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Abstract

We review the current status of heavy quark symmetry and its ap-
plications to weak decays of hadrons containing a single heavy quark.
After an introduction to the underlying physical ideas, we discuss in
detail the formalism of the heavy quark effective theory, including a
comprehensive treatment of symmetry breaking corrections. We then
illustrate some nonperturbative approaches, which aim at a dynami-
cal, QCD-based calculation of the universal form factors of the effec-
tive theory. The main focus is on results obtained using QCD sum
rules. Finally, we perform an essentially model-independent analysis
of semileptonic B meson decays in the context of the heavy quark
effective theory.

(to appear in Physics Reports)

1Supported by the Department of Energy under contract DE-AC03-76SF00515.
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Cornell (1999-2006)

On Sun, 13 Feb 2000, Thomas Becher wrote:

Lieber Herr Neubert,

Ich bin eben von meinem Besuch am Forschungszentrum Juelich zurueckgekehrt und 
kann Ihnen noch meine Ankunftszeit in Ithaca mitteilen. […] Ich fliege am Montag, dem 6. Maerz in 
Zuerich ab und […] werde Groessenordnung 21:00 in Ithaca eintreffen und kann dann meine 
Wohnung beziehen. 

Ich habe einen Stadtplan von Cornell und weiss, wo das Newman Laboratory liegt. 
Ich waere froh, wenn Sie mir das Stockwerk und die Nummer ihres Bueros angeben 
koennten, sodass ich Sie am Dienstag morgen finde.

Mit freundlichen Gruessen,

Thomas Becher 
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QCD Factorization for B ! pp Decays: Strong Phases and CP Violation
in the Heavy Quark Limit

M. Beneke,1 G. Buchalla,1 M. Neubert,2 and C. T. Sachrajda3

1Theory Division, CERN, CH-1211 Geneva 23, Switzerland
2Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309

3Department of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, United Kingdom
(Received 17 May 1999)

We show that, in the heavy quark limit, the hadronic matrix elements that enter B meson decays into
two light mesons can be computed from first principles, including “nonfactorizable” strong interaction
corrections, and expressed in terms of form factors and meson light-cone distribution amplitudes. The
conventional factorization result follows in the limit when both power corrections in 1!mb and radiative
corrections in as are neglected. We compute the order-as corrections to the decays Bd ! p1p2,
Bd ! p0p0, and B1 ! p1p0 in the heavy quark limit and briefly discuss the phenomenological
implications for the branching ratios, strong phases and CP violation.

PACS numbers: 13.25.Hw, 11.30.Er, 12.38.Bx, 12.39.Hg

The detailed study of B meson decays is a key source
of information for understanding CP violation and the
physics of flavor. The interest in this field is reinforced
by the numerous upcoming experiments that will test
crucial aspects of B decay properties with unprecedented
scope and precision. Among the large number of B
decay channels, two-body nonleptonic modes, such as
B ! pp, B ! pK , etc., open a particularly rich field of
phenomenological investigation. A theoretical treatment,
however, is generally complicated owing to the nontrivial
QCD dynamics related to the all-hadronic final state.
In this Letter, we describe important simplifications that

occur in the limit mb ¿ LQCD , when the b quark mass is
large compared to the strong interaction scale LQCD . We
find that in this limit the hadronic matrix elements for, say,
B̄ ! pp can be represented in the form

"ppjQjB̄# ! "pjj1jB̄# "pjj2j0#

3

∑

1 1
X

rnan
s 1 O $LQCD!mb%

∏

, (1)

where Q is a local operator in the weak effective Hamil-
tonian and j1,2 are bilinear quark currents. Neglecting
power corrections inLQCD and radiative corrections in as,
the original matrix element factorizes into a form factor
times a decay constant (we call this conventional factor-
ization). At higher order in as this simple factorization
is broken, but the corrections can be calculated system-
atically in terms of short-distance coefficients and meson
light-cone distribution amplitudes. This is similar in spirit
to the well-known framework of perturbative factorization
for exclusive processes in QCD at large momentum trans-
fer [1], as applied, for example, to the electromagnetic form
factor of the pion. An interesting consequence of (1) is
that strong interaction phases are formally of order as or
LQCD!mb in the heavy quark limit. If this limit works
well, the approach discussed here allows us to calculate
these phases systematically; CP violating weak phases can

then be disentangled. Here we present a numerical anal-
ysis of B ! pp decay amplitudes based on the heavy
quark limit. We also briefly discuss important power cor-
rections, which should eventually be estimated in order to
obtain a satisfactory phenomenology at realistic b quark
masses. Details of the argument that leads to the factoriza-
tion formula (2) below will be explained in a forthcoming
paper.
The effective weak Hamiltonian is given by [2]

Heff !
GFp

2

X

p!u,c
lp

∑

C1Q
p
1 1 C2Q

p
2 1

X

i!3...6,8
CiQi

∏

,

where lp ! V !
pdVpb . The Qi are local DB ! 1, DS ! 0

operators, and Ci the corresponding short-distance Wilson
coefficients. We neglect electroweak penguin operators
and all terms not relevant to B̄ ! pp decays.
The essential theoretical problem for obtaining the B̄ !

pp amplitudes is the evaluation of the hadronic matrix
elements "ppjQijB̄#. Let p1 denote the pion that picks up
the light spectator quark in the B̄ meson, and p2 the pion
whose valence partons are supplied by the weak decay of
the b quark. In the heavy quark limit both pions emerge
with large energy mB!2 (in the B̄ rest frame). Power
counting based on the asymptotic form of the leading-twist
pion distribution amplitude shows that a leading-power
contribution to the "ppjQijB̄# matrix element requires
both valence quarks of p2 to carry energy of order mb .
The qq̄ pair is ejected from the weak interaction region
as a small-size color singlet object. As a consequence
soft gluons with momentum of order LQCD decouple at
leading order in LQCD!mb , and p2 can be represented
by its leading-twist light-cone distribution amplitude. On
the other hand, the spectator quark in the B̄ meson carries
momentum of orderLQCD and is transferred as a soft quark
top1, unless it undergoes a hard interaction. The end point
suppression of the pion wave function is not sufficient to
ensure the dominance of hard interactions. [We adopt the
point of view that for realistic b quark masses perturbative

1914 0031-9007!99!83(10)!1914(4)$15.00 © 1999 The American Physical Society
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Sudakov suppression does not cut off soft contributions
efficiently enough before one enters the nonperturbative
regime.] Therefore p1 cannot always be represented by
its light-cone distribution amplitude. At leading power
in LQCD!mb , we find that the soft interactions can be

absorbed into the B ! p1 form factor. Any interaction
of the spectator quark with the quarks of p2 is hard at
leading power and can be written as a convolution of three
light-cone distribution amplitudes. This discussion can be
summarized by the factorization formula

"p#p0$p#q$ jQijB̄#p$% ! fB!p #q2$
Z 1

0
dx T I

i #x$Fp #x$ 1
Z 1

0
dj dx dy T II

i #j, x, y$FB#j$Fp #x$Fp #y$ , (2)

which is valid up to corrections of relative order
LQCD!mb . Here fB!p #q2$ is a B ! p form factor evalu-
ated at q2 ! m2

p & 0, and Fp (FB) are leading-twist
light-cone distribution amplitudes of the pion (B meson),
normalized to 1. The TI,II

i denote hard-scattering kernels,
which are calculable in perturbation theory. TI

i starts
at O #a0

s $; at higher order in as it contains “nonfactor-
izable” gluon exchange, including penguin topologies;
see the first two rows of Fig. 1 for the corrections at
order as. Hard, “nonfactorizable” interactions involving
the spectator quark are part of T II

i (last row of Fig. 1).
The significance of the factorization formula is that all
leading-power nonperturbative effects in the B ! pp
amplitudes can be absorbed into the form factor and the
light-cone wave functions. Annihilation topologies and
contributions from higher Fock states of the mesons that
could lead to a more complicated rearrangement of the
quarks than shown in Fig. 1 exist, but they are power-
suppressed.
The following comments are in order:
(i) When as corrections are neglected TII

i is zero and
T I

i is independent of x. Conventional factorization in
terms of the form factor and the pion decay constant
is then recovered as a rigorous prediction in the infi-
nite quark mass limit. The perturbative corrections are
process dependent, but calculable. Their inclusion can-
cels the scale dependence of the leading-order factorization
result.
(ii) The infrared finiteness of the hard scattering ampli-

tude follows because the infrared divergences in the first
four diagrams of Fig. 1 cancel in their sum. This can-
cellation is the technical manifestation of Bjorken’s color
transparency argument [3]. Color transparency does not

apply to hard gluon interactions. These, however, are sup-
pressed by as and are calculable.
(iii) The hard scattering contribution to the B ! p

form factor is suppressed by one power of as relative
to the soft contribution, in which the B meson spectator
undergoes no hard interaction. As a consequence, the
assumption that B ! pp can be treated entirely in the
hard scattering picture of [1] would miss the leading
contribution in the heavy quark limit.
(iv) The decay amplitude acquires an imaginary part

through the hard scattering kernels. In the heavy quark
limit, the strong interaction phases can therefore be com-
puted as expansions in as. In terms of hadronic in-
termediate states that saturate the unitarity relation, this
implies systematic cancellations among many interme-
diate states with potentially large individual rescattering
phases. An estimate of rescattering effects on the ba-
sis of Regge theory is not compatible with the heavy
quark limit.
(v) The factorization formula (2) generalizes to the

decays into a heavy-light final state, if the heavy par-
ticle absorbs the B meson spectator quark. Then the sec-
ond line in (2) is power suppressed and only the form
factor term survives. An expression of this form has
been used by Politzer and Wise to compute the one-loop
corrections to the decay rate ratio G#B̄ ! D!p$!G#B̄ !
Dp$ [4]. The factorization formula does not hold for
heavy-light final states, in which the light meson ab-
sorbs the B meson spectator quark, or for a heavy-heavy
final state.
The result of an explicit calculation of the B̄ ! pp de-

cay amplitudes at order as can be compactly expressed as
"ppjHeffjB̄% ! GF!

p
2

P

p!u,c lp"ppjTpjB̄%, where

Tp ! a
p
1 #pp$ #ūb$V2A ≠ #d̄u$V2A 1 a

p
2 #pp$ #d̄b$V2A ≠ #ūu$V2A 1 a3#pp$ #d̄b$V2A ≠ #q̄q$V2A

1 a
p
4 #pp$ #q̄b$V2A ≠ #d̄q$V2A 1 a5#pp$ #d̄b$V2A ≠ #q̄q$V1A 1 a

p
6 #pp$ #22$#q̄b$S2P ≠ #d̄q$S1P . (3)

The symbol ≠ is defined through "ppjj1 ≠ j2jB̄% '
"pjj1jB̄% "pjj2j0%. A summation over q ! u, d is im-
plied. Note that the term proportional to a

p
6 #pp$ results

in a power correction that should be dropped in the heavy
quark limit. We will comment further on this term below.
Together with ac

1#pp$ ! ac
2#pp$ ! 0 and the

leading-order coefficient a
p
6 #pp$ ! C6 1 C5!N , the

coefficients a
p
i #pp$ read at next-to-leading order (NLO)

au
1 #pp$ ! C1 1

1
N

C2 1
as

4p

CF

N
C2F , (4)

au
2 #pp$ ! C2 1

1
N

C1 1
as

4p

CF

N
C1F , (5)

a3#pp$ ! C3 1
1
N

C4 1
as

4p

CF

N
C4F , (6)
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An effective field theory for collinear and soft gluons: Heavy to light decays

Christian W. Bauer,1 Sean Fleming,2 Dan Pirjol,1 and Iain W. Stewart1

1Physics Department, University of California at San Diego, La Jolla, California 92093
2Physics Department, Carnegie Mellon University, Pittsburgh, Pennsylvania 15213

!Received 30 November 2000; published 7 May 2001"

We construct the Lagrangian for an effective theory of highly energetic quarks with energy Q, interacting
with collinear and soft gluons. This theory has two low energy scales, the transverse momentum of the
collinear particles, p! , and the scale p!

2 /Q . The heavy to light currents are matched onto operators in the
effective theory at one loop and the renormalization group equations for the corresponding Wilson coefficients
are solved. This running is used to sum Sudakov logarithms in inclusive B→Xs# and B→Xul $̄ decays. We
also show that the interactions with collinear gluons preserve the relations for the soft part of the form factors
for heavy-to-light decays found by Charles et al. %Phys. Rev. D 60, 014001 !1999"&, establishing these relations
in the large energy limit of QCD.

DOI: 10.1103/PhysRevD.63.114020 PACS number!s": 13.25.Hw

I. INTRODUCTION

The phenomenology of hadrons containing a single heavy
quark is greatly simplified by the fact that nonperturbative
hadronic physics can be parametrized by an expansion in
'QCD /m , where m is the mass of the heavy quark. At lowest
order, interactions are insensitive to the heavy quark mass
and spin, leading to new spin-flavor symmetries %1&. These
symmetries relate form factors for decays of one heavy had-
ron to another heavy hadron. In Refs. %1&, %2& heavy quark
effective theory !HQET" was constructed as a general frame-
work in which to explore heavy quark physics. The effective
theory allows a systematic treatment of 1/m corrections and
makes the symmetries manifest. Inclusive decays of heavy
hadrons involving large momentum transfer to the decay
products can also be treated in HQET with the help of the
operator product expansion !OPE" %3&. At leading order, the
parton model results are recovered and nonperturbative cor-
rections are parametrized by matrix elements of higher di-
mensional operators, suppressed by powers of 1/m .
Decays of heavy hadrons to light hadrons cannot be

treated exclusively with HQET unless the four-momentum of
the light degrees of freedom are small compared to m. How-
ever, in regions of phase space where the light hadronic de-
cay products have large energy E(m , a different expansion
in powers of 1/E can be performed. In Ref. %4& Dugan and
Grinstein used this approach to construct the large energy
effective theory !LEET", which describes the interaction of
very energetic quarks with soft gluons. However, LEET is
missing an important degree of freedom, namely, collinear
gluons, and does not reproduce the IR physics of QCD %5&.
In Ref. %6& it was shown that an effective theory including
both collinear and soft gluons correctly reproduces the infra-
red physics of QCD at one loop. This collinear-soft theory is
needed between the scale E and an intermediate scale, below
which collinear modes can be integrated out. For inclusive
decays it was shown that the collinear-soft theory can be
matched at the intermediate scale onto a theory containing
only soft degrees of freedom.
The power counting in the collinear-soft theory is compli-

cated by the presence of two low energy scales, which must
be properly accounted for. These scales can be clearly seen
by considering the momentum of a collinear quark. If the
quark moves along the light-cone direction n) with momen-
tum Q(E(m then p!(p",p#,p!)(Q(*2,1,*), where *
is a small parameter. Thus p!(Q* is the intermediate scale.
With two low energy scales it is more appropriate to count
powers of * rather than powers of 1/Q %6&. This is analogous
to nonrelativistic QCD !NRQCD" for bound states of two
heavy quarks, where one counts powers of the velocity rather
than powers of 1/m %7&. Constructing such an effective field
theory bears some similarity to isolating momentum regimes
using the method of regions %8& on full theory Feynman dia-
grams. There are, however, advantages to using an effective
field theory approach over the method of regions, namely, it
is straightforward to systematically include power correc-
tions and it is possible to properly account for operator run-
ning, which sums Sudakov logarithms. In order to consis-
tently go beyond leading order it is important to give a
detailed construction of the effective field theory. This was
not done in Ref. %6&, and it is one of the main points of this
paper.
The collinear-soft effective theory can be used to describe

both inclusive and exclusive heavy-to-light decays. For in-
clusive decays this theory is valid in the regime where the
phase space of the decay is restricted such that the final had-
ronic state is forced to have low invariant mass and large
energy. This is the case for large electron energy or small
hadronic invariant mass in semileptonic B→Xul $̄ decays,
and for large photon energy in B→Xs# decays. The Sudakov
logarithms that appear in the endpoint regions of these de-
cays can be summed into the coefficient function of opera-
tors by running in the collinear-soft theory between the scale
Q and Q* , and then running a soft operator from Q* to
Q*2. In Ref. %6& Sudakov logarithms at the endpoint of the
photon energy spectrum in the decay B→Xs# were summed
in this manner. Here we sum Sudakov logarithms between Q
and Q* for both B→Xs# and B→Xul $̄ . In the ratio of large
moments of these decay rates effects of physics below the
intermediate scale cancel, and we reproduce previous calcu-

PHYSICAL REVIEW D, VOLUME 63, 114020
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Cross fertilization 


Effective field theory methods for collider physics

• Momentum regions as fields

• Factorization using operator methods

• Resummation by RG evolution in EFT

• On-shell matching: partonic processes are EFT Wilson 

coefficients
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d� = H · J ⇥ S

��

�̄

B
J

S

H

Figure 1: Two-loop diagrams contributing to the jet function in QCD. The circle-cross vertices

denote the Wilson lines. Not shown are additional diagrams resulting from mirror images in which

the two external points are exchanged. The first diagram is the full fermion two-point function, not

just the one-particle irreducible part.

Our calculation of the jet function employs the representation (4) of the function J(p2, µ) in terms
of ordinary QCD quark and gluon fields. The relevant two-loop diagrams are shown in Figure 1.

Equally well, one could use the SCET Lagrangian together with (3) to perform the calculation. In

this case diagrams in which a quark emits more than one gluon would also be present, in addition to

the topologies shown in Figure 1. Also, the analysis would be complicated by the fact that the SCET

Feynman rules are more complicated that those of QCD.

2.1 Evaluation of the two-loop diagrams

We first discuss the evaluation of the bare quantity jbare(Q
2) and later discuss its renormalization.

Let us begin by quoting the result for the one-loop master integral

∫
ddk

(−1)−a−b−c
(
k2 + i0

)a [
(k + p)2 + i0

]b
(n̄ · k + i0)c

= iπ
d
2

(
−p2
) d
2
−a−b

(n̄ · p)−c J(a, b, c) , (8)

with

J(a, b, c) =
Γ(d

2
− b) Γ(d

2
− a − c) Γ(a + b − d

2
)

Γ(a) Γ(b) Γ(d − a − b − c) . (9)

Note that there is a mismatch of minus signs on both sides of the relation (8). While (−1)−c appears in
the numerator of the loop integral, no such factor occurs on the right-hand side. This is a peculiarity

of loop integrals involving light-cone propagators, and it prevents a natural generalization of the

3

TB, Neubert, Phys.Lett.B 633 (2006) 739, Phys.Lett.B 637 (2006) 251

• Operator definitions of hard, jet and soft functions 


• First two-loop computations in SCET (J and S)
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Threshold resummation

Threshold resummation in momentum space from EFT

• RG evolution between physical scales avoids 

Landau-pole singularities 

• No need for numerical Mellin inversion
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TB, Neubert, Phys.Rev.Lett. 97 (2006) 082001
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Figure 9: Fixed-order (Y < 0) versus resummed (Y > 0) predictions for the rapidity distribu-
tion at

√
s = 38.76GeV and two values of M , at different orders in perturbation theory. The

bands reflect the combined scale dependence. LO bands are light, NLO bands are medium,
NNLO bands are dark.

is not an important effect. This is in stark contrast to the conclusion reached in [15]. For
the higher mass M = 16GeV, the two NNLO bands are consistent with each other at central
rapidity, but the resummed result is significantly higher than the fixed-order prediction for
Y ! 0.3. For the integrated cross section at this value of M , threshold resummation enhances
the fixed-order value by about 7%. This can be seen from Table 2, which shows our final
predictions for the integrated cross section dσ/dM2. Besides the results obtained with and
without resummation, we also give the contributions of the resummed threshold terms alone,
corresponding to the first term in (61).

