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Try to understand (and possibly simplify) the procedure 
using Baikov representations + intersection theory
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Change of variables from loop momenta to propagator denominators

Standard Baikov rep.∫𝒞
uStd(z)

dz1 ∧ ⋯ ∧ dzN

za1
1 ⋯zaN

N

Loop-by-loop (LBL) Baikov rep.∫𝒞
uLBL(z)

dz1 ∧ ⋯ ∧ dzn

za1
1 ⋯zan

n

∫ [
L

∏
i=1

ddki

iπd/2 ] 1
za1
1 za2

2 ⋯zaN
N

Baikov (1996)

zm = ∑
i,j

Aij
m qi ⋅ qj + fm
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Baikov integrals are special cases of generalized hypergeometric integrals
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u(z) φ(z)
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়࿄Ц ۚ ࿄ ۠ ࿄ Ҭ ٜᆘྼ

<latexit sha1_base64="HXlVmBr8vmZ7FLGju6bcuwb5R4g="></latexit>

The equivalence classes form a vector space  (the -th twisted cohomology group)Hn
ω n

-formn
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# of master integrals with a given dim(Hn
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A basis with  vectorsν Ь়ംႲЦ И ়ംႳЦ И Н И ়ംᆌЦЭ
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All vectors are linear combinations

However, this dimension (when applied to the LBL Baikov representation) 
is often found to be bigger than the number of master Feynman integrals!

# of proper critical points where ωi ≡ ∂i log u = 0 Lee, Pomeransky (2013)



Generalized loop-by-loop Baikov representation
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It turns out that the number of critical points actually counts the number of independent 
Baikov integrals of the form

∫𝒞
uLBL(z)

dz1 ∧ ⋯ ∧ dzn

za1
1 ⋯zan

n Pb1
1 ⋯Pbm

m
 are polynomial factors in Pi uLBL

We call these “generalized LBL Baikov integrals” Chen, Jiang, Ma, Xu, LLY (2022)
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It turns out that the number of critical points actually counts the number of independent 
Baikov integrals of the form

∫𝒞
uLBL(z)

dz1 ∧ ⋯ ∧ dzn

za1
1 ⋯zan

n Pb1
1 ⋯Pbm

m
 are polynomial factors in Pi uLBL

We call these “generalized LBL Baikov integrals” Chen, Jiang, Ma, Xu, LLY (2022)

Not all of them correspond to Feynman integrals!

Feynman integrals live in a subspace of the cohomology group



Recursive structure of generalized Baikov representations
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Jiang, LLY (2023)
Baikov representations exhibit a recursive structure

uStd(z) → uLBL(z) → usubsectors
LBL (z)

Helps to relate different sub-sectors within an integral family
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To perform the vector decomposition, one introduces a dual space with elements

The intersection numbers are “inner-products” between vectors and dual-vectors
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Cho, Matsumoto (1995) 
Frellesvig et al. (2019-2020) 
Weinzierl (2020)়ംᅎЦ ᅐഁু Ҳ ྲᅎᅐ
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Orthonormal basis
IBP reduction



Canonical DEs
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d ⃗f(x, ϵ) = ϵ (∑
i

dlog(αi(x)) Ai) ⃗f(x, ϵ)

How do we find a canonical basis?

I will only consider polylogarithmic integral families in this talk 
(i.e., no higher genus geometries) 

How do we construct the coefficient matrix 
(symbol letters and rational coefficients)?

Henn (2013)



Canonical bases from d-log integrands
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∫𝒞
u(z)

dz1 ∧ ⋯ ∧ dzn

za1
1 ⋯zan

n Pb1
1 ⋯Pbm

m
= ∫𝒞

[G(z)]ϵ
n

⋀
j=1

d log fj(z)

The idea is simple: we look for integrands of the form

Two simple building blocks

Chen, Jiang, Xu, LLY (2020) 
Chen, Jiang, Ma, Xu, LLY (2022)
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∫𝒞
u(z)

dz1 ∧ ⋯ ∧ dzn

za1
1 ⋯zan

n Pb1
1 ⋯Pbm

m
= ∫𝒞

[G(z)]ϵ
n

⋀
j=1

d log fj(z)

The idea is simple: we look for integrands of the form

Two simple building blocks

Projecting into the subspace of 
Feynman integrals

Chen, Jiang, Xu, LLY (2020) 
Chen, Jiang, Ma, Xu, LLY (2022)
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H
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We worked out some simple and not-so-simple examples
Chen, Jiang, Xu, LLY (2020) 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non-trivial variable changes first!



