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Outline
• Motivation


• Constraints to anomalous dimensions


‣ Soft-collinear factorization - Kinematics


‣ Non-Abelian Exponentiation Theorem - Color 


‣ Two-particle collinear limits


‣ Small-mass limits


• Calculation of the Tripole Correlation


• Results
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Measurements at the LHC
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Precision Collider Observables
E

<latexit sha1_base64="0J7swYsUilrEsL4ZQsZMzO/7EK8="></latexit>

⇤QCD

<latexit sha1_base64="why1IGW+ChX5ltyScgfy1V+SD9A="></latexit>pT

<latexit sha1_base64="ek4SCqkLDJxDgibiDLLLVFwXMOc="></latexit>pT,veto

<latexit sha1_base64="7QZxLbALr5gJ053i0lvZI4ZBgoc="></latexit>mW,Z,h

<latexit sha1_base64="VUaT+GdAII0E8tQqTJlsYVl+ecc="></latexit>mt

<latexit sha1_base64="b2ptLlzg2xDoKa/ikb/E4SKiQBg="></latexit>mJ

<latexit sha1_base64="Mcoo5BxtWvRw6rkTyyW3fbXKrfk="></latexit>mtt̄

• Multi scales are involved in measurements

‣ Fixed-order results are invalid due to large 
logarithms of scale ratios

‣ Large logs need to be resummed to all orders in  <latexit sha1_base64="IWLmvXvAryOJxDBNEsbLnaOVzTE="></latexit>↵s

‣ Renormalization-group evolutions are governed by 
anomalous dimensions

RGE

UV poles in low energy matrix elements

<latexit sha1_base64="McVNMzl+D+x436b23f+RVT/sjCI="></latexit>

� ⇠ H ⌦Ba/N ⌦Bb/N ⌦ S ⌦
Y

i

J

IR poles

Effective field theory is powerful for scale 
separation and factorization

In soft-collinear effective theory (SCET), IR poles of hard 
coefficients are in one-to-one correspondence to the UV 
poles of low-energy matrix elements. 
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Soft-Collinear Factorization

J

SH

<latexit sha1_base64="EyX4yRLBE1Lkg8KojF4LseamiIo="></latexit>

S({�}, ✏)
Y

i

J(L2
i , ✏)|M({s}, ✏)iOff-Shell Green’s function  =

UV renormalized

free of IR poles

J

For n-jet amplitudes:

cusp angles

<latexit sha1_base64="Awku5xuUg6f4ZRRICJ1GOkmEdv8="></latexit>

ln
µ2

�p2i

<latexit sha1_base64="2gnnb12gRAOTZExlHsYL3vzfyE4="></latexit>

�ij = ln
(�sij) µ2

(�p2i )(�p2j )

<latexit sha1_base64="cobP9uMOhf2O2sa1sx5uHIZ1Nnk="></latexit>

sij = ±2pi · pj

Hard

Collinear

Soft

E

<latexit sha1_base64="VwA9tgpjutssWTQGzsvY1hfMe84=">AAACC3icdVDLSgMxFM34rPU11qWbYBFcDZnWvnZFNy4r2Af0MWTSTBuazAxJRiyln+AvuNW9O3HrR7j1S0wfghU9cOFwzr3ce48fc6Y0Qh/W2vrG5tZ2aie9u7d/cGgfZRoqSiShdRLxSLZ8rChnIa1rpjltxZJi4XPa9EdXM795R6ViUXirxzHtCjwIWcAI1kby7ExHJB7p5TqKCQhjj/Vynp1FDioWKnkEkVNAbqlSMQShYjmfg64hM2TBEjXP/uz0I5IIGmrCsVJtF8W6O8FSM8LpNN1JFI0xGeEBbRsaYkFVdzK/fQrPjNKHQSRNhRrO1Z8TEyyUGgvfdAqsh+q3NxP/8tqJDsrdCQvjRNOQLBYFCYc6grMgYJ9JSjQfG4KJZOZWSIZYYqJNXCtbfDFNm1C+P4f/k0bOcYuOe3ORrV4u40mBE3AKzoELSqAKrkEN1AEB9+ARPIFn68F6sV6tt0XrmrWcOQYrsN6/AMeDmpE=</latexit>

µ2
c ⇠ p2i

<latexit sha1_base64="v4T0ifCY3g+/83bX27ddk3p1HyY="></latexit>

µ2
s ⇠

p2i p
2
j

sij

<latexit sha1_base64="XEjDnb0erLr+/B2dZZOm9yI+yw4=">AAACEnicdZDLSgMxFIYzXmu9jboSN8EiuCqTIr3sim5cVrAX6NQhk8m0scnMkGSEUoov4Su41b07cesLuPVJzLQVrOiBwMf/n8PJ+f2EM6Ud58NaWl5ZXVvPbeQ3t7Z3du29/ZaKU0lok8Q8lh0fK8pZRJuaaU47iaRY+Jy2/eFF5rfvqFQsjq71KKE9gfsRCxnB2kiefeiK1BvclFzFBISJx1wSxNrArWcXnKLjOAghmAGqlB0DtVq1hKoQZZapAphXw7M/3SAmqaCRJhwr1UVOontjLDUjnE7ybqpogskQ92nXYIQFVb3x9IQJPDFKAMNYmhdpOFV/ToyxUGokfNMpsB6o314m/uV1Ux1We2MWJammEZktClMOdQyzPGDAJCWajwxgIpn5KyQDLDHRJrWFLb6Y5E0o35fD/6FVKqJyEV2dFern83hy4Agcg1OAQAXUwSVogCYg4B48gifwbD1YL9ar9TZrXbLmMwdgoaz3L1pwnZg=</latexit>

µ2
h ⇠ pi · pj

Matrix in color space
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Soft-Collinear Factorization

RG invariance implies:

<latexit sha1_base64="pjTLcF3ErFVXYxEHHnsniToAi+c="></latexit>

Z(✏, {p}, µ) = P exp

Z 1

µ

dµ0

µ0 �({p}, µ
0)

�

<latexit sha1_base64="x9T6YL0p7Y80IHICmSgdjVHM630="></latexit>

|M({s}, µ)i = lim
✏!0

Z�1(✏, {s}, µ)|M(✏, {s})i

Renormalization in      scheme

Renormalization-group equation (RGE) gives

<latexit sha1_base64="KniejH5f1B6feqpIoN2uO5R6fW0=">AAACCnicbVDLSsNAFJ3UV62vVJduBovgqiQi6rLoxo1Q0T6gCWUynbRDZyZhZqKUkD/wF9zq3p249Sfc+iVO2ixs64ELh3Pu4V5OEDOqtON8W6WV1bX1jfJmZWt7Z3fPru63VZRITFo4YpHsBkgRRgVpaaoZ6caSIB4w0gnG17nfeSRS0Ug86ElMfI6GgoYUI22kvl31ImPn6dSTHN7eZ3275tSdKeAycQtSAwWaffvHG0Q44URozJBSPdeJtZ8iqSlmJKt4iSIxwmM0JD1DBeJE+en09QweG2UAw0iaERpO1b+JFHGlJjwwmxzpkVr0cvE/r5fo8NJPqYgTTQSeHQoTBnUE8x7ggEqCNZsYgrCk5leIR0girE1bc1cCnlVMKe5iBcukfVp3z+vu3VmtcVXUUwaH4AicABdcgAa4AU3QAhg8gRfwCt6sZ+vd+rA+Z6slq8gcgDlYX7/uIZq0</latexit>

