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The first year of MITP

The first three years of the LHC, MITP 2013
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1 +ico [ O } - - .
I (w12, Wo3, w31) = 2(waez w31 + Wi2) (2mi)" / H dz; | (2was)* 1 (2ws1)?2 1 (2w2)**
—100 - 7—1 -

Ferroglia, Neubert, Pecjak, LLY (2009)

X [I'(—223) I'(—24) I'(21 + 23) I'(21 + 25) I'(29 — 25) I'(23 + 2
(21 + 20+ 23 + 24 + 25) (—223) I'(—24) D21 + 23) (21 + 25) T(22 — 25) (23 + 25)

X T(z1+ 20+ 24) (20 + 234+ 24) D29+ 24+ 25) ['(1 — 29 — 24 — 25) . (27)
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Modern techniques for loop integrals

9 Talk by Stefan Weinzierl

IBP reduction sssssfp- Differential Equations

Canonical basis sssssf= Canonical DEs sssssi»= Solutions

Try to understand (and possibly simplify) the procedure
using Baikov representations + intersection theory



The Baikov representations Baikov (1996

Change of variables from loop momenta to propagator denominators

dz; A == Adzy

J Usq(Z) o _an Standard Baikov rep.
1
Zfll Zgz...zﬁlN\
dz; A -+ Adz,

Z . MLBL(Z a a
]

|11

=1

Loop-by-loop (LBL) Baikov rep.
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Geometric formulation of IBP equivalence Frellesvig et al. (2019

n-form
V =d+wn ;ovgrlaTlt
0= J d(u(z)f(z)) — J' u(z) Va)f(Z) erivative
¢ / ¢ w = dlogu connection

(n — 1)-form
— ¢(z) and ¢(z) + V ,&(2) are equivalent

(in the sense of integration)

The equivalence classes form a vector space H; (the n-th twisted cohomology group)

(Pl o ~p+ V&
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IBP reduction = vector decomposition

dim(H,) = v = # of master integrals with a given

A basis with v vectors {<e1‘ ; <€2\ s eee s <ev‘}
V
All vectors are linear combinations <§0‘ — Z Ci <ei|
1=1

# of proper critical points where w; = 0;1o0gu =0 1ce, Pomeransky (2013)

However, this dimension (when applied to the LBL Baikov representation)
is often found to be bigger than the number of master Feynman integrals!



Generalized loop-by-loop Baikov representation

[t turns out that the number of critical points actually counts the number of independent
Baikov integrals of the form

J @ dz; A -+ Adgz,
U gL\& P. are polvnomial factors in u
@ Zlal .o .Z’flln P{Ql .o .Prl;m ! p y LBL

We call these “generalized LBL Baikov integrals” Chen, Jiang, Ma, Xu, LLY (2022)
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Generalized loop-by-loop Baikov representation

[t turns out that the number of critical points actually counts the number of independent
Baikov integrals of the form

dz; A== Adz, | |
Lg Uy g (2) 2z PP ph, P, are polynomial factors in u; g1
We call these “generalized LBL Baikov integrals” Chen, Jiang, Ma, Xu, LLY (2022)
V3
Not all of them correspond to Feynman integrals! plar € v~Y2
is A subspace
f

Feynman integrals live in a subspace of the cohomology group

10



Recursive structure of generalized Baikov representations

Baikov representations exhibit a recursive structure

Usq(@) = U pL(2) = Uy'p (@) :>\2A 7/_ }N‘
A 2O
=A== =
N\ . /@\ﬂ P
2= 0x

Zero sectors

Helps to relate different sub-sectors within an integral family

11



Intersection numbers

To perform the vector decomposition, one introduces a dual space with elements

[PR) © PR ~ Pr + V_0 &R

The intersection numbers are “inner-products” between vectors and dual-vectors

GLloR)y = —— | 1o(@1) Agp = — Al_o(PR)

PLIPR/,y = (27" w\PL) N PR = (27i)" PrL N L_\PR
Cho, Matsumoto (1995)
Frellesvig et al. (2019-2020)
Weinzierl (2020)

(e;|dj) = 0 ~
e (Pl = Y (pld;) (e;] IBP reduction
Orthonormal basis i=1

12



Canonical DEs

[ will only consider polylogarithmic integral families in this talk
(i.e., no higher genus geometries)

d]?(x, €) =¢€ ( Z dlog(a;(x)) Al) f(x, €) Henn (2013)

How do we find a canonical basis?

