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Likelihood estimation
q4(x|0) = p(x|0)

v

Posterior estimation
dp(01x) = p(O]x) x p(x|6)m(6)

Evaluate model

on measured data

Review: K. Cranmer, J. Brehmer, G. Louppe, PNAS (2020)
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https://www.pnas.org/content/117/48/30055
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Density Estimation is Hard in High Dimensions!

. ) ) ) J .06575
Estimating likelihood or e
posterior in high 1 ...... @W g
dimensions is hard! Fimetaeoy
! BE TSRV
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Solution 1: °’ i -
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instead of x directly

=
L\'*/W 9
\ A\

=

i il
Solution 2: {152 il N b -
*Don't learn densities Scii=seic =


https://arxiv.org/abs/2301.06575

Neural Ratio Estimation



Likelihood Ratio Estimation

Instead of estimating densities, a popular approach is density ratio estimation

p(x|6) p(x|6s) p(x|6)
p(x) p(x]601) p(x|6o)

Why? In many cases, don’'t need normalized density.



Likelihood Ratio Estimation

Instead of estimating densities, a popular approach is density ratio estimation

p(x|6) p(x|6s) p(x|6)
p(x) p(x]601) p(x|6o)

More importantly... We know the most powerful summary statistic to decide
between two (simple) hypotheses due to the Neyman-Pearson Lemma

It's the Likelihood ratio: t(x) =



Likelihood Ratio Estimation

Instead of estimating densities, a popular approach is density ratio estimation

p(x|6) p(x|6s) p(x|6)
p(x) p(x]601) p(x|6o)

More importantly... We know the most powerful summary statistic to decide
between two (simple) hypotheses due to the Neyman-Pearson Lemma

It's the Likelihood ratio: t(x) =

Intriguingly, we can estimate this ratio without knowing p(x|0) explicitly!



Likelihood Ratio Trick ;

Given data x from two classes / hypotheses / 8's: we assign labels y = {0, 1}

Sufficiently powerful classifier, f(x), trained sufficiently well will approximate

1
1+r—1(x)

flx) =

p(X]y f 1) is the likelihood ratio
p(xly = 0)

* where r(x) =

f(x)
1-f(x)

Equivalently: r(x) =



Rough Derivation

10

Binary classification problem in ML: Minimize Binary Cross Entropy Loss

N
1
w® = arg m&nﬁz yilog fu (x;) + (1 —y;) log(1 - fw(xi))
=1

Want to minimize loss function over dataset w.r.t. model parameters



Rough Derivation

11

Binary classification problem in ML: Minimize Binary Cross Entropy Loss

N
1
w® = arg m&nﬁz yilog fu (x;) + (1 —y;) log(1 - fw(xi))
=1

What are we really doing here?

Using an empirical average:

1 .
[ dxdy p(x,y) = NZ{V:l with samples {x;, y;}~p(x, y)

Parameterizing (and thereby restricting) a class of functions:

ALf() - {fw(); wE€RY)



Rough Derivation

12

|deally, we would minimize loss function over dataset w.r.t. model f(-)

fr(x) = arg min E[L(f(x),y)]

= arg mfinf p(x,y)|ylogf(x) + (1 —y)log(1 — f(x))]|dxdy



Rough Derivation

13

|deally, we would minimize loss function over dataset w.r.t. model f(-)

fr(x) = arg min E[L(f(x),y)]

= arg mfinf p(x,y)[ylogf(x) + (1 —y)log(1 — f(x))]dxdy

We can try to solve these kinds of problems
using Calculus of Variations!



Rough Derivation

14

|deally, we would minimize loss function over dataset w.r.t. model f(-)

fr(x) = arg min E[L(f(x),y)]

= arg mfinf p(x,y)|ylogf(x) + (1 —y)log(1 — f(x))]|dxdy

Take functional derivative 6% and set to zero (minimum), we find:

f(x) =ply = 1x)



Rough Derivation 5

In the infinite statistics limit, the solution to a binary classification problem:

ff(x) =ply =1|x) Posterior!
_ p(xly = 1)p(y =1) Bayes Rule
p(x)

pxly=1Dply=1)

— Expand p(x)
pxly =Dply=1) +px|y = 0)p(y = 0)