MS

<latexit sha1_base64="1sSoeQWsE1wQaAvVBLXZOtg5CGk="></latexit>

�({s}, µ) = �s({�}, µ) +
nX

i=1

�i
c(Li, µ)1

anomalous dimension

free of collinear scale
<latexit sha1_base64="/WDsB+MMGxnM/x5glGBa4CR5vh8=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4KkmRPnZFNy4rOG2hHUsmzbShmcyQZIQy1F9wq3t34tZ/ceuXmGkrWNEDFw7n3Mu99/ix4Nog9OHk1tY3Nrfy24Wd3b39g+LhUVtHiaLMpZGIVNcnmgkumWu4EawbK0ZCX7COP7nK/M49U5pH8tZMY+aFZCR5wCkxVnLjAb+rDIolVEYIYYxhRnCtiixpNOoVXIc4syxKYInWoPjZH0Y0CZk0VBCtexjFxkuJMpwKNiv0E81iQidkxHqWShIy7aXzY2fwzCpDGETKljRwrv6cSEmo9TT0bWdIzFj/9jLxL6+XmKDupVzGiWGSLhYFiYAmgtnncMgVo0ZMLSFUcXsrpGOiCDU2n5Utfjgr2FC+P4f/k3aljKtlfHNRal4u48mDE3AKzgEGNdAE16AFXEABB4/gCTw7D86L8+q8LVpzznLmGKzAef8CETiVVg==</latexit>

p2i

<latexit sha1_base64="jQTKNxVxF+qyhu0m7A7tMoJ6KkI="></latexit>

@�s

@Li
= �@�i

c

@Li
1which leads to

<latexit sha1_base64="MPlUzkiP7DVuZvDpIfOfz0uPRkI="></latexit>

�i
c = ��i

cuspLi + �i
c

Becher, Neubert, ‘09 Also see Catani, ‘98

Becher, Hill, Lange, Neubert, ‘03
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Non-Abelian Exponentiation Theorem

A = A0 exp · · ·

Abelian:

non-Abelian: Frenkel & Taylor, ’84  Gatheral, ’83

A = A0 exp · · ·

color connected

Fully connected

not contribute to exponent

maximally non-abelian 

part of color

• UV poles of soft matrix elements can be written as exponentials of simpler 
quantities, which only receive contribution from color connected webs
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Non-Abelian Exponentiation Theorem

Figure from Gardi, Smillie, White, 1304.7040

• Generalize to multi-leg scattering amplitudes

1

2 3

4

A B C D

1

2 3

4

<latexit sha1_base64="4W3ZLpLz+fN8t2HQ2BCDfdHVCP4="></latexit>

S = exp

2

4
X

W

X

D,D0

F (D)R(W )
DD0C(D0)

3

5

Gardi et al. ’09-’14

• An example of web : <latexit sha1_base64="qtBViQDekW/ZPESCrL2C68fSnyk=">AAACBHicbVDLSgMxFM3UV62vqks3wSJUKGVSRF0W3bisYB/QDiWTZtrQJDMmGaEMs/UX3Orenbj1P9z6JabtLGzrgQuHc+7lXI4fcaaN6347ubX1jc2t/HZhZ3dv/6B4eNTSYawIbZKQh6rjY005k7RpmOG0EymKhc9p2x/fTv32E1WahfLBTCLqCTyULGAEGyt57X5SRhVUqVVq52m/WHKr7gxwlaCMlECGRr/40xuEJBZUGsKx1l3kRsZLsDKMcJoWerGmESZjPKRdSyUWVHvJ7OkUnlllAINQ2ZEGztS/FwkWWk+EbzcFNiO97E3F/7xubIJrL2Eyig2VZB4UxByaEE4bgAOmKDF8YgkmitlfIRlhhYmxPS2k+CIt2FLQcgWrpFWrossqur8o1W+yevLgBJyCMkDgCtTBHWiAJiDgEbyAV/DmPDvvzofzOV/NOdnNMViA8/ULWaSW8Q==</latexit>

W(1,1,2,2)

<latexit sha1_base64="s8Epn9YyAE7Ak+00GjNAH6W/3CE="></latexit>

R(1,1,2,2) =
1

6

2

666664

2 2 �2 �2

2 2 �2 �2

�1 �1 1 1

�1 �1 1 1

3

777775

kinematic conventional color

project to maximally 

non-abelian part

<latexit sha1_base64="969F2otg967DNnfHBEE1HP+/4mM="></latexit> X

D,D0

F (D)R(W )
DD0C(D0) =

1

6
(�2FA � 2FB + FC + FD)

⇥ fabdf bceT c
1T

a
2 T

d
3 T

e
4

Color connectedobtained by replica trick
Gardi, Laenen, Stavenga, White ’10
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Construct Soft Anomalous Dimensions
• Kinematic dependences

‣ Cusp angles - depend on collinear scales


‣ Conformal cross ratios - independent on collinear scales

<latexit sha1_base64="kxeus0kIoGZJskJQ5ZgO4h0O9Bc="></latexit>

�ij = Li + Lj � ln
µ2

�sij

<latexit sha1_base64="Y5VbQzVX+TVYVKJJoZ7j/406Olk="></latexit>

�Ij = Lj � ln
mIµ

�sIj

<latexit sha1_base64="kgDOA4/OOhtIeBgFelEm6eZJcvA="></latexit>

�IJ = cosh�1

✓
�sIJ

2mImJ

◆

<latexit sha1_base64="mgPa0VnNUpGpcUcxjUKT7BiI6EA="></latexit>

rijI ⌘ v2I (ni · nj)

2 (vI · ni)(vI · nj)

Purely massless:

One massive:

Gardi, Magnea ’09
Becher, Neubert ’09

ZLL, Schalch ’22

<latexit sha1_base64="cobP9uMOhf2O2sa1sx5uHIZ1Nnk="></latexit>

sij = ±2pi · pj
<latexit sha1_base64="Ymg9H46KorukXD0DxFWDnfj1T+k=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AR3Fgy1dZ2IRTduHBRwT6gU4dMmmlDMw+SjFCGuvFX3LhQxK1/4c6/MdNWUNEDl3s4516Se9yIM6kQ+jAyc/MLi0vZ5dzK6tr6hrm51ZRhLAhtkJCHou1iSTkLaEMxxWk7EhT7Lqctd3ie+q1bKiQLg2s1imjXx/2AeYxgpSXH3Ll02KntCUwS249viuPkMHKY7o6ZRwVULlVRFaJCCVmVCUGoXCkeQUuTFHkwQ90x3+1eSGKfBopwLGXHQpHqJlgoRjgd5+xY0giTIe7TjqYB9qnsJpMLxnBfKz3ohUJXoOBE/b6RYF/Kke/qSR+rgfztpeJfXidWXqWbsCCKFQ3I9CEv5lCFMI0D9pigRPGRJpgIpv8KyQDrOJQOLadD+LoU/k+axYJVLlhXx/na2SyOLNgFe+AAWOAE1MAFqIMGIOAOPIAn8GzcG4/Gi/E6Hc0Ys51t8APG2ydqcZbk</latexit>

Li =
µ2

�p2i

<latexit sha1_base64="WE3Gtd2F+U1l3Gr/fNEZZcFMk9Y=">AAACJnicbZDLSsNAFIYn9VbrLerSTbAI7cKSiKibQtGNywr2Ak0Ik+mknXYyCTMToYQ8jRtfxY2Liog7H8VJmoW2Hhj4+f5zOHN+L6JESNP80kpr6xubW+Xtys7u3v6BfnjUFWHMEe6gkIa870GBKWG4I4mkuB9xDAOP4p43vcv83hPmgoTsUc4i7ARwxIhPEJQKuXrT9rCEbkImU5o2bcpsn0OU1M5FxtJ6LpRVTws2LdgkY65eNRtmXsaqsApRBUW1XX1uD0MUB5hJRKEQA8uMpJNALgmiOK3YscARRFM4wgMlGQywcJL8zNQ4U2Ro+CFXj0kjp78nEhgIMQs81RlAORbLXgb/8wax9G+chLAolpihxSI/poYMjSwzY0g4RpLOlICIE/VXA42hykmqZCsqBGv55FXRvWhYVw3r4bLaui3iKIMTcApqwALXoAXuQRt0AALP4BXMwbv2or1pH9rnorWkFTPH4E9p3z+lEaXb</latexit>

�ijkl = ln
(�sij)(�skl)

(�sik)(�sjl)
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Construct Soft Anomalous Dimensions
• Color

