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Back to physics

At leading power soft-collinear factorisation is well understood

I
dσ
dτ

= H(Q, µ)

∫
dτn dτn̄ dτs J(

√
τnQ, µ) J(

√
τn̄Q, µ) S(τsQ, µ) δ(τ − τn − τn̄ − τs)

At subleading power one often finds that the convolutions diverge at the endpoints∫ 1

0
dz h(z) j(z) =

∫ 1

0
dz z−ε z−1−ε 6=

∫ 1

0
dz
[
1− ε ln z + . . .

][
−

1
ε
δ(z) +

1
z+

+ . . .
]

⇒ convolution and renormalisation of EFT operators do not commute

⇒ prevents the use of RG techniques at subleading power

Generic problem in SCET at subleading power

I event shapes, DIS, H → γγ, B → Xsγ, B → π`ν, B → ππ, . . .

⇒ for some problems this has been solved at next-to-leading power

I [Liu, Neubert 19; Beneke et al 22; Feldmann et al 22; Cornella, König, Neubert 22; Hurth, Szafron 23; . . . ]
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Muon-electron scattering

backward scattering at high energies

s ∼ −t � m2
µ ∼ m2

e � u

I equal masses mµ = me ≡ m

I exact backward limit θ = π

 expansion parameter λ = m√
s
� 1

I M(e−µ− → e−µ−) = F1(λ)M(0) + F2(λ) M̃ + O(λ)︸︷︷︸ ︸︷︷︸
helicity-conserving helicity-flipping

I two form factors

I F1(λ) ' 1 + αem
2π

1
2 ln2 λ2 + . . . ⇐ focus on double logarithms

(αem
2π

)n
ln2n λ2

I F2(λ) ' αem
2π lnλ2 + . . .

M U O N - E L E C T R O N B A C K WA R D S C AT T E R I N G A N D E N D P O I N T D I V E R G E N C E S I N S C E T G U I D O B E L L

P U S H I N G T H E L I M I T S O F T H E O R E T I C A L P H Y S I C S – M I T P M AY 2 0 2 3



NLO analysis

pµ =
√

s
2 nµ− + m2

2
√

s
nµ+

p̄µ =
√

s
2 nµ+ + m2

2
√

s
nµ−

Double logarithms arise from configurations in which the fermions are soft kµ ∼ m

I F (1)
1 (λ) ∼

∫ dd k

(2π)d

k2
⊥

(k2 − m2)2(k − p)2(k − p̄)2
∼
∫ dd k

(2π)d

1

(k2 − m2)(k − p)2(k − p̄)2

⇒ photon propagators become eikonal

⇒ integration over k⊥ yields discontinuity of fermion propagator

⇒ in the traditional approach one regularises the remaining integrations with hard cutoffs

I F (1)
1 (λ) ∼

∫ 1

0

dx

x

∫ 1

0

dy

y
θ
(
xy − λ2) =

1

2
ln2
λ

2
n+k = x

√
s

n−k = y
√

s
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All-order structure

Each subloop generates the double logarithms in a similar way

⇒ all fermion propagators go on-shell, but their long. momenta are strongly ordered

I
m2

√
s
≈ n+p̄ � n+k1 � . . . � n+kn � n+p ≈

√
s

I
m2

√
s
≈ n−p � n−kn � . . . � n−k1 � n−p̄ ≈

√
s

⇒ all photon propagators become eikonal

I F (n)
1 (λ) ∼

∫ 1

λ2

dx1

x1

∫ 1

x1

dx2

x2
. . .

∫ 1

xn−1

dxn

xn

∫ 1

λ2/x1

dy1

y1

∫ y1

λ2/x2

dy2

y2
. . .

∫ yn−1

λ2/xn

dyn

yn
=

ln2n λ2

n! (n + 1)!

Nested integrals resum to a modified Bessel function [Gorshkov, Gribov, Lipatov, Frolov 66]

I F1(λ) =
∞∑

n=0

(
αem

2π

)n
F (n)

1 (λ) '
I1
(
2
√

z
)

√
z

z =
αem

2π
ln2
λ

2
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SCET formulation

At fixed order one can reproduce the double logarithms with the method of regions

Loop integrals require rapidity regulator

I
( ν

n+k + n−k − i0

)α
⇒ symmetry between collinear/anti-collinear

I
( ν

n+k − i0

)α
⇒ soft integrals are scaleless and vanish
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Factorisation theorem

F1(λ) =

∫
dx
x

∫
dy
y

fc(x) H(xy) fc̄(y)

I +

∫
dx
x

∫
dy
y

∫
dρ
ρ

∫
dω
ω

fc(x) Jhc(xρ) S(ρω) Jh̄c(ωy) fc̄(y)

Standard hard-scattering picture:

I hard function from QED→ SCET-1 matching

I flavour off-diagonal parton distribution functions

I
〈
µ
−(p)

