, C9 y ⌧ , even so, the matrix reflects some symmetries between its
components, which will allow reducing or eliminating some of them.

4 Calculation of the mass matrix

It is desired to obtain a texture zeros in the quark mass matrix since thus a suitable VCKM can
be obtained. The texture matrix is

0

@
0 a 0
a⇤ b c
0 c⇤ d

1

A . (37)

To satisfy this form in the mass matrix we must impose the conditions

M11 = 0 M12 = M⇤
21 M32 = M⇤

23 M13 = M31 = 0., (38)
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Lots of free parameters!!



WHAT CAN WE DO?
➤ A lot of freedom!  too many parameters… 

➤ Can we do something about it? 

➤ But, look at the symmetries — geometry, of the problem 

➤ In the symmetry points parameters are identified or related: 
only few parameters remain 

➤ This way: possible to explain mixings, S4 and A5 studied                                                       
                                        Novichkov, Penedo, Petcov, Titov;(2019-2022, 2024) 

➤ S3 studied too, but so far without exploiting these symmetric 
points                                        Kobayashi et al (2019,2020) 

➤ In our analysis, interplay between minimization of scalar 
potential and symmetric modular points crucial



MODULAR SYMMETRIC POINTS 

Figure 3: Real (left) and imaginary (right) part of the given expression in M13 y M31, that is, Y (2)
2 (⌧)�

p
3Y (2)

1 (⌧). It is observed that Y (2)
2 (⌧)�

p
3Y (2)

1 (⌧) = 0, for both its real and imaginary parts, at the

point ⌧ = i, which guarantees that M13 = M31 = 0.

4.1 Setup 1

The matrix 37 is satisfied if

Re(�) = 0; C3 = 0; C4 = 0; C5 = C⇤
7 ;

C6 = �4(v2/vs)C5; C8 = �4(v2/vs)C7; ↵ = �C2 2 R (39)
⌧ = i; � = 0; C9, v1,2, vs 2 R; .

In the case of the condition M13 = M31 = 0, the equality is satisfied by using the conditions on
C6 and C8, the relation v21 = 3v22 that arises to minimize the potential and Y (2)

2 (⌧)�
p
3Y (2)

1 (⌧) =
0 at ⌧ = i (see equation 75 in A). When this condition is satisfied, the relations

y2 =
p

3y1
y(4)1 = 2

p

3y21

y(4)2 = �2y21
y(4)s = 4y21, (40)

with yk = Yk(i). The mass matrix takes the form

M̂ (u) =

0

@
0 C 0

2 + C 0
� 0

C 0
2 � C 0

� �
2p
3
C 0

2 C 0
5

0 C
0⇤
5 C 0

9

1

A , (41)
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LAGRANGIAN AND FREE PARAMETERS SO FAR

➤ We want a matrix of the form, which is known to reproduce 
the VCKM (not every symmetry leads to this form) 
 
 
 

➤ Conditions on parameters: 

➤ Minimisation condition 

➤ Evaluate 𝜏 in the modular symmetric points
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C2, C3, C4, C5, C6, C7, C8, C9 y ⌧ , even so, the matrix reflects some symmetries between its
components, which will allow reducing or eliminating some of them.

4 Calculation of the mass matrix

It is desired to obtain a texture zeros in the quark mass matrix since thus a suitable VCKM can
be obtained. The texture matrix is

0

@
0 a 0
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To satisfy this form in the mass matrix we must impose the conditions
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23 M13 = M31 = 0., (38)

12

4.2 Setup 2

A different definition of the parameters allows building a model with more parameters than
the previous one, in this way, there is more freedom to adjust these parameters to obtain an
appropriate VCKM matrix. Again, the conditions given in 38 that are satisfied if

Re(�) = 0; C3 = 0; � = �(1/2)(vs/v2)C4; ↵ = �C2 2 R;

C6 = �4(v2/vs)C5; C8 = �4(v2/vs)C7; C5 = C⇤
7 (46)

⌧ = i; C9, v1,2, vs 2 R; .

In the case of the condition M13 = M31 = 0, the equality is satisfied by using the conditions
on C6 and C8, the relation v21 = 3v22 that arises to minimize the potential and Y (2)

2 (⌧) �
p
3Y (2)

1 (⌧) = 0 at ⌧ = i, thus

y2 =
p

3y1
y(4)1 = 2

p

3y21

y(4)2 = �2y21
y(4)s = 4y21, (47)

with yk = Yk(i). The mass matrix takes the form

M (u) =

0

@
0 C 0
C⇤ C4 C5

0 C⇤
5 C9

1

A , (48)

where

C = 4
p

3v2y
2
1(C2 + �),

C4 = 8y21(C4vs � C2v2), (49)
C5 = 4

p

3v2y1C5,

C 0
9 = C9vs

with a procedure similar to the previous setup, the following matrix is obtained

M̄ (u) =

0

@
0 |C| 0
|C| C 0

4 |C 0
5|

0 |C 0
5| C 0

9

1

A , (50)

with the following relations between its components by means of the three matrix invariants
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⌧ = i; � = 0; C9, v1,2, vs 2 R; .