How do we construct the coefficient matrix
(symbol letters and rational coefficients)?

13



Canonical bases from d-log integrands

Chen, Jiang, Xu, LLY (2020)
The idea is simple: we look for integrands of the form Chen, Jiang, Ma, Xu, LLY (2022)

A7 A oo A d .0
J u(z) EARALL —J [G(z)] /\d log f4z)
€ € j=1

b b~
Zfl...zgnpll...Pmm

Two simple building blocks
dz

< — C

dlog(z — ¢) =

V(c—ci)(c—c_)dz
(z— )z —c)(z—co)
VC— C4\/Z —C_ +/C—cC_\/Z —cCt
VC— Cy\/Z —C_ —\J/C—C_\/Z —Ct

dlog(7(z, ¢;cx]) =

= d log
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Chen, Jiang, Xu, LLY (2020)
The idea is simple: we look for integrands of the form Chen, Jiang, Ma, Xu, LLY (2022)

A7 A oo A d .0
J u(z) EARALL —J [G(z)] /\d log f4z)
€ € j=1

b b~
Zfl...zgnpll...Pmm

Two simple building blocks \

11 - dz
0g(z —¢) = Y o Projecting into the subspace of
Feynman integrals
dlog(7|z,c;ct]) = Vie—ep)(e—c)dz N
(z —c)v/(z —cq)(z — c) plam 9,02

is A subspeace
— dlog VC— Chr/Z —C_ ++/Cc—C_\/Z —cCt /‘,’
VC— Cy\/Z —C_ —\J/C—C_\/Z —Ct =

14



Canonical bases from d-log integrands

Chen, Jiang, Xu, LLY (2020)
Chen, Jiang, Ma, Xu, LLY (2022)

15
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For complicated cases it is necessary to perform
non-trivial variable changes first!
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Canonical bases from d-log integrands

Chen, Jiang, Xu, LLY (2020)
Chen, Jiang, Ma, Xu, LLY (2022)

For complicated cases it is necessary to perform
non-trivial variable changes first!

How to find the suitable variable changes systematically?

8

How do we know that the DEs of d-log integrals are canonical in general?

How to easily construct the symbol letters and rational coeflicients in the DEs?
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Chen, Ma, LLY (2022)

Jiang, LLY (2023)

One-loop symbol letters can be generically constructed...
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% 7/®N
T
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Une-loop Syth'. lEtterS Abreu et al. (2017)

Chen, Ma, LLY (2022)

Jiang, LLY (2023)

One-loop symbol letters can be generically constructed...

Either by dedicated contour-integration... Or directly from the recursive structure
N % E 7/‘®N
G @ 15,13,11 10 >9/ I
. e o [ D G N N / eeeeeeeeee
® f%ﬁ 7\E A Re, 0
q TN-1,- N Ry_1i+ TN- _@Q_

O—= Universal formulae for any scattering processes
O—= Easy to compute in terms of Gram determinants or minors of a single matrix

Not easy to extend to higher loops...

16



Differential equations from intersection theory

The evaluation of intersection numbers is deeply related to the multivariable poles of the
integrands (which are determined by the polynomial factors in the u-function)

I = J u(z) p(z) U = H Pi(z ]ﬂz
G
<(70L ‘90R> — Z Resz:p (wL SER) Chestnov et al. (2022)

vn"'vle — YL

17



The multivariable poles

The construction of d-log bases is also deeply related to the poles from the u-function

dlog(z — ¢) =

\/(c—c+)(c—c_)dz
(z = c)V/(z —cy)(z —c-)
_dlog\/c—c VZ—C_ +/Cc—cCc_\/z—cCt

VC— Ci\/Z —C_ —\JC—C_\/Z — Ct

dlog(7(z, c;cx]) =

And for d-log integrands, there are only simple poles!

18



The multivariable poles

The construction of d-log bases is also deeply related to the poles from the u-function

dlog(z — ¢) =

V(e —cy)(e—c)dz

le Tz, C, C4+ —
g( [ ]) (Z — c)\/(z — C-|-)(Z _ C—)
= dlo \/C—C \/Z_C——I_\/C_C_\/Z_C“
o8 i e

And for d-log integrands, there are only simple poles!

