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Flavor physics

# The goal: overconstraing the CKM matrix
# For that we need that
Number of theory parameters < Number of observable

# The problem (in many cases): QCD
s Calculate (Lattice)

» Use approximate symmetries to reduce the number
of parameters
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Flavor sum rules

°

Relation between amplitudes — less parameters

# The approximate symmetries are SU(3) and its
subgroups: isospin (u <> d), U-spin (d < s), and V-spin
(u <> s)

# The breaking are O(1%) for isospin and O(30%) for
U-spin and V-spin

# U-spin is "nicer" because the d and s has the same
electric charge.

# Is U-spin useful?
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Example: D sum rules

D— PP P=nK
# In the U-spin limit all 4 amplitudes are the same
# Experimentally

AKK) o AEm) . A(K)

A(rr) A(rK) Ay 0

AKK) + A(rm)
A(KT) + A(rK)

# The last relation is valid up to 2nd order, while the first
three are valid only to 1st order

= 1.04
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Higher order sum rules

# A formal expansion in ¢
s To what order we can expand?
s How to do the expansion?

# How practical higher order sumrules are?
s (Can we do precision physics with U-spin?

This talk is on the mathematical structure of U-spin
sumrules to all orders
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The traditional way
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The U-spin set

#® A U-spin set is a set of amplitudes (processes) that are
related by U-spin

# An amplitude is defined by the U-spin properties of the
s Initial state
s final state
s Hamiltonian

# U-spin limit Hamiltonian
H = qu,mH#L

s fum: Weak parameters (CKM matrix elements)
s H: operators
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The standard way

# Two reasons for sum rules
s Relations between the CKM parameters

s The matrix element is independent on m
(Wigner-Eckart theorem)

Aj =) CjaXa
s (o m-dependent number (CG)

s X,: m-independent reduced matrix element

# Example D decays
s OnesumruleisduetoV,, ~ —V_4

s Two sumrules are due to the m-independence of
the AU = 1 matrix element
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The breaking expansion

# The reason is the mass different: mg £ my
# The small parameters is at most

€ N~

Aqcp

# |t contributes to H with H, a spurion withu =1, m =0
# Weadditto H as

H(b—l—l) _ H(b) R He
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Getting the sum rules