‣ Only color connected 


‣ Symmetrization of external legs

<latexit sha1_base64="kUQeNel0+7AmRaMX1vBgmKQvf00=">AAACJnicbZDLSgMxFIYz9VbrbdSN4CZYBFdlRkRdFt24rNAb9DJk0kwbm2SGJKOUYXwaF270UdyJuPMt3Jq2I9jWHwIf/zmHk/P7EaNKO86nlVtaXlldy68XNja3tnfs3b26CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7welxv3BOpaCiqehSRDkd9QQOKkTaWZx8kbZ/DaurRLoK/fNdFBc8uOiVnIrgIbgZFkKni2d/tXohjToTGDCnVcp1IdxIkNcWMpIV2rEiE8BD1ScugQJyoTjK5IIXHxunBIJTmCQ0n7t+JBHGlRtw3nRzpgZqvjc3/aq1YB5edhIoo1kTg6aIgZlCHcBwH7FFJsGYjAwhLav4K8QBJhLUJbWaLz2duSHjMNJXhQ2qScudzWYT6ack9L7m3Z8XyVZZZHhyCI3ACXHAByuAGVEANYPAInsALeLWerTfr3fqYtuasbGYfzMj6+gEegaYc</latexit>

T a
i T

a
j

Sum over all the permutations of i,j,k,…

<latexit sha1_base64="e+QEJEX23eV3dnOlnhjU8LTKnYc="></latexit>

Tijkl ⌘ fadef bce
�
T a
i T

b
j T

c
kT

d
l

�
+

<latexit sha1_base64="/P41Ik6DoljH+p3uUmIBuFO3l7M="></latexit>

Tijk ⌘ ifabc
�
T a
i T

b
j T

c
k

�
+

<latexit sha1_base64="6cwQEkOQBRTa6Al64gBJSegN2AE="></latexit>

[T a
i ,T

b
i ] = ifabcT c

iapply

color dipole

<latexit sha1_base64="kUQeNel0+7AmRaMX1vBgmKQvf00=">AAACJnicbZDLSgMxFIYz9VbrbdSN4CZYBFdlRkRdFt24rNAb9DJk0kwbm2SGJKOUYXwaF270UdyJuPMt3Jq2I9jWHwIf/zmHk/P7EaNKO86nlVtaXlldy68XNja3tnfs3b26CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7welxv3BOpaCiqehSRDkd9QQOKkTaWZx8kbZ/DaurRLoK/fNdFBc8uOiVnIrgIbgZFkKni2d/tXohjToTGDCnVcp1IdxIkNcWMpIV2rEiE8BD1ScugQJyoTjK5IIXHxunBIJTmCQ0n7t+JBHGlRtw3nRzpgZqvjc3/aq1YB5edhIoo1kTg6aIgZlCHcBwH7FFJsGYjAwhLav4K8QBJhLUJbWaLz2duSHjMNJXhQ2qScudzWYT6ack9L7m3Z8XyVZZZHhyCI3ACXHAByuAGVEANYPAInsALeLWerTfr3fqYtuasbGYfzMj6+gEegaYc</latexit>

T a
i T

a
j

<latexit sha1_base64="HSX5hkDjvyd9xk6yurMXMVN8oAA=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2ARdFNmRNRl0Y3LCr1BOx2SNNPGZjJDkhHKMM/gxldx40IRt67c+Tam7Qja+kPg4z/ncHJ+HHOmtON8WYWl5ZXVteJ6aWNza3vH3t1rqiiRhDZIxCPZxkhRzgRtaKY5bceSohBz2sKj60m9dU+lYpGo63FMvRANBAsYQdpYvn3Cgl6KMMnSLg5gPeshn/0g9u9+kPgj3y47FWcquAhuDmWQq+bbn91+RJKQCk04UqrjOrH2UiQ1I5xmpW6iaIzICA1ox6BAIVVeOj0pg0fG6cMgkuYJDafu74kUhUqNQ2w6Q6SHar42Mf+rdRIdXHopE3GiqSCzRUHCoY7gJB/YZ5ISzccGEJHM/BWSIZKIaJNiyYTgzp+8CM3TintecW/PytWrPI4iOACH4Bi44AJUwQ2ogQYg4AE8gRfwaj1az9ab9T5rLVj5zD74I+vjG1R/neE=</latexit>

ifabcTa
iT

b
jT

c
k

<latexit sha1_base64="/KywTpxq1au+/1jxVZcRW7vp95A=">AAACI3icbZDLSgMxFIYzXmu9VV26CRbBVZkRUXFVdOOyQm/QzgyZzJk2NnMhyQhlmHdx46u4caEUNy58F9MbaOuBkI//P4fk/F7CmVSm+WWsrK6tb2wWtorbO7t7+6WDw6aMU0GhQWMei7ZHJHAWQUMxxaGdCCChx6HlDe7GfusJhGRxVFfDBOyQ9CIWMEqUltzSTeBkxINcX9SHPOt6Aa7nLnPIHB8db44Dh86RO75bKpsVc1J4GawZlNGsam5p1PVjmoYQKcqJlB3LTJSdEaEY5ZAXu6mEhNAB6UFHY0RCkHY22THHp1rxcRALfSKFJ+rviYyEUg5DT3eGRPXlojcW//M6qQqu7YxFSaogotOHgpRjFeNxYNhnAqjiQw2ECqb/immfCEKVjrWoQ7AWV16G5nnFuqxYDxfl6u0sjgI6RifoDFnoClXRPaqhBqLoGb2id/RhvBhvxsj4nLauGLOZI/SnjO8fIJqlKQ==</latexit>

fabef cdeTa
iT

b
jT

c
kT

d
l

Becher, Neubert ’09
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Construct Soft Anomalous Dimensions
• Only linearly depends on cusp angles due to RG invariance

Except for conformal cross ratios

• Symmetry properties 
<latexit sha1_base64="10JpB5MX7JJH2jZ+qQxX1WLEqY8="></latexit>

Tijkl = Tjilk = �Tikjl = �Tljki = Tklij

<latexit sha1_base64="t7dmX9Dm5wVZgMrd+6Ok9JGdmf4="></latexit>

Tiklj + Tiljk + Tijkl = 0

• Jacobi identity

<latexit sha1_base64="bSJyVvFcnoUCtRMGLwZBF19D3ok="></latexit>

@�s

@Li
= �@�c

@Li
1 = �i

cusp1

also for 
<latexit sha1_base64="r6No6V3FXN4NrY4JqorWdlz/Yrc=">AAACGXicbVA9T8MwEHX4LOWrwMhiUSExVQlCwFjBwlgk+iG1UeW4Tmtqx8G+gKoov4OBBX4KG2Jl4pew4rYZaMuTTnp6705394JYcAOu++0sLa+srq0XNoqbW9s7u6W9/YZRiaasTpVQuhUQwwSPWB04CNaKNSMyEKwZDK/HfvORacNVdAejmPmS9CMeckrASn4nYEC6Kb8fiqzYLZXdijsBXiReTsooR61b+un0FE0ki4AKYkzbc2PwU6KBU8GyYicxLCZ0SPqsbWlEJDN+Ojk6w8dW6eFQaVsR4In6dyIl0piRDGynJDAw895Y/M9rJxBe+imP4gRYRKeLwkRgUHicAO5xzSiIkSWEam5vxXRANKFgc5rZEsiZH1KZCOBaPWU2KW8+l0XSOK145xXv9qxcvcozK6BDdIROkIcuUBXdoBqqI4oe0DN6RW/Oi/PufDif09YlJ585QDNwvn4BIaSiGQ==</latexit>

�ijkl

only two of twenty-four are linearly independent

No terms like 
<latexit sha1_base64="KU3ukWw6mJ+UNh6HlemR0ceDySg=">AAACDXicdVC7SgNBFJ2Nrxhfq5Y2g1GwkLAbJSZd0MYygnlAsi6zk0kyZvbBzF0hLPkBG3/FxkIRW3s7/8bZJEIUPTBw7jn3cuceLxJcgWV9GpmFxaXllexqbm19Y3PL3N5pqDCWlNVpKELZ8ohiggesDhwEa0WSEd8TrOkNL1K/ecek4mFwDaOIOT7pB7zHKQEtueZBx2NA3ITfjm+Kxx08V56kJe2GoFwzbxUsjVIJp8QuW7YmlUq5WKxge2JZVh7NUHPNj043pLHPAqCCKNW2rQichEjgVLBxrhMrFhE6JH3W1jQgPlNOMrlmjA+10sW9UOoXAJ6o8xMJ8ZUa+Z7u9AkM1G8vFf/y2jH0yk7CgygGFtDpol4sMIQ4jQZ3uWQUxEgTQiXXf8V0QCShoAPM6RC+L8X/k0axYJcK9tVpvno+iyOL9tA+OkI2OkNVdIlqqI4oukeP6Bm9GA/Gk/FqvE1bM8ZsZhf9gPH+BffFm4Q=</latexit>