5.4 Resummation in moment space

Traditionally, resummation is performed in moment rather than momentum space [9, 10]. For
the Drell-Yan cross section integrated over rapidity one takes moments in τ at fixed M :

σN =

∫ 1

0

dτ τN−1
dσ

dM2
. (62)

For the moment-space analysis of the rapidity distribution one performs a Fourier transform
in the rapidity in addition to taking moments in τ [13, 15]. In the following, we will restrict
ourselves to the integrated cross section for simplicity. Using the representation (12), the cross
section in moment space factorizes as

σN =
4πα2

3NcM4

∑

q

e2q

[
f q/N1

N+1 f
q̄/N2

N+1 + (q ↔ q̄)
]
CN+1(M

2, µf) , (63)

where the moments of the hard-scattering coefficient and the PDFs are defined in analogy
with (62). In order to accomplish the resummation for the moments of the hard-scattering
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On-shell amplitudes are EFT Wilson coefficients 


• Correspondence of IR to UV divergences. Renormalization


• Z-factor from anomalous dimension

Infrared Singularities of n-Leg Amplitudes
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TB, Neubert, Phys.Rev.Lett. 102 (2009) 162001, JHEP 06 (2009) 081

2 IR factorization and RG invariance

The key observation of our letter [3] was that the IR singularities of on-shell amplitudes in
massless QCD are in one-to-one correspondence to the UV poles of operator matrix elements
in SCET. These poles can therefore be subtracted by means of a multiplicative renormaliza-
tion factor Z, which is a matrix in color space. Specifically, we have shown that the finite
remainders of the scattering amplitudes can be obtained from the IR divergent, dimensionally
regularized amplitudes via the relation

|Mn({p}, µ)〉 = lim
ε→0

Z
−1(ε, {p}, µ) |Mn(ε, {p})〉 . (1)

Here {p} ≡ {p1, . . . , pn} represents the set of the momentum vectors of the n partons, and
µ denotes the factorization scale. The quantity |Mn(ε, {p})〉 on the right-hand side is a
UV-renormalized, on-shell n-parton scattering amplitude with IR singularities regularized in
d = 4 − 2ε dimensions. After coupling constant renormalization, these amplitudes are UV
finite. Apart from trivial spinor factors and polarization vectors for the external particles, the
minimally subtracted scattering amplitudes |Mn({p}, µ)〉 on the left-hand side of (1) coincide
with Wilson coefficients of n-jet operators in SCET [3], to be defined later:

|Mn({p}, µ)〉 = |Cn({p}, µ)〉 × [on-shell spinors and polarization vectors] . (2)

We postpone a more detailed discussion of the effective theory to Section 3 and proceed to
study the implications of this observation.

To analyze the general case of an arbitrary n-parton amplitude, it is convenient to use the
color-space formalism of [21, 22], in which amplitudes are treated as n-dimensional vectors
in color space. Ti is the color generator associated with the i-th parton in the scattering
amplitude, which acts as an SU(Nc) matrix on the color indices of that parton. Specifically,
one assigns (T a

i )αβ = taαβ for a final-state quark or initial-state anti-quark, (T a
i )αβ = −taβα for

a final-state anti-quark or initial-state quark, and (T a
i )bc = −ifabc for a gluon. We also use

the notation Ti · Tj ≡ T a
i T a

j summed over a. Generators associated with different particles
trivially commute, Ti · Tj = Tj · Ti for i %= j, while T 2

i = Ci is given in terms of the quadratic
Casimir operator of the corresponding color representation, i.e., Cq = Cq̄ = CF for quarks or
anti-quarks and Cg = CA for gluons. Because they conserve color, the scattering amplitudes
fulfill the relation ∑

i

T
a
i |Mn(ε, {p})〉 = 0 . (3)

It follows from (1) that the minimally subtracted scattering amplitudes satisfy the RG
equation

d

d lnµ
|Mn({p}, µ)〉 = Γ({p}, µ) |Mn({p}, µ)〉 , (4)

where the anomalous dimension is related to the Z-factor by

Γ({p}, µ) = −Z
−1(ε, {p}, µ)

d

d ln µ
Z(ε, {p}, µ) . (5)

5

The formal solution to this equation can be written in the form

Z(ε, {p}, µ) = P exp

[∫ ∞

µ

dµ′

µ′ Γ({p}, µ′)

]
, (6)

where the path-ordering symbol P means that matrices are ordered from left to right according
to decreasing values of µ′. The upper integration value follows from asymptotic freedom and
the fact that Z = 1 + O(αs).

In the Section 4, we will discuss theoretical arguments supporting an all-order conjecture
for the anomalous-dimension matrix presented in [3], which states that it has the simple form

Γ({p}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij

+
∑

i

γi(αs) , (7)

where sij ≡ 2σij pi · pj + i0, and the sign factor σij = +1 if the momenta pi and pj are both
incoming or outgoing, and σij = −1 otherwise. Here and below the sums run over the n
external partons. The notation (i1, ..., ik) refers to unordered tuples of distinct parton indices.
Our result features only pairwise correlations among the color charges and momenta of different
partons. These are the familiar color-dipole correlations arising already at one-loop order from
a single soft gluon exchange. The fact that higher-order quantum effects do not induce more
complicated structures and multi-particle correlations indicates a semi-classical origin of IR
singularities. Besides wave-function-renormalization-type subtractions accomplished by the
single-particle terms γi, the only quantum aspect appearing in (7) is a universal anomalous-
dimension function γcusp related to the cusp anomalous dimension of Wilson loops with light-
like segments [23–25]. The three anomalous-dimension functions entering our result are defined
by relation (7). They can be extracted from the known IR divergences of the on-shell quark
and gluon form factors, which have been calculated to three-loop order [26–28]. The explicit
three-loop expressions are given in Appendix A.

Concerning the form of (7), we note that a conjecture that an analogous expression for
the soft anomalous-dimension matrix (see Section 4.4 below) might hold to all orders was
mentioned in passing in the introduction of [12], without presenting any supporting arguments.
In a very recent paper, Gardi and Magnea have analyzed the soft anomalous-dimension matrix
in more detail and found that (7) is the simplest solution to a set of constraints they have
derived [29]. However, they concluded that the most general solution could be considerably
more complicated. Indeed, we emphasize that as a consequence of our result some amazing
cancellations must occur in multi-loop calculations of scattering amplitudes. At L-loop order
Feynman diagrams can involve up to 2L parton legs, while the most non-trivial graphs without
subdivergences can still connect (L+1) partons. We predict that these complicated diagrams
can be decomposed into two-particle terms, whose color and momentum structure resembles
that of one-loop diagrams. At two-loop order, these cancellations were found by explicit
calculation in [30, 31]. More recently, the analysis was extended to the subclass of three-
loop graphs containing fermion loops [32]. In Section 6.2 we will present a simple symmetry
argument explaining these results.

To derive the perturbative expansion of the Z-factor from the formal solution (6) we use

6



Strong constraints on the anomalous dimension  Γ 


• Soft-collinear factorization


• Collinear limits, forward limit, …


• Non-abelian exponentiation for S
20
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J J

S

d� ⇠ H({sij}, µ)
Y

i

Ji(M2
i , µ)⌦ S({⇤2

ij}, µ)
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a very active reseach area!
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• Factorization theorem


• Ingredients fulfil RG evolution equations


• S corresponds to emissions off initial hard -pair

• Additional large logarithms in BBS

qq̄

qT resummation for Z production

23

Nicolas Schalch, 30.11.22 – p.6/18
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Collinear Anomaly

Anomaly: additional regularization breaks rescaling symmetry of SCET, 
which would guarantee Q-independence. Symmetry is not recovered in 
the limit α → 0.

2

soft and jet functions then suffer from divergences in the
analytic regulator which cancel in their product.

From consistency considerations [10, 11], one can show
that the cancellation of the rapidity divergences induces
a logarithmic dependence on the hard scale Q in the low-
energy matrix element, an effect called collinear anomaly
[11]. More explicitly, the product of the soft and jet
functions takes the form

J (µ)J (µ)S(µ) =

(

Q2

µ2

)−F (µ)

W (µ) , (4)

where the anomaly exponent F (µ) and remainder W (µ)
are independent of Q. The Q-dependence is a pure power,
and the result (4) resums this dependence as long as the
scale µ is chosen to be of the order of the transverse
momentum.

From the structure of (4) one suspects that the dom-
inant non-perturbative effects to transverse observables
are corrections to the anomaly exponent F (µ). By per-
forming an operator product expansion of the soft func-
tion and using consistency relations, we show that this
logarithmic enhancement of non-perturbative effects is
indeed present. For the case of jet broadening, we fur-
thermore show that the leading non-perturbative correc-
tions are determined by the same matrix element that
governs the non-perturbative correction to thrust.

JET BROADENING

The soft function which occurs in the factorization the-
orem for broadening has the form [7, 8]

S(bL, bR, p⊥L , p⊥R) =
∑

∫

X,reg

δ(bL − bXL) δ(bR − bXR) (5)

×δd−2(p⊥L − p⊥XL
) δd−2(p⊥R − p⊥XR

)
∣

∣〈X |S†
n(0)Sn̄(0)|0〉

∣

∣

2
,

where the quantities

bXL/R
=

1

2

∑

i∈XL/R

|p⊥i | (6)

sum the transverse momenta of the particles in the left
and right hemispheres with respect to the thrust axis.
The subscript “reg” on the sum over intermediate states
indicates that we have regularized this sum according to
(3). The soft emissions are described by two Wilson lines
along the directions of the two jets. The soft function
involves four δ-functions. The first two set the values of
the broadenings bL and bR, and the latter two ensure that
the transverse momentum of the soft radiation balances
the one of the collinear radiation in each hemisphere.

We now expand the soft function around the limit of
large bL ∼ bR ∼ |p⊥L | ∼ |p⊥R| & ΛQCD. Up to first order

in the expansion, we obtain

S(bL, bR, p⊥L , p⊥R) = δd−2(p⊥L ) δd−2(p⊥R) (7)

×
[

δ(bL)δ(bR) −ML δ′(bL)δ(bR) −MR δ(bL)δ′(bR)
]

with

ML/R =
∑

∫

X,reg

bXL/R

∣

∣〈X |S†
n(0)Sn̄(0)|0〉

∣

∣

2
. (8)

The matrix element multiplying the first term is trivial,
since one sums over the final states without a constraint
and the Wilson lines cancel by unitarity (after the an-
alytic regulator is sent to zero). Note also, that the
power corrections from the expansion in the transverse
momenta p⊥L,R must be second order because of rotation
invariance in the transverse plane.

To analyze the matrix elements ML/R, we follow Lee
and Sterman [3] and rewrite them in terms of the trans-
verse energy-flow operator,

ML/R =
1

2

∫

dη θ(±η) (9)

∑

∫

X,reg

〈0|S†
n̄(0)Sn(0)ET (η) |X〉〈X |S†

n(0)Sn̄(0)|0〉 ,

where we used the convention that left-moving particles
with k− = k · n̄ > k+ have positive rapidity η. The
energy-flow operator ET (η) is defined by its action on
states X ,

ET (η) |X〉 =
∑

i∈X

∣

∣p⊥i
∣

∣ δ(η − ηi) |X〉 . (10)

We next perform a Lorentz boost along the thrust axis
with rapidity η′. The Wilson lines are boost-invariant,
but the presence of the analytic regulator in (3) spoils
the invariance of the phase-space integrals. As a conse-
quence, the sum over states picks up m factors e−αη′/m,
while the energy-flow operator transforms to ET (η + η′).
By choosing η′ = −η, the matrix element becomes inde-
pendent of η and the rapidity integration can be explic-
itly carried out. Expanding in the analytic regulator and
performing the sum over final states, we end up with

ML = −MR = −
A
2α

+ O(α0) , (11)

where

A = 〈0|S†
n̄(0)Sn(0)ET (0)S†

n(0)Sn̄(0)|0〉 (12)

is the same matrix element that drives the non-perturba-
tive shift of the thrust distribution, see (1). This is pre-
cisely the result which Lee and Sterman obtained when
studying the angularities, but in our case α is a regulator,
which is present in both the soft and the jet functions.

but product well-defined 

in limit α → 0

anomaly exponent
pure power

remainder Q-indep

J and S need 

additional regulator α 

TB, Neubert,  Eur.Phys.J.C 71 (2011)



Resummations up to N4LL  (3-loop matching, 4-loop anomalous 
dimensions!), but only for very inclusive observables (``global event shapes’’)

25

CuTe TB and Neubert, Wilhelm 
JHEP 02 (2012) 124

Event based resummation TB, Hager 2019

CuTe-MCFM TB and Neumann ’20

N4LLp + NNLO Neumann, Campbell ’22 


see also: Chen et. al., 2203.01565 
Radish+NNLOJet

Z-boson pT

30

Comparison to pT-resummation

● Rapidity-integrated cross sections in the low pT region

● Excellent agreement between data and all predictions

● The result of an impressive progress in the understanding of the boson 
pT modelling from the experimental and theoretical points of view

● Crucial input for mW
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Comparison to pT-resummation

● Rapidity-integrated cross sections in the low pT region

● Excellent agreement between data and all predictions

● The result of an impressive progress in the understanding of the boson 
pT modelling from the experimental and theoretical points of view

● Crucial input for mW

Comparison plot from ALTAS LHC Seminar 
by S. Camarda, April 18, 2023
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Traditional resummation methods (such as SCET) restricted to global 
observables which do not involve angular cuts on hadronic radiation.

Non-global observables such as 


• jet cross sections or isolation-cone cross sections (relevant for γ 
production)


involve very intricate structure of soft radiation

• secondary emissions: non-global logarithms (NGLs) Dasgupta, 

Salam ’02

• hadronic collisions: complex phases & breakdown of color 

coherence: super-leading logarithms SLL Forshaw, Kyrieleis, 
Seymour ’06
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Simplest example of non-global observable: gap between 
jets aka interjet energy flow aka rapidity slice


 


  


→ large logarithms            with


Will discuss case of large cone radius R ~ 1. 
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Qjet

gap
R ~ 1 

Q0
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Global Logarithms

• In (massive) QED, logarithmic terms would 
exponentiate: full result is exponential of one loop!


• For global observables in QCD, non-abelian higher-
order corrections (“non-abelian exponentiation”)
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• Soft gluons from secondary emissions inside the jets


• Not captured by standard resummation methods. Even leading NGLs  (αs L)n  

do not simply exponentiate!


• At large Nc leading NGLs can be obtained with parton shower Dasgupta,  
Salam ‘02 or by solving a non-linear integral equation Banfi, Marchesini, Smye 
’02, the BMS equation
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Non-global logarithms (NGLs)
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Hard function
m hard partons along 


fixed directions {n1, …, nm} 

Factorization for gap between jets in e+e− 

integration over directions color trace

TB, Neubert, Rothen, Shao Phys.Rev.Lett. 116 (2016) 19, 192001, see also Caron-Huot ‘15

Figure 1. Pictorial representations of factorization formulas (1.1) and (1.4) for interjet energy flow
(left) and jet mass (right). The black lines represent hard radiation with typical scale Q which is
constrained to be inside the cones, and the red lines depict soft radiation with a low energy scale
Q0 which is allowed to populate the full phase space. In the right figure, the blue lines in the left
hemisphere represent collinear radiation which is described by the inclusive jet function in (1.4).

Our main goal in the present work is to develop the Monte Carlo methods to include

these corrections as a step towards full higher-logarithmic resummation, but it is also

interesting to study their numerical size, since they have never been computed for non-

global observables and often dominate numerically in the global case. It is customary to

add a prime to the logarithmic accuracy to indicate the presence of higher-order matching

corrections. In this notation our next-to-leading-logarithmic results for the jet mass have

NLL0 accuracy.

In Refs. [2, 10] we have derived a factorization formula for interjet energy flow and light-

jet mass. The key element is the presence of multi-Wilson-line operators which generate

the intricate pattern of Non-Global Logarithms (NGLs). Explicitly, the result for interjet

energy flow at a lepton collider has the form

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (1.1)

where Q is the center-of-mass energy, and Q0 = �Q is the veto energy outside the jet cone

area. For simplicity, we choose the jet axis along the thrust axis. The above factorization

formula neglects power corrections from O(�) terms. The hard functions Hm describe

hard radiation inside the jet cone, and their characteristic scale is Q since radiation inside

the cones is unrestricted. The index m represents the number of hard partons inside the

jet, which propagate along the directions {n} = {n1, n2, . . . , nm}. Each of these sources

soft radiation, which we describe by a Wilson line along the direction of the hard parton.

The matrix elements of these Wilson lines define the soft functions Sm({n}, Q0, µ). To

obtain the cross section, one integrates over the directions {n} which is indicated by the

symbol ⌦. The hard and soft functions are matrices in the color space of the m partons

and one takes the color trace h. . . i after multiplying them. The operator definition for

these functions and further explanations can be found in [2].

– 2 –

σ =
∑
a,b

∫ 1

0
dx1dx2 σ̂ab(Q, x1, x2, µf ) fa(x1, µf) fb(x2, µf ) +O(ΛQCD/Q) (1)

σ =
∑
a,b

∫ 1

0
dx1dx2 Cab(Q, x1, x2, µ)〈P (p1)|Oa(x1)|P (p1)〉 〈P (p2)|Ob(x2)|P (p2)〉+O(ΛQCD/Q)

(2)

〈qa′(x′p)|Oa(x)|qa′(x′ p)〉 = δaa′ δ(x′ − x)

Cab(Q, x1, x2) = σ̂ab(Q, x1, x2)

Vm =2
∑
(ij)

∫
dΩ(nk)

4π
(Ti,L · Tj,L + Ti,R · Tj,R)W

k
ij

− 2 iπ
∑
(ij)

(Ti,L · Tj,L − Ti,R · Tj,R)Πij (3)

Rm =− 4
∑
(ij)

Ti,L · Tj,R Wm+1
ij Θin(nm+1)

Hm ∝ |Mm〉〈Mm| (4)
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Soft function 
squared amplitude 

with m Wilson lines



Soft emissions are obtained from the matrix elements 
of the Wilson-line operators


 


To get the amplitudes with additional soft partons, one 
takes the matrix element of the multi-Wilson-line 
operators:

Figure 1. Definition of the parameters � and � of the dijet cross section. We use the thrust axis
~n, as the jet axis.

definiton is identical to the one in the seminal paper of Sterman and Weinberg [36]. Using

the thrust vector as the jet axis leads to a simpler form of the phase-space constraints and

will enable us to use existing two-loop results for the cone-jet soft function obtained in

[27, 28].