A complication: the poles can be non-factorized and/or degenerate, e.g.:

U=z zﬂz(z + 7,)P3

18



Factorization transformations Chen, Feng, L1Y (2023)

[t is possible to perform variable changes (in the spirit of sector decomposition) to
factorize the non-factorized poles, such that

= x (@ ] L~ (@)
M(Z) 7—>p ~ u(m(a>)|m(a)—>p(a) — ﬂ'a(p(a)) H _:B’Ea) o p’ga)_
Different («) labels different variable changes \

Non-vanishing

19



Factorization transformations Chen, Feng, L1Y (2023)

[t is possible to perform variable changes (in the spirit of sector decomposition) to
factorize the non-factorized poles, such that

= x (@ ] (@)
@) 7—p s— u(m(a))|m(a)—>p(a) = tla(p') H -mga) ~ P'Ea)_
Different («) labels different variable changes \

Non-vanishing

{1 = X
Zp = Xx1(x, — 1)

1 = Z’Bl Zﬁz (Z 4+ Zz)'B3 “ I = xlﬁl+ﬂ2+ﬁ3 x2ﬂ3 (XZ —_ 1):52

19



Canonical DEs from factorized poles
Chen, Feng, LLY (2023)

(1] = d (pr| = (dQ)
I.J <90J| (dﬂ) < -
e = (@rles) (n71)
JK
®) _ ) A [ (e 1%
o® = 0® A [2( _ p@]" ggl@ o
\[ 1" da u(@ )] o, e = Ga(P) [ ] 'g;(a>_p(a>‘~r§a>

20



Canonical DEs from factorized poles Chen, Feng, LLY (2023)

<SOI‘ =d <SDI‘ — (dQ)IJ <§0J| (dQ)IK — <SOI|90J> (U_I)JK
_ . _ (@)
p® =C® /\ fl?z(a) — Pga) " di'?z('a) “(m(a))‘m(w_m(a) = i (p'*) H _fcga) - Pga)_ A
o b b — = 1
/ ’Y/(E ))a/c§b1)cgbj)apgca) I,k+ J.k
. e bji+b;==2 (i#k
<901\90J> \ c o
(—1) ~(—1)
“r ,Y(S)J dlog (a (o))
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Canonical DEs from factorized poles Chen, Feng, LLY (2023)

(@1l = d (1| = (dQ) ; (¢l (dQ) ;e = (@rles) (177) ;¢
_ . _ e
o =\ _xz('a) - pga)- " de;* “(m(a))‘mm)—m(a) = aa(p') [ ]| _zga) - pga)_ '
o b b — = 1
o afeaae
. v bt h 2 (idk
(Prler) ~ LT (7 K)
(—=1) ~(—1)
= '7<S)J dlog (ua(p))
o(b1) o (br)
Nrg = <901|90J> &(ﬁ) g(a) br,i +br:i = —2.
(@) 5
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Canonical DEs from factorized poles Chen, Feng, LLY (2023)

<SOI‘ =d <SDI‘ — (dQ)IJ <90J| (dQ)IK — <SOI|SOJ> (n_l)JK
i 10  (« a) | ’i(a)
60 = 0O [ o) @) o = ) T [ - o]
a b b,, =—
. Eafememag T
. 7 b, +b, =— '
(Prle) o it D=2 0RO
(—1) ~(—1)
o (5a(r”)
CébL) Cl(QbR) (Selection rules for
NnNrg = <SOI |80J > 2@ 5@ br,; + bR, = —2. non-zero entries)
(@ ... 58

20



Canonical DEs from factorized poles Chen, Feng, LLY (2023)

<(p1‘ — d<(PI| — (dQ)IJ <S0J‘ (dQ)IK — <SOI|¢J> (77_1)JK
o b z,(a)
ct® /\ xga) - Pga) " dmga) “(a’(a))|m<a>—>p<a> — ﬂa(ﬂ(a)) H f’jga) — PEQ) ’
b b,, =—1
/ COD B § e Lk 01k
(@rles) — V(Q) bji+by;=—-2 (FK
(1) ~(—1)
\ CI V(S;J leg (ua(p(a)))
O(bL) 1 (br) (Selection rules for
NnNrg = <SDI ‘SOJ > ﬁ(ﬁ) 1;(0‘) br,; + bR, = —2. non-zero entries)
(@ ... 58

By-product: one can show that the coeflicient matrix is indeed proportional toe =



Canonical DEs from factorized poles Chen, Feng, LLY (2023)

[t turns out the entry with an integration can be written (@)
as d-logs by studying the univariate intersection numbers 7(a)

/ c®NC®) (@)

after taking the residues of the (n — 1)-variable poles

(o)
7(1) dlog(cr — ca) + n11Bo dlog Py

(Grler) =)

a;éI
<¢I|<PJ> — _alog(CI — CJ) + 11750 &log P,

. 1 A
(@rler) = ey dlog(t(cr)) — dlog(cy —c-)

+ dlog(cI —cy) + alog(cf —c_),
(p1les) = (psler) = —dlogTler, e ex].

