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‣ chirality suppressed  powerful probe of (pseudo)scalar NP.→
‣ direct determination of , largely unaffected by hadronic uncertainties  |Vub |

Why  ? B → ℓν

‣ testing Lepton Flavor Universality in charged currents
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[FNAL/MILC 1712.09262 ]fBu = 189.4± 1.4 MeV

<latexit sha1_base64="jkh7rf84wHrd6STI7o0A0gyYgn0=">AAACHHicbVDLSgNBEJyNrxhfUY9eBoOQg4RdiRgFIejFixDBPCAJy+ykE4fM7C4zvUJY8gt+gl/hVU/exKvgwX9xN+agiTWHKaq66e7yQikM2vanlVlYXFpeya7m1tY3Nrfy2zsNE0SaQ50HMtAtjxmQwoc6CpTQCjUw5UloesPL1G/egzYi8G9xFEJXsYEv+oIzTCQ3X+y78YUbjek5dSqnpTLthIo66X+YPMXwTqv4GhpjN1+wS/YEdJ44U1IgU9Tc/FenF/BIgY9cMmPajh1iN2YaBZcwznUiAyHjQzaAdkJ9psB048lFY3oQGYYBDUFTIelEhN8dMVPGjJSXVKY7mlkvFf/z2hH2K91Y+GGE4PN0EAoJk0GGa5FEBbQnNCCydHOgwqecaYYIWlDGeSJGSXa5JA9n9vp50jgqOeXS8U25UD2bJpMle2SfFIlDTkiVXJEaqRNOHsgTeSYv1qP1ar1Z7z+lGWvas0v+wPr4Bj/HnzU=</latexit>

‣ QED corrections can be of similar magnitude or even larger, due to presence 
of large logarithms  and α ln(mb/mℓ) α ln(mℓ /Es)

Why QED corrections? 

‣ QCD matrix element is know with  accuracy:𝒪( < 1%)

⟨0 | ūγμγ5b |Bq(p) |⟩ = ifBu
pμ
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‣ all short distance ( ) QED effects can be included in the weak 
effective Lagrangian

μ > mb

‣ QED effects are well under control for  as well as for :μ > mb μ ≪ ΛQCD

‣ photons with energy much smaller than  cannot resolve the hadron 
structure and can be computed treating the B as point-like.  

ΛQCD
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We derive a factorization theorem for the structure-dependent QED e↵ects in the weak exclu-
sive process B� ! `

�
⌫̄`, i.e., e↵ects probing the internal structure of the B meson. The derivation

requires a careful treatment of endpoint-divergent convolutions common to subleading-power factor-
ization formulas. We find that the decay amplitude is sensitive to two- and three-particle light-cone
distribution amplitudes of the B meson as well as to a new hadronic parameter F (µ,⇤), which
generalizes the notion of the B-meson decay constant in the presence of QED e↵ects. This is the
first derivation of a subleading-power factorization theorem in which the soft functions are non-
perturbative hadronic matrix elements.

Exclusive B-meson decays are powerful probes of the
flavor sector and of physics beyond the Standard Model.
In order to match the increasing experimental accuracy
in several decay channels, a reliable assessment of QED
corrections is desirable. In recent years, these received
considerable attention, especially in the context of lep-
tonic and semi-leptonic B decays. In most cases, QED
corrections were treated via the inclusion of soft-photon
emissions, under the hypothesis that the leading correc-
tions can be described by photons unable to probe the
internal meson structure [1, 2]. This assumption is in
direct contradiction with the observation that structure-
dependent QED corrections constitute an important con-
tribution to the decays Bd,s ! µ+µ� [3, 4].

In this work, we present the factorization formula for
the exclusive B�

! `�⌫̄` decay including virtual one-
loop QED corrections. This process can be used to
determine the CKM matrix element Vub and to test
lepton-flavor universality, as Belle II can measure the
` = µ, ⌧ channels [5]. We focus here on the case ` = µ.
Due to the chirality-suppressed nature of the decay, this
process is of next-to-leading power (NLP) in the ex-
pansion in the ratio ⇤QCD/mB . Factorization formulas
at subleading power are typically plagued by endpoint-
divergent convolution integrals, requiring a careful sub-
traction and rearrangement between di↵erent contribu-
tions. The “refactorization-based subtraction (RBS)
scheme” introduced in [6, 7] for the derivation of the fac-
torization theorem for the Higgs-boson decay h ! ��
via b-quark loops provides a systematic method to deal
with endpoint divergences and establish factorization at
NLP. The RBS scheme has also been applied successfully
to Higgs production in gluon-gluon fusion [8, 9] and to
the “o↵-diagonal gluon thrust” in e+e� collisions [10].
The present work marks the first time the problem is en-
countered and treated in the context of B physics. An
important peculiarity in this case is the fact that the nec-
essary rearrangements involve objects that are genuinely
non-perturbative, giving rise to a new type of hadronic
matrix elements. We believe this is a generic feature of
exclusive B-meson decays beyond leading power.

