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Infrared factorisation of scattering amplitudes
jES=XGElEstalispnere
Infrared factorisation on the celestial sphere

A colourful conformal field theory

Many open gquestions



INFRARED VISIONS
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Infrared divergences in fixed-angle multi-particle scattering amplitudes factorise
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The infrared factor is a colour operator determined by a finite anomalous dimension matrix

1
1 [H d\2 .
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For massless theories, the all-order structure of the anomalous dimension in known, up to
corrections due to higher-order Casimir operators of the gauge algebra
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The amplitude can be expressed in a process-dependent orthonormal basis of colour tensors

Tree-level diagrams and leading color flows for quark-antiquark scattering

The amplitude is a vector in colour space, to all perturbative orders

-Aabcd = Al C(l) o T A2 C<(12b)cd ) ng)cd = 5acdbd ) CELQ())Cd = ab5cd .
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The exchange of a virtual gluon will shuffle the colour components, even if the gluon is soft

QED : Adiv = ZABorn; QCD : [Adiv] gt [Z] i [ABorn]K .
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A powerful basis-independent notation uses colour operators 'inserting’ soft gluons

At leading power in k:

For different emitters :

[T;},Tg’] — TS, T T= T 6w = P, YT, =
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A powerful basis-independent notation uses colour operators 'inserting’ soft gluons

At leading power in k:

For different emitters :

Colour operators obey identities inherited by the algebra and dictated by gauge invariance

when acting on

[T?aT?] = if""T¢. T Ty = TYT! by, = C7, ;
the amplitude
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Let’s take a closer look at the structure of the infrared anomalous dimension matrix.
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] i i=1

The cusp anomalous dimension in the "Casimir scaling’ limit: vr.r(as) = CP Ak (ay),

i : d e marmamc md
Corrections start at three loops, with quadrupoles: | Fiju ({p}) favefea® TiT§TE T,
@.Almelid, C. Duhr, E. Gardi; J. Henn, B. Mistlberger.
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& The colour dipole is the natural structure arising at one loop from gluon exchange.
& The fact that it survives at two loops is a non-trivial consequence of symmetries.
& Field anomalous dimensions in color-uncorrelated terms govern collinear singularities.

& Unitarity phases contain crucial analytic information. For final-state pairs: Aj = 1.
¢
¢

The cusp anomalous dimension plays a very special role: a universal infrared coupling.
The structure emerges from the constraints of scale invariance in the soft limit.
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Infrared factorisation: pictorial

A pictorial representation of soft-collinear factorisation for fixed-angle scattering amplitudes



Operator Definitions

The precise functional form of this graphical factorisation is

N (p> 5 Ti((ps-mi)?/ (nn?))

M. )2
Su (Bi- B;) Ha (pzuff, (p;%Z’;) )

i=1 | jE,i((ﬁz"ni)2/"z2> _

Here we introduced dimensionless four-velocities i = pi/Q, and factorisation vectors n#,
ni2 # 0 to define the jets in a gauge-invariant way. For outgoing quarks

Becher, Bell 2010



Wilson line correlators

The soft function S is a color operator, mixing the available
color tensors. It is defined by a correlator of Wilson lines.

The soft jet function J£ contains soft-collinear poles: it is defined by replacing the field in
the ordinary jet J with a Wilson line in the appropriate color representation.

Wilson-line matrix elements exponentiate non-trivially and have tightly constrained
functional dependence on their arguments. They are known to three loops.



On functional dependences

Straight semi-infinite Wilson lines are scale-invariant $5(00,0) = Pexp [ig/ dAﬂ-A(Aﬂ)] -
0

Correlators involving light-like Wilson lines break scale invariance due to collinear poles:
a quantum anomaly’ proportional to the cusp anomalous dimension.

The anomaly must cancel in combination that

~ Sri (Bi - Bj, as(p?), €
) Sii (pij, as(p?), €) = ( - )
are free from collinear poles

R ((5’}302 s (1), 6) |

(2

& Singular terms in s must be diagonal.

