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Conformal QCD Examples »heavy reduction Applications Summary

L.l. Magnus (1831):
Inversion transformation

I
..’L'u—>72
X

e Small distances <> large distances ??
e Asymptotic freedom < confinement ?7
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Conformal QCD Examples Light— heavy reduction Applications

Summary

Collinear subgroup: SL(2) algebra

SL(2, R) algebra

d
S = ——
dz Non-compact spin
2 d .
Sy = zZr—+4+2jz
dz
S d +7J [
o= Zdz J ‘

SL(2) commutation relations

[St,8-1=2S0 [So,S+]=+S5+

Conformal spin

50(3)

i=50+)
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QC

QCD is not a conformal theory, but

Blay +2-d2=0

(

)
J" <—  conformal theory
ex(as) = —Boas + ..., as:%i
Qs
B(g)

Aqcp = Ag)é)]fg Ak TAQ

“Conformal QCD”: QCD in d — 2¢ at Wilson-Fischer critical point S(as) = 0
V.B., A. Manashov, Eur.Phys.J.C 73 (2013) 2544
® No corrections ~ () for the counterterms
= exact conformal symmetry of the QCD RG equations in MS-schemes
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Selected applications: (1) mixing with total derivatives

Renormalization of off-forward matrix elements
P e <~ <~ — —
(P’ |OnkIP) = (P'1G(0)Vpy Dpy - Duy Dyspeyq -+~ Dy a(0)[p)
Mixing matrix with operators containing total derivatives with anomalous dimensions on the diagonal

Y1 0 0 0
* Ya 0 0
* * Y3 0
* * * ’Y4

need off-diagonal elements

[evolution kernels in x-space are functions of two variables]

® In conformal theories, operators with different scaling dimensions are orthogonal

const
|I1 —I2‘2A1

(O1(z1) O2(z2)) =

A1A2

e Three-loop results for flavor-singlet operators for N < 8
VB, K.Chetyrkin, A.Manashov, PLB 834 (2022) 137409

e Gauge-invariant two-point functions
e Simple algorithmic implementation
e Straightforward to extend to four loops

MITP, May 2023 5/26
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Selected applications: (2) Kinematic power corrections in off-forward reactions

schematically
TU@EO) =Y {aR N o L BN 0ROl L
~ N—— N———
twist-2 operators descendants of twist 2
Bl N a2 AN Bl N auav AN
F @ o*ON . +DN o O, +} +...
——— —_———

descendants descendants

= E Ct N (=, 0) OfylmuN + quark-gluon operators
N

® In conformal field theories, the CFs of descendants are related to the CFs of twist-2 operators
by symmetry and do not need to be calculated directly

Alreonn OED gl ()

VB, Yao Ji, A. Manashov, JHEP 03 (2021) 051; JHEP 01 (2023) 078
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Summary

Kinematic power corrections in DVCS

M. Defurne et al. [Hall A Collaboration] arXiv:1504.05453
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Conformal QCD Examples

Selected applications: (3) Lange-Neubert evolution equation

B-meson light-cone distribution amplitude

(0lg(zn)stys he (0)| B(v)) = iFB(M)/xdw e g (w, 1)

Lange-Neubert evolution equation

6] asCr
(MF +B(g)—+ HLN) ¢4 (w, ) =0,

[Hon fl(w) =

w' W —w w—w!

e To all orders in perturbation theory

Hpn(as) = Teusp(as) In(iK (as)pe> E) +const

— K(as) = v" K, (ex(as), as) is the generator of special conformal trafos in d — 2e.

Summary

MITP, May 2023

2:Cr {—/wdw’ [i O —w) | 0w = w/)} # {mﬁ = Z} f(w)} + O0(a?)
w 0 A £

V.B., Yao Ji and A.Manashov, PRD 100 (2019) 014023
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\“‘1

o Geometry is invariant under v K,

(x) [K,Hrn]=0

e Dilatation invariance broken by the cusp

(*x) [D,HLn] = Ceusp

e (%) +— Hpn is a function of K

e This function can be found from (xx*) — answer
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Solution at one loop