Canonical bases from d-log integrands

15

V

Z

H

Q

We worked out some simple and not-so-simple examples
Chen, Jiang, Xu, LLY (2020) 
Chen, Jiang, Ma, Xu, LLY (2022)

How to find the suitable variable changes systematically?
How do we know that the DEs of d-log integrals are canonical in general?
How to easily construct the symbol letters and rational coefficients in the DEs?

For complicated cases it is necessary to perform 
non-trivial variable changes first!
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One-loop symbol letters can be generically constructed…
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Figure 1. The branch cuts and integration paths for MN,N�1 with even N .

The branch cuts involve the points r± and 1 on the complex zN plane. To represent the

cuts more clearly, we perform the change of variable:

zN =
1

t
, t± =

1

r⌥
. (3.24)

The branch points then become t± and 0, and we write the integral as

MN,N�1 = �
1

2⇡

Z t+

t�

I(t) dt , (3.25)

with the integrand

I(t) =
1p

(t� t+)(t� t�)


log

t� t+
t

+ log
t� t�

t

�
. (3.26)

With this form of the integrand, we choose the branch cut for the square root to be the

line segment between t+ and t�, and the branch cuts for the two logarithms to be the line

segments between 0 and t±, respectively. These branch cuts are depicted as the wiggly lines

in Fig. 1, together with several paths Ci± which lie infinitesimally close to the cuts. We

define the square root following the convention that
p
(t� t+)(t� t�) ! t when t ! 1.

We choose the integration path in Eq. (3.25) to along the line segment C1+, and write

the integral as

MN,N�1 = �
1

4⇡

"Z

C1+
I(t) dt�

Z

C1�
I(t) dt

#
, (3.27)

where we have used the fact that the values of I(t) on C1± di↵er by a sign. Since there are

no other singularities in the complex t plane (including 1), we may deform the paths as

– 10 –

C1

C2

C3

C4

0 rN�1,� RN�1,� RN�1,+ rN�1,+

1

Figure 2. The branch cuts and integration paths for MN,N�2 with odd N .

singularities are depicted in Fig. 2. We define the integral path of Eq. (3.38) to be the

upper half of the contour C1. Hence we have

IN,N�2 =
1

8⇡

Z

C1
I(zN�1) dzN�1 = �

1

8⇡

Z

C2+C3+C4
I(zN�1) dzN�1 . (3.41)

The integration around C3 is just (�2⇡i) multiplying the residue at zN�1 = 0, i.e.

�
1

8⇡
d

Z

C3
I(zN�1) dzN�1 =

i

4
d log

eBN �

q
KN

eG(1)
N�1

eBN +
q

KN
eG(1)
N�1

=
i

2
dM (1)

N,N�1 . (3.42)

On the two sides of C2, the logarithm di↵ers by 2⇡i, and

�
1

8⇡
d

Z

C2
I(zN�1) dzN�1 =

i

4
d log

RN�1,+

RN�1,�
=

i

4
d log

eBN �

q
KN

eG(2)
N�1

eBN +
q

KN
eG(2)
N�1

=
i

2
dM (2)

N,N�1 .

(3.43)

From the above we see that the genuine contribution to dMN,N�2 only comes from

the integration along C4. For that we need to investigate the behavior of the logarithm in

Eq. (3.38) in the limit zN�1 ! 1. We first note that G(1)
N�1(0

0, zN�1) ⇠ �KN�2z2N�1/4 in

that limit. As for BN (00, zN�1, 0), it is a linear function of zN�1 and the coe�cient can be

extracted as

@BN (00, zN�1, 0)

@zN�1
=

@G(l, p1, . . . , pE�1; pE , p1, . . . , pE�1)

@zN�1

=
@l · pE
@zN�1

@G(l, p1, . . . , pE�1; pE , p1, . . . , pE�1)

@l · pE

+
@l · pE�1

@zN�1

@G(l, p1, . . . , pE�1; pE , p1, . . . , pE�1)

@l · pE�1

=
1

2
G(p1, . . . , pE�1; p1, . . . , pE�1)

+
1

2
G(p1, . . . , pE�2, pE�1; p1, . . . , pE�2, pE)

– 13 –

Either by dedicated contour-integration…
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From the above we see that the genuine contribution to dMN,N�2 only comes from

the integration along C4. For that we need to investigate the behavior of the logarithm in