1

p(x|ly =0)p(y =0)
pxly=1Dply=1)

1+



Rough Derivation

16

Assuming equal marginal class probabilities p(y = 1) = p(y = 0) = 0.5

frx) =

L plxly =0)
p(xly =1)
B 1
14 e InTx)
= o(Inr(x))

Likelihood ratio!

with r(x) = 22 =

Log-Likelihoods are the
logits of the classifier



Practical note

17

We found the optimal classifier solution: f(x) = o(Inr(x))

Typical neural network classifier has sigmoid as last computation to estimate
class probability:

o0 o)\

flx) = a(z = NNLayerS(x)) é - z — o0(2)— L
\b O

classifier



Practical note .

We found the optimal classifier solution: f(x) = o(Inr(x))

Typical neural network classifier has sigmoid as last computation to estimate
class probability:

flx) = a(z = NNLayerS(x)) z — o0(2)— L

L In(r(x))

The input to the networks last sigmoid layer is the log-likelihood-ratio

PN
03@49 ) O

classifier

More numerically stable to extract these logit values, than to compute ratios
of classifier outputs



Two-Classes

19

x ~p(x|61)

x ~ p(x]6)

Simulator

Simulator

N
-

O O
O O
8 0...0-D
O O
O O
classifier

p(xl6y)

~ p(x16o)



What if we want to test multiple parameters? Amortized Inference 20

- B\
1. Proposal distribution (8) 3. Sample batch of events x~p(x|0)

2. Sample parameters 6~m(0) 4. Train classifier on batch, repeat
\ )

HNTC(H) Simulator
x ~p(x|6)
0O Q
o o \ p(x|6)
3c0...0p r(x|0) =
© © p(x|6)
classifier

0o
x ~p(x[6o)

Simulator




Amortized Inference

21

Now we have a parameterized neural network

Input @ tells network which classification / ratio estimation problem to solve

p(x|0)
p(x|6o)

Neural Network [ ’F(x|9) ~




Amortized Inference

Parameters 6 > |

Observables |
> T >

_

Simulator
g

Approximate
likelihood
ratio

1. Simulation 2. Machine Learning

Train NN classifier, interpret as

Run simulator and save data likelihood ratio estimator

Observed data
Tobs

Prior

..........
.....