If we consider wide-angle jets with � ⇠ 1, the e↵ective theory contains only two mo-

mentum regions

hard: ph ⇠ Q (1, 1, 1) , (2.3)

soft: ps ⇠ Q� (1, 1, 1) .

The hard mode describes the energetic particles inside the jet. Given their momentum

scaling, these particles can never be outside the jet, in contrast to the soft partons which

can be emitted inside or outside the jet. Since there are no collinear singularities for large

cone size, the cross section is single-logarithmic, i.e. the leading logarithms have the form

↵
n
s ln�.

The factorization of an amplitude with m hard partons and an arbitrary number of

soft partons is of course well known. Each of the hard partons get dressed with a Wilson

line along its direction. In analogy to factorization for amplitudes with coft particles [32],

we have

S1(n1)S2(n2) . . . Sm(nm)|Mm({p})i , (2.4)

where n
µ

i
= p

µ

i
/Ei and {p} = {p1, p2, . . . , pm}, but while the coft case involved quark

splitting amplitudes, we are now dealing with ordinary amplitudes |Mm({p})i. One way

to obtain this formula is to write down the SCET operator for processes with m jets,

which involves m di↵erent collinear fields, perform the decoupling transformation and then

take the matrix element with exactly one collinear particle in each sector, which gives the

amplitude |Mm({p})i. (On the amplitude level, there is no di↵erence between collinear

and hard on-shell particles. The di↵erence in scaling only matters in the expansion of the

phase-space constraints.) To get the amplitude with an arbitrary number of soft particles

in the final state, one takes the relevant matrix element of the Wilson-line operator (2.4).

Doing so, the cross section takes the form
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To get the amplitude for the emission of l soft partons in the final state with momenta

k1, . . . , kl, one computes the matrix element

〈k1, . . . , kl|S1(n1)S2(n2) . . . Sm(nm) |0〉 (2.11)

of the Wilson-line operator. To obtain the contribution of an arbitrary number of soft par-

tons to the jet cross section, one first defines the squared matrix element for the emissions

from m partons as

Sm({n}, Qβ, δ) =
∫

Xs

∑
〈0|S†

1(n1) . . . S
†
m(nm) |Xs〉〈Xs|S1(n1) . . . Sm(nm) |0〉 θ(Qβ−2E out) .

(2.12)

This is the same as the coft function which arises for narrow-angle jets [38], up to the

fact that the constraint now acts on the out-of-cone energy E out of the soft radiation, as

opposed to n̄ · p out, the large component of the total momentum of the coft fields. Since

the soft function depends on the outside energy, it depends on the cone size δ. In terms of

the matrix element (2.12), the jet cross section takes the form

σ(β, δ) =
1

2Q2

∞∑

m=2

m∏

i=1

∫
dd−1pi

(2π)d−12Ei
〈Mm({p})|Sm({n}) |Mm({p})〉

× (2π)d δ(Q −Etot) δ
(d−1)(&ptot)Θ

nn̄
in

({
p
})

, (2.13)

up to terms suppressed by powers of β. The integration is over the m-dimensional phase-

space of the hard partons, which are all constrained to lie inside the two jet cones. The

function Θnn̄
in

({
p
})

ensures that the hard partons are either inside the right jet along the

direction n or the left jet along n̄. In the narrow-cone case, we will encounter constraints

which involve only one of the jets. Note that, due to the multipole expansion, the contri-

bution of soft particles must be neglected in the momentum-conservation δ-functions.

In order to write the cross section in a more transparent way, we now define hard

functions which are obtained by integrating over the energies of the hard particles subject

to the constraint that their sum is equal to the center-of-mass energy Q, while keeping

their directions nµ
i fixed,

Hm({n}, Q, δ) =
1

2Q2

∑

spins

m∏

i=1

∫
dEi E

d−3
i

(2π)d−2
|Mm({p})〉〈Mm({p})|

× (2π)d δ
(
Q−

m∑

i=1

Ei

)
δ(d−1)(&ptot)Θ

nn̄
in

({
p
})

. (2.14)

These hard functions are distribution-valued in the angles of the particles, since they

contain additional divergences which arise when particles become collinear. These real-

emission divergences get cancelled by the divergences associated with the virtual correc-

tions to amplitudes with fewer legs. In contrast, the soft function (2.12) is regular in the

angles. The function H2({n}, Q) = σ0 H(Q2)1, where H(Q2) = |CV (−Q2 − iε)|2 is the
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Wilson lines: 

Γ
(1) =

















V4 R4 0 0 · · ·
0 V5 R5 0 · · ·
0 0 V6 R6 · · ·
0 0 0 V7 · · ·
...

...
...

...
. . .

















+ . . . . (19)

Crn = −64π (4Nc)
n−r fabc

∑

j>2

〈

H4 (Γ
c)r V G

T
a
1 T

b
2 T

c
j

〉

Ji (20)

Θveto(nk) = 1−Θhard(nk)

0 ≤ r ≤ n

Crn = 28−rπ2 (4Nc)
n

{

∑

j>2

Jj
〈

H4

[

(T2 − T1) · Tj + 2r−1Nc (σ1 − σ2) dabc T
a
1 T

b
2 T

c
j

]〉

(21)

+ 2 (1− δr0)J2
〈

H4

[

CF + (2r − 1)T1 · T2

]〉

}

.

Hm

C(O)
rn = σ̂B 28−rπ2 (4Nc)

n

[

CFJ43 +
J2
Nc

(

N2
c − 2r+1 + 1

)

(1− δr0)

]

(22)

C(S)
rn = σ̂B 28−rπ2 (4Nc)

n CF

[

− J43 + 2J2(1− δr0)
]

(23)

Q0 =







2Etot for e+e−

2ET
tot for pp

(24)

M (25)

M† (26)

|Mm+1({p, q})〉 = ε∗µJµ,a(q)|Mm({p})〉 = gs

m
∑

i=1

T
a
i

ε∗ · ni

ni · q
|Mm({p})〉 , (27)

Mm+1 Mm M†
m (28)

Si(x) = exp

[

ie

∫ ∞

0
ds ni ·Aa(x+ sni)T

a
i

]

. (29)

Si(ni) = exp

[

igs

∫ ∞

0
ds ni · Aa(sni)T

a
i

]

. (30)

(For outgoing particle! Incoming has integration from -∞ to 0)



Wilson coefficients fulfill RG equations


  

1. Compute Hm at a characteristic high scale µh ~ Q 


2. Evolve Hm to the scale of low energy physics µs ~ Q0 


3. Evaluate Sm at low scale µs ~ Q0


Avoids large logarithms αsn lnn(Q/Q0) of scale ratios which spoil 
convergence of perturbation theory.

Resummation by RG evolution

RG
 evolution

d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

2

Q

Q0

treatment which is based on RG evolution in Soft-Collinear E↵ective Theory (SCET) [4–6]

(see [7] for a review). Our starting point is the factorization theorem which separates the

hard radiation inside the jets (or outside the isolation cone) from the soft radiation. The

soft radiation is driven by Wilson lines along the directions of the hard partons in the

process. Since there are contributions involving any number of hard partons, we end up

with operators with an arbitrary number of Wilson lines and these operators mix under

renormalization. The corresponding RG equation is complicated, but we will show that it

takes the form of a recursive equation which can be solved using a parton shower Monte-

Carlo (MC) program, which at leading-log accuracy and large-Nc is equivalent to the one

used by Dasgupta and Salam. An advantage of our treatment is that the RG equation is

not limited to leading logarithmic accuracy and we briefly discuss which ingredients and

modifications will be necessary to reach higher precision. There has been a lot of recent

work [8–11] on the general structure of parton showers and how to increase their accuracy.

The problem at hand provides an explicit example of a shower equation derived from first

principles for which it is clear what ingredients are needed to resum sub-leading logarithms.

The leading logarithms can be obtained by starting from the tree-level amplitudes and

running the parton shower to generate the logarithmically enhanced terms. Using a tree-

level event generator, this resummation can be automated. We have written a dedicated

parton shower code to perform the resummation and use the MadGraph5_aMC@NLO

framework [12] to generate the necessary tree-level amplitudes. We then study exclusive

jet and isolation-cone cross sections. In particular, we give numerical results for dijet

production with a gap between jets and compare to ATLAS measurements and theoretical

predictions [13] based on the BMS equation [14]. We also study isolated photon production

and compute the logarithms of ✏� , the energy fraction inside the isolation cone.

The remainder of this paper is organized as follows. In Section 2 we review the factor-

ization theorem for jet cross sections with gaps or isolation cones. In Section 3 we will show

that RG evolution of the associated Wilson coe�cients is equivalent to a parton shower,

and we give the necessary ingredients for LL resummation. In Section 4 we will apply

the shower code to obtain some phenomenological predictions, namely gap fraction of dijet

production and isolation cone cross section. We summarize our results and provide some

further discussions in Section 5.

2 Factorization for jet cross sections with gaps or isolation cones

The factorization formula for lepton-collider processes with k jets which takes the form

[1, 2]

d�(Q,Q0) =
1X

m=k

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
. (2.1)

Here Q denotes the large energy inside the jets, while Q0 denotes the small energy outside

the jets in an angular region ⌦out. The factorization theorem is the leading term in an

expansion of the cross section in � = Q0/Q. Both the soft and hard functions depend on

the directions {n} = {n1, . . . , nm} and colors of the hard partons. The symbol ⌦ indicates
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takes the form of a recursive equation which can be solved using a parton shower Monte-

Carlo (MC) program, which at leading-log accuracy and large-Nc is equivalent to the one

used by Dasgupta and Salam. An advantage of our treatment is that the RG equation is

not limited to leading logarithmic accuracy and we briefly discuss which ingredients and

modifications will be necessary to reach higher precision. There has been a lot of recent
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level event generator, this resummation can be automated. We have written a dedicated

parton shower code to perform the resummation and use the MadGraph5_aMC@NLO

framework [12] to generate the necessary tree-level amplitudes. We then study exclusive

jet and isolation-cone cross sections. In particular, we give numerical results for dijet

production with a gap between jets and compare to ATLAS measurements and theoretical

predictions [13] based on the BMS equation [14]. We also study isolated photon production

and compute the logarithms of ✏� , the energy fraction inside the isolation cone.

The remainder of this paper is organized as follows. In Section 2 we review the factor-

ization theorem for jet cross sections with gaps or isolation cones. In Section 3 we will show

that RG evolution of the associated Wilson coe�cients is equivalent to a parton shower,

and we give the necessary ingredients for LL resummation. In Section 4 we will apply

the shower code to obtain some phenomenological predictions, namely gap fraction of dijet

production and isolation cone cross section. We summarize our results and provide some

further discussions in Section 5.

2 Factorization for jet cross sections with gaps or isolation cones

The factorization formula for lepton-collider processes with k jets which takes the form

[1, 2]

d�(Q,Q0) =
1X

m=k

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
. (2.1)

Here Q denotes the large energy inside the jets, while Q0 denotes the small energy outside

the jets in an angular region ⌦out. The factorization theorem is the leading term in an

expansion of the cross section in � = Q0/Q. Both the soft and hard functions depend on

the directions {n} = {n1, . . . , nm} and colors of the hard partons. The symbol ⌦ indicates
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RG = Parton Shower
• Ingredients for LL


• RG


• equivalent to parton shower equation
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divergence from the lower end of the energy integration, the total result for the divergent

part becomes

αs

4π
z
(1)
m,m({n}, Q, δ, ε, µ) +

αs

4π

∫
dΩ(nm+1)

4π
z
(1)
m,m+1({n, nm+1}, Q, δ, ε, µ)

= − αs

2πε

∑

(ij)

Ti · Tj

∫
dΩ(nk)

4π
W k

ij Θ
nn̄
out(nk) . (5.8)

Since the color factors are contracted with the trivial tree-level soft function, we do not need

to distinguish the left and right color generators. Note that inside the cone the real and

virtual corrections have cancelled, so that the net result only gets contributions from out-

of-cone radiation and precisely cancels against the divergence of the soft function. We see

that the renormalization indeed works at the one-loop level. We have repeated the same

exercise also for the narrow-jet case, see Appendix C. In this case, we can give explicit

expressions for the angular integrals. Again, we find that the divergences cancel as they

should.

5.2 Renormalization-group evolution at leading logarithmic level

We now discuss the anomalous-dimension matrix ΓH defined in (2.40), which governs the

RG evolution of the hard (2.38) and soft functions (2.39), and verify the agreement between

the perturbative expansion of the BMS equation and our RG-based resummation method.

In order to resum the leading logarithmic terms, the anomalous-dimension matrix is needed

up to O(αs). It can be expressed as

ΓH ({n}, Q, δ, µ) =
αs

4π
Γ(1) ({n}, Q, δ, µ) +O(α2

s) , (5.9)

where

Γ(1) =






V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .
...

...
...

...
. . .






. (5.10)

It follows from the discussion in the previous section that, in the soft approximation, the

corresponding matrix elements are given by

Vm = Γ(1)
m,m = −2

∑

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

∫
dΩ(nk)

4π
W k

ij

[
Θnn̄

in (k) +Θnn̄
out(k)

]
,

Rm = Γ
(1)
m,m+1 = 4

∑

(ij)

Ti,L · Tj,RWm+1
ij Θnn̄

in (nm+1) . (5.11)

The anomalous dimensions Vm and Rm depend on the directions {n} = {n1, . . . , nm} and

colors of the hard partons, and the indices i, j in the sum run from 1 to m. The quantities

Rm also depend on the additional direction nm+1 of the real emission. The integration over

this direction is performed after the multiplication with the soft function. At first sight,
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d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

Hm(t) = Hm(t1)e
(t�t1)Vn +

Z
t

t1

dt
0
Hm�1(t

0)Rm�1e
(t�t

0)Vn (17)

2

d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

H2(µ = Q) = �0 (17)

Hm(µ = Q) = 0 for m > 2 (18)

Sm(µ = �Q) = 1 (19)

Hm(t) = Hm(t1)e
(t�t1)Vn +

Z
t

t1

dt
0
Hm�1(t

0)Rm�1e
(t�t

0)Vn (20)

2

d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

H2(µ = Q) = �0 (17)

Hm(µ = Q) = 0 for m > 2 (18)

Sm(µ = �Q) = 1 (19)

d

dt
Hm(t) = Hm(t)Vm +Hm�1(t)Rm�1 . (20)

Hm(t) = Hm(t1)e
(t�t1)Vn +

Z
t

t1

dt
0
Hm�1(t

0)Rm�1e
(t�t

0)Vn (21)

2

Ti · Tj ! �Nc

2
�j,i±1 . (26)

S0(n̄)S1(n1) . . . Sm(nm) |Mm({p})i , (27)

S0(n̄)S1(n) . . . Sm+1(nm+1) , (28)

hard: ph ⇠ !R (1, 1, 1)

soft: ps ⇠ !R (,,)

left-collinear: pc ⇠ !R (1,,
p
)

(29)

|MS

m
({p})i = h{p}|S(n)S†(n̄)|0i . = h (30)

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i = hH(0)
2 +

Z
d⌦1

4⇡
(31)

S
(0)
m

= 1 (32)

�LL(Q,Q0) =
1X

m=2

hH(0)
2 ⌦ U2m ⌦̂S

(0)
m

i (33)

=
⌦
H

(0)
2 (t) +

Z
d⌦3

4⇡
H

LL
3 +

Z
d⌦3

4⇡

Z
d⌦4

4⇡
H

LL
4 + . . .

↵
, (34)

t ⌘ t(µh, µs) =

Z
↵s(µh)

↵s(µs)

d↵

�(↵)

↵

4⇡
(35)

�(Q,Q0) =
1X

m=2

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
, (36)

�(Q,Q0) = H2(Q,µ)S2(Q0, µ)Snon�global(Q/Q0, µ) (37)

d

d lnµ
S2(Q0, µ) = �s S2(Q0, µ) (38)

shower evolution time

Q0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Progress on NGLs
• PanScales, a general-purpose shower, which correctly resums leading 

large-Nc NGLs (and global logs!) Dasgupta, Dreyer, Hamilton, Monni, 
Salam and Soyez ‘20, + … ,’21 Alaric Herren, Höche, Krauss, Reichelt, 
Schoenherr ‘22


• Finite-Nc results for leading NGLs in e+e− Hatta, Ueda ’13 + Hagiwara ‘15 
based on Weigert ’03;  De Angelis, Forshaw and Plätzer ’20


• First NLL numerical results in the large-Nc limit


• Extension of BMS framework to NLL (2104.06416) and numerical 
implementation in MC code Gnole (2111.02413)  Banfi, Dreyer, Monni


• Two-loop anomalous dimension in factorization framework TB, Rauh, Xu, 
2112.02108; implementation into shower code TB, Schalch, Xu, in 
preparation
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Next-to-leading non-global logarithms
Ingredients:


• Nc = 3 leading logs obtained from 
Hatta, Ueda ’13. 


• Two-loop anomalous dimension 
Γ(2) TB, Rauh, Xu, ‘21


• Implementation of Γ(2) in parton 
shower framework TB, Schalch, 
Xu, in preparation
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Corrections scale as           or                  terms. 

First NGL resummation at this accuracy level!  
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Super-Leading Logs (SLLs)
Analyze gap between jets at hadron collider, cone 
around beam direction


 


Large logarithms           with


• e+e− :  m ≤ n, leading logs m = n


• p p : 

37

Forshaw, Kyrieleis, Seymour ’06 ’08
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missing in large-Nc parton showers! 

(Deductor? Soper and Nagy … ’19)



Non-cancellation of collinear logs

Blue: collinear emission.  Red: Glauber/Coulomb phase


Note: Glauber phases cancel in e+e− and in large-Nc limit
38
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cancellationnon-cancellation

Double logarithms due to soft+collinear configurations.
Forshaw, Kyrieleis, Seymour ’06 ’08; Catani, de Florian, Rodrigo ’11, …



Earlier results on SLLs
Since effect first arises at              , only few results


• Discovery of effect, computation of first SLL in gaps 
between jets for qq →qq Forshaw, Kyrieleis, Seymour 
‘06


• Colour space calculation of leading SLL Forshaw, 
Kyrieleis, Seymour ’08


• Note that SLLs vanish in the large-Nc limit.