# Find the rotation matrix from the physical basis to the
U-spin basis up to a specific order, b

# Find the null space of that matrix
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Example

X, isashort
notation for reduced
matrix elements

* Belowis the matrix Cj, upto b = 2
* To find the sumrules one needs to find the

Example: C, — L,PTP~ | nuispaceotthematixc],

2
o

Decay amplitude | | Xs | Xa | X5 | X6 | X0 | Xs | X0 | Xu0 | Xu |

=
[

X13 | X14 | Xis ‘ X1 | X17 ’ Xis ‘ Xi9 { X20
+ e 1 _2 1 I V2 3 1 1 o 1 _1
A(Ad s srk-kt)[ L 20 | Al 2 o] 0] 0 -5kl & | o =] & L] o 0 0 0
=+ e v | -z _1 |1 |_v2 1 1 g _i | 1| 1
At s prnt 3 3| 0 |I"vm|lsa |5 0| 0|0 |mwum| e | v 0 E| s | O 0 0 0
Foomteay| 2| 2 -2l 2l |ox | i a3 | a2 A
A(Mroztrat) | 3 | 5 |G| A ||| e | 0 | O |~wm|-wvm | o | a |aE| s |"zva| © b [ N
A(=+_, K—7K+) 1 T [—ily |als] 2 S 0NN PR SO S T S0 [P N RS i N A 1 » I [ 0 0 0
i 3 3 V3 |TVIo| 3VZ | 32 | V6 WViB| 2V/IE | 2Vi8 | 2v3 25| 6 6 2V3
+ - K+Y| 2 [ |_ L | 2 1| 1 _a gl a fa | 1 fa _1 /2 1 1
AMf ozt k) 2 |-Zal-Z | 0| oo [s|H| o [-3WE|iVE|iVE| © 0 0 o |-32 3% | 5%
=+ -t  F (RPN | A SR P gl ) T | ~2. /21 1/2 1./2 w2l 1 1
A(sE sprmnt) | o |l —F =525 0 | o | 0 |3 -F5| © |-3VE|AE|SE] o | o | o | o |-3/E 55 |
+ sl O I T (- O T L SN U IS U (O BRI DU B i |
A(Ac B ) 3 3 V3 V10 3V2 | 32 V6 0 0 215 215 215 2v5 25 6 6 23 8 0 ¥
et ooato el & | @ |2 loal] ] B & M i W il IS Vi) B o) S ) QT i, || ==
ARt k)| 3 | 3 | S |~Felsm | swva| | 0| O || wm| v | e | e | @ s |zvs | © o
+ - 2 1 1 - 1 1 2 2 1 2 1 2 1 2 1 1
=+ — 2 1 1 2 1 1 2 2 1 2 1 2 1 2 1 1
ARt sztemat) [ (2ol L|-gZ| o | 0 | o |-ga| K| o |3VE|WE|E o | o | o | o |4i |-k
-4 - 2 2 2 2 2 2 2 2 1 2 1 z
ANt =prat) | Z | L | 0 |Z| 0| o]0 [-£ o0 o |-3/&|-3/%| o 0 0 0 o |-3/2[-3V3| o
AN ostk-kt)| 2| 2| o (=55 0o | 0| o0 || o0 o |-2/2|-2,/2| o 0 0 0 o [-1/2|-1VE| o
+ — K+ Ry (T 1 |_1 /3 1 1
A(Af s prKt) | 1 0 0 || H|o|o 0 0 |33 2\/; 0 o | = | & 0 0 0 0 0
=+, stg—at _|_1 1 |1 1 1
A sstk-a)| 1 | o | o |-Kl-Z] 0| o | o | o | Fr|-3VE] o 0 | 7= | 2 0 0 0 0 0
L J 1 ]\ ]
Note, CKM-free Y Y Y
amplitudes b=0 b=1 b=2
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The U-spin expansion
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The basics

o We consider only one uw in A

°

Any U-spin system can be constructed from doublets

#» We first study systems of doublets. Then we get the
rest by "combining" doublets

o The movement of irreps between initial/final state and
the Hamiltonian does not change the structure of the
sum rules (“crossing symmetry”)

# We consider a system with all the U-spin doublets in
the final state.
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U-spin pairs

We order the doublets in arbitrary but defined order. Each
physics amplitude is a set of + and —

A] — (_7_|_7_|_7 XX _)7 A] — ZCjOzon

We define "U-spin conjugation” d <> s (or + < —)

Aj= (4, =, —, oy ), A; =Y (-1)Cju X,

® « Is a multi-index that include b

® X, are the reduced matrix elements. Each X, has a
specific b

® The (—1)° factor is not trivial and important
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Basis change

A;j =) CjuX, Aj =3 (-1)"Cja X

Then we do a basis change

CLjEAj—Aj SjEAj—I—zzlj

a; has only terms that are odd in b

s; has only terms that are even in b

We have decoupling: a-type and s-type sumrules
At leading order, a; = 0 (Grounu, 2000)

All sumrules are of the form

Zaj:() ZS]':O
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Coordinate notaion

Aj — (_7+7—|—7 T _7—|_) = (374)

The locations of the — without the first one
It has alengthofd =n/2 —1
The U-spin set is mapped to a d-dimensional lattice

Results:

s We can read the sumrules very easily from the
lattice

s The highest order that we have a sumrule is d
s We know the number of sumrules at each order
s There is only one sumrule in the highest order

© o o o
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The lattice

1 2 3 4 5
1 o—0—0—0—©
3 @ O S
4 00 O 9@
5 90— 00— 0O

# Points represent zero order a-type sumrules
#® Lines represent 1st order s-type sumrules
# The plane represents the 2nd order a-type sumrule
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Generalization: 4 doublets and a triplet

1 2 3 4 5 1 2 3 4
1 O ® & o ©o 1 O & © V2@
2. @ O o o o 2 @ O e \2e
3 @ € O e © > 3 ® & O.\20
i1 @ O O O © 4 V2@ V2@ V2@ 2@
5 @ @ @ @ O

# Points represent zero order a-type sumrules
#® Lines represent 1st order s-type sumrules
# The plane represents the 2nd order a-type sumrule
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Generalization sumrules