�2
ij , �3

ij , · · ·
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Construct Soft Anomalous Dimensions
• When kinematic functions hit color structures

‣ Tripole correlations                   and                    vanish
<latexit sha1_base64="5IXFOYWjac/daqDFflHOfk5x/+c=">AAACJHicbZDLSgMxFIYz9VbrbdSlm2ARXEiZEVGXRTcuK/QG7XRI0kwbm8wMSUYow7yED+EzuNW1O3HhRvBNTC+Kbf0h8PGfczgnP445U9pxPqzc0vLK6lp+vbCxubW9Y+/u1VWUSEJrJOKRbGKkKGchrWmmOW3GkiKBOW3gwfWo3rinUrEorOphTD2BeiELGEHaWL59wmDQSREmWdrGAlYzn3UQ/OG7Dv7lQYf4dtEpOWPBRXCnUARTVXz7q92NSCJoqAlHSrVcJ9ZeiqRmhNOs0E4UjREZoB5tGQyRoMpLx7/K4JFxujCIpHmhhmP370SKhFJDgU2nQLqv5msj879aK9HBpZeyME40DclkUZBwqCM4igh2maRE86EBRCQzt0LSRxIRbYKc2YJFZjJx5xNYhPppyT0vubdnxfLVNJ08OACH4Bi44AKUwQ2ogBog4AE8gWfwYj1ar9ab9T5pzVnTmX0wI+vzGyd+pQo=</latexit>

ifabcT a
i T

b
j T

c
k

<latexit sha1_base64="NfhT5RTQ+D0IwMwRfa7Wg0rW838=">AAACJHicbZDLSgMxFIYzXmu9jbp0EyyCCykzIuqy6EZ3FXqDtlOSNNPGJjNDkhHKMC/hQ/gMbnXtTly4EXwT03YU2/pD4OM/53BOfhxxprTjfFgLi0vLK6u5tfz6xubWtr2zW1NhLAmtkpCHsoGRopwFtKqZ5rQRSYoE5rSOB1ejev2eSsXCoKKHEW0L1AuYzwjSxurYxwz6XoIwSZMWFrCSdm48BH/4zsO/PPBIxy44RWcsOA9uBgWQqdyxv1rdkMSCBppwpFTTdSLdTpDUjHCa5luxohEiA9SjTYMBElS1k/GvUnhonC70Q2leoOHY/TuRIKHUUGDTKZDuq9nayPyv1oy1f9FOWBDFmgZkssiPOdQhHEUEu0xSovnQACKSmVsh6SOJiDZBTm3BIjWZuLMJzEPtpOieFd3b00LpMksnB/bBATgCLjgHJXANyqAKCHgAT+AZvFiP1qv1Zr1PWhesbGYPTMn6/Abxz6Tq</latexit>

ifabcT a
I T

b
j T

c
k

impossible to construct an anti-symmetric kinematic functions 

Becher, Neubert, ‘09

Explain only dipole structures for two-loop massless amplitudes !!!

‣                                     and                                  

are allowed starting at two-loop order

<latexit sha1_base64="PjAGrpyEA+cyZjaiBShjN5VBvHo="></latexit>

ifabcT a
I T

b
JT

c
k F

✓
�IJ , ln

vI · pk
vJ · pk

◆
<latexit sha1_base64="xyDR73/t7TcjgESnuJOp97dSjaQ="></latexit>

ifabcT a
I T

b
JT

c
K F (�IJ ,�IK ,�JK)

‣ Kinematic functions correspond to        and        are odd functions
<latexit sha1_base64="AGtHT597LqqIUBDqUl5AciFdzUM=">AAACB3icbVDLSsNAFL3xWeujUZduBovgqiQi6rLoxmWFvqANYTKdtmMnkzAzEUrIB/gNbnXtTtz6GS79EydtFrb1wIXDOfdyLieIOVPacb6ttfWNza3t0k55d2//oGIfHrVVlEhCWyTikewGWFHOBG1ppjntxpLiMOC0E0zucr/zRKVikWjqaUy9EI8EGzKCtZF8u5L2Ceaomfkpe5zwzLerTs2ZAa0StyBVKNDw7Z/+ICJJSIUmHCvVc51YeymWmhFOs3I/UTTGZIJHtGeowCFVXjp7PENnRhmgYSTNCI1m6t+LFIdKTcPAbIZYj9Wyl4v/eb1ED2+8lIk40VSQedAw4UhHKG8BDZikRPOpIZhIZn5FZIwlJtp0tZAShHkn7nIDq6R9UXOvau7DZbV+W7RTghM4hXNw4RrqcA8NaAGBBF7gFd6sZ+vd+rA+56trVnFzDAuwvn4B39yZ1g==</latexit>

Tijkl
<latexit sha1_base64="o7SetxR4cv2mqFb8nuALvIyl3b0=">AAACB3icbVDLSsNAFJ3UV62PRl26GSyCq5KIqMuiG91V6AvaECbTSTt2ZhJmJkIJ+QC/wa2u3YlbP8Olf+KkzcK2HrhwOOdezuUEMaNKO863VVpb39jcKm9Xdnb39qv2wWFHRYnEpI0jFslegBRhVJC2ppqRXiwJ4gEj3WBym/vdJyIVjURLT2PicTQSNKQYaSP5djUdYMRgK/NT+ji5z3y75tSdGeAqcQtSAwWavv0zGEY44URozJBSfdeJtZciqSlmJKsMEkVihCdoRPqGCsSJ8tLZ4xk8NcoQhpE0IzScqX8vUsSVmvLAbHKkx2rZy8X/vH6iw2svpSJONBF4HhQmDOoI5i3AIZUEazY1BGFJza8Qj5FEWJuuFlICnnfiLjewSjrndfey7j5c1Bo3RTtlcAxOwBlwwRVogDvQBG2AQQJewCt4s56td+vD+pyvlqzi5ggswPr6BaigmbM=</latexit>

TijkI

Ferroglia, Neubert, Pecjak, Yang, ’09
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Construct Soft Anomalous Dimensions

• Color conservation:
<latexit sha1_base64="V1JDq06R1Jm9vv8WbkTe0plKlYE=">AAACNXicbZDLSsNAFIYnXmu9RV26GSyiIJRERN0IRTd2V6E3aEKYTCft0JkkzEyUEvoIPo0LN/ogLtyJW5dunaZBbOsPAz/fOYcz5/djRqWyrDdjYXFpeWW1sFZc39jc2jZ3dpsySgQmDRyxSLR9JAmjIWkoqhhpx4Ig7jPS8gc343rrnghJo7CuhjFxOeqFNKAYKY0888iRCfcoTB2fw/pIuxOYoeovqsIraHlmySpbmeC8sXNTArlqnvntdCOccBIqzJCUHduKlZsioShmZFR0EklihAeoRzrahogT6abZQSN4qEkXBpHQL1Qwo38nUsSlHHJfd3Kk+nK2Nob/1TqJCi7dlIZxokiIJ4uChEEVwXE6sEsFwYoNtUFYUP1XiPtIIKx0hlNbfD51Q8oTpqiIHkY6KXs2l3nTPC3b52X77qxUuc4zK4B9cACOgQ0uQAXcghpoAAwewRN4Aa/Gs/FufBifk9YFI5/ZA1Myvn4ANFqrEw==</latexit>X

i

Ti +
X

I

TI = 0

massless massive

in the color-space formalism 
Catani, Seymour, ‘96

• Non-dipole building blocks up to three loops (only one massive parton)
<latexit sha1_base64="lVqgSqDDw23L+hSLgnxwfWn9XBs="></latexit>