• Diagrammatic calculation, first two orders, different 
channels qq, qg, gg Keates and Seymour ‘09
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O(↵4
s)

We have repeated the same calculation also for the case qq → qq when the exchanged

particle is a color singlet. In this case the color structure of the tree level is trivial and

reads

H
S
4 = δα3α1

δα4α2
δβ1β3

δβ2β4
σ0 (4.11)

The associated matrix element reads
〈

H
S
4

(

ΓL
)n−m

ΓI
(

ΓL
)m

ΓIΓ
〉

= −σ0 π
2 CFN

n
c 2m+n+8 [J1 − 2 (1 − δn,m)J2] (4.12)

The singlet and octet operators form a basis of color structures for four-quark processes,

so any such process can be obtained as a linear combination of the two matrix elements

(4.10) and (4.12).

[Should we also do the other partonic channels?]

4.1 Comparison with the literature

Previous work on superleading logarithms has analyzed two jet production with a rapidity

gap ∆Y [2, 3, 6]. More precisely, one considers two cones around the beam directions and

imposes that the two hard final-state jets are inside these cones. One then measures the

energy flow into the rapidity gap ∆Y between the two cones. This “gap between jets”

setup was proposed to study the interplay of color coherence and hadronisation and as a

window into Regge dynamics and, potentially, new physics [7, 8]. Subsequently such cross

sections were studied both experimentally [9–13] and theoretically, see e.g. [14, 15]. In the

earlier works on soft radiation, it was assusmed that real and virtual effects completely

cancel inside the cones. The main discovery of [2] was that this cancellation is spoiled by

the presence of the imaginary parts in the virtual part of the amplitudes.

In this setup we can easily evaluate the two integrals which arise and we find that both

of them are simply proportional to the rapidity gap

J1 = 2∆Y sign(ηJ ) J2 = ∆Y (4.13)

This is trivial for J2, but it is interesting that, up to an overall sign, the dependence on the

scattering angle of the final-state jets cancels in the particular linear combination relevant

for J2 after integrating over the azimuthal angle. Previous computations of superleading

logarithms have only considered the ηJ > 0 case and we also adopt this choice to compare.

We can now compute the total contribution at each order as

S(n+3) =
n
∑

m=0

S(n+3)
m (4.14)

and compare to the results in [2, 3, 6]. For the first few orders for color-octet exchange we

get

S(3)
O =

(αs

4π

)3
L3
Q∆Y π2 32

3
(−CF )σ0 ,

S(4)
O =

(αs

4π

)4
L5
Q∆Y π2 8

15

(

3N2
c − 4

)

σ0 ,

S(5)
O =

(αs

4π

)5
L7
Q∆Y π2 4

315
Nc

(

−27N2
c + 44

)

σ0 ,

(4.15)

– 8 –

Glauber (iπ)2 



Factorization for hadronic collisions
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Mm M†
m

Φ1

Φ2

Φ̄1

Φ̄2

i

j

Mm Sp

i

j

Mm+1

6

7. All-order summation for gluon channels?

8. Discussion of color traces, especially for 2 to 2 scattering. Interference!

9. Discussion of Glauber expansion and comment on higher-order ⇡
2 terms (Matthias)

10. Intro: Explain (with the example of qq ! qq scattering) that the double-logarithmic

terms really start at 3-loop (not 4-loop) order, and that afgter resummation they

could be as large as a 1-loop e↵ect (Matthias)

11. Explain why SLLs only arise at hadron colliders

And here is a list of points we should mention, but will need more work in the future

1. Complete NLL

• all pieces of the one-loop anomalous dim. (to arbitrary power!)

• two-loop cusp [Done!]

• rapidity logs

2. Systematics . . . expansion in the exponent?

3. Glauber Lagrangian for our problem? Factor of 2. . . Where do the phases show up

in the low-energy theory?

4. Rapidity logs?

5. Full LL gap between jets phenomenology.

2 Factorization of jet cross sections at hadron colliders

The following factorization formula holds for the gaps between jets cross section at hadron

colliders [8]:

�2!M (Q0) =

Z
dx1

Z
dx2

1X

m=2+M

⌦
Hm({n}, x1, x2, s, µ) ⌦ Wm({n}, Q0, x1, x2, µ)

↵
.

(2.1)

[Moved x1 and x2 integrals back here. Added xi arguments to hard function] The hard

functions Hm describe all possible m-parton processes a1 + a2 ! a3 + · · · + am. To keep

the notation compact, we do not indicate the di↵erent partonic configurations, but it is

understood one must sum not only over di↵erent values of m, but over all possible channels.

The brackets h. . . i denote the sum over final-state colors and average over the inital-state

colors. The symbol ⌦ indicates the integral over the directions {n} = {n1, . . . , nm} of the

hard partons and the momentum fraction of the partons entering the hard scattering, see

below.

– 2 –

Hard functions
m hard partons along 


fixed directions {n1, …, nm} 

σ =
∑
a,b

∫ 1

0
dx1dx2 σ̂ab(Q, x1, x2, µf ) fa(x1, µf) fb(x2, µf ) +O(ΛQCD/Q) (1)

σ =
∑
a,b

∫ 1

0
dx1dx2 Cab(Q, x1, x2, µ)〈P (p1)|Oa(x1)|P (p1)〉 〈P (p2)|Ob(x2)|P (p2)〉+O(ΛQCD/Q)

(2)

〈qa′(x′p)|Oa(x)|qa′(x′ p)〉 = δaa′ δ(x′ − x)

Cab(Q, x1, x2) = σ̂ab(Q, x1, x2)

Vm =2
∑
(ij)

∫
dΩ(nk)

4π
(Ti,L · Tj,L + Ti,R · Tj,R)W

k
ij

− 2 iπ
∑
(ij)

(Ti,L · Tj,L − Ti,R · Tj,R)Πij (3)

Rm =− 4
∑
(ij)

Ti,L · Tj,R Wm+1
ij Θin(nm+1)

Hm ∝ |Mm〉〈Mm| (4)

Soft + collinear function 
squared amplitude 

for m Wilson lines

+collinear fields

integration over directions 

Wilson lines

gap

TB, Neubert, Shao Phys.Rev.Lett. 127 (2021) 21, 212002 + Stillger, in preparation



• Effective theory


• Additional regulator


• Low energy matrix elements        will 
suffer from rapidity logarithms


• RG evolution


• mixes multiplicities + colors!

[12–14]. In the absence of these interactions, the collinear low-energy matrix elements are

the usual collinear parton distribution functions (PDFs)
Z 1

�1

dt

2⇡
e
�ixitin̄i·pi hHi(pi)| �̄

↵̄

i (tn̄i) P
i

↵̄↵ �↵

i (0) |Hi(pi)i = fai(xi, µ) . (2.10)

An important ingredient for the resummation of large logarithms is the renormalization

group (RG) equation for the hard function [Mellin convolution! Which symbol? ⇤, ?, ⌦]

d

d ln µ
Hm({n}, s, µ) = �

mX

l=2+M

Hl({n}, s, µ) ? �
H

lm
({n}, s, µ) , (2.11)

Both the hard function and the anomalous dimension depend on the two momentum frac-

tions of the initial-state partons, which are combined with the standard Mellin convolutions

(f ? g)(z) =

Z
dx

Z
dy �(z � xy) f(y) g(x) . (2.12)

We have one such convolution for each initial state parton momentum fraction. These

Mellin convolutions arise in the usual Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)

evolution equations and we will find that in the absence of Glauber phases the collinear

part of the anomalous dimension indeed produces the standard DGLAP evolution. Most

of the discussion in this paper will concern the soft part of the anomalous dimension,

which has trivial dependence on the momentum fractions. The soft emissions take away

an insignificant momentum fraction so that the soft part of the anomalous dimension will

be proportional to �(1 � y1)�(1 � y2) which renders the Mellin convolutions trivial. For

the discussion of soft e↵ects, we will later omit the convolutions symbols when writing

products of anomalous dimensions.

The anomalous dimension matrix �
H

lm
mixes hard function of di↵erent multiplicities.

At one-loop order this matrix has the form

�
H ({n}, x1, x2, s, µ) =

↵s

4⇡

0

BBBBBB@

Vk Rk 0 0 . . .

0 Vk+1 Rk+1 0 . . .

0 0 Vk+2 Rk+2 . . .

0 0 0 Vk+3 . . .

...
...

...
...

. . .

1

CCCCCCA
. + O(↵2

s) , (2.13)

where k = 2 + M is the minimal number of partons for a M -jet process at a hadron

collider. The virtual matrix elements Vm leave the number of partons unchanged, while

the real-emission operators Rm map a hard function with m partons onto one with (m+1)

partons.

By solving the RG equation (2.11) we can evolve the hard function from its natural

scale µ
2
h

⇠ ŝ = x1x2s down to the scale µs ⇠ Q0 of the low-energy dynamics. A formal

solution is given by the path-ordered exponential

U({n}, µs, µh) = P exp

 Z
µh

µs

dµ

µ
�

H(s, {n}, µ)

�
, (2.14)

– 5 –

Remarks
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T a
i,L

T a
i,R

Ti,L ◦ Ti,R

W q
ij → W

q

ij

S
ren(2)
2

〈Hm ⊗ Γ
(1)
ml ⊗̂S

(0)
l 〉 = 〈Hm ⊗

(

Vm 1+Rm⊗̂1
)

〉 = 4
∑

(ij)

∫

[dΩq] W
q
ij θout(nq)〈Hm ⊗ Ti · Tj〉 , (51)

Γ = Γ+ Γ
G + Γ

c ln
µ2

ŝ

σ(Q) =
∑

a1,a2∈q,q̄,g

Ca1a2
(x1, x2, Q, µ) fa1

(x1, µ) fa2
(x2, µ)

∫ ∞

−∞

dt

2π
e−ixtn̄·p 〈P (p)| χ̄q(tn̄)

n̄/

2
χq(0) |P (p)〉 = fq(x1, µ) . (52)

Φi ∈ χq,A⊥

Leff = LSCET = Lc1 + Lc2

Leff = LSCET = Lc1 + Lc2 + Ls + LG

d

d lnµ
Ca1a2

(Q, x1, x2, µ) = −
∑

b1,b2∈q,q̄,g

Cb1b2 % (Γb1a1
+ Γb2a2

)

d

d lnµ
fa(x, µ) =

∑

b∈q,q̄,g

Γab % fb

Glauber

s+c interactions

which is defined by its series expansion

Hk U(µs, µh) (2.15)

= Hk +

Z
µh

µs

dµ

µ
Hk ? �

H(s, µ) +

Z
µh

µs

dµ

µ

Z
µh

µ

dµ
0

µ0 Hk ? �
H(s, µ0) ? �

H(s, µ) + . . . ,

where we suppressed the direction arguments {n} of the anomalous dimension. In the

following we will first give a detailed derivation of �
H at one loop. In contrast to the

e
+
e
� case, the anomalous dimension does not only contain soft contributions, but also

contain collinear and soft+collinear contributions associated with the initial state. The

soft+collinear parts of the anomalous dimension have logarithmic dependence on µ, which

leads to double logarithms upon performing the µ-integrations in (2.15). These are the

super-leading logarithms and following our earlier work [24], we will compute the leading

double-logarithmic terms order-by-order.

It will be very interesting to study the low-energy matrix elements Wm in more detail

in the future. The fact the evolution of the hard function produces double-logarithms,

but the low-energy theory only knows about a single scale Q0 implies that the low energy

matrix elements must su↵er from a collinear anomaly which produces rapidity logarithms

[15]. The presence of rapidity logarithms is characteristic for processes involving Glauber

gluons [11], but since the double logarithmic terms only start at four-loop order, these

rapidity logarithms must have quite an intricate structure. To achieve NLL (single-log)

accuracy one must resum also the rapidity logarithms, but for our discussion of double-

logarithmic e↵ects, they can be neglected. The double logarithms are fully generated by

RG evolution from the scale µh = Q to the scale µs = Q0 and we can then neglect all

interactions at the scale µ = Q0 so that Wm are given by their tree-level result which, due

to the collinear anomaly, holds up to single-logarithmic corrections

Wm({n}, Q0, x1, x2, µs) = fa1(x1, µs) fa2(x2, µs)1 . (2.16)

3 Collinear singularities and anomalous dimension

The gap-between jet observable at e
+
e
� colliders is single logarithmic and instead of the

matrix elements fWm one has matrix elements which only involve soft Wilson lines. The

physics of the non-global logarithms is driven by soft emissions and we have extracted the

one-loop anomalous dimension by considering the soft limit of the hard functions Hm,

which leads to the result [16]

Vm =2
X

(ij)

Z
d⌦(nq)

4⇡
(Ti,L · Tj,L + Ti,R · Tj,R) W

q

ij

� 2 i⇡

X

(ij)

(Ti,L · Tj,L � Ti,R · Tj,R) ⇧ij , (3.1)

Rm = � 4
X

(ij)

Ti,L � Tj,R W
q

ij
⇥hard(nm+1) .
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RG
 evolution

Q

Q0

treatment which is based on RG evolution in Soft-Collinear E↵ective Theory (SCET) [4–6]

(see [7] for a review). Our starting point is the factorization theorem which separates the

hard radiation inside the jets (or outside the isolation cone) from the soft radiation. The

soft radiation is driven by Wilson lines along the directions of the hard partons in the

process. Since there are contributions involving any number of hard partons, we end up

with operators with an arbitrary number of Wilson lines and these operators mix under

renormalization. The corresponding RG equation is complicated, but we will show that it

takes the form of a recursive equation which can be solved using a parton shower Monte-

Carlo (MC) program, which at leading-log accuracy and large-Nc is equivalent to the one

used by Dasgupta and Salam. An advantage of our treatment is that the RG equation is

not limited to leading logarithmic accuracy and we briefly discuss which ingredients and

modifications will be necessary to reach higher precision. There has been a lot of recent

work [8–11] on the general structure of parton showers and how to increase their accuracy.

The problem at hand provides an explicit example of a shower equation derived from first

principles for which it is clear what ingredients are needed to resum sub-leading logarithms.

The leading logarithms can be obtained by starting from the tree-level amplitudes and

running the parton shower to generate the logarithmically enhanced terms. Using a tree-

level event generator, this resummation can be automated. We have written a dedicated

parton shower code to perform the resummation and use the MadGraph5_aMC@NLO

framework [12] to generate the necessary tree-level amplitudes. We then study exclusive

jet and isolation-cone cross sections. In particular, we give numerical results for dijet

production with a gap between jets and compare to ATLAS measurements and theoretical

predictions [13] based on the BMS equation [14]. We also study isolated photon production

and compute the logarithms of ✏� , the energy fraction inside the isolation cone.

The remainder of this paper is organized as follows. In Section 2 we review the factor-

ization theorem for jet cross sections with gaps or isolation cones. In Section 3 we will show

that RG evolution of the associated Wilson coe�cients is equivalent to a parton shower,

and we give the necessary ingredients for LL resummation. In Section 4 we will apply

the shower code to obtain some phenomenological predictions, namely gap fraction of dijet

production and isolation cone cross section. We summarize our results and provide some

further discussions in Section 5.

2 Factorization for jet cross sections with gaps or isolation cones

The factorization formula for lepton-collider processes with k jets which takes the form

[1, 2]

d�(Q,Q0) =
1X

m=k

⌦
Hm({n}, Q, µ)⌦ Sm({n}, Q0, µ)

↵
. (2.1)

Here Q denotes the large energy inside the jets, while Q0 denotes the small energy outside

the jets in an angular region ⌦out. The factorization theorem is the leading term in an

expansion of the cross section in � = Q0/Q. Both the soft and hard functions depend on

the directions {n} = {n1, . . . , nm} and colors of the hard partons. The symbol ⌦ indicates

– 2 –
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X
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⇢h
�(nk � ni) ln
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2Ei
+ �(nk � nj) ln

µ

2Ej

i
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�

Vm =2
X

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)
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� ln

µ
2

2Ei2Ej
+

Z
d⌦(nk)
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W

k
ij

�
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X

(ij)

(T1,L · T2,L � T1,R · T2,R)⇧ij (11)

(12)

X
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Ti,L · Tj,L ln
µ

2Ei
= �

X

i

Ti,L · Ti,L ln
µ

2Ei
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X
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Ci ln
µ

2Ei
(13)

�
X
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Ti,L � Tj,R �(nk � ni) ln
µ

2Ei
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X

i

Ti,L � Ti,R �(nk � ni) ln
µ

2Ei
(14)
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X

i

�c
i ln

µ
2

ŝ

�(Q0) =
X

a1,a2=q,q̄,g

Z
dx1dx2

1X

m=4

⌦
Hm({n}, Q, µ)⌦Wm({n}, Q0, x1, x2, µ)

↵
. (15)

Wm({n}, Q0, x1, x2, µs) = fa1(x1) fa2(x2)1 . (16)
ΛQCD
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k: number of partons at Born-level

cusp: soft+collinearwide-angle soft Glauber
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ŝ

Crn = −64π (4Nc)
n−r fabc

∑

j>2

〈

H4 (Γ
c)r ΓG

T
a
1 T

b
2 T

c
j

〉

Ji (22)

Θveto(nk) = 1−Θhard(nk)

0 ≤ r ≤ n

Crn = 28−rπ2 (4Nc)
n

{

∑

j>2

Jj
〈

H4

[

(T2 − T1) · Tj + 2r−1Nc (σ1 − σ2) dabc T
a
1 T

b
2 T

c
j

]〉

(23)

+ 2 (1− δr0)J2
〈

H4

[

CF + (2r − 1)T1 · T2

]〉

}

.

Hm

C(O)
rn = σ̂B 28−rπ2 (4Nc)

n

[

CFJ43 +
J2
Nc

(

N2
c − 2r+1 + 1

)

(1− δr0)

]

(24)

C(S)
rn = σ̂B 28−rπ2 (4Nc)

n CF

[

− J43 + 2J2(1− δr0)
]

(25)

Q0 =







2Etot for e+e−

2ET
tot for pp

(26)

M (27)

M† (28)

|Mm+1({p, q})〉 = ε∗µJµ,a(q)|Mm({p})〉 = gs

m
∑

i=1

T
a
i

ε∗ · ni

ni · q
|Mm({p})〉 , (29)

Mm+1 Mm M†
m (30)

T a
i,L

T a
i,R

Ti,L ◦ Ti,R

W q
ij → W

q

ij

S
ren(2)
2

〈Hm ⊗ Γ
(1)
ml ⊗̂S

(0)
l 〉 = 〈Hm ⊗

(

Vm 1+Rm⊗̂1
)

〉 = 4
∑

(ij)

∫

[dΩq] W
q
ij θout(nq)〈Hm ⊗ Ti · Tj〉 , (51)

Γ = Γ+ ΓG + Γc ln
µ2

ŝ
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Figure 4: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m+ 1 external legs, while
the virtual correction (red) HmVm has m legs.
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Figure 5: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.
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paper [16]. A nontrivial phase can arise if the initial state carries color, as is the case for

the partonic amplitudes relevant for hadronic collisions.