Eq. (3.38) in the limit zN�1 ! 1. We first note that G(1)
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From the above we see that the genuine contribution to dMN,N�2 only comes from

the integration along C4. For that we need to investigate the behavior of the logarithm in

Eq. (3.38) in the limit zN�1 ! 1. We first note that G(1)
N�1(0

0, zN�1) ⇠ �KN�2z2N�1/4 in

that limit. As for BN (00, zN�1, 0), it is a linear function of zN�1 and the coe�cient can be

extracted as

@BN (00, zN�1, 0)

@zN�1
=

@G(l, p1, . . . , pE�1; pE , p1, . . . , pE�1)

@zN�1

=
@l · pE
@zN�1

@G(l, p1, . . . , pE�1; pE , p1, . . . , pE�1)

@l · pE

+
@l · pE�1

@zN�1

@G(l, p1, . . . , pE�1; pE , p1, . . . , pE�1)

@l · pE�1

=
1
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G(p1, . . . , pE�1; p1, . . . , pE�1)

+
1
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G(p1, . . . , pE�2, pE�1; p1, . . . , pE�2, pE)

– 13 –

Either by dedicated contour-integration… Or directly from the recursive structure

Universal formulae for any scattering processes 
Easy to compute in terms of Gram determinants or minors of a single matrix
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The branch cuts involve the points r± and 1 on the complex zN plane. To represent the

cuts more clearly, we perform the change of variable:

zN =
1
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, t± =

1

r⌥
. (3.24)
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�
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With this form of the integrand, we choose the branch cut for the square root to be the

line segment between t+ and t�, and the branch cuts for the two logarithms to be the line

segments between 0 and t±, respectively. These branch cuts are depicted as the wiggly lines

in Fig. 1, together with several paths Ci± which lie infinitesimally close to the cuts. We

define the square root following the convention that
p
(t� t+)(t� t�) ! t when t ! 1.

We choose the integration path in Eq. (3.25) to along the line segment C1+, and write

the integral as

MN,N�1 = �
1

4⇡

"Z

C1+
I(t) dt�

Z

C1�
I(t) dt

#
, (3.27)

where we have used the fact that the values of I(t) on C1± di↵er by a sign. Since there are

no other singularities in the complex t plane (including 1), we may deform the paths as
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C1

C2

C3

C4

0 rN�1,� RN�1,� RN�1,+ rN�1,+

1

Figure 2. The branch cuts and integration paths for MN,N�2 with odd N .

singularities are depicted in Fig. 2. We define the integral path of Eq. (3.38) to be the

upper half of the contour C1. Hence we have

IN,N�2 =
1

8⇡

Z

C1
I(zN�1) dzN�1 = �

1

8⇡

Z

C2+C3+C4
I(zN�1) dzN�1 . (3.41)

The integration around C3 is just (�2⇡i) multiplying the residue at zN�1 = 0, i.e.

�
1

8⇡
d

Z

C3
I(zN�1) dzN�1 =

i

4
d log

eBN �

q
KN

eG(1)
N�1

eBN +
q

KN
eG(1)
N�1

=
i

2
dM (1)

N,N�1 . (3.42)

On the two sides of C2, the logarithm di↵ers by 2⇡i, and

�
1

8⇡
d

Z

C2
I(zN�1) dzN�1 =

i

4
d log

RN�1,+

RN�1,�
=

i

4
d log

eBN �

q
KN

eG(2)
N�1

eBN +
q

KN
eG(2)
N�1

=
i

2
dM (2)

N,N�1 .

(3.43)

From the above we see that the genuine contribution to dMN,N�2 only comes from

the integration along C4. For that we need to investigate the behavior of the logarithm in

Eq. (3.38) in the limit zN�1 ! 1. We first note that G(1)
N�1(0

0, zN�1) ⇠ �KN�2z2N�1/4 in

that limit. As for BN (00, zN�1, 0), it is a linear function of zN�1 and the coe�cient can be

extracted as

@BN (00, zN�1, 0)

@zN�1
=

@G(l, p1, . . . , pE�1; pE , p1, . . . , pE�1)

@zN�1

=
@l · pE
@zN�1

@G(l, p1, . . . , pE�1; pE , p1, . . . , pE�1)

@l · pE

+
@l · pE�1

@zN�1

@G(l, p1, . . . , pE�1; pE , p1, . . . , pE�1)

@l · pE�1

=
1

2
G(p1, . . . , pE�1; p1, . . . , pE�1)

+
1

2
G(p1, . . . , pE�2, pE�1; p1, . . . , pE�2, pE)
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Either by dedicated contour-integration… Or directly from the recursive structure

Universal formulae for any scattering processes 
Easy to compute in terms of Gram determinants or minors of a single matrix

Not easy to extend to higher loops…



Differential equations from intersection theory

17

The evaluation of intersection numbers is deeply related to the multivariable poles of the 
integrands (which are determined by the polynomial factors in the -function)u

I = ∫𝒞
u(z) φ(z)

Chestnov et al. (2022)



The multivariable poles

18

The construction of d-log bases is also deeply related to the poles from the -functionu

And for d-log integrands, there are only simple poles!