S 1
B F&(% (pij,(ls) = Z’)’K(Oés) OKT, -

& Finite diagonal terms in s must form pis. iz 0

& Off-diagonal terms in s must be finite,
and must depend only on cross-ratios Pijk

An exact equation for the soft anomalous dimension
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The Strominger Triangle

MEMORY
EFFECT

Fou VANUUM
SFORM TRANSNTION

IDENTITY

SOFT ASYMPTOTIC

THEOREM SYMMETRY

& A new viewpoint on infrared/long-distance phenomena in quantum field theory.
& A lesson from gravity: do not trivialise the behaviour and symmetries “at infinity’.
& Does this idea lead to new calculational techniques for non-abelian theories?



Many directions

Electromagnetic, colour and
gravitational memory effects

Asymptotically flat spacetimes
and holography

Full conformal symmetry

on the celestial sphere

OBSERVER —

Black hole soft hair and
the information paradox

AAST LIGHT CON:

Soft, next-to soft,
next-to-next-to soft

Celestial amplitudes
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See also: H.A. Gonzalez, F. Rojas, 2104.12979
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On dipole correlations

Let us begin by disentangling collinear poles (which are colour-singlets) from soft poles
(which are colour-correlated). We replace the running scale A with the fixed scale [ in the
logarithmic term, and perform the colour sum using colour conservation.

_ 1 n n o .
[ dipole (S)g,as()\ E)) - 5%{(@3()\,5))2 Z 111( 83;; 1?7) T; - T,

i=1 j=i4+1
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At one loop, integrating the colour-correlated term yields single soft poles, while the singlet
term yields single collinear and double soft-collinear poles

At h loops, multiple poles (up to order h+1) are generated by the [3 function. For conformal
gauge theories the logarithm of the infrared factor has only single and double poles.



Celestial dipoles

Crucially, we now parametrise the light-cone momenta in celestial coordinates

. = Wy {14—2@2@', er,‘l'zi, _1(Z@ _Zi): 1 _Z‘i'gi}a

where the energy w; and the sphere coordinates z; have simple transformation properties
under the Lorentz group acting as SL(2, C):

az +b
ez +d’

W' = |ez + dw, 2 =

which unpacks the logarithms

. o . . S;4
Energies give new singlet terms [ dipole (%,as

which take the form




Celestial dipoles

The colour-correlated term, responsible for all soft poles, is remarkably simple

Scale and coupling dependence are completely factored from colour and kinematics, and
equal for all dipoles. The scale integral can this be performed in full generality, yielding

The scale factor K is well-known in QCD from form-factor calculations, and gives the
perturbative Regge trajectory in the high-energy limit of four-point amplitudes. It is

G. Korchemsky, I.A. Korchemskaya;V. Del Duca, C. Duhr,
E. Gardi, LM, C.White; G. Falcioni, L.Vernazza, ...
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Hints of a celestial theory

The colour-correlated term in the anomalous dimension matrix is strongly reminiscent of
conformal field theory results. One needs only go so far as Joe Polchinski’s book to find

2.3 The expectation value of a product of exponential operators on the
plane is

<H Tl :> = iC*(2n)P 8P (T ki) [T 12174
i=1

ij=1
i<j

with CX a constant. This can be obtained as a limit of the expectation
value (6.2.17) on the sphere, which we will obtain by several methods in
chapter 6.

A correlator of vertex operators in a free-boson theory (such as the bosonic string) has the
correct form, up to the substitution of momenta with colour matrices.

This was noticed by N. Kalyanapuram in 201 1.11412, for the simple case of QED. He writes

Nande, Pate and Strominger, soft - B 1 o | 12
1705.00608 In (An,s:1|mr) = T 3r2, d " eiejIn |z — 2.

1]

The result is formally reproduced by introducing vertex operators with electric charges




Lie-algebra-valued free bosons

It is natural to mimic the bosonic string, considering free bosons spanning the gauge algebra.