In e
+
e
� the collinear contributions in the cross section cancel, but the individual hard

functions do su↵er from collinear singularities and as a consequence also the entries Vm

and Rm of the anomalous dimension matrix. In the case of Vm and Rm the collinear

singularities arise when the emitted parton becomes collinear to the directions of one of

the m hard partons. Of course the presence of the collinear singularities also means that

the anomalous dimensions (3) are not well defined as they stand. To make them well

defined, one can introduce an angular cuto↵ into the expressions for Vm and Rm. In [10]

we have instead extracted the collinear singular terms in (3) in dimensional regularization

and have demonstrated that they cancel when the anomalous dimension is applied to the

soft functions. The remaining anomalous dimension can be obtained by replacing the dipole

W
q

ij
with the collinearily subtracted function

W
q

ij = W
q

ij
�

1

ni · nq

�(ni � nq) �
1

nj · nq

�(nj � nq) . (3.8)

where it is understood that the angular delta distribution �(ni � nq) only acts on the test

function, not on the coe�cient multiplying it.

Due to the presence of Glauber phases, the collinear singularities associated with the

initial state will not cancel for hadron collider processes. Furthermore, in addition to

the soft anomalous dimension (3), we will also need a purely collinear anomalous dimen-

sion which corresponds, up to the color structure, to the usual DGLAP evolution of the

PDFs. To extract the collinear pieces of the anomalous dimension, we will now first con-

sider collinear singularities in the virtual corrections and then collinear limits of the hard

function.

3.1 Collinear singularities in virtual corrections

The soft and collinear divergences of massless scattering amplitudes |Mm({p})i are very

well known [17–22] and encoded in an anomalous dimension matrix, which up to two-loop

order takes the form [17]

�({s}, µ) =
X

(ij)

Ti · Tj

2
�cusp(↵s) ln

µ
2

�sij

+
X

i

�
i(↵s)1 . (3.9)

The hard function Hm is given by squared amplitudes with particles along fixed directions

so that the anomalous is relevant. However, according to the definition (3.10) the hard

function is integrated over the energies of the outgoing partons in the presence of the phase

space constraints. Since the collinear part of the anomalous dimension logarithmically

depends on the energies through the cusp logarithms, the result (3.13) does not immediately

translate into a result for the anomalous dimension of the hard function.

We will now prove that the collinear pieces of the anomalous dimension (3.13) asso-

ciated with final state partons cancel against collinear singularities of real-emission cor-

rections present in hard functions with additional collinear legs. This cancellation can be

– 8 –
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extra hard parton!

see Forshaw, Holguin, and Plätzer ‘19



Used color conservation                to simplify Glauber 
terms in 1 + 2 → 3 + … + m

Glauber term   .
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cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
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(Soft+)Collinear Cusp Term   .

• Only present for initial-state partons i=1,2. Final 
state terms cancel!


• Multiplied by          → double logarithms!
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all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m+ 1 external legs, while
the virtual correction (red) HmVm has m legs.

HmRc
1 = ...

...

11

22

M M†

HmV G
=

11 11

22 22

M M† +

11 11

22 22

M M†

Figure 5: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.
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Computation of SLLs

46

Cannot use large Nc: compute order by order


Need products of anomalous dimensions. Each μ integral 
produces single log (    ,       ) or double logs (      ), i.e. SLLs!     


Will set μh=Q and μs=Q0 and ignore running of αs.
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Figure 4: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m + 1 external legs, while
the virtual correction (red) HmVm has m legs.
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Figure 5: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.
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Figure 6: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m + 1 external legs, while
the virtual correction (red) HmVm has m legs.

3

Figure 6. Action of the cusp operator R
c
1 and the virtual piece V

G
on a hard function Hm. The

operator R
c
1 adds an additional final state leg (dashed blue line) along the direction of the incoming

parton 1.

and combine the real and virtual pieces of the soft anomalous dimension into the matrix
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(5.1)

As in (3.11) and (3.15), these are matrices in multiplicity space that multiply the hard

function from the right and the order of the matrices determines the order in which they

act on the hard function. At the same time, they contain color matrices that can act on

the amplitude or the conjugate amplitude in each step, i.e. multiply the color indices of

the hard function on the left or on the right. The vector nk in (5.1) corresponds to the

direction of the emitted gluon. Each emission generates a new vector and in a product of

anomalous dimensions we will label the vectors with an index nki with i = 0, 1, . . . , where

i = 0 is the last emission, i = 1 the second to last, and so on.

Three properties of the di↵erent components of the anomalous dimension (5.1) greatly

simplify our calculations. Color coherence, the fact that the sum of the soft emissions o↵

two collinear partons has the same e↵ect as a single soft emission o↵ the parent parton,

implies that

H�c � = H��c
. (5.2)

[�c
,�] = 0 (5.3)

To derive this relation, we note that the contributions Rm and V m only depend on

the sum of colors if two partons i and j become collinear, e.g.

Ti,L · Tk,RW
q

ik + Tj,L · Tk,RW
q

jk = (Ti,L + Ti,L) · Tk,RW
q

ik , (5.4)
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Figure 1: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m + 1 external legs, while
the virtual correction (red) HmVm has m legs.
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Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.

1

FIG. 1. Action of the real-emission operator Rm and the

virtual piece Vm on a hard function Hm. Due to the emitted

gluon (blue), the product Hm Rm defines a hard function

with (m+ 1) external legs.

where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni · nj

ni · nk nj · nk
� �(nk � ni)

ni · nk
� �(nk � nj)

nj · nk
. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
c
i+V c

i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1

↵
= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(

p
ŝ/µs)

�̂SLL
n =

⇣↵s

4⇡

⌘n+3
L2n+3 (�4)n n!

(2n + 3)!

nX

r=0

(2r)!

4r (r!)2
Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).
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squared amplitude for the exchange is a product of the
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safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(

p
ŝ/µs)

�̂SLL
n =

⇣↵s

4⇡

⌘n+3
L2n+3 (�4)n n!

(2n + 3)!

nX

r=0

(2r)!

4r (r!)2
Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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0  r  n

Γ(1)(ξ1, ξ2) = ΓC
1 (ξ1)δ(1 − ξ2) + δ(1 − ξ1)Γ

C
2 (ξ2) + δ(1 − ξ1) δ(1 − ξ2)Γ

S . (57)
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αs

4π
Γ(1) =
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
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C4,10 =
〈

H4 (Γ
c)4ΓG(Γc)6 ΓG Γ⊗ 1

〉

, (59)

Γ(1)(ξ1, ξ2) = ΓC
1 (ξ1)δ(1 − ξ2) + δ(1 − ξ1)Γ

C
2 (ξ2) + δ(1 − ξ1) δ(1 − ξ2)Γ

S . (57)

ΓH ({n}, x1, x2, s, µ) =
αs

4π
Γ(1) =

αs

4π


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






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





(58)

C4,10 =
〈

H4 (Γ
c)4ΓG(Γc)6 ΓG Γ⊗ 1

〉

, (59)

Cr,n =
〈

H4 (Γ
c)rΓG(Γc)n−r

ΓG Γ⊗ 1
〉

, (60)

Si(ni)Sj(nj) = Si(nP )Sj(nP ) = Si+j(nP ) . (61)

In [?] it was shown that this implies the following relation

Si+j(nP )Sp({pi, pj}) |Mm〉 = Sp({pi, pj})SP (nP ) |Mm〉 . (62)
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M M† +
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j
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Figure 1: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m + 1 external legs, while
the virtual correction (red) HmVm has m legs.

Hm RC
1 = ...

...

11

22

M M†

Hm V I = M M† + M M†

Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.

1

FIG. 1. Action of the real-emission operator Rm and the

virtual piece Vm on a hard function Hm. Due to the emitted

gluon (blue), the product Hm Rm defines a hard function

with (m+ 1) external legs.

where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni · nj

ni · nk nj · nk
� �(nk � ni)

ni · nk
� �(nk � nj)

nj · nk
. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
c
i+V c

i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1

↵
= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(

p
ŝ/µs)

�̂SLL
n =

⇣↵s

4⇡

⌘n+3
L2n+3 (�4)n n!

(2n + 3)!

nX

r=0

(2r)!

4r (r!)2
Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.

Final result in the diagonal basis

Diagonalizing the recursion matrix, we find

Crn = �16 (�cusp
0 ⇡)2 (Nc�

cusp
0 )n

7X

i=1

vr

i

⌦
H2!M Qi

↵
, (6.51)

where

v1 = 0 , v2 =
1

2
, v3 = 1 , v4 =

3Nc � 2

2Nc

, v5 =
3Nc + 2

2Nc

, v6 =
2(Nc � 1)

Nc

, v7 =
2(Nc + 1)

Nc

are the eigenvalues, and the corresponding eigenoperators are given by

Q1 = J12


4Nc

N2
c � 1

C1C2 S6

�
,

Q2 =
M+2X

j=3

Jj


� Nc

N2
c � 1

O
(j)
4

�
+ J12


2Nc

N2
c � 1

(C1 + C2) S5 � 4Nc

N2
c � 1

C1C2 S6

�
,

Q3 =
M+2X

j=3

Jj


� N2

c

2(N2
c � 4)

O
(j)
2

�
+ J12


N2

c

N2
c � 4

S3 � N2
c

3
S5

�

Q4 =
M+2X

j=3

Jj


1

2
O

(j)
1 +

Nc

4(Nc � 2)
O

(j)
2 � 1

2
O

(j)
3 +

1

2(Nc � 1)
O

(j)
4

�

+ J12


1

2
S1 +

Nc

4(Nc � 2)
S2 � Nc

2(Nc � 2)
S3 � 1

2
S4

+

✓
(C1 + C2)

Nc � 2

Nc � 1
+

Nc (Nc � 4)

6

◆
S5 +

2C1C2

Nc � 1
S6

�
, (6.52)

Q5 =
M+2X

j=3

Jj


1

2
O

(j)
1 +

Nc

4(Nc + 2)
O

(j)
2 +

1

2
O

(j)
3 +

1

2(Nc + 1)
O

(j)
4

�

+ J12


1

2
S1 +

Nc

4(Nc + 2)
S2 � Nc

2(Nc + 2)
S3 +

1

2
S4

+

✓
�(C1 + C2)

Nc + 2

Nc + 1
+

Nc (Nc + 4)

6

◆
S5 +

2C1C2

Nc + 1
S6

�
,

Q6 = �J12


1

2
S1 +

Nc

4(Nc � 2)
S2 � 1

2
S4 +

2C1C2

Nc � 1
S6

�
,

Q7 = �J12


1

2
S1 +

Nc

4(Nc + 2)
S2 +

1

2
S4 +

2C1C2

Nc + 1
S6

�
.

Note that for the first term in the sum in (6.51) we have 0r = �r0.

The master formula (6.48), along with the expression (6.40) and (6.50), represents our

final solution for the color structures Crn for particles transforming in arbitrary represen-

tations of SU(Nc). In the derivation of this formula the number M of final-state particles

has been kept arbitrary. While in the literature super-leading logarithms have always been

discussed in the context of 2 ! 2 hard-scattering processes [26, 29] [more refs], our formula

can also been applied to the important cases where there is a single final-state jet (M = 1)
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power-like n and r dependence

Jµ,a(q)J
µ,a(q)

Vm = Vm + V G +
X

i=1,2

V c
i ln

µ
2

ŝ
,

Rm = Rm +
X

i=1,2

Rc
i ln

µ
2

ŝ
,

(11)

with

Vm = 2
X

(ij)

�
Ti,L · Tj,L + Ti,R · Tj,R

� Z d⌦(nk)

4⇡
W

k
ij

Rm = �4
X

(ij)

Ti,L � Tj,R W
m+1
ij ⇥hard(nm+1)

V G = �8i⇡
�
T1,L · T2,L � T1,R · T2,R

�
(12)

V c
i = 4Ci 1

Rc
i = �4Ti,L � Ti,R �(nk � ni)

Rm =4
X

(ij)

Ti,L · Tj,R

⇢h
�(nk � ni) ln

µ

2Ei
+ �(nk � nj) ln

µ

2Ej

i
�W

m+1
ij ⇥in(nm+1)

�

Vm =2
X

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

⇢
� ln

µ
2

2Ei2Ej
+

Z
d⌦(nk)

4⇡
W

k
ij

�

� 8 i⇡
X

(ij)

(T1,L · T2,L � T1,R · T2,R)⇧ij (13)

(14)

X

(ij)

Ti,L · Tj,L ln
µ

2Ei
= �

X

i

Ti,L · Ti,L ln
µ

2Ei
= �

X

i

Ci ln
µ

2Ei
(15)

�
X

(ij)

Ti,L � Tj,R �(nk � ni) ln
µ

2Ei
= +

X

i

Ti,L � Ti,R �(nk � ni) ln
µ

2Ei
(16)

� = �+ �G +
X

i

�c
i ln

µ
2

ŝ

�(Q0) =
X

a1,a2=q,q̄,g

Z
dx1dx2

1X

m=4

⌦
Hm({n}, Q, µ)⌦Wm({n}, Q0, x1, x2, µ)

↵
. (17)

Wm({n}, Q0, x1, x2, µs) = fa1(x1) fa2(x2)1 . (18)

dσ

dqTdy
=

∑

ab=q,q̄

∫

d2x⊥ e−iq⊥·x⊥Hab(Q
2, µ)Ba(ξ1, x

2
T , µ)Bb(ξ2, x

2
T , µ)S(x

2
T , µ) +O

(

q2T
M2

)

,

(1)

∆Hm(t) = Hk(t0)∆Ukm(t, t0)

= Hk(t0)

∫ t

t0

dt′ULL
kl (t

′ − t0) ·
α(t′)

4π

(

Γ
(2)
ll′ −

β1

β0
Γ

(1)
ll′

)

·ULL
l′m(t− t′)

dm

rm

vm

Γ
H ({n}, ξ1, ξ2, s, µ) =

αs

4π
Γ

(1) =
αs

4π


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
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



Vk Rk 0 0 . . .

0 Vk+1 Rk+1 0 . . .
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. . .


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









+O(α2
s) , (2)

Crn = −16 (4π)2 (4Nc)
n

7
∑

i=1

vri
〈

H2→M Qi

〉

, (3)

where

v1 = 0 , v2 =
1

2
, v3 = 1 , v4 =

3Nc − 2

2Nc

=
7

6
, v5 =

3Nc + 2

2Nc

=
11

6
,

v6 =
2(Nc − 1)

Nc

=
4

3
, v7 =

2(Nc + 1)

Nc

=
8

3

(4)

1
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for each of the four structures in (6.41). After some lengthy algebra, we find that the set

of linearly independent color structures must be generalized to

S1 = fabefcde {T
b

1 , T c

1 } {T
a

2 , T d

2 } ,

S2 = dadedbce {T
b

1 , T c

1 } {T
a

2 , T d

2 } ,

S3 = dadedbce

h
T

a

2

�
T

b

1 T
c

1 T
d

1

�
+

+ (1 $ 2)
i
,

S4 = {T
a

1 , T b

1 } {T
a

2 , T b

2 } ,

S5 = T1 · T2 ,

S6 = 1 .

(6.45)

In other words, the linear combinations of the di↵erent structures in each line of (6.41) are

broken up in their substructures. With this generalization, we obtain the mappings

S1 ! 8Nc S1 + 2Nc S2 + 8S4 + 32C1C2 S6 ,

S2 ! 4Nc S2 ,

S3 ! 4Nc S3 ,

S4 ! 8S1 + 8Nc S4 ,

S5 ! 4Nc S5 ,

S6 ! 0 ,

(6.46)

as well as
O1 ! Nc (2S1 + S2 + 2S3) + 4S4

+ 16


C1 + C2 �

Nc

�
N2

c + 8
�

24

�
S5 + 16C1C2 S6 ,

O2 ! 0 ,

O3 ! 4S1 + 2Nc S4 + 4Nc (C1 + C2 � Nc) S5 ,

O4 ! �4Nc (C1 + C2) S5 � 8NcC1C2 S6 .

(6.47)

Therefore, most remarkably, the basis {Si} closes under repeated application of �c. [Shall

we diagonalize the matrix?]

Master formula for the color traces

At this point, we obtain the final result [It would be good to give a figure!]

Crn = �256⇡2 (4Nc)
n�r

"
M+2X

j=3

Jj

4X

i=1

c(r)
i

⌦
H2!M O

(j)
i

↵
� J12

6X

i=1

d(r)
i

⌦
H2!M Si

↵
#

,

(6.48)

where the basis operators have been defined in (6.36) and (6.45). It follows from (6.14) that

the coe�cients d(r)
i

vanish for r = 0. We find that these coe�cients obey the recurrence
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There is no need to symmetrize the first and the third structure in the index pair (b, c),

because the color trace ⌦
H

⇣
T

a

2 {T
b

1 , T c

1 } T
d

j � (1 $ 2)
⌘↵

(6.34)

with which these structures are contracted already has this symmetry.

At this point, we arrive at the result

Crn = �256⇡2 (4Nc)
n�r

"
M+2X

j=3

Jj

4X

i=1

c(r)
i

⌦
H2!M O

(j)
i

↵
+ terms proportional to J12

#
,

(6.35)

where the basis operators are defined as

O
(j)
1 = fabefcde T

a

2 {T
b

1 , T c

1 } T
d

j � (1 $ 2) ,

O
(j)
2 = dadedbce T

a

2 {T
b

1 , T c

1 } T
d

j � (1 $ 2) ,

O
(j)
3 = T

a

2 {T
a

1 , T b

1 } T
b

j � (1 $ 2) ,

O
(j)
4 = 2C1 T2 · Tj � 2C2 T1 · Tj .

(6.36)

From (6.14) it follows that for the special case where r = 0 we have

c(0)
i

= �i1 . (6.37)

Applying s insertions of �c we generate the right-hand side of (6.35) with coe�cients c(s)
i

.

(We also generate terms proportional to J12, which will be discussed below.) Applying �
c

one more time, the four structures change to

O
(j)
1 ! 6Nc O

(j)
1 + Nc O

(j)
2 + 4O

(j)
3 + 4O

(j)
4 ,

O
(j)
2 ! 4Nc O

(j)
2 ,

O
(j)
3 ! 4O

(j)
1 + 6Nc O

(j)
3 ,

O
(j)
4 ! 2Nc O

(j)
4 .

(6.38)

The first relation follows from (6.26), and the remaining relations are readily derived by re-

peating the derivation of (6.19) from (6.14), after replacing the overall color tensor fabefcde

with dadedbce, �ab �cd, and �ad �bc, respectively, and making use of the trace relations in

(6.22) and (6.31). The above replacement rules lead to the recurrence relations

c(s+1)
1 = 6Nc c(s)

1 + 4c(s)
3 ,

c(s+1)
2 = Nc c(s)

1 + 4Nc c(s)
2 ,

c(s+1)
3 = 4c(s)

1 + 6Nc c(s)
3 ,

c(s+1)
4 = 4c(s)

1 + 2Nc c(s)
4 .