aaaa

argmin L[g] —> 7(z|0) —> : O

~~~~

............

3. Inference

Amortized: cheap

to repeat for new data



LHC Example

23
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https://arxiv.org/abs/1805.00020

Neural Ratio Estimation for Bayesian Inference

24

Density ratio estimation also works well for Bayesian Inference

p(x|6)
p(x)

p(Olx) = p(0)



Neural Ratio Estimation for Bayesian Inference

25

Density ratio estimation also works well for Bayesian Inference




Neural Ratio Estimation for Bayesian Inference

26

Density ratio estimation also works well for Bayesian Inference

Joint

p(6)

Marginals

p(x,0)
p(x)p(0)

p(Blx) =



Neural Ratio Estimation for Bayesian Inference .

Joint

x,0 ~p(x|0)p(6) Simulator \

O O
x|6
8§ §o f(x|0)zp(|)
© © p(x)
classifier
X~ p(x) Simulator
0 ~p(0)

. p(6]x) = #(x|0)p(6)
arginals ~ p(@lx)



Using Neural Ratio Estimation (NRE)

Once trained, can sample the posterior p(6|x) = 7(x|8)p(8) with MCMC

xp = 50y70>

_(y—ps)?
xS — AS e 2(0.05)2

x~p(x|As, tis) = Pois(xp + x;)

\-o—
o rca
mu




Coverage Diagnhostics

29

Test if the posterior predicted
intervals match the simulator

Simulated samples x, 86~p(x, 0)

Compute 1D quantiles or credible
intervals of approx. posterior p(6]|x)
by sampling posterior

Empirical coverage is the fraction of
samples of true 6 that is contained in
the interval

Density

—
()
T

Conservative

Empirical coverage
o
(€2

0.0~

Confidence level
Figure credit: arXiv:2209.01845



https://arxiv.org/abs/2110.06581
https://arxiv.org/abs/2209.01845

Coverage Comparisons 0
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31

Sometimes, we can do more with simulators...



Getting more from Simulators

32

The likelihood ratio trick —» Estimate density ratios from samples

Had to do this because the likelihood is intractable:

p(x]0) = | dz p(x,2|6)

Why is this intractable? — Often its because of the integral



Example

x = 0.00+99?
l

I
I

x~px) = N(0,1)

‘Llylx = 4 — xz
y~pWlx) = N (Uyx, 1)

Joint: , y =32758
P, %) = N | tyj, DNV (x| 0,1) ° i
.- i
Marginal? R )
p(¥) = p(ylx)p(x)dx R | /rr[




The Joint Density y

p(x,2|0)

Often we know the joint — it's what we implemented in code!

If we keep track of all the random variables we sampled and their
distribution, we can evaluate the probability of a simulation run

We can actually use these joint densities as labels for training



Regression Trick

35

What model do we learn from MSE regression?

f*(x) = arg mfin Epxy) [(y - f(x))zl



Regression Trick "

What model do we learn from MSE regression?
* . o 2
f*(x) = arg mfln Ep(xy) [(y - f(X)) ]
Same as before: Calculus of variations

1 dxypO1pe (v - F) | =

Solution: Colution .
£1(2) = Epgyioly] olution to a regression

is an expected value over
the conditional distribution



Regression Trick

37

Generalizing that result
R 2
f() = argmin By | (G, 2) = F) |

= Ep(z|x,9) |f (x,2)]

When z is a latent random variable,
Regression trick enables us to marginalize over the latent variable



What if f(-) is the joint likelihood ratio? -

Let

- __ p(x,z|6,)
f(X, Z) — ’]"(}C,Zlgo; 91) T p(x,Zlel)

Then

r*(x) = arg mfin Ep(x,216,) [(T(x»ZWOI 01) — 7A”(x))z]

— Ep(zlx,éh) [r(x, Zleo, 01)] OK... but what is this???



What if f(-) is the joint likelihood ratio? »

T*(X) — [Ep(z|x,91) [T(X,Zl@o, 91)]

= [ dzp(z|x,0,)r(x, 2|0, 6;) Conditional definition
_ deM) p(x; Z|6’0)
p(x|0,) pGezitr)
— p(xIH ) f dz p(x,zl@o) Marginal definition
1
_ p(x]6p)
"~ p(x|6)) Marginal Likelihood Ratio

— No latents!



Regression Trick for Score

40

This trick also works for the score: t(x|6) = Vglogp(x|6)
* . A 2
" (x16) = argmin Ey,(x, ,19) | (¢(x,216) — £(x16))"|
— IEp(le’ 9)[1’(36, z|0)]
= t(x]0)
Regressing on the join score allows use to “marginalize out” latents

And estimate marginal likelihood score!



What'’s going on here? "

Instead of classifying samples to
get learn likelihood ratio

NN Output /
LRatio estimate

m e

Standard
Labels

|

LA,

Data Space x

Figure credit: L. Heinrich



What'’s going on here?

42

Instead of classifying samples to
get learn likelihood ratio

We can use the join density as