In the case of the condition M13 = M31 = 0, the equality is satisfied by using the conditions on
C6 and C8, the relation v21 = 3v22 that arises to minimize the potential and Y (2)
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REPARAMETERIZATION

➤ Rewrite mass matrices in polar form, real matrix multiplied 
by phase matrix 

➤ Use three matrix invariants: trace, determinant, and the trace 
of the square matrix 
 

already mentioned.

|C| =

s
e�1e�2

C 0
9

C 0
4 = (e�1 � e�2 + 1� C 0

9) (51)

|C 0
5| =

s
(1� C 0

9)(C
0
9 � e�1)(C 0

9 + e�2)

C 0
9

.

In this way, all elements of the array can be described with a single parameter, C 0
9. It should

be noted that this procedure is analogous for the case M (d), therefore, the total free parameters
remaining for the mass matrices are: C 0

9u, C 0
9d , �1u,�2u, �1d and �2d.

5 Form of VCKM matrix

[10, 30] presents an expression for the matrix elements of VCKM . The elements are calculated
with the product of the matrices that diagonalize the mass matrix. These matrices must
diagonalize M and must be unitary, therefore, we can build a system of equations for each of
the matrices, AL and AR. With the definition of the quantities

�u,d = 1� C 0
9u,d

⇠u,d1 = 1� e�u,d � �u,d,

⇠u,d2 = 1 + e�c,s � �u,d,

D1(u,d) = (1� �u,d)(e�u,d + e�c,s)(1� e�u,d),

D2(u,d) = (1� �u,d)(e�u,d + e�c,s)(1 + e�c,s),

D3(u,d) = (1� �u,d)(1� e�u,d)(1 + e�c,s). (52)
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where

C 0
2 = 4

p

3v2y
2
1C2,

C 0
� = 4

p

3v2y
2
1�,

C 0
5 = �4

p

3v2y1C5,

C 0
9 = C9vs

[10, 30] presents a method for diagonalizing a matrix of texture zeros as well as an expression
for the matrix elements of VCKM . Following the procedure, in the matrix M (u) two of its phases
can be extracted by means of a diagonal matrix with information about them, that is

Pf = diag(1, ei�1 , ei(�1��2)) (42)

where �1 is the phase of K2 +K� and �2 is the phase of K5. Therefore, a new matrix, M̄ (u), is
defined such that

M (u) = P †
f M̄

(u)Pf , (43)

Therefore,

M̄ (u) =

0

@
0 |C| 0
|C| �

2p
3
C cos(�1) |C 0

5|

0 |C 0
5| C 0

9

1

A , (44)

with C = C 0
2 + C 0

� y cos�1 = C 0
2/C. It should be noted that the total of parameters that

describe the matrix are five: |C|, |C 0
5|, |C 0

9|, �1 y �2.
Matrices have three invariants, that is, quantities independent of the representation. These are:
the trace, the determinant, and the trace of the square of the matrix. In the mass basis, the
matrix M (u) is diagonal, so the quark masses can be related to the matrix elements by means
of invariants. The eigenvalues of the mass matrix can be written in terms of the ratios of the
masses, that is, e�i = mi/m3 for both type up and type down. Therefore, in these expressions,
the diagonal mass matrix has the form MD = diag(e�1,�e�2, 1). From the invariants we can
obtain the following relations

|C| =

s
e�1e�2

C 0
9

cos�1 =

p
3

2
(C 0

9 � e�1 + e�2 � 1)

s
C 0

9

e�1e�2
(45)

|C 0
5| =

s
(1� C 0

9)(C
0
9 � e�1)(C 0

9 + e�2)

C 0
9

.
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VCKM  MATRIX
➤ Assuming the NNI form and a hierarchical structure for the mass 

matrices u and d, we can reparameterize them in terms of mass 
ratios                      
                                   F. González, A. Mondragón, M. Mondragón et al, (2013;) J. Barranco, F. González, A. Mondragón (2010)

➤ Exact analytical expression for the VCKM corresponding to the 
symmetry S3 with the NNI structure 