(6.39)
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Final result in the diagonal basis

Diagonalizing the recursion matrix, we find

Crn = �16 (�cusp
0 ⇡)2 (Nc�

cusp
0 )n

7X

i=1

vr

i

⌦
H2!M Qi

↵
, (6.51)

where

v1 = 0 , v2 =
1

2
, v3 = 1 , v4 =

3Nc � 2

2Nc

, v5 =
3Nc + 2

2Nc

, v6 =
2(Nc � 1)

Nc

, v7 =
2(Nc + 1)

Nc

are the eigenvalues, and the corresponding eigenoperators are given by

Q1 = J12


4Nc

N2
c � 1

C1C2 S6

�
,

Q2 =
M+2X

j=3

Jj


� Nc

N2
c � 1

O
(j)
4

�
+ J12


2Nc

N2
c � 1

(C1 + C2) S5 � 4Nc

N2
c � 1

C1C2 S6

�
,

Q3 =
M+2X

j=3

Jj


� N2

c

2(N2
c � 4)

O
(j)
2

�
+ J12


N2

c

N2
c � 4

S3 � N2
c

3
S5

�

Q4 =
M+2X

j=3

Jj


1

2
O

(j)
1 +

Nc

4(Nc � 2)
O

(j)
2 � 1

2
O

(j)
3 +

1

2(Nc � 1)
O

(j)
4

�

+ J12


1

2
S1 +

Nc

4(Nc � 2)
S2 � Nc

2(Nc � 2)
S3 � 1

2
S4

+

✓
(C1 + C2)

Nc � 2

Nc � 1
+

Nc (Nc � 4)

6

◆
S5 +

2C1C2

Nc � 1
S6

�
,

Q5 =
M+2X

j=3

Jj


1

2
O

(j)
1 +

Nc

4(Nc + 2)
O

(j)
2 +

1

2
O

(j)
3 +

1

2(Nc + 1)
O

(j)
4

�

+ J12


1

2
S1 +

Nc

4(Nc + 2)
S2 � Nc

2(Nc + 2)
S3 +

1

2
S4

+

✓
�(C1 + C2)

Nc + 2

Nc + 1
+

Nc (Nc + 4)

6

◆
S5 +

2C1C2

Nc + 1
S6

�
,

Q6 = �J12


1

2
S1 +

Nc

4(Nc � 2)
S2 � 1

2
S4 +

2C1C2

Nc � 1
S6

�
,

Q7 = �J12


1

2
S1 +

Nc

4(Nc + 2)
S2 +

1

2
S4 +

2C1C2

Nc + 1
S6

�
.

Note that for the first term in the sum in (6.51) we have 0r = �r0.

The master formula (6.48), along with the expression (6.40) and (6.50), represents our

final solution for the color structures Crn for particles transforming in arbitrary represen-

tations of SU(Nc). In the derivation of this formula the number M of final-state particles

has been kept arbitrary. While in the literature super-leading logarithms have always been

discussed in the context of 2 ! 2 hard-scattering processes [26, 29] [more refs], our formula

can also been applied to the important cases where there is a single final-state jet (M = 1)

– 38 –

On the one hand, counting w = O(1) seems not unreasonable. On the other hand, we will

find that the scale ambiguities from the choice of µ̄ turns out to be an O(1) e↵ect in our

case and does not appear to be suppressed with a factor of
p

↵s(µ̄) ⇡ 0.33.

[Comment on the scaling of SLLs in both schemes.]

6 Evaluation of the color traces

The second relation in (4.4) implies that we can replace the last two color operators under

the color trace in (4.5) by their commutator [V G,�]. Introducing the abbreviation

H = H2+M (�c)r
V

G (�c)n�r , (6.1)

we find after a straightforward calculation

H [V G,�] = �16⇡fabc

X

i,j

(�i1 � �i2)

⇥
⇢h⇣

T
a

1 T
b

2 T
c

j + T
c

j T
a

1 T
b

2

⌘
H + H

⇣
T

a

1 T
b

2 T
c

j + T
c

j T
a

1 T
b

2

⌘i Z
d⌦(nk)

4⇡
W

k

ij

� 2
⇣
T

a

1 T
b

2 H T
c

j + T
c

j H T
a

1 T
b

2

⌘
W

k0

ij ⇥in(nk0)

�
.

(6.2)

Note that one of the two indices in the sum over i and j in � must be equal to 1 or 2,

corresponding to an attachment of the emitted soft gluon (with index k0) on one of the

initial-state partons, while the second index j can be arbitrary. When the above result is

inserted under the color trace in (4.5), we can use the cyclicity of the trace to move all color

generators to the right-hand side of H, and the symbol ⌦ implies that we must integrate

over the direction nk0 of the emitted gluon. We obtain [⇥gap(nk)?]

⌦
H V

G
� ⌦ 1

↵
= �32⇡fabc

X

j

⌦
H

⇣
T

a

1 T
b

2 T
c

j + T
c

j T
a

1 T
b

2

⌘ ↵

⇥
Z

d⌦(nk0)

4⇡

⇣
W

k

1j � W
k

2j

⌘
⇥gap(nk) ,

(6.3)

where ⇥out(nk) ⌘ 1 � ⇥in(nk), and we have used the fact that W
k

ii = 0 by definition. It is

not di�cult to show that the color trace on the right-hand side of this relation vanishes if

j = 1, 2 refers to one of the initial-state partons. We thus obtain

⌦
H V

G
� ⌦ 1

↵
= �64⇡fabc

X

j>2

Jj

⌦
H T

a

1 T
b

2 T
c

j

↵
, (6.4)

where we have defined

Jj =

Z
d⌦(nk)

4⇡

⇣
W k

1j � W k

2j

⌘
⇥gap(nk) . (6.5)

The fact that the angular integration is now restricted to the region outside the jets allows

us to replace the subtracted dipoles W
q

ij defined in (3.8) with the original dipoles. Already
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All-order summation

• Combine Crn with μ-Integrals, we can sum SLLs to 
all orders using
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with �
cusp
0 = 4 and process-dependent coe�cients ki and parameters

v1 =
1

2
, v2 = 1 , v3,4 =

3Nc ± 2

2Nc

, v5,6 =
2 (Nc ± 1)

Nc

. (5.10)

Neglecting the running of the coupling, as is formally permitted at strict double-logarithmic

accuracy, we derived in (5.4) a simple expression for the integrals Irn. Using this expression

and the power-like dependence of Crn on r, we find [I have pulled out a factor 1/3! = 1/6.

Please check all expressions below for consistency!]

1X

n=0

nX

r=0

Irn(µh, µs) Crn =

✓
↵s(µ̄)

4⇡

◆3 1

6
ln3

✓
µh

µs

◆ 
k0 ⌃0(w) +

6X

i=1

ki ⌃(vi, w)

�
, (5.11)

where

w =
Nc↵s(µ̄)

⇡
ln2

✓
µh

µs

◆
(5.12)

encodes the double-logarithmic dependence, and all relevant sums can be expressed in

terms of the functions

⌃0(w) =
1X

n=0

(�4)n 3! n!

(2n + 3)!
w

n = 2F2

✓
1, 1; 2,

5

2
; �w

◆
, (5.13)

and

⌃(v, w) =
1X

n=0

nX

r=0

(�4)n 3! n!

(2n + 3)!

(2r)!

4r (r!)2
v

r
w

n
, (5.14)

which satisfy ⌃0(w) = ⌃(0, w) and are normalized such that

⌃0(0) = ⌃(v, 0) = 1 . (5.15)

Setting n = m + r, we can extend the sum over r to infinity. Rewriting the factorials as

Pochhammer symbols (x)n = �(x + n)/�(x), we obtain the representation

⌃(v, w) =
1X

m=0

1X

r=0

�
1
�
m+r

�
1
�
m

�
1
2

�
r�

2
�
m+r

�
5
2

�
m+r

(�w)m (�vw)r

m! r!
, (5.16)

which shows that the sum is a Kampé de Fériet function2

⌃(v, w) = 1+1
F2+0

⇣ 1 : 1, 1
2 ;

2,
5
2 : ;

� w, �vw

⌘
. (5.17)

The arguments in the upper line indicate the Pochhammer symbols in the numerator, the

lower line corresponds to the ones in the denominator.

It will be useful to derive the asymptotic behavior of these functions in the limit

w ! 1. For ⌃0(w) we find

⌃0(w) =
3

2w

⇣
ln(4w) + �E � 2

⌘
+

3

4w2
+ O(w�3) . (5.18)

2We thank B. Ananthanarayan and Souvik Bera for pointing this out.
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Figure 7. Plot of the function ⌃(v, w) for the smallest parameters v1 and the largest value v4.
The full result is shown as a solid line. The red dotted lines shows the perturbative expansion up
to tenth order in w. The orange dashed line is the large-w asymptotics shown in (5.20).

For the function ⌃(v, w), we perform the sum over r in (5.16) in terms of a hypergeometric

function, use an integral representation for this function, and then perform the sum over

m to obtain an integral representation in terms of the error function erf(y). It reads

⌃(v, w) =

Z 1

0
dx

3

4
p

x


2

y2(x)
�

p
⇡ erf (y(x))

y3(x)

�
, (5.19)

with y(x) =
q

w
�
1 + (v � 1)x

�
. [I have checked numerically that in the limit v ! 0 this

reproduces ⌃0(w)!] From this expression we can derive the asymptotic behavior of the

function in the limit w ! 1. We find [It is strange that here we cannot take the limit

v ! 0!]

⌃(v, w) =
3 arctan

�p
v � 1

�
p

v � 1 w
� 3

p
⇡

2
p

v w3/2
+ O(w�2) . (5.20)

For the special case v = 1, it follows that

⌃1(w) ⌘ ⌃(1, w) =
3

w
� 3

p
⇡ erf (

p
w)

2w3/2
. (5.21)

It is possible to carry out the integral in (5.21) and obtain a representation in terms of

the Owen T -function, which has an implementation in Mathematica. We find [I find

numerically that this formula does not agree with the integral in (5.19)!]

⌃(v, w) =
3

2z
p

w


4⇡ T

✓p
2 z,

p
w

z

◆
�

p
⇡ z erf (

p
vw)p

vw
+

p
⇡ e

�w erf(z)p
w

+⇡ erf
�p

w
�
erf(z) + 2 arccos

✓
1p
v

◆
� ⇡

�
,

(5.22)

with z =
p

(v � 1 + i✏)w, where the i✏ prescription is needed for the analytic continuation

to v < 1.
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Resummed result
Combine Crn with μ integrals and carry out the sums. 


Simplest case is qq→qq scattering with photon exchange


with                           . 

 


Note: Standard Sudakov has form            .
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4

The relations (11) imply that the color traces Crn can
be simplified by working out the commutators [V G,� ]
and [�c, [V G,� ]]. Under the trace, we find that both
commutators evaluate to the same structure apart from
a factor (4Nc). We thus obtain

Crn = �64⇡ (4Nc)
n�r fabc

X

j>2

⌦
H4 (�c)r V GT a

1 T b
2 T c

j

↵

⇥
Z

d⌦(nk)

4⇡

⇣
W

k
1j � W

k
2j

⌘
⇥veto(nk) . (15)

The sum over j contains the final-state partons of the
Born process and the collinear gluons emitted from the r
remaining insertions of �c, but not the initial-state par-
tons 1 and 2. The contributions where j refers to one
of the collinear gluons emitted from the first (n � r) in-
sertions of �c in (13) vanish. The gluon with label k
originates from the insertion of � and must be attached
to one initial-state and one final-state parton. The con-
straint ⇥veto(nk) = 1 � ⇥hard(nk) restricts the emission
to the veto region and arises from the incomplete cancel-
lation of real and virtual terms in �. Since the direction
nk in (15) is in the veto region, it cannot be collinear
to the directions n1, n2 or nj . As a consequence, the
collinear subtraction terms in (9) vanish, and one can

replace W
k
ij ! W k

ij in (15).
All information about the phase-space restrictions on

the direction of parton k are contained in the angular
integrals

Jj =

Z
d⌦(nk)

4⇡

�
W k

1j � W k
2j

�
⇥veto(nk) . (16)

The parton j can either move along the directions n1

and n2, when it is attached to one of the collinear gluons
emitted by the insertions of Rc

i , or it is one of the final-
state partons. Since W k

ii vanishes we have J1 = �J2.
There are thus (l + 1) independent kinematic structures
for a 2 ! l jet process. For the gap between jets case, we
find that Jj = +�Y if the rapidities of particles j and 1
have opposite signs, and Jj = ��Y otherwise.

A more complicated structure arises when one com-
mutes the remaining insertion of V G in (15) all the way
to the right. This leads to an expression involving anti-
commutators of color generators, which in general cannot
be simplified using the Lie algebra of SU(Nc). Here we
consider the important special case where particles 1 and
2 transform in the fundamental representation. We can
then use the relation

{T a
i , T b

i } =
1

Nc
�ab1 + �i dabc T c

i ; i = 1, 2 , (17)

where the color-space formalism implies that �i = 1 for
an initial-state anti-quark and �i = �1 for an initial-
state quark. In this case a closed expression for the color
traces Crn can be obtained, which involves only three

non-trivial color structures:

Crn = 28�r⇡2 (4Nc)
n

⇢ X

j>2

Jj

⌦
H4

⇥
(T2 � T1) · Tj

+ 2r�1Nc (�1 � �2) dabc T a
1 T b

2 T c
j

⇤↵
(18)

+ 2 (1 � �r0) J2

⌦
H4

⇥
CF + (2r � 1) T1 · T2

⇤↵�
.

The generalization of this result to the case of arbitrary
representations involves a significantly larger number of
color structures and will be discussed elsewhere [20].

As a first application of the general result (18) we con-
sider quark-quark scattering. In this case the tree-level
hard function has two possible color structures, octet or
singlet, corresponding to gluon or photon exchange be-
tween the quarks. For the two cases, we get

C(O)
rn = �̂B 28�r⇡2 (4Nc)

n

CFJ43

+
J2

Nc

�
N2

c � 2r+1 + 1
�
(1 � �r0)

�
, (19)

C(S)
rn = �̂B 28�r⇡2 (4Nc)

n CF

⇥
� J43 + 2J2(1 � �r0)

⇤
,

with J43 = J4 � J3, and �̂B = hH4i is the Born-level
partonic cross section. Assuming forward scattering as in
[2], the angular integrals evaluate to J2 = J43/2 = �Y .
Using these expressions in (14) and setting n = 1, we
recover the results of [2]. Repeating the calculation for
n = 2 we confirm the findings of [7]. As a further check of
(18), we have written a computer code based on Color-
Math [15] to directly evaluate the color structures Crn

for fixed values of r and n. Using this code, we have
checked the general formula for qq ! qq, qq̄ ! qq̄ and
qq̄ ! gg scattering up to eight-loop order.

The dependence of Crn in (18) on n and r is powerlike,
and it is possible to perform the sum over the infinite
tower of SLLs in closed form:

��̂ =
1X

n=0

�̂SLL
n = �̂B

⇣↵s

4⇡

⌘3
L3f(w) , (20)

where w = Nc↵s
⇡ L2 encodes the double-logarithmic de-

pendence. The function f(w) can be expressed in terms
of hypergeometric and related functions [20]. For the
singlet case, we get for forward scattering

��̂(S) = ��̂B
4CF

3⇡
↵3
s L3�Y 2F2

�
1, 1; 2, 5

2 ; �w
�
. (21)

While the explicit form is not particularly illuminating, it
is interesting to study the asymptotic behavior for w !
1. Ordinary Sudakov double logarithms are resummed
to the form e�cw and are thus strongly suppressed in this
limit, while the function f(w) ⇠ (ln w)/w falls o↵ much
slower.

4

The relations (11) imply that the color traces Crn can
be simplified by working out the commutators [V G,� ]
and [�c, [V G,� ]]. Under the trace, we find that both
commutators evaluate to the same structure apart from
a factor (4Nc). We thus obtain

Crn = �64⇡ (4Nc)
n�r fabc
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k
1j � W

k
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⌘
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The sum over j contains the final-state partons of the
Born process and the collinear gluons emitted from the r
remaining insertions of �c, but not the initial-state par-
tons 1 and 2. The contributions where j refers to one
of the collinear gluons emitted from the first (n � r) in-
sertions of �c in (13) vanish. The gluon with label k
originates from the insertion of � and must be attached
to one initial-state and one final-state parton. The con-
straint ⇥veto(nk) = 1 � ⇥hard(nk) restricts the emission
to the veto region and arises from the incomplete cancel-
lation of real and virtual terms in �. Since the direction
nk in (15) is in the veto region, it cannot be collinear
to the directions n1, n2 or nj . As a consequence, the
collinear subtraction terms in (9) vanish, and one can

replace W
k
ij ! W k

ij in (15).
All information about the phase-space restrictions on

the direction of parton k are contained in the angular
integrals
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Z
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�
⇥veto(nk) . (16)

The parton j can either move along the directions n1

and n2, when it is attached to one of the collinear gluons
emitted by the insertions of Rc

i , or it is one of the final-
state partons. Since W k

ii vanishes we have J1 = �J2.
There are thus (l + 1) independent kinematic structures
for a 2 ! l jet process. For the gap between jets case, we
find that Jj = +�Y if the rapidities of particles j and 1
have opposite signs, and Jj = ��Y otherwise.

A more complicated structure arises when one com-
mutes the remaining insertion of V G in (15) all the way
to the right. This leads to an expression involving anti-
commutators of color generators, which in general cannot
be simplified using the Lie algebra of SU(Nc). Here we
consider the important special case where particles 1 and
2 transform in the fundamental representation. We can
then use the relation

{T a
i , T b

i } =
1

Nc
�ab1 + �i dabc T c

i ; i = 1, 2 , (17)

where the color-space formalism implies that �i = 1 for
an initial-state anti-quark and �i = �1 for an initial-
state quark. In this case a closed expression for the color
traces Crn can be obtained, which involves only three
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+ 2 (1 � �r0) J2

⌦
H4

⇥
CF + (2r � 1) T1 · T2
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.

The generalization of this result to the case of arbitrary
representations involves a significantly larger number of
color structures and will be discussed elsewhere [20].

As a first application of the general result (18) we con-
sider quark-quark scattering. In this case the tree-level
hard function has two possible color structures, octet or
singlet, corresponding to gluon or photon exchange be-
tween the quarks. For the two cases, we get
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�
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�
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⇥
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⇤
,

with J43 = J4 � J3, and �̂B = hH4i is the Born-level
partonic cross section. Assuming forward scattering as in
[2], the angular integrals evaluate to J2 = J43/2 = �Y .
Using these expressions in (14) and setting n = 1, we
recover the results of [2]. Repeating the calculation for
n = 2 we confirm the findings of [7]. As a further check of
(18), we have written a computer code based on Color-
Math [15] to directly evaluate the color structures Crn

for fixed values of r and n. Using this code, we have
checked the general formula for qq ! qq, qq̄ ! qq̄ and
qq̄ ! gg scattering up to eight-loop order.