1

S(6) = — / 2 20,6(2,7) Ozl 7).,

27

The free bosons could be organised in a matrix field : i -
D.(z,2) = gba(z,z)T,ffz,

gauge generators at different points must then be taken to commute

The well-known results for free bosons in d=2 can be directly transcribed.

implying that the derivatives of
the fields are (anti)holomorphic

The equations of motions are:

625 85 ¢a(272) — 07

A normal-ordered product can be defined, obeying the classical equation of motion

8(2,2) 6w, W) + 5 0 log |z — wl?

74(z) = 0.¢%(2, %),




Matrix vertex operators

Guided by the QED example, we can tentatively define a matrix-valued vertex operator

A “single-copy’ of the string
vertex operator!

In colour space, this is a matrix in the representation of T,, defined on the boundary sphere
and acting on the bulk colour degrees of freedom. But is it a conformal primary field?

For conventional vertex operators

i ¢ Ves.(2,2) =: e Xu(2:2) .
(as for example for bosonic strings)

The same calculation yields V(z,2) =: e T 9(z2) .

Crucially, this is a positive real number and not a matrix. For consistency, two-point functions
must evaluate to a power of the distance given by the conformal weight A = h + h. Indeed

by colour conservation T+ Ty =0

Note analogies with other constructions. S
g U%(z) = z°2:2@;. § not the same

Vertex operator construction of Kac-Moody algebras: S

Reggeon fields for high-energy scattering: —
(Caron-Huot 201 3)

— | U(z) = 9T W) closely related



A conformal correlator

Our construction from the beginning targeted the n-point correlator

The calculation is a textbook exercise: it can be done with oscillators, after expanding the
free fields in modes on the sphere, or computing the path integral (Polchinski). The result is

reproducing the structure of the gauge theory infrared operator. Note th/

& The correlator has support only on colour conserving configurations
& The field normalisation K maps to the integral K, carrying scale and regulator dependence.

& In a path integral evaluation on a curved surface (say, a finite sphere with radius R) the
correlator acquires a scale-dependent "Weyl’ factor; which in this setting maps to an
undetermined colour-singlet collinear contribution.

Wa({a}.) = exp [—% Zn:CZ-(Q)g(zi,Ei)] |

1=1




A tree-level soft theorem

Real emission of a soft massless gauge boson from a fixed angle hard amplitude factorises
in any non-abelian theory in the form

<C| X <A| Ag,fl...fn (k?pb & = = 7pn)>50ft = E)\(k) . Jc(k) |Af1fn (ph = e apn)> )

The tree-level soft-gluon current has the classic eikonal form and is gauge-invariant

The tree-level soft theorem is reproduced by the Ward identity for the Noether current
associated with invariance under field translations in the Lie algebra. Using the conformal

Operator PrOdUCt eXPanSIOn oAl ﬁndS A. Strominger, T. He, P. Mitra, A. Nande, M. Pate,

W. Fan,A. Fotopoulos, T.R. Taylor, ...

<8zq5“(z,2) ﬁV(zZ,z@)> ~ —% ~ _Ts -Chy ({Z%},Iﬁj) .

1=1 g—1

where the poles as z = z; are collinear poles, since the celestial theory is energy-independent.



Celestial Sudakov parametrisation

In order to study collinear limits, it is useful to build a Sudakov parametrisation on the sphere

Once the collinear direction is fixed, the transverse momentum vector can be computed

pﬁ“_ = w:z:(l — .1?) {(1 — 2:1’) (2’1,@’_‘2 + 2_‘12’2) +2r217Z1 — 2(1 — I)ZQZ_'Q,

z12 + Z12, —i(212 — Z12), —(1 — 22) (2122 + Z122) — 222121 + 2(1 — ;r)zg,fg} .

: : , : 2
It is antisymmetric, and satisfies pl = —z(l —2)s12 = —4z(1l — z)wiws|z12]",




Collinear limits

The operator product expansion governs the collinear limit on the sphere. One can
transcribe the textbook result substituting colour operators for momenta.

2 . -
: eiH}Tl-gb(Zl,Zl) . ei!‘i}Tg*qb(ZQ}Zg) : K=T1-To : elﬁ', (T1+T2)¢)(z,z) :

~ |21

?