training targets

improved
labels

Data Space x

Figure credit: L. Heinrich



What'’s going on here? @

Instead of classifying samples to
get learn likelihood ratio

We can use the join density as
training targets |

improved

These are noisy targets, since they jabels
jump around due to z in p(x, z|0) O like

The regression will average over
this “noise” to get marginal

Data Space x

Figure credit: L. Heinrich



What about the Gradients? s

The gradients give us higher order
information about for training...

i.e. the slope of the density w.r.t
parameters

This is more information, from each
data point, to guide learning

{eo

Additional labels for training!

Compare with grad or ratio estimate
E(x18o) = Vg log #(x16,6)|

1



Ratio + Score Regression (RASCAL) Loss s

1 2
Ye |’I“(£Ee, Ze|003 01) - T(mewoa 01)|2

L[f(xwm 91)] N

(meaze,ye -

1 1 -

T($e7ze|90791) ’f’(ﬂ;’e|90,91)

+ (1 — ¥e)

+ a (1 — ye) |t(a:e, 2e|0p) — 1,?(9138|90)|2

Where: r(x, 2|6, 01) = Zgi:zg

|1 ifx,z~p(x,2|60,)
And. Y = {o if x, z~p(x, z|6,)

1805.12244, 1805.00020



https://arxiv.org/abs/1805.12244
https://arxiv.org/abs/1805.00020

How can we use this in HEP

46

Likelihood in HEP: p(x|0) = [ dz p(x|zp)p(znlzy)p(2,10)

O(20) Fundamental
physics parameters 6

7,

O(10) particles

O(100) particles

O(108) detector elements



How can we use this in HEP

47

Likelihood in HEP: p(x|0) = [ dz p(x|zp)p(zn|2»)p(2,16)

Lets look at the ratio of joint probabilities for a fixed x, z

p(x,z|6,) _ p(X|Zh)p(Zh |Zp)p(zp|90)

p(x,z161)  p(xlz)p(zn|2,)0(2,]61)



How can we use this in HEP

48

Likelihood in HEP: p(x|0) = [ dz p(x|zp)p(zn|2»)p(2,16)

Lets look at the ratio of joint probabilities for a fixed x, z

p(x,z|6,) _ p(X|Zh)p(Zh |Zp)p(zp|90)
p(x,z|60;) p(xlzh)p(zhlzp)p(zplel)

Same parton, hadronization, and observation configuration in numerator and
denominator. Only different parameter values



How can we use this in HEP

49

Likelihood in HEP: p(x|0) = [ dz p(x|zp)p(zn|2»)p(2,16)

Lets look at the ratio of joint probabilities for a fixed x, z

p(x,z160) _ Plelzn)p{znizs)p(2p|00)
p(x,z101)  ptelz)p{enlze)p(2p]601)

Same parton, hadronization, and observation configuration in numerator and
denominator. Only different parameter values

At fixed x, z (i.e. fixed simulator evolution and observation), all the particle
evolution and measurement process are the same... Cancel out in ratio!



How can we use this in HEP

50

p(x’ ZlHO) _ p(zpleO) Matrix elements at different
p(x}z'@l) - P(Zp|91) parameter values

The joint ratio is the ratio of matrix elements at a given parton configuration!

We can evaluate that and use as training target!

In some cases we can evaluate the gradient... more later



Mining Gold

51

parameter 9

‘I/ \\ \\v’vli &

' ‘( ;"’

latent 2 % ./’0"““
25
argmin L[g] — 7(z|0) —
T _,' » t(iL', z|0) > g approximate
: augmented data likelihood
ratio 91
Simulation Machine Learning Inference

arXiv:1805.12244
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Massive Gains in Data Efficiency

52

Expected MSE on logr

2D histogram —-= SALLY
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----- ROLR -== RASCAL
0.175{ =8~ -e-a_ o .-
°., ' --:..‘
® N
. "N\
0.150 - o . \ \‘ -
\ . \
0.125 - ‘\ '
\ \‘
\ -
i Q
0.100 \‘ . \Q\
‘\ ' \
0.075 - “ ‘\
'\\ . “.Q\ . . \\ .
0.050 - 0\ \ ) “\
e - - LY
N, \. 'Y N
- ‘.,
0.025 QY i \
\3— - —v-—O—.— PRI
0.000 +r—m—rrr——— "‘P&-—-J-H-#—
10° 104 105 108 107

Training sample size
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Regression trick on r

Regression trick also on gradients

arXiv:1805.12244



https://arxiv.org/abs/1805.12244

Getting Gradients 5

Getting gradients requires differentiating arbitrary Matrix Elements

Some matrix elements factorize into a sum of components, each consisting of
an analytic function of parameters of interest times a phase space function

M % (2p]6) = ch ) fel2p)



e.g.

Getting Gradients y

Getting gradients requires differentiating arbitrary Matrix Elements

Some matrix elements factorize into a sum of components, each consisting of
an analytic function of parameters of interest times a phase space function