Tiijj�ij , Tiijj , TjjII�Ij , TjjII , Tiijk�ij , Tiijk�jk , Tiijk , TijII�ij ,

<latexit sha1_base64="cAk1rlPN3DLrZhYB0s/4R2pvSR0="></latexit>

TijII�Ii , TiijI�ij , TiijI�Ii , TiijI�Ij , Tijkl�ij , TijkI�ij , TijkI�Ij ,
<latexit sha1_base64="+qZpd84MWOOXxm3nwOX/voTi50k="></latexit>

TijII F̄ [A]
h2 (rijI) , TiijI F̄ [B]

h2 (rijI) , TijkI F̄h3(rijI , rikI , rjkI) , Tijkl F̄4(�ijkl,�ijkl � 2�ilkj)

Symmetry property of        has been taken into consideration
<latexit sha1_base64="AGtHT597LqqIUBDqUl5AciFdzUM=">AAACB3icbVDLSsNAFL3xWeujUZduBovgqiQi6rLoxmWFvqANYTKdtmMnkzAzEUrIB/gNbnXtTtz6GS79EydtFrb1wIXDOfdyLieIOVPacb6ttfWNza3t0k55d2//oGIfHrVVlEhCWyTikewGWFHOBG1ppjntxpLiMOC0E0zucr/zRKVikWjqaUy9EI8EGzKCtZF8u5L2Ceaomfkpe5zwzLerTs2ZAa0StyBVKNDw7Z/+ICJJSIUmHCvVc51YeymWmhFOs3I/UTTGZIJHtGeowCFVXjp7PENnRhmgYSTNCI1m6t+LFIdKTcPAbIZYj9Wyl4v/eb1ED2+8lIk40VSQedAw4UhHKG8BDZikRPOpIZhIZn5FZIwlJtp0tZAShHkn7nIDq6R9UXOvau7DZbV+W7RTghM4hXNw4RrqcA8NaAGBBF7gFd6sZ+vd+rA+56trVnFzDAuwvn4B39yZ1g==</latexit>

Tijkl

<latexit sha1_base64="A5UiWtdyDp1ceVd3NRWI4fBso/k="></latexit>

TijII =
1

2
(TjjiI + TiijI)�

1

2

X

k 6=i,j

(TijkI + TjikI)�
1

2

X

J 6=I

(TijIJ + TjiIJ)

leads to

and a few more similar relations, which help to reduce the building blocks.

<latexit sha1_base64="nhbXrS2SXPab4sUYaeCJW7GLbkY="></latexit>X

(i,j)

Ti · Tj +
X

I,j

TI · Tj = �
X

j

T 2
j = �

X

j

CRj

not linear independent, so vanish 

Casimir invariants
<latexit sha1_base64="wKsMSmgn1PK0RdMfn8ETMcckntU="></latexit>

i 6= j
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Construct Soft Anomalous Dimensions
<latexit sha1_base64="J4P3OBT8QcKa2zpipt9WCnNTlj4="></latexit>

�̄(3)
s =

X

(i,j)

Ti · Tj

2
(�ij f̄1 + h̄1) +

X

I,j

TI · Tj

✓
f̄1 +

C2
A

8
f̄2

◆
�Ij + h̄2

�
+

X

i

c̄i +
X

I

c̄I

+
X

(i,j)

Tiijj
�
�ij f̄3 + h̄3

�
+

X

I,j

TIIjj
�
�Ij f̄4 + h̄4

�
+

X

(i,j,k)

Tiijk
�
�jk f̄5 + h̄5

�
+
X

I

X

(i,j)

TiijI �Ij f̄6

+
X

I

X

(i,j)

TijII
⇥
�ij f̄7 + F̄h2(rijI)

⇤
+

X

(i,j,k,l)

Tijkl
⇥
�ijkl f̄8 + F̄4(�ijkI ,�ijkl � 2�ilkj)

⇤

+
X

I

X

(i,j,k)

TijkI F̄h3(rijI , rikI , rjkI) + · · · .

<latexit sha1_base64="oRysHqYutr9EZpKsg0yytA0y+Mo="></latexit>

@�̄(3)
s

@Li
=CRi

✓
C2

A

4
f̄5 � f̄1

◆
+

C2
A

8

X

I

TI · Ti(f̄2 + 2f̄5 � 2f̄7) + 2
X

j 6=i

Tiijj(f̄3 � f̄5) +
X

I

TiiII(f̄4 � 2f̄7)

+
X

I

X

j 6=i

TjjiI(f̄6 � 2f̄5) + · · ·

• The detailed derivation is given by

<latexit sha1_base64="48pojoXa5ZLeap1GtvHB02iAoRg="></latexit>

f̄4 = 2f̄7 = f̄2 + 2f̄3 , f̄5 = f̄3 , f̄6 = 2f̄3

Using constraint from soft-collinear factorization

We have
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General Structure of Anomalous Dimension

<latexit sha1_base64="CgJkUxDmn5h5RAfpBOS3NjPBDMk="></latexit>

�
�
{p}, {m}, µ

�
=
X

(i,j)

Ti · Tj

2
�cusp(↵s) ln

µ2

�sij
+

X

i

�i(↵s)1

+
X

I,j

TI · Tj �cusp(↵s) ln
mIµ

�sIj
�

X

(I,J)

TI · TJ

2
�cusp(�IJ ,↵s) +

X

I

�I(↵s)1

+ f(↵s)
X

(i,j,k)

Tiijk +
X

(i,j,k,l)

Tijkl F4(�ijkl,�ijkl � 2�ilkj ,↵s)

+
X

I

X

(i,j)

TijII Fh2(rijI ,↵s) +
X

I

X

(i,j,k)

TijkI Fh3(rijI , rikI , rjkI ,↵s)

+ [non-dipole contributions involving two or more massive partons]

+O(↵4
s)

• Using non-Abelian exponentiation and constraint from soft-collinear 
factorization

<latexit sha1_base64="bSJyVvFcnoUCtRMGLwZBF19D3ok="></latexit>

@�s

@Li
= �@�c

@Li
1 = �i

cusp1

Gardi, Magnea, 0901.1091
Becher, Neubert, 0901.0722, 0903.1126

Becher, Neubert

0904.1021

Almelid, Duhr, Gardi

1507.00047


+ McLeod, White

1706.10162

Ferroglia, Neubert, Pecjak, Yang, ’09

only up to two loops

ZLL, Schalch

2207.02864

we derive the general formula of anomalous dimensions

violation of Casimir scaling 
due toBoels, Huber, Yang, ’17

<latexit sha1_base64="GNBCXgOsVmS0IOv3+gBu8urr/r4="></latexit>

dabcdR T a
i T

b
j T

c
kT

d
l

Starting at 3L
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Two-Particle Collinear Limit

<latexit sha1_base64="7XYR4tJY0mAIP4dRDs9tCOf8+YQ="></latexit>

|M({p1, p2, p3, . . . , pn}, ✏)i ' Sp({p1, p2})|M({pa, p3, . . . , pn}, ✏)i

Berends, Giele, ’89 ,Bern, Chalmers, ’95 

Kosower, ’99, Mangano, Parke, ’05• When particle 1 and 2 become collinear

n-particle scattering (n-1)-particle scatteringSplitting function

<latexit sha1_base64="BTPB8adVRpcbjEzUS6GCniqIeV4="></latexit>

lim
!!�1

F4(!,!,↵s) =
f(↵s)

2
, Fh2(0,↵s) = 3f(↵s) , Fh3(0, r, r,↵s) = 2f(↵s)

<latexit sha1_base64="oGV6gfIryOGZtdIFSBCuQaVN0q4="></latexit>

�Sp({p1, p2}, µ) =� ({p1, p2, . . . , pn}, {m}, µ)� � ({pa, . . . , pn}, {m}, µ)leads to

must be independent of color generators for particles other than 1 and 2, so

Almelid, Duhr, Gardi, ’15

1

2

1

2

a a

ZLL, Schalch, ‘22

<latexit sha1_base64="d7Y1w/vWuYXbGmTxT1yZ4trtPZU="></latexit>

Ta = T1 + T2
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Two-Particle Collinear Limit