➤ Without loss of generality we can fix the values of 2 phases 
 

➤ Now only 4 free parameters to fit the VCKM  

➤ We perform a 𝜒2  analysis to find the numerical values of our 
parameters
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matrix M (u) is diagonal, so the quark masses can be related to the matrix elements by means
of invariants. The eigenvalues of the mass matrix can be written in terms of the ratios of the
masses, that is, e�i = mi/m3 for both type up and type down. Therefore, in these expressions,
the diagonal mass matrix has the form MD = diag(e�1,�e�2, 1). From the invariants we can
obtain the following relations

|C| =

s
e�1e�2

C 0
9

cos�1 =

p
3

2
(C 0

9 � e�1 + e�2 � 1)

s
C 0

9

e�1e�2
(45)

|C 0
5| =

s
(1� C 0

9)(C
0
9 � e�1)(C 0

9 + e�2)

C 0
9

.
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Quarks Masses [GeV ] (PDG) (2022) Masses in MS (MZ) [GeV ]
mu 2.16+0.49

�0.26 ⇥ 10�3 0.0012+0.0003
�0.0001

md 4.67+0.48
�0.17 ⇥ 10�3 0.0027+0.0003

�0.0001

ms 93.4+8.6
�3.4 ⇥ 10�3 0.0545+0.0050

�0.0019

mc 1.27 ± 0.02 0.647± 0.010
mb 4.18+0.03

�0.02 2.86+0.02
�0.001

mt 172.69 ± 0.30 170.63± 0.07

Table 3: Information on the quark masses of the PDG (2022) [31] (cita del pdg 2022)and the masses

in the MS scheme at the scale of MZ . Masses were calculated at four loops for both ↵s and masses.

The package used was RunDec for Mathematica.

the elements of the mixture matrix are expressed as

V
th

ud =
q

e�ce�s⇠u1 ⇠
d
1

D1uD1d
+
q

e�ue�d
D1uD1d

⇣p
(1� �u) (1� �d) ⇠u1 ⇠

d
1 +

p
�u�d⇠u2 ⇠

d
2e

i�2

⌘
ei�1 ,

V
th

us = �

q
e�ce�d⇠u1 ⇠

d
2

D1uD2d
+
q

e�ue�s
D1uD2d

⇣p
(1� �u) (1� �d) ⇠u1 ⇠

d
2 +

p
�u�d⇠u2 ⇠

d
1e

i�2

⌘
ei�1 ,

V
th

ub =
q

e�ce�de�s�d⇠u1
D1uD3d

+
q

e�u
D1uD3d

⇣p
(1� �u) (1� �d) �d⇠u1 �

p
�u⇠u2 ⇠

d
1⇠

d
2e

i�2

⌘
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V
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q
e�ue�s⇠u2 ⇠

d
1

D2uD1d
+
q
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(1� �u) (1� �d) ⇠u2 ⇠

d
1 +

p
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d
2e
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⌘
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V
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q
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2

D2uD2d
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q
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(53)

For model analysis, the �2 function will be used, which is particularly useful for comparing
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already mentioned.

|C| =

s
e�1e�2

C 0
9

C 0
4 = (e�1 � e�2 + 1� C 0

9) (51)

|C 0
5| =

s
(1� C 0

9)(C
0
9 � e�1)(C 0

9 + e�2)

C 0
9

.

In this way, all elements of the array can be described with a single parameter, C 0
9. It should

be noted that this procedure is analogous for the case M (d), therefore, the total free parameters
remaining for the mass matrices are: C 0

9u, C 0
9d , �1u,�2u, �1d and �2d.

5 Form of VCKM matrix

[10, 30] presents an expression for the matrix elements of VCKM . The elements are calculated
with the product of the matrices that diagonalize the mass matrix. These matrices must
diagonalize M and must be unitary, therefore, we can build a system of equations for each of
the matrices, AL and AR. With the definition of the quantities

�u,d = 1� C 0
9u,d

⇠u,d1 = 1� e�u,d � �u,d,

⇠u,d2 = 1 + e�c,s � �u,d,

D1(u,d) = (1� �u,d)(e�u,d + e�c,s)(1� e�u,d),

D2(u,d) = (1� �u,d)(e�u,d + e�c,s)(1 + e�c,s),

D3(u,d) = (1� �u,d)(1� e�u,d)(1 + e�c,s). (52)
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VCKM FIT

➤ We have 4 parameters to fit a 3x3 unitary matrix, constructed to fit 

➤ Analytical expression successful, comes from symmetry
Values in the fit

C 0
9u 0.816393

C 0
9d 0.828604

�1u 1.63797
�1d 0
�2u 0.0981477
�2d 0
�2 0.00070

Table 6: Values of the free parameters for the adjustment with the values of the ratios of the masses

fixed in their central value and the respective obtaining of �2
.