Hrn and K share the same eigenfunctions:
iIKQs = sQs
® At one-loop order:
G.Bell, T.Feldmann, Yu-Ming Wang, M.Yip, JHEP 11 (2013) 191

V.B., A.Manashov, Phys.Lett.B 731 (2014) 316
in position space

2 1 5
K:z@z+22$Qs(z):_7eXp =
z z

in momentum space

K=i[wdl +20.] = Q)= \/%Jl(%/@)

eigenvalues = anomalous dimensions

HenQo(z) = (i K) = 9(1) = 2]Qu(2) = [In(us) = (1) = 2] Q4 (=)
® At two-loops:

IK = K(o) —+ aSK(l) = conformal Ward identities

V.B., Yao Ji and A.Manashov, PRD 100 (2019) 014023
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Complete integrability in effective theories?

Lipatov '94

e Integrability of one-loop RG equations in QCD Faddeev, Korchemsky '95
Braun, Derkachov, Manashov '98

Minahan, Zarembo '03

e Integrability of N = 4 SUSY YM Beisert, Staudacher '03

RG equations have SL(2) symmetry [S+,S-]=2S0. [So,S+]==xS¢+ ‘
d o d d
S_=—-—— St =2"—+2j5 So=z—+j
dz =2 dz tae 0 Zdz +a

two-particle RG kernels can be written in terms of the Casimir operator S? = J(J —1)
Bukhvostov, Frolov, Lipatov, Kuraev, '85

e.g. quark-quark with opposite helicities
Hiz = 4[Y(J12) — ¥(2)] — 2/[J12(J12 — )] +1
RG equations for multiparticle operators have a pair-wise structure
Hizz = Hiz + Hoz + Hs
e (noncompact) spin chains, open (qFq) or closed (gqq), QISM
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T Braun, Derkachov, Manashov '14
O (tegrliilliyy io (RIS Braun, Ji, Manashov '17-'18

e SL(2) symmetry broken to
[S+7 th] =0, [307 th] =1

e Covariant representation for the heavy-light “Hamiltonian” (evolution kernel)
Braun, Manashov, '14

X 5
Wi = ln(z,u,S'ih) =2 +vE

e Complete integrability for ggh and gF h systems with selected quantum numbers
Braun, Ji, Manashov, JHEP 06 (2018) 017

e Three-particle Hamiltonian commutes with the “C"-entry of the transfer matrix

e Explicit analytic solutions for the “wave functions” using Derkachov, Korchemsky, Manashov, '03
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Similarity transformation

recall
s 4 5 24 4o s 4 i
= —— =z"— z =z—
dz T e 0=
e Heavy quarks only move a little, z ~ 1/m, suggests to rescale
(h) (h) (h) —1g(h) (h) (h)
S s ASYY SV = ATTSY Sy = S,

and consider the limit A ~ m — oo
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Factorization of heavy and light degrees of freedom: Hamiltonian

Heavy-light generators
(qh) (a) —1g(h) _ gla) -1
5 s 8@ 4 atsW = 5@ o
549" s 5@ 4 as™ = 5™ 1 o(1)
55 = o(1)

Two-particle Casimir operator
52, = 8aM gak) | glaM (gl _ 1)y ASD 5P 1 0(1)
Hence Jgn) ~ VX and the RG kernel simplifies to

Han = 2[0(Jqn) — $(1)] +0(1/85,) = In (AsEPs™) + o(x ™)

Since the “heavy” and “light” generators act on different spaces

Han — In (zpsf)) +1n ( _ m‘l,\sg’”)

where p is an arbitrary parameter with dimension of mass. In HQET only light degrees of freedom remain

HEI’:\)'ET =1In (iqu)) + const
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Factorization of heavy and light degrees of freedom: Wave functions

e For qq, eigenfunctions of the Hamiltonian are usually sought on the space of polynomials that can be
mapped to local composite operators:

Unk(z1,22) = (S (21 — 22)" . So Wi =n+2)(n+)¥nk, k>0
e For gh one needs eigenfunctions analytic in the lower half of the complex plane:

i g(qh) _ n
™ _ st (24 = 2)
V. (2g,2n) =€ 71 (2q = zn) (2q — )" T2 (2, — i) T2’