|M|2(zp|‘9): 1 lMSM|2(sz+ 0 ERGME‘M(ZP)MBSM(Z@*' 0° lMBSM|2(ZpZ
wo(8)  fo(zp) wy () f1(2p) wa(8)  fa(zp)




Getting Gradients .

Getting gradients requires differentiating arbitrary Matrix Elements

Some matrix elements factorize into a sum of components, each consisting of
an analytic function of parameters of interest times a phase space function

eg [MP(zl0) = 1 [Msul(z)+ 6 2ReMby () Mpsu(z)+ 6 [Mpsul*(z)
~ ——— =~ ~ 7~ ———
wo (6) fo(zp) w1 (6) f1(zp) w2 (0) f2(zp)

Often the case for effective field theories, when indirect effects of new
physics are parameterized through form factors

In this case, can more easily extract the gradients Vo w/o differentiating f;(z,)

This is implemented in MadMiner



https://arxiv.org/abs/1907.10621

MadJax »

If we don’t have this factorization, we need a more general tool for
differentiating matrix elements with respect to arbitrary parameters

How can we do this? — Differentiable Programming (see L. Heinrich lectures)

MadGraph Code Generation

Create a differentiable matrix element simulator

by integrating matrix element generator with an  Lagrangian | { Parameters |

automatic differentiation framework [ Feynman J
Diag
MadJax = MadGraph + JAX AD framework (_ Code Gen )
p (FICX)

e |
=

arXiv:2203.00057



https://arxiv.org/abs/2203.00057

MadJax -

If we don’t have this factorization, we need a more general tool for
differentiating matrix elements with respect to arbitrary parameters

How can we do this? — Differentiable Programming (see L. Heinrich lectures)
Create a differentiable matrix element simulator J
by integrating matrix element generator with an mada
automatic differentiation framework dx
I
MadJax = MadGraph + JAX AD framework l l
V.o(x,0) Vgo(x,0)
phase-space theory Parameter

Access to phase space and parameter gradients derivatives derivatives

arXiv:2203.00057



https://arxiv.org/abs/2203.00057

Usage 56

1. Generation:

generate pp >t t7, t > b udsc udscx , t© > b” udsc udscx
output madjax generated_ttbar

set auto_update O ete- -> p+p-

5 i 1.00
0.75
>
& 1.5 0.50
2. Evaluation: o 025 00
import madjax % 1.0 0.00 Mz
mj = madjax.MadJax('generated_ttbar') ;§ _0.25
E_cm = 14000 #GeV —
5 0.5 ~0.50
process = 'Matrix_1_gg_ ttx_t_budx_tx_bxdux'
matrix_element = mj.matrix_element (E_cm,process) e
0.0 1
parameters = {('mass',6): 173.0} #set top mass 7

phasespace_coords = [0.1]*14 #1/D phasespace

val, grad = matrix_element (parameters,phasespace_coords)
grad[('mass', 6)] #gradient wrt top mass

arXiv:2203.00057
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Likelihood Ratio Estimation with MadJax

59

MadJax enables automatic likelihood-free inference for arbitrary theory

parameters (masses, mixings, couplings)

r(x,z), r(x)
e = =
(s3] o N

o
o

ojf - 14
| © °
. a ®
04 - > ']/ » . 125
T T T T T T T T T . ° . \.' 8 o — 10 X
-1.00 -0.75 -0.50 -0.25 000 025 050 075 100 Y -0 | ey =
e ® -

X

MSE (F(x), r{x, 2))

t(x,z), t(x)
&
N

-1.00 —0.75 —-0.50 -0.25 0.00 025 050 075 100
x

Toy Example: 7(x|Gg) ineTe™ - Z - utu~ events
arXiv:2203.00057

10° 1

10-1 4

10-2 B

- no gradients
- madjax

Faster Convergence
with MadJax

200 400 600 800 1000
step
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60

What About Systematic Uncertainties



Events / 15 GeV

Data/Pred.

Systematic Uncertainties

61
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ATLAS
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SR, pT > 150 GeV
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I VZ(— cc) (u=1.16)

I VW(— cq) (1=0.83)
VV Bkg
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Uncertainty
= SM VH(- ¢t) x 300
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o
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m,. [GeV]

Source of uncertainty LV H(cE)
Total 21.5
Statistical 16.2
Systematics 14.0
Statistical uncertainties
Data statistics only 13.0
Floating normalisations 7.2
Theoretical and modelling uncertainties
VH(— cc) 2.1
Z+jets 7.7
Top-quark 5.6
W+jets 3.4
Diboson 0.8
VH(— bb) 0.8
Multi-Jet 1.0
Simulation statistics 5.1
Experimental uncertainties
Jets 3.7
Leptons 0.4
ET™ 0.5
Pile-up and luminosity 0.4