6 Conclusions

From the modular symmetry and the finite modular group �2 ' S3, together with three Higgs
doublets, it has been possible to build an extension of the standard model with few total
free parameters. The model was made by introducing modular forms built from the function
⌘(⌧). Then, under the proposed symmetry and after making an assignment of the fields, the
Lagrangian of the Yukawa sector was calculated. After spontaneous symmetry breaking, the
total number of scalar bosons was nine and the quark mass arrays were found. Some of the
parameters were adjusted in such a way that mass matrices with texture zeros were obtained,
leaving a total of 10 free parameters between the matrices for type up, down and Vevs. In
the calculation of the mixing matrix, analytical expressions were used that allowed to reduce
to 4 total free parameters. These were fitted to nine observables of VCKM and the Jarlskog
invariant, obtaining the best fit of the free parameters at �2 = 0.00070. The inclusion of the
Higgs potential was possible due to the imposition on the zero modular weights of its couplings
and of the Higgs doublets. The freedom in the assignments, both in the symmetry of �2 and
in the modular invariance, is wide since more products are generated by the introduction of an
extra doublet of modular forms compared to a conventional S3 symmetry.

In the end, in this work, the choice of the particular assignment and the restriction of setting
it to texture zeros, resulted in 4 free parameters, including the VEVs of the Higgs potential.
Thus, assuming modular symmetry and using modular forms with the indicated parameter as-
sumptions allows one to find a fit of order one in �2

n with few total free parameters, indicating
that the additional symmetry gives a good approximation regarding the quark mixing pattern.

An extension to what is stated here is to consider other assignments under S3 and different
modular weights. The introduction of Higgs potentials, whose couplings have modular weight
and therefore are modular forms, could be useful in freedom to build mass matrices and obtain
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Center value and error
e�u 7.032⇥ 10�6

e�d 9.44⇥ 10�4

e�s 0.0190± 0.00046
e�c 0.00375± 0.00023

Table 5: Central values of the ratios of the masses.

setting, the mixing matrix is expressed as

V th
CKM =

0

@
0.97435 0.2250 0.00369
0.22486 0.97349 0.04182
0.00857 0.04110 0.999118

1

A , (56)

with J
th = 3.07⇥ 10�5.

It should be noted that the function �2 is sensitive to changes in both the errors and the
central values. Another factor to take into account is the total free parameters, because being
few, the possibilities of making an adequate adjustment to four experimental parameters have
been limited. The method to be used in the minimization considerably affects the minimum
value. Thus, under the appropriate conditions, a value with a �2 lower than the one presented
in this work could be found.
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GOING UP?

➤ Possible to have a modular S3 with SU(5) SUSY GUT, 3 pairs of Higgs doublets 
                                                                 Antonio C. Samaniego, M.Sc. Thesis (2022), work in progress 

➤ You can embed the model (or a version of it, not modular) in a SUSY model with Q6 
symmetry 

➤ Grand Unified SU(5) x Q6 model already studied, preserves the nice features of S3 in 
quarks and leptons.  Mixing angles in good agreement with experiment, both hierarchies 
allowed.                                                            J.C. Gómez-Izquierdo, F. González-Canales, M.M. (2014) 

Neutrino masses: add singlets or non-renormalizable interactions or radiatively 

➤ Possible to have different assignments of Q6 in leptonic sector  
⟹ breaking of mu-tau symmetry                                       J.C. Gómez-Izquierdo, M.M. (2017)  

➤ Flavour structure in trilinear soft SUSY breaking terms →  
LFV 𝜏𝜇 ➝ 𝛾, g-2 contributions through LFV in leptonic sector  
                                                                                     F. Flores-Báez, M. Gómez-Bock, M.M. (2018)  

➤ Non-SUSY B-L model with S3, also breaking of mu-tau symmetry and DM  
                                                                J.C. Gómez-Izquierdo, M.M. (2019), Lucía Gutiérrez, Ph.D. Thesis 

➤ Q4-2HDM with lots of singlets connecting with DM, leptogenesis and g-2  
                                                                       A. Cárcamo, C. Espinoza, J.C. Gómez-Izquierdo, MM (2023) 

                                                    



RECAP
➤ Flavour problem: one of the most important open problems in 

HEP 

➤ Has served as guidance for discoveries 

➤ Far reaching consequences in particles and astroparticle physics 
work them out! 

➤ Flavour symmetries:  

➤ Might give insight into what lies ahead,  
either top-down or bottom up 

➤ Important to look both at fermionic and scalar sector 
simultaneously (surprises, pleasant and not, might appear) 

➤ Where do the Yukawa couplings come from? Why those?



THANKS!