Almelid, Duhr, Gardi, ’15

ZLL, Schalch, ‘22

<latexit sha1_base64="J2vBqMO44rpo2yyiBuPBWBVtLBE="></latexit>

�Sp({p1, p2}, µ) =� ({p1, p2, . . . , pn}, {m}, µ)� � ({pa, . . . , pn}, {m}, µ)

=�cusp(↵s)


T1 · T2

✓
ln

µ2

�s12
+ ln[z(1� z)]

◆
+ CR1 ln z + CR2 ln(1� z)

�

+
⇥
�1(↵s) + �2(↵s)� �a(↵s)

⇤
1

+
h
f(↵s) + 4F4(!ij ,!ij ,↵s)

i✓
�C2

A

4
T1 · T2 � 2T1122

◆

+ 4
X

i 6=1,2

T12ii
h
f(↵s)� 2F4(!ij ,!ij ,↵s)

i

+ 2
X

I

T12II
h
Fh2(0,↵s)� f(↵s)� 4F4(!ij ,!ij ,↵s)

i

+ 2
X

I

X

i 6=1,2

(T12iI + T21iI)
h
Fh3(0, r1iI , r1iI ,↵s)� 4F4(!ij ,!ij ,↵s)

i

+ · · ·

<latexit sha1_base64="BGBe20h98ilYf7qrW3coNZFRXXM="></latexit>

i,j 6=1,2X

(i,j)

T12ij = �C2
A

8
T1 · T2 � T1122 �

X

i 6=1,2

T12ii �
X

I

T12II �
i 6=1,2X

I,i

(T12iI + T12Ii)�
X

(I,J)

T12IJ

• The detailed derivation is given by

where we have used the relation:

<latexit sha1_base64="d7Y1w/vWuYXbGmTxT1yZ4trtPZU="></latexit>

Ta = T1 + T2
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Small-Mass Limit

J

J

J

Mitov, Moch, ‘06 

Becher, Melnikov, ‘07

• When masses of external legs are much smaller than the hard scales

<latexit sha1_base64="iTI/qIstJB94F/T8/mvoY63601c="></latexit>

lim
m!0

|M({p}, {m}, ✏)i '
Y

I

JI({m}, ✏)S({m, ✏})|M({p}, {0}, ✏)i

purely massless amplitude

Heavy quark loops

collinear singularities 
regularized by masses

<latexit sha1_base64="yBgTYRBZioC2Ux0vNrnNgY8IyMY="></latexit>

�({p}, {m ! 0}, µ)� �({p}, {0}, µ) =
X

I


CRI�cusp(↵s) ln

µ

mI
+ �Q � �q

�

There is no color exchange between different external legs, so
<latexit sha1_base64="pEqhXgUynEViz4zkNpQjZCEuRLg="></latexit>

Fh2(0,↵s) = 3f(↵s) , lim
v2
I!0

Fh3(rijI , rikI , rjkI ,↵s) = 2f(↵s) + 4F4(�ijkI ,�ijkI � 2�kjiI ,↵s)

ZLL, Schalch, ‘22
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Small-Mass Limit
• In small-mass limit

<latexit sha1_base64="pEqhXgUynEViz4zkNpQjZCEuRLg="></latexit>

Fh2(0,↵s) = 3f(↵s) , lim
v2
I!0

Fh3(rijI , rikI , rjkI ,↵s) = 2f(↵s) + 4F4(�ijkI ,�ijkI � 2�kjiI ,↵s)

ZLL, Schalch, ‘22

<latexit sha1_base64="duYMJhcyERLTD84+c2z4SsOW6ls="></latexit>

lim
m!0

�IJ = lim
m!0

cosh�1

✓
�sIJ

2mImJ

◆
' ln

µ

mI
+ ln

µ

mJ
� ln

µ2

�sIJ

<latexit sha1_base64="YhdhECAqBPu82a9cv14Wgx4cvmc="></latexit>

�({p}, {m ! 0}, µ)��({p}, {0}, µ) =
X

I,i

TI · Ti ln
mI

µ
+

X

(I,J)

TI · TJ ln
mI

µ
+
X

I

�
�Q � �q

�

+
X

I

X

(i,j)

h
TijIIFh2(0,↵s)� (TijII + TiiIj + TjjiI) f(↵s)

i

+
X

I

X

(i,j,k)

TijkI

lim
v2
I!0

Fh3(rijI , rikI , rjkI ,↵s)� 4F4(�ijkI ,�ijkI � 2�kjiI ,↵s)

�

<latexit sha1_base64="A5UiWtdyDp1ceVd3NRWI4fBso/k="></latexit>

TijII =
1

2
(TjjiI + TiijI)�

1

2

X

k 6=i,j

(TijkI + TjikI)�
1

2

X

J 6=I

(TijIJ + TjiIJ)

we have

using
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State of Art of Anomalous Dimensions
• Four-loop        and        

• Three-loop non-dipole terms 

<latexit sha1_base64="haEvUDFT30Gs1uHjpsvNjl4Pcys="></latexit>�cusp
<latexit sha1_base64="Z0cjmjqvD0aCVSjcg/ixaxNKXNQ="></latexit>

�q/g

Henn, Smirnov, Smirnov, Steinhauser, ’16; + Lee, ’16;

Lee, Smirnov, Smirnov, Steinhauser, ’17,’19; 

von Manteuffel, Schabinger, ’19, + Panzer ’20, + Agarwal ’21;

Davies, Vogt, Ruijl, Ueda, Vermaseren, ’16; 

Moch, Ruijl, Ueda, Vermaseren, Vogt, ’17, ‘18

Grozin, ’18; Henn, Peraro, Stahlhofen, Wasser, ’19; 

Henn, Korchemsky, Mistlberger, ’19;

Brüser, Grozin, Henn, Stahlhofen, ’19; 

Brüser, Dlapa, Henn, Yan, ‘20

<latexit sha1_base64="TjZwM4n9uuNY8q2jsQNnmW2O3OA="></latexit>

�Q• Three-loop           and        
<latexit sha1_base64="WYvgHBXAHFzpSVM+H1TG4qDbUh0="></latexit>

�cusp(�)

Grozin, Henn, Korchemsky, Marquard, ’14,’15
Brüser, ZLL, Stahlhofen, ’19

Almelid, Duhr, Gardi, ’15; + McLeod, White, ’17
ZLL, Stahlhofen, ’20

<latexit sha1_base64="AFn2AgARhkXZiLpUlrWDDRU6VBQ="></latexit>

only for f

<latexit sha1_base64="17Ui3IOJjkgpSNLLsvOuLLs2FJI="></latexit>

splitting functions for �cusp

<latexit sha1_base64="Xnzrrycf3ZzGT4rsGEkHTsGfrLU="></latexit>

Wilson loop for �cusp

<latexit sha1_base64="T6wD1M83mwrulnIw+B+//B58Wc8="></latexit>

angle-dependent �cusp(�)

<latexit sha1_base64="PkYq+wpgpWNRkQWwk37JqcAcnWs="></latexit>

�cusp and �q/g are complete

<latexit sha1_base64="/f4tHp9G0QGJ4Z1Mo3M8gFK8fqQ="></latexit>

massless form factors

<latexit sha1_base64="cQ55D6zb5DJSsOAw+g35KxaZcGY="></latexit>

still incomplete at 4 loops

<latexit sha1_base64="PuQ3Nhf6E0VFekLCD+u/9Lr2UsI="></latexit>

�cusp(�) and �Qare complete at 3 loops
<latexit sha1_base64="GTEsjwMBR/7qUhuo5Pwa+Q1/IBg="></latexit>

only for �Q

<latexit sha1_base64="yvyorZCN1bjsxY4lGPP1VzPFiHY="></latexit>

f and F4
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Calculation of Tripole Correlation
• We calculate three-loop tripole correlation

<latexit sha1_base64="C27vg93ST3viL/7jDonFgzNrABU="></latexit>

Fh2(r,↵s) =
⇣↵s

4⇡

⌘3
Fh2(r) +O(↵4

s)

n1

n2 v

<latexit sha1_base64="ucJbIDic3EgZ/ngej+ExBb0Syuo="></latexit>

with r =
v2(n1 · n2)