Below the electroweak scale, the e↵ective weak La-
grangian describing the decays B�

! `�⌫̄` is given by

Le↵ = �
4GF
p
2

KEW(µ)Vub (ū�
µPLb)(¯̀�µPL⌫`) . (1)

When electroweak corrections are neglected KEW(µ) =
1, and all hadronic e↵ects are encoded in the B-meson
matrix element of the quark current,

h0| ū�µ�5 b |B
�(v)i = imBfB vµ . (2)

Here vµ denotes the four-velocity of the B meson and fB
its decay constant. The situation becomes significantly
more complicated when QED e↵ects are taken into ac-
count. In this case KEW(µ) 6= 1 [11] and the operator
in (1) has a non-trivial scale dependence, which compen-
sates that of KEW, given by [12]

dKEW(µ)

d lnµ
= Q`Qu

3↵

2⇡
KEW(µ) . (3)

More profoundly, the B-meson decay constant loses its
universal meaning and its definition must be generalized,
because the flavor-changing quark current is not gauge
invariant with respect to QED interactions [13]. The
simple factorization of the four-fermion operator into a
quark and a lepton current, with no interactions between
them, no longer holds. While in QCD physical states
are color neutral, both the B meson and the charged
lepton carry electric charges, and thus electromagnetic
interactions inevitably connect the two currents.
In the presence of QED e↵ects, the B�

! `�⌫̄` ma-
trix element of the four-fermion operator in (1) is sensi-
tive to six di↵erent energy scales. The first four are the
scale mb setting the large mass of the decaying B me-
son, the intermediate “hard-collinear” scale

p
mb⇤QCD

at which the internal structure of the meson is probed
by virtual photons, the scale ⇤QCD of non-perturbative
hadronic interactions in the meson, and the lepton mass
m`. In order to obtain an infrared (IR) safe observable,
it is necessary to define the decay rate for the process
B�

! `�⌫̄` (�), allowing for the emission of real soft

2

photons with energies below a resolution scale Es. The
threshold Es and a related scale (m`/mB)Es complete
the list of relevant scales. We have analyzed the factor-
ization of these scales using a multi-step matching proce-
dure, in which the e↵ective weak Lagrangian is matched
onto two versions of soft-collinear e↵ective theory [14–17],
Le↵ ! SCET-1 ! SCET-2. In a final step, the SCET-2
operators are matched onto a low-energy e↵ective theory
consisting of products of Wilson lines, which are needed
to account for soft photon emissions.

In this Letter, we discuss the more intricate factoriza-
tion properties of the decay amplitude above the scale
Es, which is sensitive to virtual photon exchange only.
We have established the factorization theorem

A
virtual
B!`⌫̄ =

X

j

HjSjKj +
X

i

Hi ⌦ Ji ⌦ Si ⌦Ki , (4)

where the hard functionsHi account for matching correc-
tions at the scale mb, the jet functions Ji encode match-
ing corrections at the scale

p
mb⇤QCD, and the soft func-

tions are hadronic matrix elements of the B meson de-
fined in heavy-quark e↵ective theory (HQET) [18–21].
The collinear functions Ki describe the leptonic matrix
elements, encoding the dependence on the scale m`. The
first set of terms arise from SCET-1 operators with a soft
spectator quark, whereas the second set descents from
operators in which the spectator quark is described by
a hard-collinear field, carrying a significant fraction of
the charged-lepton momentum. The symbol ⌦ indicates
that the product of component functions must be under-
stood as a convolution, since some of the functions share
common momentum variables, over which one must inte-
grate. In SCET-2, interactions between soft and collinear
particles can be been eliminated at the Lagrangian level
using field redefinitions [15, 22]. The remnants of these

interactions appear in the form of soft Wilson lines S(f)
n

for each charged fermion f , where the light-like vector
nµ is aligned with the direction of the muon.

The appearance of a hard-collinear scale between mb

and ⇤QCD is an important feature of the factorization
formula. Electromagnetic radiation with virtuality q2 ⇠

mb⇤QCD emitted from the muon can recoil against the
meson and probe its internal structure. This e↵ect arises
from the interactions between soft and collinear particles
[23–25], which in SCET-1 are mediated by the exchange
of a virtual photon between the muon and the soft spec-
tator quark in the B meson, as illustrated in Figure 1.
After matching onto SCET-2 this gives rise to non-local
operators, whose component fields have light-like sepa-
ration. Their matrix elements define the B-meson light-
cone distribution amplitudes (LCDAs) [26–29]. From a
systematic analysis of the operators contributing to the
decay at O(⇤QCD/mb), we find that the amplitude is sen-
sitive to a hadronic parameter F generalizing the concept
of the B-meson decay constant, as well as to two- and
three-particle LCDAs.

FIG. 1. Examples of SCET-1 loop diagrams generating
structure-dependent QED corrections at the hard-collinear
scale. The up-quark and muon leaving the weak-interaction
operator carry fractions x and x̄ = 1 � x of the large com-
ponent n̄ · p` of the muon momentum. The resulting con-
tributions involve convolutions with a two-particle (left) and
three-particle (right) LCDA of the B meson.