∣∣χ̄(µ)
c (τn+)

/n+

2
PR χ

(e)
c (0)

∣∣e−(p)
〉

=

∫
dx eixτn+p

{
fc (x)

[
ū(µ)
ξ

/n+

2
PRu(e)

ξ

]
+ f̃c (x)

[
ū(µ)
ξ

/n+

2
PLu(e)

ξ

]}
︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸

leading twist helicity-conserving helicity-flipping

Soft-enhancement mechanism:

I

suppression from subleading Lagrangian

insertions is compensated by soft propagators

I jet functions from SCET-1→ SCET-2 matching

I S(ρω) ∼
∫

d(n−x1)

∫
d(n+x2) e

i
2 ρ(n+x2) e−

i
2ω(n−x1)

∫
dd x3

I ×
〈
0
∣∣ T
[
ψ̄

(µ)
s S̄n+

]
(x1+)

/n+

2
PR
[
S†n+

ψ
(e)
s
]
(0)
[
ψ̄

(e)
s S̄n−

]
(x3)

/n−
2

PR
[
S†n−ψ

(µ)
s
]
(x2− + x3)

∣∣0〉

Bare factorisation theorem suffers from endpoint divergences

I rapidity divergences cancel only in the sum of the two terms

⇒ both terms must describe the same physics in the endpoint region

Refactorisation of collinear matrix elements [Böer 18; Liu,Neubert 19]

I

I fc(x → 0) '
∫

dx ′

x ′

∫
dρ
ρ

fc(x ′) Jhc(x ′ρ) S(ρx)

⇒ brings the hard-scattering term into the same form as the soft contribution!

note: the problem of endpoint divergences repeats itself in the refactorisation condition
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Factorisation theorem

F1(λ) =

∫ 1

0

dx
x

∫ 1

0

dy
y

fc(x) H(xy) fc̄(y)

I +

∫ 1

0

dx
x

∫ 1

0

dy
y

∫ ∞
0

dρ
ρ

∫ ∞
0

dω
ω

fc(x) Jhc(xρ) S(ρω) Jh̄c(ωy) fc̄(y)

Standard hard-scattering picture:

I hard function from QED→ SCET-1 matching

I flavour off-diagonal parton distribution functions

I
〈
µ
−(p)

∣∣χ̄(µ)
c (τn+)

/n+

2
PR χ

(e)
c (0)

∣∣e−(p)
〉

=

∫
dx eixτn+p

{
fc (x)

[
ū(µ)
ξ

/n+

2
PRu(e)

ξ

]
+ f̃c (x)

[
ū(µ)
ξ

/n+

2
PLu(e)

ξ

]}
︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸

leading twist helicity-conserving helicity-flipping

Soft-enhancement mechanism:

I

suppression from subleading Lagrangian

insertions is compensated by soft propagators

I jet functions from SCET-1→ SCET-2 matching

I S(ρω) ∼
∫

d(n−x1)

∫
d(n+x2) e

i
2 ρ(n+x2) e−

i
2ω(n−x1)

∫
dd x3

I ×
〈
0
∣∣ T
[
ψ̄

(µ)
s S̄n+

]
(x1+)

/n+

2
PR
[
S†n+

ψ
(e)
s
]
(0)
[
ψ̄

(e)
s S̄n−

]
(x3)

/n−
2

PR
[
S†n−ψ

(µ)
s
]
(x2− + x3)

∣∣0〉

Bare factorisation theorem suffers from endpoint divergences

I rapidity divergences cancel only in the sum of the two terms

⇒ both terms must describe the same physics in the endpoint region

Refactorisation of collinear matrix elements [Böer 18; Liu,Neubert 19]

I

I fc(x → 0) '
∫

dx ′

x ′

∫
dρ
ρ

fc(x ′) Jhc(x ′ρ) S(ρx)

⇒ brings the hard-scattering term into the same form as the soft contribution!

note: the problem of endpoint divergences repeats itself in the refactorisation condition
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Resummation

Double logarithms can be resummed using consistency relations

I poles in 1/α and 1/ε must cancel in F1(λ)

I each pole comes with characteristic logarithm

I non-trivial constraint from refactorisation condition

Derivation uses asymmetric rapidity regulator

I F1(λ) '
∫ 1

0

dx

x
fc
(

x ;
µ

m
,
ν
√

s

) ∫ 1

0

dy

y
fc̄
(

y ;
µ

m
,
ν
√

s

m2

)
H
( µ2

xys

)

'
∞∑

n=0

zn
h h(n) 〈x−1−nε〉

fc

( µ
m
,
ν
√

s

) 〈
y−1−nε〉

fc̄

( µ
m
,
ν
√

s

m2

)
zh = αem

2π
1
ε2
(µ2

s
)ε

'
∞∑

n=0

zn
h h(n) rn(µ/m) ×

(m2

s

)Fn(µ/m)