21



Canonical DEs from factorized poles Chen, Feng, LLY (2023)

[t turns out the entry with an integration can be written (@)
as d-logs by studying the univariate intersection numbers 7<a)

/ c®NC®) §pl@)

after taking the residues of the (n — 1)-variable poles

(o)
(rler) =3~y dlog(er — ca) + mrfodlog Po
a;éI

(Prlpg) = _alog(CI —cy) + 1550 &log ko,
Purely algebraic method to determine the

(1] 07) = 1 dlog (@ (cp)) — dlog(cs — ) symbol letters and the rational coefhicients
- + 7 C- : :
7! in the canonical DEs!

+ dlog(c_r —cy) + alog(cl —c_),
(G1les) = (@sler) = —dlogT[er, e cx] .

21



A simple example

2, Zz=(lz—P) —m2, Z3=(l1—lz)2

Z4=l%, Z5:(l1_p)2a p2:S° (

2
21 p— l]. — . 51 55 ? —€
Cutonzy, 2,z  U=2,'2" |94 25)]

G = G(ly,l2,p) = —2m° + m*(s + z4 + 25)

+m? (22425 — 824 — S25) + 2425(8 — 24 — 25) . (24)

z1=2z2=23=0

The poles are given by p e {(0,0), (m2,m?), (00,0), (0, 00), (00, 00)}
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A simple example

0_0 —€
Cutonzy, 2,z  U=2,'2" |94 25)]

— —29m° + m4(s + 24 + 25)

z1=2z2=23=0

G = G(l1,l2,p)

+m? (22425 — 824 — S25) + 2425(8 — 24 — 25) . (24)

The poles are given by p e {(0,0), (m2,m?), (00,0), (0, 50), (00, 00)}

— —€
ty = 1/z u =125 0(z4 25)]

Gooo = t5G(1/ta, 25) = ta[ry (ts) —2z5)[z5 —7_(ta))]

Degenerate pole since  z5 — r_(t4) = z5 — m*(m® — s)tq + O(t])
22



A simple example

3 different variable changes corresponding to 3 ways to combine the vanishing factors

z@ . ({t4}, {25,25 — T— (t4)}) by = $§5) y R5 = 3355)3355)
ZU(5) : ({t4, g5 — T'— (t4)}7 {25}) €—0,+0 )
2® : ({25 — r_(ta)}, {ta, 25) i = 9] () (=)

23



A simple example

3 different variable changes corresponding to 3 ways to combine the vanishing factors

(4) . _
" ({ta},{25,25 —7_(t4)}) t, = a:§5) 2 = :1:55)11355)
:U(5) : ({t47z5 — r—(t‘l)}a {25}) 5 48 5
_ €—01T0; 2
2® : ({25 — r—(ta)}, {t4, 25}) = [ = 9] (x) 7 (x)
dzsdzs \/8(s — 4m2)
= : = dz,dzs,
P1 2aze P2 G 4025 ¢(_1"1) dx§5)dx§5) (p(—1,0) dx§5)dx§5)
. 2 . 2 1 — ; 3 —
03 =~ r—dadzs,  pa= "o —dzadzs 2\ ;) 21 [m?(m? — s)]

(P1lp3) — d log[m?*(m? — )]

23



Newton polytopes

[t is interesting to note that in this simple example, the symbol letters
are related to the coefhicients at the vertices of the degenerate facet of

the Newton polytope associated with the polynomial factor in u

2.0
p \
4 \
i . "
, @
1.5] : \
- V4 N
i 7 N
p \
i / N
p N
. N
p N
1.0 Y
. |

0.5}

111111111

FIG. 1. The Newton polytope of Goo. Horizontal and vertical

2 (120 2
axis are the power of t4 and 2z5. The solid line represents the m (m — 3 )
zero facet of (o0, 0).
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summary and outlook

» Some interesting observations on the construction of canonical bases and the
determination of symbol letters

» QOutlook:
» Generic algorithm for factorization transformations
» Using factorization transformations for d-log constructions
» Deeper relations to the geometry of Newton polytopes

» Extension to elliptic cases
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Happy 10th Happy 60th

birthday for
Matthias!

anniversary for

MI'TP!
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