A natural definition of the parameter F would be in
terms of the B-meson matrix element of the operator

OA = n̄µ ūs�
µPLhv S

(`)†
n , (5)

where us denotes a soft quark field, hv the e↵ective b-
quark field in HQET, and n̄µ is a light-like reference vec-
tor in the direction of the neutrino momentum, which
appears in the evaluation of the leptonic matrix element.
The soft Wilson line arises from the decoupling of soft
interactions from the muon. It ensures that the operator
is gauge invariant under both QCD and QED. This nec-
essarily introduces a process dependence in F , since the
Wilson line knows about the existence of a single charged
particle with charge Q` in the final state [4]. We would
then define

h0|OA |B�(v)i = �
i

2

p
mB F v · n̄ , (6)

where v · n̄ = 1 with our choice of reference vectors, and
the right-hand side depends on mB only via the rela-
tivistic normalization of the meson state. Comparison
with (2) shows that F ⇡

p
mB fB up to radiative and

power corrections. However, in the presence of QED cor-
rections the above definition is problematic, because the
operator OA is ill defined. In fact, its anomalous dimen-
sion exhibits a sensitivity to IR regulators, which must be
removed with a subtraction, for example by dividing the
operator by a vacuum matrix element of suitably defined
Wilson lines [4, 13]. Still, there exists another problem
with the factorization formula (4), as some of the con-
volution integrals su↵er from endpoint divergences. This
is a common problem of NLP factorization theorems [6–
8, 10, 30–37]. Neglecting corrections of O(↵↵s), the di-
vergent convolutions are those involving the hard and
jet functions. These divergences are troublesome, be-
cause they give rise to 1/✏ poles that cannot be removed
by renormalizing the hard and jet functions individually,
and hence break the desired factorization of scales. In-
terestingly, we find that both problems are solved simul-
taneously: removing the endpoint divergences using the
RBS scheme redefines the soft operator OA in such a way
that it becomes well-defined.
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‣ all short distance ( ) QED effects can be included in the weak 
effective Lagrangian

μ > mb

‣ QED effects are well under control for  as well as for :μ > mb μ ≪ ΛQCD

‣ photons with energy much smaller than  cannot resolve the hadron 
structure and can be computed treating the B as point-like.  

ΛQCD

‣ Things are more complicated for : very active research topic. ΛQCD < μ < mb

-   [Beneke, Bobeth, Szafron, 1708.09152,1908.07011]


-    [Beneke, Böer et al 2008.10615,2107.03819]


-   [Beneke, Bobeth, Wang 2008.12494]

Bs → μ+μ−

B → πK, B → Dπ
Bs → μ+μ−γ

QED factorization theorems available only for a few processes:
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Exclusive B-meson decays are powerful probes of the
flavor sector and of physics beyond the Standard Model.
In order to match the increasing experimental accuracy
in several decay channels, a reliable assessment of QED
corrections is desirable. In recent years, these received
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emissions, under the hypothesis that the leading correc-
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dependent QED corrections constitute an important con-
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determine the CKM matrix element Vub and to test
lepton-flavor universality, as Belle II can measure the
` = µ, ⌧ channels [5]. We focus here on the case ` = µ.
Due to the chirality-suppressed nature of the decay, this
process is of next-to-leading power (NLP) in the ex-
pansion in the ratio ⇤QCD/mB . Factorization formulas
at subleading power are typically plagued by endpoint-
divergent convolution integrals, requiring a careful sub-
traction and rearrangement between di↵erent contribu-
tions. The “refactorization-based subtraction (RBS)
scheme” introduced in [6, 7] for the derivation of the fac-
torization theorem for the Higgs-boson decay h ! ��
via b-quark loops provides a systematic method to deal
with endpoint divergences and establish factorization at
NLP. The RBS scheme has also been applied successfully
to Higgs production in gluon-gluon fusion [8, 9] and to
the “o↵-diagonal gluon thrust” in e+e� collisions [10].
The present work marks the first time the problem is en-
countered and treated in the context of B physics. An
important peculiarity in this case is the fact that the nec-
essary rearrangements involve objects that are genuinely
non-perturbative, giving rise to a new type of hadronic
matrix elements. We believe this is a generic feature of
exclusive B-meson decays beyond leading power.

Below the electroweak scale, the e↵ective weak La-
grangian describing the decays B�

! `�⌫̄` is given by

Le↵ = �
4GF
p
2

KEW(µ)Vub (ū�
µPLb)(¯̀�µPL⌫`) . (1)

When electroweak corrections are neglected KEW(µ) =
1, and all hadronic e↵ects are encoded in the B-meson
matrix element of the quark current,

h0| ū�µ�5 b |B
�(v)i = imBfB vµ . (2)

Here vµ denotes the four-velocity of the B meson and fB
its decay constant. The situation becomes significantly
more complicated when QED e↵ects are taken into ac-
count. In this case KEW(µ) 6= 1 [11] and the operator
in (1) has a non-trivial scale dependence, which compen-
sates that of KEW, given by [12]

dKEW(µ)

d lnµ
= Q`Qu

3↵
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KEW(µ) . (3)

More profoundly, the B-meson decay constant loses its
universal meaning and its definition must be generalized,
because the flavor-changing quark current is not gauge
invariant with respect to QED interactions [13]. The
simple factorization of the four-fermion operator into a
quark and a lepton current, with no interactions between
them, no longer holds. While in QCD physical states
are color neutral, both the B meson and the charged
lepton carry electric charges, and thus electromagnetic
interactions inevitably connect the two currents.
In the presence of QED e↵ects, the B�

! `�⌫̄` ma-
trix element of the four-fermion operator in (1) is sensi-
tive to six di↵erent energy scales. The first four are the
scale mb setting the large mass of the decaying B me-
son, the intermediate “hard-collinear” scale

p
mb⇤QCD

at which the internal structure of the meson is probed
by virtual photons, the scale ⇤QCD of non-perturbative
hadronic interactions in the meson, and the lepton mass
m`. In order to obtain an infrared (IR) safe observable,
it is necessary to define the decay rate for the process
B�

! `�⌫̄` (�), allowing for the emission of real soft

2

photons with energies below a resolution scale Es. The
threshold Es and a related scale (m`/mB)Es complete
the list of relevant scales. We have analyzed the factor-
ization of these scales using a multi-step matching proce-
dure, in which the e↵ective weak Lagrangian is matched
onto two versions of soft-collinear e↵ective theory [14–17],
Le↵ ! SCET-1 ! SCET-2. In a final step, the SCET-2
operators are matched onto a low-energy e↵ective theory
consisting of products of Wilson lines, which are needed
to account for soft photon emissions.

In this Letter, we discuss the more intricate factoriza-
tion properties of the decay amplitude above the scale
Es, which is sensitive to virtual photon exchange only.
We have established the factorization theorem

A
virtual
B!`⌫̄ =

X

j

HjSjKj +
X

i

Hi ⌦ Ji ⌦ Si ⌦Ki , (4)

where the hard functionsHi account for matching correc-
tions at the scale mb, the jet functions Ji encode match-
ing corrections at the scale

p
mb⇤QCD, and the soft func-

tions are hadronic matrix elements of the B meson de-
fined in heavy-quark e↵ective theory (HQET) [18–21].
The collinear functions Ki describe the leptonic matrix
elements, encoding the dependence on the scale m`. The
first set of terms arise from SCET-1 operators with a soft
spectator quark, whereas the second set descents from
operators in which the spectator quark is described by
a hard-collinear field, carrying a significant fraction of
the charged-lepton momentum. The symbol ⌦ indicates
that the product of component functions must be under-
stood as a convolution, since some of the functions share
common momentum variables, over which one must inte-
grate. In SCET-2, interactions between soft and collinear
particles can be been eliminated at the Lagrangian level
using field redefinitions [15, 22]. The remnants of these

interactions appear in the form of soft Wilson lines S(f)
n

for each charged fermion f , where the light-like vector
nµ is aligned with the direction of the muon.

The appearance of a hard-collinear scale between mb

and ⇤QCD is an important feature of the factorization
formula. Electromagnetic radiation with virtuality q2 ⇠

mb⇤QCD emitted from the muon can recoil against the
meson and probe its internal structure. This e↵ect arises
from the interactions between soft and collinear particles
[23–25], which in SCET-1 are mediated by the exchange
of a virtual photon between the muon and the soft spec-
tator quark in the B meson, as illustrated in Figure 1.
After matching onto SCET-2 this gives rise to non-local
operators, whose component fields have light-like sepa-
ration. Their matrix elements define the B-meson light-
cone distribution amplitudes (LCDAs) [26–29]. From a
systematic analysis of the operators contributing to the
decay at O(⇤QCD/mb), we find that the amplitude is sen-
sitive to a hadronic parameter F generalizing the concept
of the B-meson decay constant, as well as to two- and
three-particle LCDAs.

FIG. 1. Examples of SCET-1 loop diagrams generating
structure-dependent QED corrections at the hard-collinear
scale. The up-quark and muon leaving the weak-interaction
operator carry fractions x and x̄ = 1 � x of the large com-
ponent n̄ · p` of the muon momentum. The resulting con-
tributions involve convolutions with a two-particle (left) and
three-particle (right) LCDA of the B meson.

A natural definition of the parameter F would be in
terms of the B-meson matrix element of the operator

OA = n̄µ ūs�
µPLhv S

(`)†
n , (5)

where us denotes a soft quark field, hv the e↵ective b-
quark field in HQET, and n̄µ is a light-like reference vec-
tor in the direction of the neutrino momentum, which
appears in the evaluation of the leptonic matrix element.
The soft Wilson line arises from the decoupling of soft
interactions from the muon. It ensures that the operator
is gauge invariant under both QCD and QED. This nec-
essarily introduces a process dependence in F , since the
Wilson line knows about the existence of a single charged
particle with charge Q` in the final state [4]. We would
then define

h0|OA |B�(v)i = �
i

2

p
mB F v · n̄ , (6)

where v · n̄ = 1 with our choice of reference vectors, and
the right-hand side depends on mB only via the rela-
tivistic normalization of the meson state. Comparison
with (2) shows that F ⇡

p
mB fB up to radiative and

power corrections. However, in the presence of QED cor-
rections the above definition is problematic, because the
operator OA is ill defined. In fact, its anomalous dimen-
sion exhibits a sensitivity to IR regulators, which must be
removed with a subtraction, for example by dividing the
operator by a vacuum matrix element of suitably defined
Wilson lines [4, 13]. Still, there exists another problem
with the factorization formula (4), as some of the con-
volution integrals su↵er from endpoint divergences. This
is a common problem of NLP factorization theorems [6–
8, 10, 30–37]. Neglecting corrections of O(↵↵s), the di-
vergent convolutions are those involving the hard and
jet functions. These divergences are troublesome, be-
cause they give rise to 1/✏ poles that cannot be removed
by renormalizing the hard and jet functions individually,
and hence break the desired factorization of scales. In-
terestingly, we find that both problems are solved simul-
taneously: removing the endpoint divergences using the
RBS scheme redefines the soft operator OA in such a way
that it becomes well-defined.
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QED corrections to exclusive B decays

‣ unlike in QCD, external states can be charged in QED

Main challenges in formulating a factorization theorem:

 “universal” hadronic quantities become process-
dependent, e.g. decay constants are not constants anymore
⇒
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QED corrections to exclusive B decays

‣ unlike in QCD, external states can be charged in QED

Main challenges in formulating a factorization theorem:

 “universal” hadronic quantities become process-
dependent, e.g. decay constants are not constants anymore
⇒

‣ beyond leading power convolutions have endpoint divergences. 