Re(n) >0

e Rescaling z;, — A1z, implies z;, < zq and also n = O()\I/Q)

e Extracting the leading behavior at A — oo one breaks SL(2) so that the states with different
n are no longer degenerate and the system “chooses” a particular solution that satisfies the
residual symmetry to the special conformal transformation

U (2q,20) = Loy (2a),  SEW(o)(20) = is Uo) (20)

e From this condition = O(A™/2) so that s = nn = O(1) and

L L is/z (1+O(>\71/2)),

A8 = —
()(2q) (im)+2 22

reproducing the result in arXiv:1402.5822 up to a different normalization

V. M. Braun (Regensburg) Conformal symmetry an i ? MITP, May 2023
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Factorization of heavy and light degrees of freedom: Transfer matrix and conserved charges

e closed spin chain for N light fields:

Monodromy matrix

An(u) By (u (s s
Tn(u) = Li(u)L2(u)... Ly (u) = (cfngu; D%Eug) v Le(w) =u+i (S(im _ S(()k))

For S L(2)-invariant systems the proper object to consider is the transfer matrix
tn(u) = Tr[Tn (u)] = AN (u) + DN (u)
[tn(u), tn(v)] =0, [Sa,tn(w)] =0 [Hy,tn(uw)] =0
e closed spin chain for IV light and one heavy field:
TN+ (u) = {u +i <Aig;;h) ii%’;i) } (é’ggjg gz%) ’

and in the scaling limit

tngr(u) — AiS™Cn(u) + O(N°)
A— 00

for the simplest case of three quarks

Co(w) =uQi +Q2, Q=45 +5), Q=5PsP -5PsM.

Braun, Derkachov, Manashov '14
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Conformal QCD Examples

e open spin chain for N light and one heavy field:

t1(u) 2y — A2i(u—2)sWCy () + 0.
207\~ A—oo 2

For the simplest case N = 2
A
Ca(u) = 2i (u 4+ 5) (u2Q1 + Qz) ;
where
Q =58 + 52,
Q2 = [w] — 52z — VIS = 8V (8PP + 5§Vs(P) — 5§V (5§ s

1 2
- sMs?).

Braun, Ji, Manashov '17

MITP, May 2023
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eavy-light eigenfunctions

e Cn(u) and By (u) are unitarily equivalent

o Eigenstates of By provide the basis for Sklyanin's SOV
Derkachov, Korchemsky, Manashov '03

Figure: Diagrammatic representation for the eigenfunctions of the open (left) and closed (right) homogeneous spin chains for
N = 4. The indices are arj, = s — ixy, and B = s + ixy.

e Here: include impurities and allow for different spins

Braun (Regensburg) Conformal symmetry and i il MITP, May 2023 18 / 26
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Heavy-light eigenfunctions vs. large-spin limit of light ones

Braun, Derkachov, Korchemsky, Manashov '99

1o
14 r
12 r
10

v

E3p(N)

b st R Exact analytic solution

o N B o
T

L I I I I 10

0 5 10 15 20 25 30
N

e Conjecture: For the lowest part of the spectrum in the large-spin limit

(n~s/VX) _ A—=00 - heavy
\Ilul,...,uN+1 (z1,...,2N,20 = zn/A) — o ey i (21,.--,2N)
e Example:
n+3 n+3 n+3
Z + z + z. A—r oo 1 is 5
01 12 20 is/z is/z
V,q3=0(20, 21, 22) = — (6 /21 _ gie/ 2)
201212220 Z122212
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B-meson Twist-three

[Braun:2015pha]

¢_<w,u>:/ do ¢+<w’,u)+/ ds Jo(2v/s) ¥ (s, )

/
& 0

w e
¢3(g,u):/ ds[y,;“><5,,,,>y;°)(s@+5/ dans (s, @, 1) Ya(s, @ | )]
0 —0o0

where up to 1/N2 corrections

n3(s, @, u) = L73POR(s; u, po) m3 (s, @, po)
n$” (s, 1) = LNe/POR(s; i, o) ns® (s, o)

1
—1 iz, 7%+iz|

Y3(s,z|w) = 7/du Vuswy J1 (2v/uswy) wa J2 (24 / uswsz) 2 Fy ( 2 2

0

e
N———

as ()