* Sumrules validupto b = 0

a(1,2) = A1,3) = A(1,4) = 4(2,3) = 4(24) = A@3,4) = A(44) =0

*Sumrulesvaliduptobh =1
8(1’2) =+ 3(1,3) == \/58(1,4) =0

2 96O 0-20—
- b =1, s-type

s + 8 + V2 =10 sum rules
(112) (2!3) (254) 3 _. . O sz. -
5(1,3) T 8(2,3) + \/58(3’4) =1
S14) + S@a) + 534 + V25144 =0 4 OO0 - 1
* Sumrulesvalidupto b = 2
a(1,2) - a(1,3) o a(2,3) o a(4,4) o3 \/50(1’4) = \/§a(2,4) =+ \/5(1(3’4) =
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The traditional way

X, isashort
notation for reduced
matrix elements

* Belowis the matrix Cj, upto b = 2
* To find the sumrules one needs to find the

Example: C, — L,PTP~ | nuispaceotthematixc],

2
o

Decay amplitude | | Xs | Xa | X5 | X6 | X0 | Xs | X0 | Xu0 | Xu |

X12 | X13 | X14 | Xis ‘ X1 | X17 ’ Xis [ Xi9 ‘ X20
+ + -+ 1 .18 I [ T V2 1 1 1 o 1 i
A(Ad s srk-kt)[ L 20 | Al 2 o] 0] 0 -5kl & | o =] & L] o 0 0 0
=+ — 1 2 ) 1 2 1 1 1 1 1 1
A(Et s prat s |3 | 0 |~vs|za|~F| 0| 0|0 |~zvm|-wvs| v 0 |-3&| & | ~3 o g 9 v
b onbewt¥l 3| 3 (-2l 2 - || 1 il e | a4 )| Ca | S
AMiBtent) | § | 5 |~ | v || ea| v | 0 | O |~avm|-avm|-avm| 5k |cam| 8 | 5 |-mm| ¢ | 0 |0
=t Ry 08 I U (R U U U DN IO RN DS T [ Y S Vi N (R A Y 3 ol
A(Sf - pKK*) 3|3 ||| v | | T 0 | O |~3um| v | 2vis | av5 | 2vB| & o ava| O 9 "
+ ootk 2 ||| 2 1| e Eaa Ui /5 i 1
A(Mf ozt rt)| 2 |-l -2 0 | o |0 || & | o |-3/E|3WE|AWE| © 0 0 o |-3/2| 5% | 5%
+ O 0 B T - O B R ) (B S e (Y D Y D D i | &
A(Ac B ) 3 3 V3 V10 3V2 | 32 V6 0 0 215 215 215 2v5 25 6 6 23 8 0 ¥
Bttty a3 | 2 [ sl || ] ol | £ ol o | el [ | o] i3 3. || =E
A8t wtamKY) Sl E|Tm || 0 | 0 |=5U%|"avE | a/E | e | B | © s |3 | © ,
1l -x+ 3 [_a| 2 | _a I g F| B | i O | I
A(Ac —pK~ K ) 3 i A lsm]| © 0 0 |sal|l-wm| © aVis| 3Vis |"3vs| O i 0 g 3\/; Ve | 33
=t et} | 8 || 2 |—ia I 808 | a0 | i
AR owtant) | B ogn) g [maz| 0 | 0| 0 |-am| de | O |“RWE|WE|WE o | o | o | o -3 s -k
ANt =prat) | Z | L | 0 |Z| 0| o]0 [-£ o0 o |-3/&|-3/%| o 0 0 0 o |-3/2[-3V3| o
AN ostk-kt)| 2| 2| o (=55 0o | 0| o0 || o0 o |-2/2|-2,/2| o 0 0 0 o |-3vZ[-3/3 o
+ s pr— K+ ki 00 1 _1./3 1 1
AMioprEt) | L | 0|0 || oo | 0| o0 |5 WEl o o | = | & 0 0 0 0 0
A sstk-a)| 1 | o | o |-Kl-Z] 0| o | o | o | Fr|-3VE] o 0o | 2= | 3 0 0 0 0 0
\ J 1 J \ ]
Note, CKM-free Y Y Y
amplitudes b=0 b=1 b=2
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Conclusions
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flavor sum rules

‘ Flavor sumrules have very nice structure I
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