‣ cannot be dealt with using standard renormalization techniques and 
require appropriate subtractions 


‣ relevant here: the chiral suppression makes  is a genuine next-
to-leading power process! 

B → μν̄
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Scales

5

In the presence of QED corrections, 

 is sensitive to eight different energy scales:B → μν̄
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In the presence of QED corrections,  is sensitive to many scales:B → μν̄

 ©Matthias König

Es ∼
mμΛQCD

mB

Es
mμ

mb

mb

mW

mbΛQCD

mμ ∼ ΛQCD

Fock-state description of B meson:  | ūb⟩ + | ūgb⟩ + …
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Scales

6

In the presence of QED corrections,  is sensitive to many scales:B → μν̄

 ©Matthias König

Es ∼
mμΛQCD

mB

Es
mμ

mb

mb

mW

mbΛQCD

mμ ∼ ΛQCD [see: Beneke, Bobeth, Szafron 2019]

[see: Isidori, Nabeebaccus, Zwicky 2020; Zwicky 2021; 
isee: Dai, Kim, Leibovich 2021]

description of B meson as a point-like pseudo-scalar boson 
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We want to disentangle all these scales by

▸ identifying the appropriate EFT description

▸ deriving a factorization theorem to describe the multi-scale problem in 

terms of convolutions of single-scale objects
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Strategy

6

We want to disentangle all these scales by

▸ identifying the appropriate EFT description

▸ deriving a factorization theorem to describe the multi-scale problem in 

terms of convolutions of single-scale objects

In the following, we will 

▸ describe the EFT construction across all scales

▸ discuss the factorization & refactorization of the “virtual” amplitude

▸ sketch the low-energy theory describing real emissions
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Power counting and relevant modes
‣ In the B-meson rest frame, the muon and the neutrino are back to back.


 identify the muon direction of the “collinear” one.
⇒

B

pμ
B = mBvμ , vμ = (1,0,0,0)

pμ
μ =

mB

2 (1 +
m2

ℓ

m2
B

,0,0, + 1 −
m2

ℓ

m2
B ) ≈

mB

2
(1, 0, 0, + 1) =

mB

2
nμ

pμ
ν =

mB

2 (1 −
m2

ℓ

m2
B

,0, 0, − 1 +
m2

ℓ

m2
B ) ≈

mB

2
(1, 0, 0, − 1) =

mB

2
n̄μ

λℓ =
mℓ

mb
≪ 1



May 2023 || 10 years MITP Claudia Cornella7

Power counting and relevant modes
‣ In the B-meson rest frame, the muon and the neutrino are back to back.


 identify the muon direction of the “collinear” one.
⇒

B

pμ
B = mBvμ , vμ = (1,0,0,0)

pμ
μ =

mB

2 (1 +
m2

ℓ

m2
B

,0,0, + 1 −
m2

ℓ

m2
B ) ≈

mB

2
(1, 0, 0, + 1) =

mB

2
nμ

pμ
ν =

mB

2 (1 −
m2

ℓ

m2
B

,0, 0, − 1 +
m2

ℓ
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2
(1, 0, 0, − 1) =

mB

2
n̄μ

λℓ =
mℓ
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≪ 1

pb = mbv + kb , pq = kq kb, kq ∼ mb(λ, λ, λ) λ =
ΛQCD

mb

‣ Initial state quark are bound in the meson, with residual momenta of 
𝒪(ΛQCD)
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Power counting and relevant modes
‣ In the B-meson rest frame, the muon and the neutrino are back to back.


 identify the muon direction of the “collinear” one.
⇒

B

pμ
B = mBvμ , vμ = (1,0,0,0)

pμ
μ =

mB

2 (1 +
m2

ℓ

m2
B

,0,0, + 1 −
m2

ℓ

m2
B ) ≈

mB

2
(1, 0, 0, + 1) =

mB

2
nμ

pμ
ν =

mB

2 (1 −
m2

ℓ

m2
B

,0, 0, − 1 +
m2

ℓ

m2
B ) ≈

mB

2
(1, 0, 0, − 1) =

mB

2
n̄μ

λℓ =
mℓ

mb
≪ 1

pb = mbv + kb , pq = kq kb, kq ∼ mb(λ, λ, λ) λ =
ΛQCD

mb

‣ Initial state quark are bound in the meson, with residual momenta of 
𝒪(ΛQCD)

‣ Exp. cut on real radiation introduces a third expansion parameter
 λE =
Es

mb
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Power counting and relevant modes

Expansion parameters:

� =
⇤QCD
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Expansion parameters:
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▸ Relevant modes for virtual QED corrections:

▸ hard

▸ hard-collinear

▸ soft

▸ collinear

▸ soft-collinear


▸ Relevant modes for real QED corrections:


▸ ultra-soft

▸ ultra-soft-collinear
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: from the Fermi Theory to HQET  SCET-1μ ∼ mb ×

▸ Below , radiation is too soft to affect the -quark momentum                 
 the right description is HQET

mb b
⇒

▸ Remaining fields can have large momenta, but small invariant mass            
 the right EFT is SCET-1⇒

▸ In practice, the fields & power counting we need at this stage are:

<latexit sha1_base64="4j2syIvJO2LIzlKW25OCUFwAVOE="></latexit>

⌫ ! �(⌫)

hc

` ! �(`)
hc

b ! hv

q ! �(q)
hc , qs

(+ photons, gluons )

<latexit sha1_base64="/if33aYBDXr0BIPHCSTv62XR28Q="></latexit>

�(`)
hc ,�

(q)
hc ,�

(⌫)

hc
⇠ �1/2

hv, qs ⇠ �3/2

Aµ
hc?, G

µ
hc? ⇠ �1/2

gluonsphotons
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Construction of SCET-1 basis

To keep in mind when building the basis:

▸ All operators stem from the Fermi Lagrangian ciaociaociaociaocia              
 massless fields (neutrino and spectator) have to be left-handed ⇒

▸ The leading contribution to the amplitude is of order                               
 need operators with SCET-2 power counting  and mass dim 6

λ6

⇒ λ6

▸ Only two irreducible Dirac structures can enter the leptonic current in 
SCET-1:   with χ̄(ℓ)

hc Γℓ PL χ(ν)
hc

Γℓ = 1 , γ⊥
μ

▸ for  the muon is right-handed  the chirality flip gives a factor , 
which we include in the operator definition

Γℓ = 1 ⇒ mℓ
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Given this, we have five classes of 4-fermion operators:


A. Operators with soft spectator 

B. Operators with hard-collinear spectator 

C. Operators with soft spectator + hard-collinear photon 

D. Operators with hard-collinear spectator + hard-collinear photon

E. Operators  hard-collinear spectator + two perp objects
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Construction of SCET-1 basis

Given this, we have five classes of 4-fermion operators:


A. Operators with soft spectator 

B. Operators with hard-collinear spectator 

C. Operators with soft spectator + hard-collinear photon 

D. Operators with hard-collinear spectator + hard-collinear photon

E. Operators  hard-collinear spectator + two perp objects

Only these are needed at . 𝒪(α)
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Construction of SCET-1 basis

▸ Obtained from hard matching: 

▸ Only the first contributes at tree level:
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▸ Only the first contributes at tree level:
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Construction of SCET-1 basis

B. Operators with hard-collinear spectator

▸ Their one-loop matrix elements reproduce the hard-collinear loops in the 
Fermi theory 

▸ B operators are power-enhanced with respect to A ones, but need one 
insertion of the (power-suppressed) soft-collinear interactions                                        

 they contribute at the same order⇒
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Construction of SCET-1 basis

C. Operators with with soft spectator + hard-collinear photon

▸ Arise from hard-collinear emission from muon,  or spectator quarkb

▸ Moving to SCET-2, these reproduce the collinear loops of the Fermi theory 
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: from SCET-1 to SCET-2μ ∼ mbΛ

▸ At , integrate out hard-collinear modes and lower virtuality         
 now collinear and soft modes live at the same scale: SCET-2 
μ ∼ mbΛ

⇒

▸ When integrating out hard-collinear modes, intermediate propagators 
introduce non-local operators:

▸  now contain more fields, but are of the same order!⇒

ψhc → ψc + ψc ⋅ ψs + ψc ⋅ ψ2
s + …
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(Not) overcoming the chiral suppression

▸ Inverse derivative operators can probe the meson structure, and possibly 
overcome the chiral suppression

▸ Happens for , but not for Bs → μ+μ− B → μν̄μ

▸ For left-handed currents, these contributions come with evanescent Dirac 
structures: 

 structure-dependent contributions to  carry the same 
suppression as the tree level result!
⇒ B → μν̄μ

[Beneke, Bobeth, Szafron 2017, 2019]
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SCET-2 basis 

descend directly from A-type operators in 
SCET-1 

descend directly from C-type 
operators in SCET-1 

stem from matching B-type SCET-1 
operators to SCET-2 at tree level 
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Factorization formula (virtual corrections)

▸ hard function: matching corrections at μ ∼ mb

▸ hard-collinear function: matching corrections at μ ∼ (mbΛQCD)1/2

▸ collinear function: leptonic matrix elements, μ ∼ mμ

▸ soft (& soft-collinear) function: HQET  meson matrix elementsB

SCET-1 operators with soft 
spectator (A-type)

SCET-1 operators with hc 
spectator (B-type)

convolution

𝒜virtual
B→ℓν̄ = ∑

j

Hj Sj Kj +∑
i

Hi ⊗ Jj ⊗ Si ⊗ Ki ,



May 2023 || 10 years MITP Claudia Cornella19

Factorization formula (virtual corrections)

▸ Neglecting  corrections, two main contributions𝒪(ααs)
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Factorization formula (virtual corrections)
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▸ Focus on second term:

▸ Hard and jet function share a variable  = collinear momentum 

momentum fraction carried by the spectator 

▸ They scale as  


   has an endpoint divergence in ! 

x

HB ∼ x−ϵ, JB ∼ x−1−ϵ

⇒ HB ⊗ JB x = 0
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▸ Neglecting  corrections, two main contributions𝒪(ααs)
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▸ Focus on second term:

▸ Hard and jet function share a variable  = collinear momentum 

momentum fraction carried by the spectator 

▸ They scale as  


   has an endpoint divergence in ! 

x

HB ∼ x−ϵ, JB ∼ x−1−ϵ

⇒ HB ⊗ JB x = 0

▸ This cannot be removed with standard RG techniques, but is systematically 
treatable with refactorization-based subtraction (RBS) scheme

[Liu, MN 2019; Liu, Mecaj, MN, Wang 2020; Beneke et al. 2022; 
Liu, MN, Schnubel, Wang 2022]
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Refactorization
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KA(m`) ū(p`)PLv(p⌫)


HA(mb)SA+

Z
d!

Z 1

0
dxHB(mb, x) JB(mb!, x)SB(!)

�



May 2023 || 10 years MITP Claudia Cornella21

Refactorization

▸ Start from the second term
▸ Remove the divergence from  with a plus subtractionHB ⊗ JB
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Refactorization

▸ Start from the second term
▸ Remove the divergence from  with a plus subtractionHB ⊗ JB
▸ Add the subtraction term back, combining it with the other term in the 

factorization formula
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▸ The “new” soft function  defines a renormalized decay “constant”:S(Λ)
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Decay constant

4

The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define

hX� |O
(⇤)
A |B�

i = �
i

2

p
mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†

v` |0i ,

(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)

A
virtual
B!`⌫̄ = �

4GF
p
2

KEWVub
m`

mb
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as

A
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p
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i
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1

!g

h
 A(!,!g)�  V (!,!g)

i
, (23)
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▸ Evolution in  and  well-defined and insensitive to IR regulators:μ Λ
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The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1

!g

h
 A(!,!g)�  V (!,!g)

i
, (23)

4

The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define

hX� |O
(⇤)
A |B�

i = �
i

2

p
mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†

v` |0i ,

(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1

!g

h
 A(!,!g)�  V (!,!g)

i
, (23)
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▸ Evolution in  and  well-defined and insensitive to IR regulators:μ Λ

▸ Related to lattice QCD result for the B decay constant:

mB f QCD
B = [1 − CF

αs(mb)
2π ] F(mb, mb)

α→0
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define

hX� |O
(⇤)
A |B�

i = �
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2

p
mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†

v` |0i ,

(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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virtual
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1

!g

h
 A(!,!g)�  V (!,!g)

i
, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define

hX� |O
(⇤)
A |B�

i = �
i

2

p
mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†

v` |0i ,

(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as

A
virtual
B!`⌫̄ = i

p
2GF KEW(µ)Vub

m`

mb

p
mB F (µ,mb, w)
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
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, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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A |B�

i = �
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2

p
mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†

v` |0i ,

(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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KA(m`) ū(p`)PLv(p⌫)

·


HA(mb)S

(⇤)
A +

Z
d!

Z 1

0
dx

h
HB(mb, x)JB(mb!, x)

� ✓(�� x) JHB(mb, x)KJJB(mb!, x)K
i
SB(!)

�
.

(20)

The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
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, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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p
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(B)
vB S(`)†
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(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1
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h
 A(!,!g)�  V (!,!g)

i
, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define

hX� |O
(⇤)
A |B�

i = �
i

2

p
mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†

v` |0i ,
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where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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virtual
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order

M2p(µ) = 1 +
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1
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h
 A(!,!g)�  V (!,!g)

i
, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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i = �
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mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†
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(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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virtual
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
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 A(!,!g)�  V (!,!g)
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, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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A |B�

i = �
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mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†
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(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
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, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as

A
virtual
B!`⌫̄ = i

p
2GF KEW(µ)Vub

m`

mb

p
mB F (µ,mb, w)
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1
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h
 A(!,!g)�  V (!,!g)

i
, (23)

4

The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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virtual
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
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, (23)

4

The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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(B)
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where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as

A
virtual
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p
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
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, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1

!g

h
 A(!,!g)�  V (!,!g)

i
, (23)
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4

The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define

hX� |O
(⇤)
A |B�

i = �
i

2

p
mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†

v` |0i ,

(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1

!g

h
 A(!,!g)�  V (!,!g)

i
, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define

hX� |O
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i = �
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mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†

v` |0i ,

(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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virtual
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as

A
virtual
B!`⌫̄ = i

p
2GF KEW(µ)Vub
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mB F (µ,mb, w)

· ū(p`)PLv(p⌫)
h
M2p(µ) +M3p(µ)
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, (21)

where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order

M2p(µ) = 1 +
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1

!g

h
 A(!,!g)�  V (!,!g)

i
, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define

hX� |O
(⇤)
A |B�

i = �
i

2

p
mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†

v` |0i ,

(17)
where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as

A
virtual
B!`⌫̄ = i

p
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
1
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h
 A(!,!g)�  V (!,!g)

i
, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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p
mB F (µ,⇤, w) hX� |S

(B)
vB S(`)†
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where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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It is also possible to control the dependence on the cuto↵

⇤ using perturbation theory. From (16), it follows that
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The

B�
! µ�⌫̄µ decay amplitude including virtual QED cor-

rections can be written as
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by

�3g(!,!g) =
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, (23)
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The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
cle. Generalizing (6), we define
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where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line

S(`)
n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
contains ultraviolet divergences, which have been calcu-
lated in the context of heavy-quark currents in HQET
[42]. They must be removed by renormalization. Since
w ' mB/2m` is parametrically large in our case, ma-
trix elements of the Wilson-line operator receive contri-
butions from two di↵erent scales, soft and soft-collinear,
which can be factorized by introducing separate soft and
soft-collinear Wilson lines.