. s "d
R(s; iy o) = L3CF/ 80 exp | — [ L yp(as(m) In(rs/s0) | , | L=
Jug T ”s(HO)
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Conformal QCD Examples Light

B-meson LCDAs: Twist-four

[Braun:2017liq]

oo

dzn{P (s, 2, 1) YT (s, 2 |w) ,

N)\»—A

=3/ »f
(U4 + \114 / ds/ dx 77<+) (s, z, p) Y4(;J2r>(s, T |w),

oo

M) { O (5, 1) YO (5 ) + %/dmns,(s,m,m Y3<s,m\g>}

—oo

> ds
(g — Uy)(w) = 2

S

/ ds dx > ( )(s il /z)Z( )(9 z |w),

where up to 1/N2 corrections

n$H (s, 2, ) = L7 P0 R(s; , o) n{P (s, 2, po)

w7 (s, 2, 1) = LA POR(s; i, po) 5270 (s, 2, po)

MITP, May 2023 21/ 26
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Anomalous dimensions

[Braun:2017liq]
gk ]
ak ¥3() i
4k ]
Ya(z)

ok ]
0

=2 =1 0 1 2

v3(z) = Ne [w(3/2 + 1m) + w(s/z - zm) + Q»YE}
7 = vs(z = i/2) = N,
Ya(z) = N [d)(m’) + w( — ’LI) + 275]
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Summary and Outlook

e Conformal symmetry of QCD at the Wilson-Fischer critical point offers an ample set of
calculational tools for high-orders and higher-twists

e Similarity transformation for the generators of symmetry transformations may provide a method
to study implications for effective theories, HQET as example

e This construction leads to new integrable models with reduced symmetry and “nonstandard” Hamiltonian
In a few cases, such models can be identified as related to known effective theories

e Correspondence works for conserved charges/hamiltonians; more subtle for eigenfunctions

e Analogies exist with the semiclassical expansion of the solution to Baxter Equation
Belitsky:2006en,Beccaria:2007uj
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Supplementary slides
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QCD in d#4 dimensions

® QCDinthed =4 — 2¢
1 1
d_ - a pa,pr  —a L \a a,pN2
ISES /d x{qmq+ ZF‘“'F HY — %9, (D" )" + i(ﬁuA ) }
where D, = 0,, — ig]LIEAZT“, M is scale parameter
® The renormalized action
q — Zgq, A — ZAA, c— Ze.c, g — Z4g, £ — Zeg,

Here Z¢ = Z2 and all RG factors are defined using minimal subtraction

IS IS k 2
. o g ) ag

Z =1+ E e E Zjk 2 9 ag = — notation: a =
4w 47 4w

where z;j, are e-independent constants

® Note that we do not send € — 0 so that renormalized quantities explicitly depend on e

® Critical coupling

V. M. Braun (Regensburg) i ? MITP, May 2023 25 /26
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Conformal Ward identities

® Exploit invariance of the path integral under change of variables ® — ® + 6o P, C=D,K,...

([01)()[02](»)) = / D® [01](z)[02](y) %P

(6c[01](2)[02](y)) + ([O1](2)6c[02](y)) + (5o S [O1](x)[O2](y))

® Variation of the QCD action

6pS = /ddz/\f(z) . shS= /ddw 2z (N(z) —(d— 2)apsp(x))

where
i g 1
N(z) = 2¢ (ZFZ 4 2—5(814)2) ,

— 1 a a
By (z) = eDPc — EAP(BA) = OprsT(C*A})

results in quantum corrections (deformation) of the generators of symmetry transformations

® Dilatations: modification of scaling dimensions Any — Ay + vn

® Special conformal transformations:

— modification of scaling dimensions Any — Apn + VN
— extra terms that do not spoil conformal algebra (“conformal anomaly”)
— extra BRST-exact and EOM contributions VB, A.Manashov, S.Moch, M.Strohmaier, PLB 793 (2019) 78

V. M. Braun (Regensburg) Conformal symmetry an i ? MITP, May 2023 26 / 26



	Conformal QCD
	Examples
	Lightheavy reduction
	Applications
	Summary