2(v · n1)(v · n2)

• Regularization of IR poles

‣ Configuration space with exponential regulators

‣ Momentum space with off-shellness
<latexit sha1_base64="gSTf6iShfpQNXJHx/PKg9KuZwX0="></latexit>

1

n · k ! 1

n · k + �

<latexit sha1_base64="WdTm5eBBdKDG3oHDe0jN1cvLKZo="></latexit>

1

v · k ! 1

v · k + �0

Gardi, ’13;

Almelid, Duhr, Gardi, ’15

Ferroglia, Neubert, Pecjak, Yang, ’09

<latexit sha1_base64="IUCGhlZeeNvDfkj/Vl4t2lQZhkM="></latexit>

igs

Z 1

0
dt ni ·A(tni) ! igs

Z 1

0
dt e�iwt

p
n2
i�i0ni ·A(tni)

Calculation in Feynman gauge and Mellin-Barnes representation
<latexit sha1_base64="bD1vJZuH6k5KfwytC7PR6CLwqbE="></latexit>

(ni · nj)/
q

n2
in

2
j ! 1Perform asymptotic expansion                       

Gauge invariance is not guaranteed !
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IR Regulator
One-particle inclusive 

W/H±

t

• In SCET, low-energy matrix elements are 
free of IR poles

Construct a soft function at cross section level

<latexit sha1_base64="zyc6jyfqSvJFIUVa4rcm7oxdtPE="></latexit>

�(pp ! tW ) ⇠ fa/N ⌦ fb/N ⌦Hab!tW ⌦ S

Soft function has applications in phenomenology, e.g. 

describe the soft-gluon effect near threshold in      associated production
<latexit sha1_base64="3+sn8InpOrUba00WPDKPKT7KxS0="></latexit>

tW

• Several advantages 

‣    is the only dimensionful variable, does NOT increase complexity of integrals


‣ Gauge invariance is preserved, calculation can be in general covariant gauge


‣ Calculation in momentum space, IBP and differential equation (DE) can be used

<latexit sha1_base64="P0mQLG/5ClTJJWOSAZI74JmWF6E="></latexit>!

Pick up momenta of all soft emissions

IR poles are regularized by the low-energy measurement

<latexit sha1_base64="XqVXx/RhikEPOMXIV8g96ZELYk8="></latexit>

S(!) = h0|Y †
n1
Y †
n2
Y †
v �(! � v · p̂)Yv Yn1Yn2 |0i
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Phase Space to Loop Integration

k

k

k k

k

i gsn
µ
1T

a
1

i gsn
µ
2T

a
2

−i
n1 · k+ i0

−i
n2 · k+ i0

−i
n1 · k+ i0

−i
n2 · k+ i0

−i
v· k+ω

a, µ

a, µ a, µ

a, µ

• Soft function is defined at cross section level

Standard procedure is to compute VVR + VRR + RRR

Can we find a compact way?

• Transform phase-space integrations to loop integrals

V: virtual,  R: real

ZLL, Stahlhofen, ’20

<latexit sha1_base64="XqVXx/RhikEPOMXIV8g96ZELYk8="></latexit>

S(!) = h0|Y †
n1
Y †
n2
Y †
v �(! � v · p̂)Yv Yn1Yn2 |0i

<latexit sha1_base64="inbluDocM7oUtKRE4YDu6WqjtCc="></latexit>

Y †
v �(! + iv · @)Yv = �(! + iv ·D)

<latexit sha1_base64="vEYirR03d7wD3k7FOfz3+9IKKRA="></latexit>

S(!) = Re


Disc!h0|Y †

n1
Y †
n2

1

! + iv ·D Yn1Yn2 |0i
�

<latexit sha1_base64="UqWpsEQaeJBD+6lW+JVPCbjxzzI="></latexit>

Yni = Pexp

✓
igs

Z 0

�1
dt ni ·Aa(x+ tni)T

a
i

◆

<latexit sha1_base64="0+xcPNPECqv3RumruGVE2NEUGwk="></latexit>

�(x) =
1

2⇡i

✓
1

x� i0
� 1

x+ i0

◆

Imaginary part from branch cut in                       cancels between left-right mirror diagrams
<latexit sha1_base64="NTiLlqkdrXphsdb+7rzZWDbeq3Y="></latexit>

(�n1 · n2 � i0)�n✏

Forward scattering

reverse unitarity
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Calculation

1. Using QGRAF to generate diagrams, 976 in total

2. Perform partial fraction, the integrals are mapped onto 30 topologies

3. IBP reduction by FIRE6 and Kira, there are 173 master integrals (MIs)


4. Using CANONICA and DlogBasis, convert DE to a canonical form


5. Determine boundary conditions at 

n1

n2

v

n1

n2

v

• Only consider the diagrams contribute to  
<latexit sha1_base64="hmCPRfOOfWTTL26Aut6+/SVyA2U="></latexit>

Fh2(r)

Replica trick for evaluating diagrammatic contribution to the exponent is compatible

<latexit sha1_base64="KsGU/3xUkWWzwSu8xMG9rbwWt8E="></latexit>

r = 1
<latexit sha1_base64="ReloPz616fvDNLW5M4I86jkc/Tk="></latexit>

(vµ = nµ
1 + nµ

2 )

Nogueira, ‘93

Smirnov, Chuharev, ‘19 Usovitsch et al., ‘20

Meyer, ‘17 Henn, Mistlberger, Smirnov, Wasser, ‘20 Henn, ‘13
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Solve the DEs

• Validity of the calculation

✓ Gauge parameter    cancels out

✓ GHPLs drop out, because there is no heavy quark pair threshold

✓ All the poles from       to       cancels out

• Symbol alphabet is
<latexit sha1_base64="O4Oj7Q8sb9n4yXE/hx1HwPZOItI="></latexit>

{r, r � 1, r � 2, (r � 1)
p
r,
p
r(r � 1)}

• Solve the DEs order-by-order in    in terms of GPL and GHPL<latexit sha1_base64="4FCjFLjOdN6PMKh31hn4xOBrFtw="></latexit>✏

<latexit sha1_base64="TH9WVUWgXQnQRN9p8As9tQQgRwk="></latexit>

u =
p
r � 1

<latexit sha1_base64="wObSjDAuABV1WSWa+BgdsEI3vxE="></latexit>

G(a1, . . . , an;x) =

Z x

0

dt

t� a1
G(a2, . . . , an; t)

<latexit sha1_base64="RdiPUxbS7eqctZThyMS1IGrO7X4="></latexit>

G(�⇢,~a;x) =

Z x

0

dtp
t(t+ 4)

G(~a; t)

GPL

GHPL Aglietti, Bonciani, ’04

<latexit sha1_base64="pe8gbx3tJWAg5U6T1s9kh1OZVJ8="></latexit>

⇠

<latexit sha1_base64="HgFu3Oju3X2dYHnE4+FVZfhKMzs="></latexit>

1/✏5
<latexit sha1_base64="Q1M6copDh6Iu1c5MtNz0luAEze8="></latexit>

1/✏

rationalized by 
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Result
<latexit sha1_base64="Qn80E1gOunRGk2fVmGzBanxC/i8="></latexit>

Fh2(r) =128
h
H�1,0,0,0 (r̂) +H�1,1,0,0 (r̂) +H1,�1,0,0 (r̂)�H1,0,0,0 (r̂)

i

+ 128 (⇣2 + ⇣3)
h
H1,0 (r̂)�H�1,0 (r̂)

i
+ 96 (⇣3 + ⇣4)

h
H�1 (r̂)�H1 (r̂)

i

+ 128⇣2
h
H�2,0 (r̂)�H2,0 (r̂) +H�1,0,0 (r̂)�H1,0,0 (r̂)

i

+ 256
h
H1,2,0,0 (r̂) +H2,0,0,0 (r̂)�H�2,0,0,0 (r̂) +H�1,�2,0,0 (r̂)

�H�1,2,0,0 (r̂)�H1,�2,0,0 (r̂)�H�1,0,0,0,0 (r̂) +H1,0,0,0,0 (r̂)
i

+ 48 (2⇣2⇣3 + ⇣5)