The dependence of Crn in (18) on n and r is powerlike,
and it is possible to perform the sum over the infinite
tower of SLLs in closed form:

��̂ =
1X

n=0

�̂SLL
n = �̂B

⇣↵s

4⇡

⌘3
L3f(w) , (20)

where w = Nc↵s
⇡ L2 encodes the double-logarithmic de-

pendence. The function f(w) can be expressed in terms
of hypergeometric and related functions [20]. For the
singlet case, we get for forward scattering
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4CF

3⇡
↵3
s L3�Y 2F2
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�
. (21)

While the explicit form is not particularly illuminating, it
is interesting to study the asymptotic behavior for w !
1. Ordinary Sudakov double logarithms are resummed
to the form e�cw and are thus strongly suppressed in this
limit, while the function f(w) ⇠ (ln w)/w falls o↵ much
slower.
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TB, Neubert, Shao Phys.Rev.Lett. 127 (2021) 21, 212002



Outlook
• Resummation of leading superleading logs is now available

• Next steps and open questions


• phenomenological applications

• analysis of low-energy matrix elements, Glauber contributions

• single logarithmic resummation? NGL × SLL?

• systematics of the expansion? “exponentiation”?

• factorization breaking

Congratulations to Matthias for winning a 2nd ERC Advanced Grant EFT4jets

 "An Effective Field Theory for Non-Global Observables at Hadron Colliders" 
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Congratulations Matthias! 

I’m looking forward to the next 20 years of collaboration!
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FIG. 5. Comparison between finite and large-Nc shower.

Shower algorithm

In practice, the new shower algorithm can be described through the following steps:

1. At shower time ttot = t0 = 0 we start with two particles which are back-to-back and represent a color dipole
with weight w = 1.

2. Generate a random time step �t1 and choose an emitting dipole ni, nj among the list of particles Elist. Make
an insertion of �(2) at t0 = ttot + �t1. This is done by generating additional emissions nq, nr as well as the
associated weight w0 according to (5)-(7).

3. Start a LL shower [6]

(a) At shower time ttot,LL = t0 we start with a copy of Ecopy
list and weight w0.

(b) Generate a random time step �tLL and insert the weight w0 into a NLL histogram at ttot,LL = ttot,LL+�tLL.

(c) Choose the emitting dipole ni, nj among Ecopy
list and generate an emission nLL

q .

(d) If nLL
q is outside of the veto region we insert nLL

q between its parent emitters in Ecopy
list , update the weight and

repeat the procedure from step (b). Otherwise, if nLL
q is inside the veto region, we stop the LL showering.

4. Generate a random time step �t2 and insert the weight w at ttot = ttot + �t2 in a LL histogram.

5. Similar to (c) and (d), pick a an emitting dipole in Elist and generate an emission nq. If nq is outside of the
veto region we insert nq between its parent emitters, update the weight and repeat the procedure from step 2.
Otherwise, if nq is inside the veto region, we start a new shower, i.e. return to step 1.

Comparison with Gnole

Comparison with finite-Nc calculation at LL

See Figure 5.

Large Nc versus Nc = 3
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Shower algorithm

In practice, the new shower algorithm can be described through the following steps:

1. At shower time ttot = t0 = 0 we start with two particles which are back-to-back and represent a color dipole
with weight w = 1.

2. Generate a random time step �t1 and choose an emitting dipole ni, nj among the list of particles Elist. Make
an insertion of �(2) at t0 = ttot + �t1. This is done by generating additional emissions nq, nr as well as the
associated weight w0 according to (5)-(7).

3. Start a LL shower [6]

(a) At shower time ttot,LL = t0 we start with a copy of Ecopy
list and weight w0.

(b) Generate a random time step �tLL and insert the weight w0 into a NLL histogram at ttot,LL = ttot,LL+�tLL.

(c) Choose the emitting dipole ni, nj among Ecopy
list and generate an emission nLL

q .

(d) If nLL
q is outside of the veto region we insert nLL

q between its parent emitters in Ecopy
list , update the weight and

repeat the procedure from step (b). Otherwise, if nLL
q is inside the veto region, we stop the LL showering.

4. Generate a random time step �t2 and insert the weight w at ttot = ttot + �t2 in a LL histogram.

5. Similar to (c) and (d), pick a an emitting dipole in Elist and generate an emission nq. If nq is outside of the
veto region we insert nq between its parent emitters, update the weight and repeat the procedure from step 2.
Otherwise, if nq is inside the veto region, we start a new shower, i.e. return to step 1.

Comparison with Gnole

Comparison with finite-Nc calculation at LL

See Figure 5.



Forward gluon-gluon scattering

• Slow convergence (w∼2): necessary to include eight 
terms (10 loops!) to converge to resummed result


• Very sensitive to choice of μ in αs: should include 
running!
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Phenomenological impact in forward gluon-gluon scattering:

 necessary to include eight terms (  10 loops) to obtain reliable results;  
rriiresummation formalism is essential!
⇒ ≤
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<latexit sha1_base64="ZPnjZDIPYTpsCethNbR0UlR9q9Y=">AAACFnicbVDLSgNBEJz1GdfXqkcvg0HwEMNuDOglENCDxwgmKtkQZicdMzj7cKZXDEvyE178FS8eFPEq3vwbJzEHXwUNRVU33V1BIoVG1/2wpqZnZufmcwv24tLyyqqztt7Qcao41HksY3UeMA1SRFBHgRLOEwUsDCScBVeHI//sBpQWcXSK/QRaIbuMRFdwhkZqO7u+vlaY+T2GVA8qnl/wEW4xO4XGgPqFgj0c2v4RSGT0olJqO3m36I5B/xJvQvJkglrbefc7MU9DiJBLpnXTcxNsZUyh4BIGtp9qSBi/YpfQNDRiIehWNn5rQLeN0qHdWJmKkI7V7xMZC7Xuh4HpDBn29G9vJP7nNVPsHrQyESUpQsS/FnVTSTGmo4xoRyjgKPuGMK6EuZXyHlOMo0nSNiF4v1/+SxqlordXLJ2U89XyJI4c2SRbZId4ZJ9UyTGpkTrh5I48kCfybN1bj9aL9frVOmVNZjbID1hvn+p8nd0=</latexit>

n = 1
<latexit sha1_base64="7URU+Y7QVV/bumK1jWGUtBvJ3To=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0ia1saDUPDisaKthTaUzXbbLt1swu5GKKE/wYsHRbz6i7z5b9x+CCr6YODx3gwz88KEM6Ud58PKrayurW/kNwtb2zu7e8X9g5aKU0lok8Q8lu0QK8qZoE3NNKftRFIchZzehePLmX93T6VisbjVk4QGER4KNmAEayPdiAu3Vyw5tu9657Uz5NjVStnzHUNc3/FqVeTazhwlWKLRK753+zFJIyo04VipjuskOsiw1IxwOi10U0UTTMZ4SDuGChxRFWTzU6foxCh9NIilKaHRXP0+keFIqUkUms4I65H67c3Ev7xOqgd+kDGRpJoKslg0SDnSMZr9jfpMUqL5xBBMJDO3IjLCEhNt0imYEL4+Rf+TVtl2Pbt8XSnVK8s48nAEx3AKLtSgDlfQgCYQGMIDPMGzxa1H68V6XbTmrOXMIfyA9fYJOfmNug==</latexit>

n = 0
<latexit sha1_base64="m3J1QgIkB+fZXkDtzj3V4KL2K/4=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZlNVmMOQsCLx4jmAUkIs5NJMmR2dpmZFcKST/DiQRGvfpE3/8bJQ1DRgoaiqpvuriAWXBuMP5zMyura+kZ2M7e1vbO7l98/aOgoUZTVaSQi1QqIZoJLVjfcCNaKFSNhIFgzGF/N/OY9U5pH8s5MYtYNyVDyAafEWOlWXuJevoDdkn9WqWCEXd/DfrloyTmu+H4JeS6eowBL1Hr5904/oknIpKGCaN32cGy6KVGGU8GmuU6iWUzomAxZ21JJQqa76fzUKTqxSh8NImVLGjRXv0+kJNR6Ega2MyRmpH97M/Evr52YwUU35TJODJN0sWiQCGQiNPsb9bli1IiJJYQqbm9FdEQUocamk7MhfH2K/ieNouuV3OKNX6j6yziycATHcAoelKEK11CDOlAYwgM8wbMjnEfnxXldtGac5cwh/IDz9gkvl42z</latexit>

n = 2
<latexit sha1_base64="HnrXa+rV/7rk6tqyBMsECbkWJSE=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadlNNsl6EAJePEY0D0iWMDuZJENmZ5eZWSGEfIIXD4p49Yu8+TdOHoKKFjQUVd10d4UJZ0o7zoeVWVvf2NzKbud2dvf2D/KHR00Vp5LQBol5LNshVpQzQRuaaU7biaQ4CjltheOrud+6p1KxWNzpSUKDCA8FGzCCtZFuxWWxly84tuf7FfcCOXal5Fe8siFu1Sv7LnJtZ4ECrFDv5d+7/ZikERWacKxUx3USHUyx1IxwOst1U0UTTMZ4SDuGChxRFUwXp87QmVH6aBBLU0Kjhfp9YoojpSZRaDojrEfqtzcX//I6qR74wZSJJNVUkOWiQcqRjtH8b9RnkhLNJ4ZgIpm5FZERlphok07OhPD1KfqfNIu2W7KLN16h5q3iyMIJnMI5uFCFGlxDHRpAYAgP8ATPFrcerRfrddmasVYzx/AD1tsnT8qNyQ==</latexit>

n = 3
<latexit sha1_base64="wFSYoIcDdkHZhzeRs5txNJIQXkI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSStNC6EghuXFe0D2lAm00k7dDIJMxOhhH6CGxeKuPWL3Pk3Th+Cih64cDjnXu69J0w5U9pxPqyV1bX1jc3CVnF7Z3dvv3Rw2FJJJgltkoQnshNiRTkTtKmZ5rSTSorjkNN2OL6a+e17KhVLxJ2epDSI8VCwiBGsjXQrLiv9Utmx/XPPq7nIsSvuRc31DHGrvu94yLWdOcqwRKNfeu8NEpLFVGjCsVJd10l1kGOpGeF0WuxliqaYjPGQdg0VOKYqyOenTtGpUQYoSqQpodFc/T6R41ipSRyazhjrkfrtzcS/vG6mIz/ImUgzTQVZLIoyjnSCZn+jAZOUaD4xBBPJzK2IjLDERJt0iiaEr0/R/6Tl2W7F9m6q5Xp1GUcBjuEEzsCFGtThGhrQBAJDeIAneLa49Wi9WK+L1hVrOXMEP2C9fQIv042z</latexit>

↵s = ↵s(Q0)
<latexit sha1_base64="oXCy/s2pYrl0P07uVcI90SnKzIU=">AAAB/3icbZDLSsNAFIZPvNZ6iwpu3AwWoW5KUgu6EQpuXLZgL9CGMJlO26GTSZiZCCV24au4caGIW1/DnW/jtI2grT8MfPznHM6ZP4g5U9pxvqyV1bX1jc3cVn57Z3dv3z44bKookYQ2SMQj2Q6wopwJ2tBMc9qOJcVhwGkrGN1M6617KhWLxJ0ex9QL8UCwPiNYG8u3j7uYx0Psq+sfKNZ959y3C07JmQktg5tBATLVfPuz24tIElKhCcdKdVwn1l6KpWaE00m+mygaYzLCA9oxKHBIlZfO7p+gM+P0UD+S5gmNZu7viRSHSo3DwHSGWA/VYm1q/lfrJLp/5aVMxImmgswX9ROOdISmYaAek5RoPjaAiWTmVkSGWGKiTWR5E4K7+OVlaJZL7kWpXK8UqpUsjhycwCkUwYVLqMIt1KABBB7gCV7g1Xq0nq03633eumJlM0fwR9bHN+gElVM=</latexit>

n = 4
<latexit sha1_base64="PBhPl850ZyqYk02uJ20H/8WPvWI=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXwzwy2o1QcOOyon1AO5RMmmlDM5khyQhl6Ce4caGIW7/InX9j+hBU9MCFwzn3cu89UcaZ0o7zYa2srq1vbJa2yts7u3v7lYPDlkpzSWiTpDyVnQgrypmgTc00p51MUpxEnLaj8dXMb99TqVgq7vQko2GCh4LFjGBtpFtxifqVqmMjDwWeCx3br/kuQoYEAQr8c+jazhxVsESjX3nvDVKSJ1RowrFSXdfJdFhgqRnhdFru5YpmmIzxkHYNFTihKizmp07hqVEGME6lKaHhXP0+UeBEqUkSmc4E65H67c3Ev7xuruNaWDCR5ZoKslgU5xzqFM7+hgMmKdF8YggmkplbIRlhiYk26ZRNCF+fwv9Jy7Nd3/ZuULWOlnGUwDE4AWfABRegDq5BAzQBAUPwAJ7As8WtR+vFel20rljLmSPwA9bbJy38jbI=</latexit>

p

ŝ = 1TeV , �Y = 2
<latexit sha1_base64="ZPnjZDIPYTpsCethNbR0UlR9q9Y=">AAACFnicbVDLSgNBEJz1GdfXqkcvg0HwEMNuDOglENCDxwgmKtkQZicdMzj7cKZXDEvyE178FS8eFPEq3vwbJzEHXwUNRVU33V1BIoVG1/2wpqZnZufmcwv24tLyyqqztt7Qcao41HksY3UeMA1SRFBHgRLOEwUsDCScBVeHI//sBpQWcXSK/QRaIbuMRFdwhkZqO7u+vlaY+T2GVA8qnl/wEW4xO4XGgPqFgj0c2v4RSGT0olJqO3m36I5B/xJvQvJkglrbefc7MU9DiJBLpnXTcxNsZUyh4BIGtp9qSBi/YpfQNDRiIehWNn5rQLeN0qHdWJmKkI7V7xMZC7Xuh4HpDBn29G9vJP7nNVPsHrQyESUpQsS/FnVTSTGmo4xoRyjgKPuGMK6EuZXyHlOMo0nSNiF4v1/+SxqlordXLJ2U89XyJI4c2SRbZId4ZJ9UyTGpkTrh5I48kCfybN1bj9aL9frVOmVNZjbID1hvn+p8nd0=</latexit>

gg ! gg
<latexit sha1_base64="VCGhFBjjw9cS6CcNy/HmcYsLpos=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi4LblxWsA9oh5JJb6ehmcyYZIQy9CfcuFDErb/jzr8xbWehrQcCh3PuJfecIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9FQ8hFn1FipG4Z9E5MwHJQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJD7FkqaYTazxb3zsiFVYZkFCv7pCEL9fdGRiOtp1FgJyNqxnrVm4v/eb3UjG78jMskNSjZ8qNRKojNOA9PhlwhM2JqCWWK21sJG1NFmbEVlWwJ3mrkddKuVb2rau2+XmnU8zqKcAbncAkeXEMD7qAJLWAg4Ble4c15dF6cd+djOVpw8p1T+APn8we/WY+7</latexit>

n = 5
<latexit sha1_base64="vpDiL7BK9UpSaHPT/y390kyePks=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0iafuhBKHjxWNHWQhvKZrtpl242YXcjlNKf4MWDIl79Rd78N27TCir6YODx3gwz84KEM6Ud58PKrayurW/kNwtb2zu7e8X9g7aKU0loi8Q8lp0AK8qZoC3NNKedRFIcBZzeBePLuX93T6VisbjVk4T6ER4KFjKCtZFuxEW1Xyw5dq3u1CoecmyvVvcy4rrn9XIVubaToQRLNPvF994gJmlEhSYcK9V1nUT7Uyw1I5zOCr1U0QSTMR7SrqECR1T50+zUGToxygCFsTQlNMrU7xNTHCk1iQLTGWE9Ur+9ufiX1011eOZPmUhSTQVZLApTjnSM5n+jAZOUaD4xBBPJzK2IjLDERJt0CiaEr0/R/6Rdtl3PLl9XSo3KMo48HMExnIILdWjAFTShBQSG8ABP8Gxx69F6sV4XrTlrOXMIP2C9fQI7b427</latexit>

Figure 3: Individual contributions of the terms of order ↵
n+3
s L

2n+3 to the series of SLLs in (22), in units of
the Born cross section (corresponding to the lowest order), for forward qq ! qq scattering (left) and gg ! gg

scattering (right) at partonic center-of-mass energy of 1TeV and a rapidity gap �Y = 2 between the jets. We
use ↵s = ↵s(Q0) for the QCD coupling.

where w = Nc↵s
4⇡ L

2 encodes the double-logarithmic dependence, and w⇡ = Nc↵s
4⇡ (2⇡)2 is a “⇡

2-

enhanced” term containing the two Coulomb phases. For
p

ŝ = 1 TeV and Q0 = 25 GeV, and setting
↵s = ↵s(Q0), both w ⇡ 1.9 and w⇡ ⇡ 1.4 are of O(1), and w⇡w 2F2

�
1, 1; 2,

5
2 ; �w

�
⇡ 1.9. Therefore,

the numerical e↵ect of the SLLs is of the same order as a logarithmically enhanced, 1/Nc-suppressed
one-loop contribution to the cross section. In the asymptotic limit, one finds

w 2F2
�
1, 1; 2,

5
2 ; �w

�
!

3

2
[ln(4w) + �E � 2] for

Q
2

Q
2
0

! 1 . (26)

The left panel of Figure 3 illustrates the behavior of the first few terms in the series of SLLs for
the case of qq ! qq scattering in the color-octet channel, which is more relevant because in QCD the
lowest-order diagram for quark-quark scattering involves a t-channel gluon exchange. The size of the
corrections is of comparable magnitude with the singlet case. The colored curves show the individual
contributions of the terms of order ↵

n+3
s L

2n+3 to the series in (22), in units of the Born cross section,
for the case of forward scattering at

p
ŝ = 1TeV and a rapidity gap �Y = 2 between the jets. The

shown contributions correspond to logarithmically enhanced e↵ects arising at 3-loop to 7-loop order
in perturbation theory. We use ↵s = ↵s(Q0) for the QCD coupling, as done in [24] (see the comments
below). Note the alternating behavior of the series, which according to (22) is a general feature of the
series of SLLs. It is only because of this property that the sum of all contributions (n = 0, 1, . . . , 1)
adds up to a moderate correction to the cross section, which varies between 17% and 9% for Q0

between 20 and 35 GeV. The largest contribution comes from the term with n = 0, which is not a SLL
in the strict sense of the word, as this e↵ect scales like ↵

3
sL

3 (=mL)2. Nevertheless, this contribution
has the same physical origin and is not captured by conventional parton showers (see e.g. [63]), and
it is important to include it for consistency.