Note that the exact collinear limit is outside the validity of the original factorisation. But it
can be approached: on the gauge theory side, one defines a splitting anomalous dimension

Lsp. (p1,p2) = Tn(p1,p2:---0n) = Tne1 (P03, - 0n) (Becher-Neubert 2009)

T,—T1+T2

The OPE encodes collinear factorisation: the n-point correlator reduces to (n-1)-points,
with the merged’ point carrying the sum of the colours of (only!) the two collinear particles.

The calculation of the splitting function is then the same as in the gauge theory, but requires
reinstating the energy dependence, which is not encoded by the conformal correlator.

- —512 + |
K(Oés) [ln( 8122 ln)Tl . TQ —Inzx T1 . (T1 + Tg)

— 111(1 —35') T2 : (T1 —|—T2) )
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Many Questions

& The choice of the gauge coupling.

Our construction lends support to the idea the the cusp anomalous dimension should
be taken as the definition of the strong coupling in the infrared. ¢ ... 5 Webber G. Marchesini:A Grozin etal.

: = A. Banfi et al.; O. Erdogan, G.Sterman;
HOW far can one take thlS deﬁnltlon? S. Catani, D. DeFlorian, M. Grazzini.

“€c

Scale and regulator dependence.

It is remarkable, and necessary, that infrared singularities be hidden in the matching
condition between the gauge theory and the conformal theory.

How can one make this correspondence more precise?

& Beyond the free theory.

The celestial conformal theory certainly has corrections involving structure constants
(as confirmed by the structure of A). The deformed theory is still conformal.

What drives the deformation?

& Constraints from vast field theory data.

Soft and collinear factorisation kernels are known to three loops, and in the massive case
to two loops. In most cases their remarkable simplicity is only partly explained.

How can we harness these data to constrain the celestial theory?

The exploration has just begun!



Non-trivial gauge data

¢ Quadrupole corrections two the correlator at three loops and beyond

@. Almelid, C. Duhr, E. Gardi (2015); with A. McLeod and C.White (2017)

A (piw) = 16 fabefcde{ - C Z b {T?, Tf} i
s—1 153_3’;122_511

[T?TgTiTEi F(pirjt, pujr) + T?TET;“?T? F(pijiis pitk;)

>

1<i<j<k<l<n
+ TETYTSTE F (i, i) | -

ZijkiZiskt = Pk, (1 — Zgm)(1 — Zijrt) = pitki

F(pijits pitks) = F(1 — zi501) — F(2i551),

F(z) = Lio101(2) + 2¢2[Lo01(z) + L100(2)]-

& Quantum corrections to the tree-level soft-gluon current

S. Catani, M. Grazzini (2000); L. Dixon, E. Herrmann, K.Yan, H-X Zhu (2020)

m
T

i Oy B85 12 (=28 - B))

(k) = -

1. brpc B@N
2300 + i 1T

2
167 vy

_ ]
Bi -k ﬁj'k> Og((—%-k)(—?ﬁj'k)

)




with L. Bianchi and M. Meineri Towards an interacting theory!?

& Interactions in the d=2 theory are constrained by gauge and euclidean invariance, whether
the theory is conformal or not. With up to four fields one finds

L(67) = 5 0u0"06u + 17 ™ 6,0,0, 0,00 — 52 F £, 640,04 046, +

In fact, A1 = A2 = 1 yields the leading terms of the WZNWV action, while A1 =0, A2 =1
yields the principal chiral model, which is not conformally invariant.

¢ Correlators in the WZNW model must obey the Knizhnik-Zamolodchikov equation, but
this fails for the gauge-theory correlator, and cannot be compensated by quadrupoles.

_ 0Z 1 o0&,
2ua) = evfen(a] o G2 = KIS glena) g 4

H. Nastase, F. Rojas, C. Rubio (2021)

Giving up full d=2 conformal invariance?! A new colourful CFT? A deformed CFT? ....
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