⇒ reproduce modified Bessel function order-by-order in perturbation theory

I (up to a single coefficient that can be extracted from the one-loop expressions)
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H → γγ

Bottom-quark contribution

I

H

γ

γ

b

b

b

I scale hierachy mb � MH

I subleading power due to helicity suppression

Bare factorisation theorem

is spoilt by endpoint divergences

[Liu, Neubert 19]

I Mb(H → γγ) ∼ H1
〈
O1
〉

I + 2
∫ 1

0

dz
z

H̄2(z)
〈
O2(z)

〉
I + H3

∫ ∞
0

d`−
`−

∫ ∞
0

d`+

`+
J(MH`+) J(MH`−) S(`+`−)

I in the endpoint regions the two terms describe the same physics

⇒ is there a way to combine these contributions?
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H → γγ

Bottom-quark contribution

I

H

γ

γ

b

b

b

I scale hierachy mb � MH

I subleading power due to helicity suppression

Bare factorisation theorem is free from endpoint divergences [Liu, Neubert 19]

I Mb(H → γγ) ∼ (H1+∆H1)
〈
O1
〉

I + 2
∫ 1

0

dz
z

{
H̄2(z)

〈
O2(z)

〉
−

r
H̄2(z)

〈
O2(z)

〉z
0
−

r
H̄2(z)

〈
O2(z)

〉z
1

}

I + H3

∫ MH

0

d`−
`−

∫ MH

0

d`+

`+
J(MH`+) J(MH`−) S(`+`−)

I rearrangement based on refactorisation conditions

I
r

H̄2(z)
〈
O2(z)

〉z
0

=
H3

2

∫ ∞
0

d`+

`+
J(MH`+) J(z M2

H ) S(`+z MH )
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Muon-electron scattering

High-energy backward scattering

I

I scale hierachy m�
√

s

I leading power QED process

Bare factorisation theorem

is spoilt by endpoint divergences

[GB, Böer, Feldmann 22]

I F1(λ) =

∫ 1

0

dx
x

∫ 1

0

dy
y

fc(x) H(xy) fc̄(y)

I +

∫ 1

0

dx
x

∫ 1

0

dy
y

∫ ∞
0

dρ
ρ

∫ ∞
0

dω
ω

fc(x) J(xρ) S(ρω) J(ωy) fc̄(y)

I + fc ⊗ J ⊗ S ⊗ J ⊗ S ⊗ J ⊗ fc̄ + . . .

⇒ system does not close under rearrangements

Double logarithms can be derived from self-consistency relation [GB, Böer, Feldmann 22]

I F1(λ) = F1(z) = 1 + z
∫ 1

0
dξ
∫ 1

0
dη F1(ξ2z) θ(1− ξ − η) F1(η2z) =

I1(2
√

z)
√

z

in terms of logarithmic variables z =
α

2π
ln2
λ

2
, ξ =

ln x

lnλ2
, η =

ln y

lnλ2

Compare to H → γγ

I Fb(z) = 2
∫ 1

0
dξ
∫ 1

0
dη θ(1− ξ − η) e−2ξηz = 2F2

(
1, 1; 3/2, 2;−z/2

)
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I F1(λ) =

∫ 1

0

dx
x

∫ 1

0

dy
y

fc(x) H(xy)

{
fc̄(y)−

r
fc̄(y)

z

0

}

I +

∫ 1

0

dx
x

∫ 1

0

dy
y

∫ √s

0

dρ
ρ

∫ ∞
0

dω
ω

fc(x) J(xρ) S(ρω) J(ωy)

{
fc̄(y)−

r
fc̄(y)

z

0

}

I + fc ⊗ J ⊗ S ⊗ J ⊗ S ⊗ J ⊗ fc̄ + . . .

⇒ system does not close under rearrangements

Double logarithms can be derived from self-consistency relation [GB, Böer, Feldmann 22]
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Exclusive B decays

Bc → ηc`ν in non-relativistic approximation

I

I mb � mc � ΛQCD

I large recoil q2 � m2
b

Pattern of endpoint divergences similar to muon-electron backward scattering

I

I no soft-enhancement mechanism

I recover same modified Bessel function (in QED)

Additional source of double logarithms

I

I Sudakov logarithms from heavy-light vertex

I non-trivial interplay of cusp and endpoint logs

mbv mcv′

mcv mcv′

k − 2mcv′

k
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Conclusions

Progress in understanding endpoint divergences in SCET

I partial solutions based on refactorisation conditions and rearrangement formulae

I more complicated for partonic 2→ 2 processes and beyond

Muon-electron backward scattering

I iterative pattern of endpoint-divergent convolution integrals

I endpoint logarithms sum up to modified Bessel function

I relation to exclusive B decays

Looking forward to the next MITP workshop . . . and further interactions with Matthias!
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