The subtraction performed in (16), in conjunction with
the use of the time-like Wilson line, cures the IR prob-
lem mentioned earlier, such that the anomalous dimen-
sion of the parameter F , defined via dF (µ,⇤, w)/d lnµ =
��F F (µ,⇤, w), is now local and independent of IR reg-
ulators. At one-loop order, we obtain
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where the dots stand for a contribution involving the
three-particle LCDA of the B meson.
When the subtraction term is combined with the origi-

nal contribution of the operator OA, we obtain from (11)
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The subtracted convolution and the soft function S(⇤)
A

depend on the cuto↵ ⇤, and there is no choice for which
both objects depend only on their natural scales. Follow-
ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
expense of introducing the scale mb in the definition of
F in (17). The translation of F (µ,mb, w) to F (µ,⇤, w)
with a di↵erent choice of ⇤ can be obtained by solving
the evolution equation (19).
We are now ready to present our main result. The
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! µ�⌫̄µ decay amplitude including virtual QED cor-
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by
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4

The proper definition of the hadronic parameter F is
obtained by matching the B-meson matrix element of
this operator onto a Wilson-line operator in a low-
energy e↵ective theory for very soft photons (with E� ⌧

⇤QCD,mµ), which see the B meson as a point-like parti-
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where X� denotes a state of n � 0 soft photons, and
w ⌘ vB · v`. It is crucial that, unlike in [4], the time-

like Wilson line S(`)
v` and not the light-like Wilson line
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n appears on both sides of this relation, thus e↵ec-

tively implementing the non-perturbative matching en-
visioned in the same reference. As a result, the quan-
tity F (µ,⇤, w) should be interpreted as a form factor
rather than a decay constant. The Wilson-line operator
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ing [12], we choose ⇤ = mb and hence � = 1 to eliminate
the second scale from the subtracted convolution, at the
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where the two terms in the second line probe the two- and
three-particle Fock states of the B meson. After renor-
malizing the four-fermion operator in (1), the muon mass
and the parameter F in the MS scheme and performing
the integrations over x, we obtain at one-loop order
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In the virtual amplitude there remain IR divergences,
which cancel against the IR divergences from real-photon
emission in the process B�

! `�⌫̄` (�).

The three-particle LCDAs of the B meson have been

studied in [40, 41]. Our function �3g(!,!g) is related to
the functions defined therein by
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large double logarithms
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: understanding the low-energy theoryμ < Λ ∼ mμ

▸ Below  quarks hadronize: move to effective description with a 
Yukawa theory, with the meson treated as a heavy scalar

μ ∼ ΛQCD

▸ Yukawa coupling is fixed by matching hadronic matrix elements between 
this and the previous description: 

▸ Since , we integrate out the muon in the same step and 
describe it as a boosted heavy lepton field:  

ΛQCD ∼ mμ
ℓ(x) = e−imℓvℓ⋅xχvℓ

(x)

 low-E theory is a heavy scalar effective theory  bHLET⇒ ⊗
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: understanding the low-energy theoryμ < Λ ∼ mμ

▸ It’s a theory of Wilson lines: all interactions of the  and the muon with 
ultrasoft and ultrasoft-collinear photons can be moved into Wilson lines, and 
decoupled from them via field redefinitions:

B

▸ Real corrections are matrix elements of these Wilson lines:
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: understanding the low-energy theoryμ < Λ ∼ mμ

▸ Convoluted with the measurement function involving the experimental cut, 
they yields the complete radiative function:


▸ Integration and renormalisation of the bare functions can be carried out in 
Laplace space  resummation of ultra-soft and ultrasoft-collinear logs. 


▸ Full factorization formula:

⇒

radiativenon-radiative

<latexit sha1_base64="AZjZ8SkkEwcwAHL1MT3BDvJQLXM="></latexit>

� = |Avirtual|2 ⌦ Wus(µ)⌦Wusc(µ)
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Conclusions

28

‣ We derived a factorization formula for QED corrections to , which separates 
all scales in the process and allows for the resummation of the associated 
logarithms.


‣ We used a multi-step matching procedure involving a combination of HQET, SCET 1 
& 2, and boosted HLET. The derivation can be systematically extended to higher 
orders in the coupling constants and power counting.

B → μν

‣ The exchange of virtual hard collinear photons gives rise to structure-dependent 
corrections. Unlike in , these are not enhanced. Nevertheless, they are 
present and constitute a potentially important source of uncertainty in the prediction. 

Bs → μμ

‣ Channels with other lepton flavors cannot be obtained simply by replacing the 
muon mass: they have different scale hierarchies, matching threshold, EFT 
constructions…. 