I. Resummation of SLLs for arbitrary jet processes, including subleading e↵ects

Quark-initiated processes are relatively simple, because in the fundamental representation of SU(Nc)
arbitrary products of color generators can be expressed as linear combinations of the unit matrix and
the generators themselves:

{T
a

i ,T
b

i } =
1

Nc

�ab 1 + �i dabc T
c

i , (27)

where �i = ±1 was defined after (23). It is of paramount importance for many important LHC
processes to generalize the approach to processes containing gluons in the initial state. This necessarily
leads to a vastly more complicated color algebra, because in the adjoint representation of SU(Nc)
symmetrized products of color generators cannot be simplified in a straightforward way. It is not at
all obvious that a closed expression for the traces Crn can be found in this case, but my calculations
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qq ! qq
<latexit sha1_base64="JplbPc4gmVyO4h31y87UW1nkS3g=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFclZla0GXBjcsK9gHtUDJp2oZmMjPJHaEM/Qk3LhRx6++4829M21lo64HA4Zx7yT0niKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjVjDdZJCPdCajhUijeRIGSd2LNaRhI3g4md3O//cS1EZF6xGnM/ZCOlBgKRtFKnSTpYUSSpF8quxV3AbJOvJyUIUejX/rqDSKWhlwhk9SYrufG6GdUo2CSz4q91PCYsgkd8a6liobc+Nni3hm5tMqADCNtn0KyUH9vZDQ0ZhoGdjKkODar3lz8z+umOLz1M6HiFLliy4+GqSQ24zw8GQjNGcqpJZRpYW8lbEw1ZWgrKtoSvNXI66RVrXjXlepDrVyv5XUU4Bwu4Ao8uIE63EMDmsBAwjO8wpuTOC/Ou/OxHN1w8p0z+APn8wf8hY/j</latexit>

p

ŝ = 1TeV , �Y = 2
<latexit sha1_base64="ZPnjZDIPYTpsCethNbR0UlR9q9Y=">AAACFnicbVDLSgNBEJz1GdfXqkcvg0HwEMNuDOglENCDxwgmKtkQZicdMzj7cKZXDEvyE178FS8eFPEq3vwbJzEHXwUNRVU33V1BIoVG1/2wpqZnZufmcwv24tLyyqqztt7Qcao41HksY3UeMA1SRFBHgRLOEwUsDCScBVeHI//sBpQWcXSK/QRaIbuMRFdwhkZqO7u+vlaY+T2GVA8qnl/wEW4xO4XGgPqFgj0c2v4RSGT0olJqO3m36I5B/xJvQvJkglrbefc7MU9DiJBLpnXTcxNsZUyh4BIGtp9qSBi/YpfQNDRiIehWNn5rQLeN0qHdWJmKkI7V7xMZC7Xuh4HpDBn29G9vJP7nNVPsHrQyESUpQsS/FnVTSTGmo4xoRyjgKPuGMK6EuZXyHlOMo0nSNiF4v1/+SxqlordXLJ2U89XyJI4c2SRbZId4ZJ9UyTGpkTrh5I48kCfybN1bj9aL9frVOmVNZjbID1hvn+p8nd0=</latexit>

p

ŝ = 1TeV , �Y = 2
<latexit sha1_base64="ZPnjZDIPYTpsCethNbR0UlR9q9Y=">AAACFnicbVDLSgNBEJz1GdfXqkcvg0HwEMNuDOglENCDxwgmKtkQZicdMzj7cKZXDEvyE178FS8eFPEq3vwbJzEHXwUNRVU33V1BIoVG1/2wpqZnZufmcwv24tLyyqqztt7Qcao41HksY3UeMA1SRFBHgRLOEwUsDCScBVeHI//sBpQWcXSK/QRaIbuMRFdwhkZqO7u+vlaY+T2GVA8qnl/wEW4xO4XGgPqFgj0c2v4RSGT0olJqO3m36I5B/xJvQvJkglrbefc7MU9DiJBLpnXTcxNsZUyh4BIGtp9qSBi/YpfQNDRiIehWNn5rQLeN0qHdWJmKkI7V7xMZC7Xuh4HpDBn29G9vJP7nNVPsHrQyESUpQsS/FnVTSTGmo4xoRyjgKPuGMK6EuZXyHlOMo0nSNiF4v1/+SxqlordXLJ2U89XyJI4c2SRbZId4ZJ9UyTGpkTrh5I48kCfybN1bj9aL9frVOmVNZjbID1hvn+p8nd0=</latexit>

gg ! gg
<latexit sha1_base64="VCGhFBjjw9cS6CcNy/HmcYsLpos=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi4LblxWsA9oh5JJb6ehmcyYZIQy9CfcuFDErb/jzr8xbWehrQcCh3PuJfecIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9FQ8hFn1FipG4Z9E5MwHJQrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJD7FkqaYTazxb3zsiFVYZkFCv7pCEL9fdGRiOtp1FgJyNqxnrVm4v/eb3UjG78jMskNSjZ8qNRKojNOA9PhlwhM2JqCWWK21sJG1NFmbEVlWwJ3mrkddKuVb2rau2+XmnU8zqKcAbncAkeXEMD7qAJLWAg4Ble4c15dF6cd+djOVpw8p1T+APn8we/WY+7</latexit>

↵s(Q0)
<latexit sha1_base64="A5iM9Hyb6qNZx3ememHaN7B/v5w=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0WomzBpE9plwY3LFuwD2hAm00k7dPJwZlIood/hxoUibv0Yd/6Nk7aCih64cDjnXu69x084kwqhD6Owtb2zu1fcLx0cHh2flE/PejJOBaFdEvNYDHwsKWcR7SqmOB0kguLQ57Tvz25yvz+nQrI4ulOLhLohnkQsYAQrLbkjzJMp9mS146Frr1xBZt1yHLsJkWmjWsPJieOgerMGLROtUAEbtL3y+2gckzSkkSIcSzm0UKLcDAvFCKfL0iiVNMFkhid0qGmEQyrdbHX0El5pZQyDWOiKFFyp3ycyHEq5CH3dGWI1lb+9XPzLG6YqaLoZi5JU0YisFwUphyqGeQJwzAQlii80wUQwfSskUywwUTqnkg7h61P4P+nVTKtu1jp2pWVv4iiCC3AJqsACDdACt6ANuoCAe/AAnsCzMTcejRfjdd1aMDYz5+AHjLdPHEeRog==</latexit>

↵s(Q)
<latexit sha1_base64="U8jEIODmXbqJZ3b7q27tPKNDtOc=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAh1E5KaknZXcOOyBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbpw9BRQ9cOJxzL/feE6WMKu04H9bG5tb2zm5hr7h/cHh0XDo57SqRSUw6WDAh+xFShFFOOppqRvqpJCiJGOlF05uF37snUlHB7/QsJWGCxpzGFCNtpGCAWDpBQ1VpXw1LZcf2667XcKBj17xGveYb4vqu4dC1nSXKYI3WsPQ+GAmcJYRrzJBSgeukOsyR1BQzMi8OMkVShKdoTAJDOUqICvPlyXN4aZQRjIU0xTVcqt8ncpQoNUsi05kgPVG/vYX4lxdkOq6HOeVppgnHq0VxxqAWcPE/HFFJsGYzQxCW1NwK8QRJhLVJqWhC+PoU/k+6Vdu9tqttr9z01nEUwDm4ABXgAh80wS1ogQ7AQIAH8ASeLW09Wi/W66p1w1rPnIEfsN4+AQzTkRI=</latexit>

↵s(
�

QQ0)
<latexit sha1_base64="16QROGqLC9ROUulaUFQ0iBDwgcY=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3YQ0qWmXBTcuW7APaEKYTCft0MnDmYlQYhf+ihsXirj1N9z5N04fgooeuHA4517uvSdIGRXSND+0ldW19Y3NwlZxe2d3b18/OOyIJOOYtHHCEt4LkCCMxqQtqWSkl3KCooCRbjC+nPndW8IFTeJrOUmJF6FhTEOKkVSSrx+7iKUj5IuyK264zFuw5ZvTc18vmUbduqiaNjQN27Ycp66I5dhOrQYrhjlHCSzR9PV3d5DgLCKxxAwJ0a+YqfRyxCXFjEyLbiZIivAYDUlf0RhFRHj5/P4pPFPKAIYJVxVLOFe/T+QoEmISBaozQnIkfnsz8S+vn8mw7uU0TjNJYrxYFGYMygTOwoADygmWbKIIwpyqWyEeIY6wVJEVVQhfn8L/SccyKrZhtaqlRnUZRwGcgFNQBhVQAw1wBZqgDTC4Aw/gCTxr99qj9qK9LlpXtOXMEfgB7e0TijuVwg==</latexit>

↵s(Q0)
<latexit sha1_base64="A5iM9Hyb6qNZx3ememHaN7B/v5w=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0WomzBpE9plwY3LFuwD2hAm00k7dPJwZlIood/hxoUibv0Yd/6Nk7aCih64cDjnXu69x084kwqhD6Owtb2zu1fcLx0cHh2flE/PejJOBaFdEvNYDHwsKWcR7SqmOB0kguLQ57Tvz25yvz+nQrI4ulOLhLohnkQsYAQrLbkjzJMp9mS146Frr1xBZt1yHLsJkWmjWsPJieOgerMGLROtUAEbtL3y+2gckzSkkSIcSzm0UKLcDAvFCKfL0iiVNMFkhid0qGmEQyrdbHX0El5pZQyDWOiKFFyp3ycyHEq5CH3dGWI1lb+9XPzLG6YqaLoZi5JU0YisFwUphyqGeQJwzAQlii80wUQwfSskUywwUTqnkg7h61P4P+nVTKtu1jp2pWVv4iiCC3AJqsACDdACt6ANuoCAe/AAnsCzMTcejRfjdd1aMDYz5+AHjLdPHEeRog==</latexit>
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Figure 4: Resummed contributions of SLLs in forward qq ! qq (left) and gg ! gg (right) scattering for three
di↵erent scale choices for the QCD coupling ↵s.

the scale integrals, it is possible to account for other higher-order contributions by using the known
expressions for the two-loop cusp anomalous dimension and �-function. Further contributions arising
at order ↵

n+3
s L

2n+2 involve color traces analogous to those in (20), in which one includes one less
insertion of �c but a second insertion of �. I expect that it will be possible to evaluate these traces
in closed form. If this is not the case, one can truncate the sum over n in (22) at a finite order and
perform the relevant color traces using the ColorMath tool [76].

The SLLs arise from the color traces (20) with two insertions of the Glauber operator V
G. Since

for realistic choices of the parameters Q and Q0 the quantities w = Nc↵s
4⇡ L

2 and w⇡ = Nc↵s
4⇡ (2⇡)2 are

of similar magnitude, it is natural to ask how important the contributions from color traces involving
four, six or more Glauber insertions are. These traces have the structure

Cr1...r2kn =
⌦
H2+nJ (�c)r1 V G (�c)r2 V G

. . . (�c)r2k V G � ⌦ 1
↵
, (30)

where
P2k

i=1 ri = n, and they contribute at order ↵
n+2k+1
s L

2n+2k+1(2⇡)2k / ↵s w
n+k

w
k
⇡ in perturbation

theory. The SLLs are recovered in the case where k = 1. Including also the terms with k > 1 generates
a Glauber series of subleading logarithmic e↵ects. I believe it should be possible to calculate some of
these higher-order e↵ects analytically by generalizing the methods developed in [24] (milestone I.3).

As a result of these improvements, I expect to obtain all-order predictions for the contributions of
the SLLs to arbitrary LHC jet cross sections with vastly improved perturbative stability (compared
with the bands shown in Figure 4). Since there is no double counting between these e↵ects and any
state-of-the-art perturbative calculations of jet rates, even those improved using parton showers, the
e↵ects of the SLLs can be taken into account consistently by means of a multiplicative correction
factor to the di↵erential cross section, i.e.

d�(pp ! X+jets)
��
fixed order+PS

!

✓
1 +

d�SLL

d�Born

◆
d�(pp ! X+jets)

���
fixed order+PS

. (31)

This correction must be applied to the di↵erential cross sections, because in general the SLLs will be
sensitive to the kinematic dependence of the Born cross section (milestone I.4). Our estimates show
that the corrections from SLLs can be sizable (see Figure 4). Their e↵ects are not included in existing
calculations of jet cross sections, and the possibility of their existence is not reflected in the error
estimates for these calculations.

II. Systematic study of single-logarithmic corrections (including NGLs)

The factorization formula (10) provides a complete EFT description of non-global hadron-collider
observables, in which all logarithmically enhanced e↵ects can be calculated in a systematic way. Once
the SLLs have been calculated for in the way described above, one must still account for the remaining
single-logarithmic corrections. They start at one-loop order and are described by color traces with

11

(3-loop)

(4-loop)

(5-loop)

(6-loop)



Terms of order          .

• Hard function for gluon exchange in t-channel.


• n=0 term is not SLL, but missing in large Nc 
limit.
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Figure 3: Individual contributions of the terms of order ↵
n+3
s L

2n+3 to the series of SLLs in (22), in units of
the Born cross section (corresponding to the lowest order), for forward qq ! qq scattering (left) and gg ! gg

scattering (right) at partonic center-of-mass energy of 1TeV and a rapidity gap �Y = 2 between the jets. We
use ↵s = ↵s(Q0) for the QCD coupling.

The left panel of Figure 3 illustrates the behavior of the first few terms in the series of SLLs for
the case of qq ! qq scattering in the color-octet channel, which is more relevant because in QCD the
lowest-order diagram for quark-quark scattering involves a t-channel gluon exchange. The size of the
corrections is of comparable magnitude with the singlet case. The colored curves show the individual
contributions of the terms of order ↵

n+3
s L

2n+3 to the series in (22), in units of the Born cross section,
for the case of forward scattering at

p
ŝ = 1TeV and a rapidity gap �Y = 2 between the jets. The

shown contributions correspond to logarithmically enhanced e↵ects arising at 3-loop to 7-loop order
in perturbation theory. We use ↵s = ↵s(Q0) for the QCD coupling, as done in [24] (see the comments
below). Note the alternating behavior of the series, which according to (22) is a general feature of the
series of SLLs. It is only because of this property that the sum of all contributions (n = 0, 1, . . . , 1)
adds up to a moderate correction to the cross section, which varies between 17% and 9% for Q0

between 20 and 35 GeV. The largest contribution comes from the term with n = 0, which is not a SLL
in the strict sense of the word, as this e↵ect scales like ↵

3
s L

3 (=mL)2. Nevertheless, this contribution
has the same physical origin and is not captured by conventional parton showers (see e.g. [60]), and
it is important to include it for consistency.

I. Resummation of SLLs for arbitrary jet processes, including subleading e↵ects

Quark-initiated processes are relatively simple, because in the fundamental representation of SU(Nc)
arbitrary products of color generators can be expressed as linear combinations of the unit matrix and
the generators themselves:

{T
a

i , T
b

i } =
1

Nc

�ab 1 + �i dabc T
c

i , (27)

where �i = ±1 was defined after (23). It is of paramount importance for many important LHC
processes to generalize the approach to processes containing gluons in the initial state. This necessarily
leads to a vastly more complicated color algebra, because in the adjoint representation of SU(Nc)
symmetrized products of color generators cannot be simplified in a straightforward way. It is not at
all obvious that a closed expression for the traces Crn can be found in this case, but my calculations
(still unpublished) indicate that there exists a basis of 10 color structures which closes under repeated
application of �c. The result I obtain for a generic pp ! nJ jet process reads [61]

Crn = �256⇡
2 (4Nc)

n�r

2

4
nJ+2X

j=3

Jj

4X

i=1

c
(r)
i

⌦
H2!nJ O

(j)
i

↵
� J2

6X

i=1

d
(r)
i

⌦
H2!nJ Si

↵
3

5 , (28)

where both the color structures O
(j)
i

, Si and the coe�cient functions c
(r)
i

, d
(r)
i

are far more complicated

than those in the simple relation (23). Three of the structures O
(j)
i

and four of the structures Si involve
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Figure 1: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m + 1 external legs, while
the virtual correction (red) HmVm has m legs.
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Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.
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FIG. 1. Action of the real-emission operator Rm and the

virtual piece Vm on a hard function Hm. Due to the emitted

gluon (blue), the product Hm Rm defines a hard function

with (m+ 1) external legs.

where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni · nj

ni · nk nj · nk
� �(nk � ni)

ni · nk
� �(nk � nj)

nj · nk
. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
c
i+V c

i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1

↵
= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(

p
ŝ/µs)

�̂SLL
n =

⇣↵s

4⇡

⌘n+3
L2n+3 (�4)n n!

(2n + 3)!

nX

r=0

(2r)!

4r (r!)2
Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
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ni · nk nj · nk
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. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that
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where we have defined �c =
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that
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The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because
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(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form
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where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
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where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.
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mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
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the complex Glauber phases in V G, also referred to as
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anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
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due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
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We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
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On the other hand, if an additional gluon with group in-
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arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni · nj

ni · nk nj · nk
� �(nk � ni)

ni · nk
� �(nk � nj)

nj · nk
. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
c
i+V c

i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1

↵
= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(

p
ŝ/µs)

�̂SLL
n =

⇣↵s

4⇡

⌘n+3
L2n+3 (�4)n n!

(2n + 3)!

nX

r=0

(2r)!

4r (r!)2
Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.

cyclicity of trace

cyclicity of trace



Leading SLLs
1. Want maximum number of       ’s at given order.


2. Need       to prevent       from commuting to the 
right and vanishing. Two insertions of       since 
cross section is real.


3. Need one emission     at the end to prevent       
from vanishing


Taken together, this implies that the leading SLLs at 
(n+3)-rd order arise from matrix elements

59

3

HmRm =
P
(ij)

11

22

3

m

i

j
M M†

HmV m =
P
(ij)

ii

j
M M† +

ii

j
M M†

Figure 1: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m + 1 external legs, while
the virtual correction (red) HmVm has m legs.
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Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.
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where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
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ni · nj

ni · nk nj · nk
� �(nk � ni)

ni · nk
� �(nk � nj)

nj · nk
. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
c
i+V c

i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1

↵
= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(

p
ŝ/µs)
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which makes it explicit that starting from four-loop order
two logarithms per loop arise.

Jµ,a(q)J
µ,a(q)

Vm = Vm + V G +
X

i=1,2

V c
i ln

µ
2

ŝ
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of the anomalous dimension on the hard function Hm. The sums run over
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where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni · nj

ni · nk nj · nk
� �(nk � ni)

ni · nk
� �(nk � nj)

nj · nk
. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
c
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i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1

↵
= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(
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where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
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ni · nj

ni · nk nj · nk
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ni · nk
� �(nk � nj)
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. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
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i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1
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= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
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with color traces of the form
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where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(
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which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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