<latexit sha1_base64="3uWUA6K4R5JALjGi/mybru34WNo="></latexit>

r̂ =
p
r• Three-loop tripole correlation can be simplified as

‣ HPLs are sufficient to describe the result

‣ Returns to    in massless case when 
<latexit sha1_base64="XgrmWGyv+7eQsQs4gV/eUI8duTE="></latexit>

f
<latexit sha1_base64="78+Lb3cm+hf2hRPSRBFe+gt/B8o="></latexit>

r ! 0

‣ Does NOT have a uniform transcendental 
weight          , unlike    and 

<latexit sha1_base64="+y5JYZx/xbx9BN/LNvP2m4ELcI4="></latexit>

F4

weight 4

<latexit sha1_base64="HNcVZvDaQ0Le+6jCmZ3DBOEXS0g="></latexit>

2L� 1

n1

n2 v<latexit sha1_base64="XgrmWGyv+7eQsQs4gV/eUI8duTE="></latexit>

f
Gardi, Harley, Lodin, Palusa, 
Smillie, White, Yeomans, ‘21

Boomerang webs
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Summary
• Complete the general structure of three-loop anomalous 

dimensions for QCD amplitudes with a massive and an arbitrary 
number of external legs


• Obtain the relations in two-particle collinear and small-mass 
limits


• Calculate the contribution from the tripole correlation between 
one massive and two massless legs


• Wish list



Thanks for your attention!
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Replica Trick
<latexit sha1_base64="kQHp0hbvARbUcwKv1RrhA+k8oTc="></latexit>

lnS = lim
N!0

SN � 1

N

<latexit sha1_base64="KUHUkep4887GApXUwJIHAZobSA0="></latexit>

Diagram replica color multiplicity Diagram replica color multiplicity

A
i = j C(A) N

D
i = j C(D) N

i > j C(E) N(N � 1)/2 i > j C(E) N(N � 1)/2

i < j C(F ) N(N � 1)/2 i < j C(F ) N(N � 1)/2

B
i = j C(B) N

E
i = j C(E) N

i > j C(F ) N(N � 1)/2 i > j C(E) N(N � 1)/2

i < j C(E) N(N � 1)/2 i < j C(F ) N(N � 1)/2

C
i = j C(C) N

F
i = j C(F ) N

i > j C(F ) N(N � 1)/2 i > j C(F ) N(N � 1)/2

i < j C(E) N(N � 1)/2 i < j C(E) N(N � 1)/2

Gardi, Laenen, Stavenga, White ’10

<latexit sha1_base64="9J8pYYYAoGRbHpYGL4WWgQ+KXDI="></latexit>

R
h
T (i)
k T (j)

k

i
=

(
T (i)
k T (j)

k i  j

T (j)
k T (i)

k i > j

A

ij

C

E F

D

B

• Soft exponent can be extracted from

Then consider a theory with N non-interacting copies of gauge fields

with

<latexit sha1_base64="XeQt9X36gy1+Il8sT1IhnCrf4a4="></latexit>

X

D0

RDD0C(D0) =

✓
f bdef caeT a

1 T
b
1T

c
2T

d
2 , f bdef caeT a

1 T
b
1T

c
2T

d
2 ,

C2
A

4
T a
1 T

a
2 ,

C2
A

4
T a
1 T

a
2 , 0, 0

◆T

replica ordering operator

<latexit sha1_base64="WJfggeZRcaEhbBbmp5fdjJNPTDE="></latexit>

RP exp

2

4i
NX

j=1

Z
dsk nk ·Ak(j)(sknk)

3

5
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Boundary Conditions of the MIs
• The scale dependence of integrals is trivial at boundary


‣ Mellin-Barnes representation + PSLQ


‣ Sector decomposition 

<latexit sha1_base64="KsGU/3xUkWWzwSu8xMG9rbwWt8E="></latexit>

r = 1

Difficult to compute 3-loop 
integrals analytically

‣ Dimensional Recurrence Relations (DRR) is adopted 

<latexit sha1_base64="fNLc9HqoJlTVbC6E21/hZgbi8Ew="></latexit>X

j

c̃j(d)Gj(d)
IBP

MIs

Related to a set of finite integrals

<latexit sha1_base64="5YXL35yE7j2OcTgsIbNKcSxJIu8="></latexit>X

j

cj(d)Fj(d)
<latexit sha1_base64="Vf0GppkXr0mdpXBK4KgPDdcNJmI="></latexit>

Gi(d+ 2)
DRR

evaluated by HyperInt
<latexit sha1_base64="HLhTKAroBe/A2yaExsa+eFAxszg="></latexit>

Fi(d = n� 2✏) with n = 4, 6, 8, . . .

von Manteuffel, Panzer, Schabinger, ’14 ’15

increase the dimension to D=6
increase the power of propagators

decrease IR poles
decrease UV poles

Each MI can be expressed by a linear combination of finite integrals

Panzer, ’15

LiteRed
Lee, ’12
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Backup

Figure from Arnesen, Kundu, Stewart, 0508214

• Eikonal    prescriptions for incoming/outgoing quarks and anti-quarks
<latexit sha1_base64="W7+8mqSswCvojV5j6bthmIPzIeA="></latexit>

i"

<latexit sha1_base64="RMXve9kvw4Kf62oIYFjv6lUC7yk="></latexit>

Y+(x) = P̄ exp


�igs

Z 0

�1
dt n ·Aa(x+ tn)T a

�

<latexit sha1_base64="z4ppFsdXQWUOnFnsclLeOIXRPNc="></latexit>

Y�(x) = P exp


+igs

Z 1

0
dt n ·Aa(x+ tn)T a

�

incoming quark outgoing quark incoming antiquark outgoing antiquark

<latexit sha1_base64="Ihx54lApprsWVwaBvyp2dCwf+o8="></latexit>

Y †
± = (Y⌥)

†
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Phase Space to Loop Integration
<latexit sha1_base64="+oaCoz11kzTRrxEu2AwQRGQiyTw="></latexit>
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⇥
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⇤
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<latexit sha1_base64="Ggl2pAtHojMB2gSMqw+dc2d43Yo="></latexit>
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2⇡
Re [S(! + i0)� S(! � i0)]

<latexit sha1_base64="iC2HPeSlEC/aTf9AYj4cg0xaWnM="></latexit>
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−i
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a, µ a, µ

a, µ

outgoing incoming

• Soft function is defined at cross section level

• Transform phase-space integrations to loop integrals
ZLL, Stahlhofen, ’20

<latexit sha1_base64="RCHVMj6llMC4DfQt3YApj1IQXlg="></latexit>
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
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<latexit sha1_base64="6Ei8udmmLo3nKdE/Gg3ForO6PoI="></latexit>
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Result

‣ Does             have an imaginary part?
<latexit sha1_base64="mgPa0VnNUpGpcUcxjUKT7BiI6EA="></latexit>

rijI ⌘ v2I (ni · nj)

2 (vI · ni)(vI · nj)

<latexit sha1_base64="xKtC4e33QAssfkmVTFHA1ePe2Rg="></latexit>

Fh2(0,↵s) = 3f(↵s) =
⇣↵s

4⇡

⌘3
48(2⇣2⇣3 + ⇣5) +O(↵4

s)

<latexit sha1_base64="gcliF5qLUAyGrm0sUukUVUHLwVk="></latexit>

= �e�ij��Ii��Ij in full kinematic region
<latexit sha1_base64="oYNe9Yuj23sVkG60B3kISffQ3zM="></latexit>

0 < rijI < 1
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Fh2(rijI)
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Fh2(r) =128
h
H�1,0,0,0 (r̂) +H�1,1,0,0 (r̂) +H1,�1,0,0 (r̂)�H1,0,0,0 (r̂)

i

+ 128 (⇣2 + ⇣3)
h
H1,0 (r̂)�H�1,0 (r̂)

i
+ 96 (⇣3 + ⇣4)

h
H�1 (r̂)�H1 (r̂)

i

+ 128⇣2
h
H�2,0 (r̂)�H2,0 (r̂) +H�1,0,0 (r̂)�H1,0,0 (r̂)

i

+ 256
h
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r̂ =
p
r• Three-loop tripole correlation can be simplified as