c-jets 2.3
. b-jets 1.2
Flavour tagging light-jets 0.7
T-jets 0.4
. AR correction 3.0
Truth-flavour tagging Residual non-closure 1.4

arXiv:2201.11428
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https://arxiv.org/abs/2201.11428

Nuisance Parameters 62

Measure / parameterize possible variations over ways data may be generated

x ~p(x|0,v)

Parameterized family T T Nuisance Parameter:
of likelihood models Parameterizing variations

Often can constrain from auxiliary measurements: p(xg,.|V)
(i.e. from calibrations for reconstructed objects)



Ratio Estimation with Nuisance Parameters o

Proposal distribution (8), nuisance parameter proposal (v)

0~m(0)
v~1(V)
x ~p(x]6,v)
0O Q
o o \ _ p(x|6,v)
38 9P (x]0,v,vp) 180, 70)
o O©
6, classifier
Vo~T(Vp) Simulator

x ~p(x]6o,V)



Nuisance Parameters and SBI
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In principle, as far as density ratio estimation is concerned,
nuisance parameters are just like parameters of interest

— Effectively increased the parameter dimensionality
— Practically, need more simulated samples to estimate density ratio well



Nuisance Parameters and SBI s

In principle, as far as density ratio estimation is concerned,
nuisance parameters are just like parameters of interest

— Effectively increased the parameter dimensionality
— Practically, need more simulated samples to estimate density ratio well

This can be prohibitive, especially for large numbers of nuisance parameters

max p(x|90,v)
ngﬁ}x p(x|9,1/)

Can limit our ability to estimate profile likelihood ratio:

Open problem on how best to deal w/ (large numbers of) nuisance params



Learning the Profile Likelihood
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Interesting recent work aiming to use SBI to learn profile likelihood directly

subspace of null hypo y = y,

2 POl, 1 NP

~—

alternatives
at fixed distance
from null

\

\ —— unprofiled

\ —— true profile LR
trained profile LR (calib.)
—— trained profile LR (uncalib.)

2203.13079


https://arxiv.org/abs/2203.13079
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Wrapping Up



68

need to write
down likelihood

need to do MCMC
or something from
... \scratch each time

loss of
information

no need to write down
explicit likelihood. as long
as u can simulate it, youre good

once trained,
[ do inference
no loss of: in milliseconds




Summary p

With Simulation-Based Inference, we can use neural networks to help avoid
data summarization / compression, and preform inference on high

dimensional data and parameter spaces

NLE / NPE require density estimation, while neural ratio estimation allows us
to use the likelihood ratio trick and train classifiers. NRE can be used for both

frequentist and Bayesian inference.

Important to keep in mind model validation and calibration

And there is still the challenge of incorporating large numbers of systematic
uncertainties. More generally, it's an open question what to do in SBI when

the likelihood is not perfectly specified.



Backup
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https://arxiv.org/abs/2011.14923

72

How Do We Know If The Model Is Good?



Can we Calibrate Models?

73

Can we correct an approximate ratio #(x|0) if it does
not exactly predict the true likelihood ratio?

One method: Back to histograms!
* Treat 7(x|@) as a really good summary statistic

* Bin the output values ; evaluated into 1D histogram

—i.e. 1D density estimation of # evaluated on a sample
7 _ ﬁ(f'rawlgo)
T D (Frawl61)

* Perform usual HEP histogram based inference

Challenge:

* Different histograms for each 6 may require interpolation

»

-4

l ’lHlmug |

NN

1506.02169, 1805.00020



https://arxiv.org/abs/1506.02169
https://arxiv.org/abs/1805.00020

Joint Likelihood Ratio Estimation, Calibration, and Diagnostics

Likelihood-Free Frequentist Inference

( Proposal ]

0
Simulator
g’ ----- (Reference Distribution)
, v é CT’”
9 Classification a-eee J

\ 4
Critical or Odds and Di "
P-Value Test Statistics EREARLE

Hypothesus Confidence
C Data D Testing | | Setforg

arXiv:2107.03920



https://arxiv.org/abs/2107.03920