The multivariable poles

18

The construction of d-log bases is also deeply related to the poles from the -functionu

And for d-log integrands, there are only simple poles!

A complication: the poles can be non-factorized and/or degenerate, e.g.:

u = zβ1
1 zβ2

2 (z1 + z2)β3



Factorization transformations

19

It is possible to perform variable changes (in the spirit of sector decomposition) to 
factorize the non-factorized poles, such that

u(z)
z→p

z → x(α)

Different  labels different variable changes(α)
Non-vanishing

Chen, Feng, LLY (2023)



Factorization transformations

19

It is possible to perform variable changes (in the spirit of sector decomposition) to 
factorize the non-factorized poles, such that

u(z)
z→p

z → x(α)

Different  labels different variable changes(α)
Non-vanishing

u = zβ1
1 zβ2

2 (z1 + z2)β3

z1 = x1
z2 = x1(x2 − 1)

u = xβ1+β2+β3
1 xβ3

2 (x2 − 1)β2

Chen, Feng, LLY (2023)



Canonical DEs from factorized poles

20

Chen, Feng, LLY (2023)
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Chen, Feng, LLY (2023)

bI,k + bJ,k = − 1

bI,i + bJ,i = − 2 (i ≠ k)
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Canonical DEs from factorized poles

20

Chen, Feng, LLY (2023)

bI,k + bJ,k = − 1

bI,i + bJ,i = − 2 (i ≠ k)

(Selection rules for 
non-zero entries)



Canonical DEs from factorized poles

20

Chen, Feng, LLY (2023)

bI,k + bJ,k = − 1

bI,i + bJ,i = − 2 (i ≠ k)

(Selection rules for 
non-zero entries)

By-product: one can show that the coefficient matrix is indeed proportional to ϵ



Canonical DEs from factorized poles

21

Chen, Feng, LLY (2023)

It turns out the entry with an integration can be written 
as d-logs by studying the univariate intersection numbers 
after taking the residues of the -variable poles(n − 1)



Canonical DEs from factorized poles

21

Chen, Feng, LLY (2023)

It turns out the entry with an integration can be written 
as d-logs by studying the univariate intersection numbers 
after taking the residues of the -variable poles(n − 1)

Purely algebraic method to determine the 
symbol letters and the rational coefficients 
in the canonical DEs!



A simple example

22

u = zδ1
4 zδ5

5 [𝒢(z4, z5)]−ϵ
Cut on z1, z2, z3

The poles are given by



A simple example

22

u = zδ1
4 zδ5

5 [𝒢(z4, z5)]−ϵ
Cut on z1, z2, z3

The poles are given by

t4 = 1/z4 u = t2ϵ−δ1
4 zδ5

5 [𝒢∞0(z4, z5)]−ϵ

Degenerate pole since



A simple example

23

3 different variable changes corresponding to 3 ways to combine the vanishing factors

u → [m2(m2 − s)]−ϵ (x(5)
1 )

ϵ−δ1+δ2 (x(5)
2 )

δ2



A simple example

23

3 different variable changes corresponding to 3 ways to combine the vanishing factors

u → [m2(m2 − s)]−ϵ (x(5)
1 )

ϵ−δ1+δ2 (x(5)
2 )

δ2

̂d log[m2(m2 − s)]



Newton polytopes

24

It is interesting to note that in this simple example, the symbol letters 
are related to the coefficients at the vertices of the degenerate facet of 
the Newton polytope associated with the polynomial factor in u

m2(m2 − s)



Summary and outlook
➤ Some interesting observations on the construction of canonical bases and the 

determination of symbol letters


➤ Outlook:


➤ Generic algorithm for factorization transformations


➤ Using factorization transformations for d-log constructions


➤ Deeper relations to the geometry of Newton polytopes


➤ Extension to elliptic cases

25
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Happy 10th 
anniversary for 

MITP!

Happy 60th 
birthday for 
Matthias!


